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Preface to the Revised Third Printing

This revision of the 1983 second edition of “Elliptic Partial Differential Equations
of Second Order” corresponds to the Russian edition, published in 1989, in which
we essentially updated the previous version to 1984. The additional text relates to
the boundary Hoélder derivative estimates of Nikolai Krylov, which provided a
fundamental component of the further development of the classical theory of
elliptic (and parabolic), fully nonlinear equations in higher dimensions. In
our presentation we adapted a simplification of Krylov’s approach due to Luis
Caffarelli.

The theory of nonlinear second order elliptic equations has continued to
flourish during the last fifteen years and, in a brief epilogue to this volume, we
signal some of the major advances. Although a proper treatment would necessi-
tate at least another monograph, it is our hope that this book, most of whose text
is now more than twenty years old, can continue to serve as background for these
and future developments.

Since our first edition we have become indebted to numerous colleagues, all
over the globe. It was particularly pleasant in recent years to make and renew
friendships with our Russian colleagues, Olga Ladyzhenskaya, Nina Ural’tseva,
Nina Ivochkina, Nikolai Krylov and Mikhail Safonov, who have contributed so
much to this area. Sadly, we mourn the passing away in 1996 of Ennico De Giorgi,
whose brilliant discovery forty years ago opened the door to the higher-dimen-
sional nonlinear theory.

October 1997 David Gilbarg - Neil S. Trudinger



Preface to the First Edition

This volume is intended as an essentially self-contained exposition of portions of the
theory of second order quasilinear elliptic partial differential equations, with
emphasis on the Dirichlet problem in bounded domains. It grew out of lecture
notes for graduate courses by the authors at Stanford University, the final material
extending well beyond the scope of these courses. By including preparatory
chapters on topics such as potential theory and functional analysis, we have
attempted to make the work accessible to a broad spectrum of readers. Above all,
we hope the readers of this book will gain an appreciation of the multitude of
ingenious barehanded techmques that have been developed in the study of elliptic
equations and have become part of the repertoire of analysis.

Many individuals have assisted us during the evolution of this work over the
past several years. In particular, we are grateful for the valuable discussions
with L. M. Simon and his contributions in Sections 15.4 to 15.8; for the helpful
comments and corrections of J. M. Cross, A. S. Geue, J. Nash, P. Trudinger and
B. Turkington; for the contributions of G. Williams in Section 10.5 and of A. S.
Geue in Section 10.6; and for the impeccably typed manuscript which resulted
from thededicated efforts of Isolde Field at Stanford and Anna Zalucki at Canberra.
The research of the authors connected with this volume was supported in part by
the National Science Foundation.

August 1977 David Gilbarg Neil S. Trudinger
Stanford Canberra

Note: The Second Edition includes a new, additional Chapter 9. Consequently Chapters 10
and 15 referred to above have become Chapters 11 and 16.
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Chapter 1

Introduction

Summary

The principal objective of this work is the systematic development of the general
theory of second order quasilinear elliptic equations and of the linear theory
required in the process. This means we shall be concerned with the solvability of
boundary value problems (primarily the Dirichlet problem) and related general
properties of solutions of linear equations

(1.1 Lu=a“(x)D u+b(x)Du+c(xu=f(x), ij=1,2,...,n,
and of quasilinear equations
(1.2) Qu=a‘(x, u, Du)D,ju+b(x, u, Du)=0.

Here Du=(Du, ..., Du), where Du=Cu/éx;, D, u=0*u/dx, dx;, etc., and the
summation convention is understood. The ellipticity of these equations is expressed
by the fact that the coefficient matrix [a”] is (in each case) positive definite in the
domain of the respective arguments. We refer to an equation as uniformly elliptic
if the ratio y of maximum to minimum eigenvalue of the matrix [a*] is bounded.
We shall be concerned with both non-uniformly and uniformly elliptic equations.

The classical prototypes of linear elliptic equations are of course Laplace’s
equation

du= Y D,u=0

and its inhomogeneous counterpart, Poisson’s equation Au= f. Probably the best
known example of a quasilinear elliptic equation is the minimal surface equation

Y. D(Du/(1+ |Du|?*)!'*)=0,

which arises in the problem of least area. This equation is non-uniformly elliptic,
with y=1+|Du|?. The properties of the differential operators in these examples
motivate much of the theory of the general classes of equations discussed in this
book.



2 1. Introduction

The relevant linear theory is developed in Chapters 2-9(and in part of Chapter
12). Although this material has independent interest; the emphasis here is on
aspects needed for application to nonlinear problems. Thus the theory stresses weak
hypotheses on the coefficients and passes over many of the important classical and
modern results on linear elliptic equations.

Since we are ultimately interested in classical solutions of equation (1.2), what is
required at some point is an underlying theory of classical solutions for a suffi-
ciently large class of linear equations. This is provided by the Schauder theory in
Chapter 6, which is an essentially complete theory for the class of equations (1.1)
with Holder continuous coefficients. Whereas such equations enjoy a definitive
existence and regularity theory for classical solutions, corresponding results cease
to be valid for equations in which the coefficients are assumed only continuous.

A natural starting point for the study of classical solutions is the theory of
Laplace’s and Poisson’s equations. This is the content of Chapters 2 and 4. In
anticipation of later developments the Dirichlet problem for harmonic functions
with continuous boundary values is approached through the Perron method of
subharmonic functions. This emphasizes the maximum principle, and with it the
barrier concept for studying boundary behavior, in arguments that are readily
extended to more general situations in later chapters. In Chapter 4 we derive the
basic Holder estimates for Poisson’s equation from an analysis of the Newtonian
potential. The principal result here (see Theorems 4.6, 4.8) states that all C*()
solutions of Poisson's equation, du=f, in a domain © of R" satisfy a uniform
estimate in any subset Q'c cQ

(1.3) lulles. 4y < Clsup lul + IS llcan)s
2

where C is a constant depending only on a (0 <a< 1), the dimension n and dist
(', 0Q); (for notation see Section 4.1). This interior estimate (interior since
Q< Q) can be extended to a global estimate for solutions with sufficiently
smooth boundary values provided the boundary 02 is also sufficiently smooth.
In Chapter 4 estimates up to the boundary are established only for hyperplane and
spherical boundaries, but these suffice for the later applications.

The climax of the theory of classical solutions of linear second order elliptic
equations is achieved in the Schauder theory, which is developed in modified and
expanded form in Chapter 6. Essentially, this theory extends the results of potential
theory to the class of equations (1.1) having Hélder continuous coefficients. This is
accomplished by the simple but fundamental device of regarding the equation
locally as a perturbation of the constant coefficient equation obtained by fixing the
leading coefficients at their values at a single point. A careful calculation based on
the above mentioned estimates for Poisson’s equation yields the same inequality
(1.3) for any C? * solution of (1.1), where the constant C now depends also on the
bounds and Holder constants of the coefficients and in addition on the minimum
and maximum eigenvalues of the coefficient matrix [a@"] in Q. These results are
stated as interior estimates in terms of weighted interior norms (Theorem 6.2) and,
in the case of sufficiently smooth boundary data, as global estimates in terms of
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global norms (Theorem 6.6). Here we meet the important and recurring concept of
an aprioriestimate ; namely, an estimate (in terms of given data) valid for all possible
solutions of a class of problems even if the hypotheses do not guarantee the
existence of such solutions. A major part of this book is devoted to the establish-
ment of apriori bounds for various problems. (We have taken the liberty of
replacing the latin a priori with the single word apriori, which will be used
throughout.)

The importance of such apriori estimates is visible in several applications in
Chapter 6, among them in establishing the solvability of the Dirichlet problem by
the method of continuity (Theorem 6.8) and in proving the higher order regularity
of C? solutions under appropriate smoothness hypotheses (Theorems 6.17, 6.19).
In both cases the estimates provide the necessary compactness properties for
certain classes of solutions, from which the desired results are easily inferred.

We remark on several additional features of Chapter 6, which are not needed
for the later developments but which broaden the scope of the basic Schauder
theory. In Section 6.5 it is seen that for continuous boundary values and a suitably
wide class of domains the proof of solvability of the Dirichlet problem for (1.1) can
be achieved entirely with interior estimates, thereby simplifying the structure of the
theory. The results of Section 6.6 extend the existence theory for the Dirichlet
problem to certain classes of non-uniformly elliptic equations. Here we see how
relations between geometric properties of the boundary and the degenerate ellipti-
city at the boundary determine the continuous assumption of boundary values.
The methods are based on barrier arguments that foreshadow analogous (but
deeper) results for nonlinear equations in Part II. In Section 6.7 we extend the
theory of (1.1) to the regular oblique derivative problem. The method is basically
an extrapolation to these boundary conditions of the earlier treatment of Poisson's
equation and the Schauder theory (without barrier arguments, however).

In the preceding considerations, especially in the existence theory and barrier
arguments, the maximum principle for the operator L (when ¢<0) plays an
essential part. This is a special feature of second order elliptic equations that
simplifies and strengthens the theory. The basic facts concerning the maximum
principle, as well as illustrative applications of comparison methods, are contained
in Chapter 3. The maximum principle provides the earliest and simplest apriori
estimates of the general theory. It is of considerable interest that all the estimates of
Chapters 4 and 6 can be derived entirely from comparison arguments based on the
maximum principle, without any mention of the Newtonian potential or integrals.

An alternative and more general approach to linear problems, without poten-
tial theory, can be achieved by Hilbert space methods based on generalized or
weak solutions, as in Chapter 8. To be more specific, let L’ be a second order
differential operator, with principal part of divergence form, defined by

L'u= D{a"(x)D u+ b (x)u)+ c'(x)Du+d(x)u.

If the coefficients are sufficiently smooth, then clearly this operator falls within the
class discussed in Chapter 6. However, even if the coefficients are in a much wider



4 I. Introduction

class and u is only weakly differentiable (in the sense of Chapter 7), one can still
define weak or generalized solutions of L'u=g in appropriate function classes.
In particular, if the coefficients a*/, &', ¢’ are bounded and measurable in Q and g
is an integrable function in Q, let us call ¥ a weak or generalized solution of
Lu=gin Qifue W' Q) (as defined in Chapter 7) and

(1.4) f[(aiiju +b'u)Dy—('Du+duy] dx=— fyv dx
2

(2]

for all test functions v € Cy(€2). It is clear that if the coefficients and ¢ are suffi-
ciently smooth and u € C%(£2), then u is also a classical solution.
We can now speak also of weak solutions u of the generalized Dirichlet problem,

Lu=gin Q, u=¢ on 0Q,

if u is a weak solution satisfying u— ¢ € W/}-%(Q), where ¢ € W' %(Q). Assuming
that the minimum eigenvalue of [a"/] is bounded away from zero in Q, that

(1.5) Dp'+d<0

in the weak sense, and that also g€ L%(Q), we find in Theorem 8.3 that the
generalized Dirichlet problem has a unique solution u € W' 2(2). Condition (1.5),
which is the analogue of ¢<0 in (1.1), assures a maximum principle for weak
solutions of L'u>0(<0) (Theorem 8.1) and hence uniqueness for the generalized
Dirichlet problem. Existence of a solution then follows from the Fredholm alter-
native for the operator L' (Theorem 8.6), which is proved by an application of the
Riesz representation theorem in the Hilbert space W, #(R).

The major part of Chapter 8 is taken up with the regularity theory for weak
solutions. Additional regularity of the coefficients in (1.4) implies that the solutions
belong to higher W* % spaces (Theorems 8.8, 8.10). It follows from the Sobolev
imbedding theorems in Chapter 7 that weak solutions are in fact classical solutions
provided the coefficients are sufficiently regular. Global regularity of these
solutions is inferred by extending interior regularity to the boundary when the
boundary data are sufficiently smooth (Theorems 8.13, 8.14).

The regularity theory of weak solutions and the associated pointwise estimates
are fundamental to the nonlinear theory. These results provide the starting point
for the “‘bootstrap’ arguments that are typical of nonlinear problems. Briefly, the
idea here is to start with weak solutions of a quasilinear equation, regarding them
as weak solutions of related /inear equations obtained by inserting them into the
coefficients, and then to proceed by establishing improved regularity of these
solutions. Starting anew with the latter solutions and repeating the process, still
further regularity is assured, and so on, until the original weak solutions are finally
proved to be suitably smooth. This is the essence of the regularity proofs for the
older variational problems and is implicit in the nonlinear theory presented here.

The Holder estimates for weak solutions that are so vital for the nonlinear
theory are derived in Chapter 8 from Harnack inequalities based on the Moser
iteration technique (Theorems 8.17, 8.18, 8.20, 8.24). These results generalize the
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basicapriori Holder estimate of De Giorgi, which provided the initial breakthrough
in the theory of quasilinear equations in more than two independent variables.
The arguments rest on integral estimates for weak solutions u derived from judi-
cious choice of test functions v in (1.4). The test function technique is the dominant
theme in the derivation of estimates throughout most of this work.

In this edition we have added new material to Chapter 8 covering the Wiener
criterion for regular boundary points, eigenvalues and eigenfunctions, and Holder
estimates for first derivatives of solutions of linear divergence structure equations.

We conclude Part I of the present edition with a new chapter, Chapter 9,
concerning strong solutions of linear elliptic equations. These are solutions which
possess second derivatives, at least in a weak sense, and satisfy (1.1) almost every-
where. Two strands are interwoven in this chapter. First we derive a maximum
principle of Aleksandrov, and a related apriori bound (Theorem 9.1) for solutions
in the Sobolev space W2 *(Q), thereby extending certain basic results from Chapter 3
to nonclassical solutions. Later in the chapter, these results are applied to establish
various pointwise estimates, including the recent Holder and Harnack estimates of
Krylov and Safonov (Theorems 9.20, 9.22; Corollaries 9.24, 9.25). The other strand
in this chapter is the L? theory of linear second-order elliptic equations that is
analogous to the Schauder theory of Chapter 6. The basic estimate for Poisson’s
equation, namely the Calderon-Zygmund inequality (Theorem 9.9) is derived
through the Marcinkiewicz interpolation theorem, although without the use of
Fourier transform methods. Interior and global estimates in the Sobolev spaces
W2P(Q), 1 < p < o0, are established in Theorems 9.11, 9.13 and applied to the
Dirichlet problem for strong solutions, in Theorem 9.15 and Corollary 9.18.

Part 11 of this book is devoted largely to the Dirichlet problem and related
estimates for quasilinear equations. The results concern in part the general operator
(1.2) while others apply especially to operators of divergence form

(1.6) Qu=div A(x, u, Du)+ B(x, u, Du)

where A(x, z, p) and B(x, z, p) are respectively vector and scalar functions defined
on QxR x R".

Chapter 10 extends maximum and comparison principles (analogous to results
in Chapter 3) to solutions and subsolutions of quasilinear equations. We mention
in particular apriori bounds for solutions of Qu>0 (=0), where Q is a divergence
form operator satisfying certain structure conditions more general than ellipticity
(Theorem 10.9).

Chapter 11 provides the basic framework for the solution of the Dirichlet
problem in the following chapters. We are concerned principally with classical
solutions, and the equations may be uniformly or non-uniformly elliptic. Under
suitable general hypotheses any globally smooth solution u of the boundary value
problem for Qu=0 in a domain Q with smooth boundary can be viewed as a
fixed point, u= Tu, of a compact operator 7 from C'*Q) to C"*Q) for any
a € (0,1). In the applications the function defined by Tu, for any u € C*-%(Q), is the
unique solution of the linear problem obtained by inserting u into the coefficients
of Q. The Leray-Schauder fixed point theorem (proved in Chapter 11) then implies
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the existence of a solution of the boundary value problem provided an apriori
bound. in C'-%(), can be established for the solutions of a related continuous
family of equations u=T(u; g), 0<o< |, where T(u; 1)=Tu (Theorems 11.4,
11.6). The establishment of such bounds for certain broad classes of Dirichlet
problems is the object of Chapters 13-15.

The general procedure for obtaining the required apriori bound for possible
solutions « is a four-step process involving successive estimation of sup |u|.

Q2

sup |Dul. sup |Dul. and |ull¢: o, for some a>0. Each of these estimates pre-
0N Q

supposes the preceding ones and the final bound on |uli¢. .5 completes the
existence proof based on the Leray-Schauder theorem.
As already observed, bounds on sup |u| are discussed in Chapter 10. In the later
Q

chapters this bound is either assumed in the hypotheses or is implied by properties
of the equation.

Equations in two variables (Chapter 12) occupy a special place in the theory.
This is due in part to the distinctive methods that have been developed for them
and also to the results, some of which have no counterpart for equations in more
than two variables. The method of quasiconformal mappings and arguments based
on divergence structure equations (cf. Chapter 11) are both applicable to equations
in two variables and yield relatively easily the desired C':* apriori estimates, from
which a solution of the Dirichlet problem follows readily.

Of particular interest is the fact that solutions of uniformly elliptic linear equa-
tions in two variables satisfy an apriori C!* estimate depending only on the
ellipticity constants and bounds on the coefficients, without any regularity assump-
tions (Theorem 12.4). Such a C'* estimate, or even the existence of a gradient
bound under the same general conditions is unknown for equations in more than
two variables. Another special feature of the two-dimensional theory is the
existence of an apriori C' bound | Du| < K for solutions of arbitrary elliptic equations

(1.7) au,, +2bu,, +cu, =0,

where u is continuous on the closure of a bounded convex domain Q and has
boundary value ¢ on &9 satisfying a bounded slope (or three-point) condition
with constant K. This classical result, usually based on a theorem of Radé on
saddle surfaces, is given an elementary proof in Lemma 12.6. The stated gradient
bound, which is valid for all solutions u of the general quasilinear equation (1.7)
in whicha=a(x, y,u, u,, u,), etc., and such that u= ¢ on ¢, reduces this Dirichlet
problem to the case of uniformly elliptic equations treated in Theorem 12.5. In
Theorem 12.7 we obtain a solution of the general Dirichlet problem for (1.7),
assuming local Hélder continuity of the coefficients and a bounded slope condition
for the boundary data (without further smoothness restrictions on the data).
Chapters 13, 14 and 15 are devoted to the derivation of the gradient estimates
involved in the existence procedure described above. In Chapter 13, we prove the
fundamental results of Ladyzhenskaya and Ural'tseva on Hoélder estimates of
derivatives of elliptic quasilinear equations. In Chapter 14 we study the estimation
of the gradient of solutions of elliptic quasilinear equations on the boundary.
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After considering general and convex domains, we give an account of the theory of
Serrin which associates generalized boundary curvature conditions with the solva-
bility of the Dirichlet problem. In particular, we are able to conclude from the
results of Chapters 11, 13 and 14 the Jenkins and Serrin criterion for solvability of
the Dirichlet problem for the minimal surface equation, namely, that this problem
is solvable for smooth domains and arbitrary smooth boundary values if and only
if the mean curvature of the boundary (with respect to the inner normal) is non-
negative at every point (Theorem 14.14).

Global and interior gradient bounds for solutions u of quasilinear equations
are established in Chapter 15. Following a refinement of an old procedure of
Bernstein we derive estimates for sup |Du| in terms of sup |Du| for classes of

2 on

equations that include both uniformly elliptic equations satisfying natural growth
conditions and equations sharing common structural properties with the prescribed
mean curvature equation (Theorem 15.2). A variant of our approach yields interior
gradient estimates for a more restricted class of equations (Theorem 15.3). We also
consider uniformly and non-uniformly elliptic equations in divergence form
(Theorems 15.6, 15.7 and 15.8), in which cases, by appropriate test function argu-
ments, we deduce gradient estimates under different types of coefficient conditions
than in the general case. We conclude Chapter 15 with a selection of existence
theorems, chosen to illustrate the scope of the theory. These theorems are all
obtained by various combinations of the apriori estimates in Chapters 10, 14 and 15
and a judicious choice of a related family of problems to which Theorem 11.8 can
be applied.

In Chapter 16. we concentrate on the prescribed mean curvature equation and
derive an interior gradient bound (Theorem 16.5) thereby enabling us to deduce
existence theorems for the Dirichlet problem when only continuous boundary
values are assigned (Theorems 16.8. 16.10). We also consider a family of equations
intwo variables. which in a certain sense bear the same relationship to the prescribed
mean curvature equation as the uniformly elliptic equations of Chapter 12 bear to
Laplace’s equation. Indeed. by means of a generalized notion of quasiconformal
mapping. we derive interior estimates for first and second derivatives. The second
derivative estimates provide a generalization of a well known curvature estimate
of Heinz for solutions of the minimal surface equation (Theorem 16.20) and
moreover, imply an extension of the famous result of Bernstein that entire solutions
of the minimal surface equation in two variables must be linear (Corollary 16.19).
However, perhaps the striking feature of Theorems 16.5 and 16.20 is the approach.
Rather than working in the domain @, we work on the hypersurface S given by the
graph of the solution u and exploit various relations between the tangential
gradient and Laplacian operators on S and the mean curvature of S.

We have also added to the present edition a new final chapter. Chapter 17 is
devoted to fully nonlinear elliptic equations, which incorporates recent work on
equations of Monge-Ampére and Bellman-Pucci type. These are equations of the
general form

(1.8) F[u] = F(x, u, Du, D*u) = 0
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and include linear and quasilinear equations of the forms (1.1) and (1.2) as special
cases. The function F is defined for (x,z,p,r)e 2 x R x R" x R"*" where R"*"
denotes the linear space of real symmetric n x n matrices. Equation (1.8) is elliptic
when the derivative F, is a positive definite matrix. The method of continuity
(Theorem 17.8) reduces the solvability of the Dirichlet problem for (1.8) to the
establishment of C2'%(Q) estimates, for some o > 0; that is, in addition to the first
derivative estimation required for the quasilinear case, we need second derivative
estimates for fully nonlinear equations. Such estimates are established for equations
in two variables (Theorems 17.9, 17.10), uniformly elliptic equations (Theorems
17.14, 17.15) and equations of Monge-Ampére type (Theorems 17.19, 17.20, 17.26),
yielding, in particular, recent results on the solvability of the Dirichlet problem for
uniformly elliptic equations by Evans, Krylov and Lions (in Theorems 17.17,
17.18), and for equations of Monge-Ampére type by Krylov, and Caffarelli,
Nirenberg and Spruck (in Theorem 17.23).

We conclude this summary with some guides to the reader. The material is not
in strict logical order. Thus the theory of Poisson’s equation (Chapter 4) would
normally follow Laplace’s equation (Chapter 2). However, the elementary
character of the results on the maximum principle (Chapter 3) and the opportunity
for the reader to meet early some general problems with variable coefficients
recommends its insertion after Chapter 2. In fact, the general maximum principle
is not used until the existence theory of Chapter 6. The basic material on functional
analysis (Chapter 5) is needed in only a minor way for the Schauder theory: the
contraction mapping principle and the basic concepts of Banach spaces suffice,
except for the proof of the alternative in Theorem 6.15. For applications to non-
linear problems in Part 11 it is sufficient to know the results of Section 1-3 of
Chapter 6. Depending on the reader’s interests, it may be preferable to study the
linear theory by starting directly with L? theory in Chapter 8; this assumes the
preliminary material on functional analysis (Chapter 5) and on the calculus of
weakly differentiable functions (Chapter 7). The Harnack inequalities and
Holder estimates in the regularity theory of Chapter 8 are not applied until
Chapter 13.

The theory of quasilinear equations in two variables (Chapter 12) is essentially
independent of Chapters 7-11 and can be read following Chapter 6 provided one
assumes the Schauder fixed point theorem (Theorem 11.1). The method of quasi-
conformal mappings is met again in Chapter 16 but otherwise the remaining
chapters are independent of Chapter 12. Accordingly, after the basic outline of the
nonlinear theory in Chapter 11 the reader can proceed directly to the n-variable
theory in Chapters 13-17. Chapter 16 is largely independent of Chapters 13-15.
Chapters 6 and 9 are sufficient preparation for most of Chapter 17.

Further Remarks

Beyond the assumption of basic real analysis and linear algebra the material in this
work is almost entirely self-contained. Thus, much of the preliminary development
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of potential theory and functional analysis, as well as results on Sobolev spaces and
fixed point theorems, will be familiar to many readers, although the proof of the
Leray-Schauder theorem without topological degree in Theorem 11.6 is probably
not so well known. A number of well established auxiliary results, such as the
interpolation inequalities and extension lemmas of Chapter 6, are proved for the
sake of completeness.

There is substantial overlap with the monographs of Ladyzhenskaya and
Ural’tséva [LU 4] and Morrey [MY 5]. This book differs from the former in some
of the analytical techniques and in the emphasis on non-uniformly elliptic equations
in the nonlinear theory; it differs from the latter in not being directly concerned
with variational problems and methods. The present work also includes material
developed since the publication of those books. On the other hand, it is much more
limited in various ways. Among the topics not included are systems of equations,
semilinear equations, the theory of monotone operators, and aspects of the subject
based on geometric measure theory.

In a subject that is often quite technical we have not always striven for the
greatest generality, especially with respect to the modulus of continuity, estimates,
integral conditions, and the like. We have instead confined ourselves to conditions
determined by power functions: for example, Hoélder continuity rather than Dini
continuity, L? spaces in Chapter 8 rather than Orlicz spaces, structure conditions
in terms of powers of | p| rather than more general functions of | p|, etc. By suitable
modification of the proofs the reader will usually be able to supply the appropriate
generalizations.

Historical material and bibliographical references are discussed primarily in
the Notes at the end of the chapters. These are not intended to be complete but
rather to supplement the text and place it in better perspective. A much more
extensive survey of the literature until 1968 is contained in Miranda [MR 2]. The
problems attached to the chapters are also intended to supplement the text;
hopefully they will be useful exercises for the reader.

Basic Notation

R": Euclidean n-space, n> 2, with points x=(x,, . . ., x,), x; € R(real numbers);
Ix|=(T x2)"2;ifb=(b,, ..., b,) is an ordered n-tuple, then |b|=(T b?)'/%.

R" : half-space in R" = {x e R"|x, > 0}.

0S: boundary of the point set S; S=closure of S=S U 8S.

S—-S:{xeS|x¢S}.

S’ « < §: §' has compact closure in S; ' is strictly contained in S.

Q: a proper open subset of R", not necessarily bounded; Q is a domain if it is
also connected; | Q| = volume of Q.

B(y): a ball in R" with center y; B,(y) is the open ball of radius r centered at y.

2n,n/2

nl(n/2)

Du=0u/ox;, Dju=0du/dx;0dx;, etc.; Du=(Dyu,..., Du)=gradient of u;
D?*u = [D;;u] = Hessian matrix of second derivatives D;;u, i,j = 1,2,...,n.

w,,: volume of unit ball in R" =
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B=(B,, ..., B,), B;=integer >0, with |B|= 3 B,, is a multi-index ; we define

o18ly
B, —
Dlu= a5
C%R) (C%R)): the set of continuous functions on Q2 (Q).
C*(Q): the set of functions having all derivatives of order <k continuous in
Q (k=integer >0 or k= 00).
C*(Q): the set of functions in C¥(£2) all of whose derivatives of order <k have
continuous extensions to €.
supp u: the support of u, the closure of the set on which u#0.
CY(Q): the set of functions in C*(Q) with compact support in Q.
C=C(*, ..., *)denotes a constant depending only on the quantities appearing
in parentheses. In a given context, the same letter C will (generally) be used to
denote different constants depending on the same set of arguments.



Part 1

Linear Equations



Chapter 2

Laplace’s Equation

Let Q be a domain in R" and u a C*(2) function. The Laplacian of u, denoted 4u,
is defined by

(2.hH Au= Y Dyu=div Du.

i=1
The function u is called harmonic (subharmonic, superharmonic) in Q if it satisfies
there

(2.2) 4u=0 (=0, <0).

In this chapter we develop some basic properties of harmonic, subharmonic and
superharmonic functions which we use to study the solvability of the classical
Dirichlet problem for Laplace’s equation, Au=0. As mentioned in Chapter 1,
Laplace’s equation and its inhomogeneous form, Poisson’s equation, are basic
models of linear elliptic equations.

Our starting point here will be the well known divergence theorem in R". Let
Q, be a bounded domain with C' boundary 2, and let vdenote the unit outward
normal to 8Q,. For any vector field w in C!(Q,), we then have

(2.3) Idivwdx:f w-vds
Q0 Q0
where ds indicates the (n— 1)-dimensional area element in 8Q,. In particular if u
is a C?(2,) function we have, by taking w = Du in (2.3),
Ou
2.4) fAudx:f Du-v ds=J‘a—vds.
Q0 290 0o

(For a more general formulation of the divergence theorem, see [KE 2].)

2.1. The Mean Value Inequalities

Our first theorem, which is a consequence of the identity (2.4), comprises the well
known mean value properties of harmonic, subharmonic and superharmonic
functions.
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Theorem 2.1. Let ue C%(Q) satisfy Au = 0 (=0, <0) in Q. Then for any ball
B = Bg(y) = < Q, we have

@5 uN=(<, 2) ——my [uds,

oB
(2.6) u=(<, 2) —= : fudx
" B

For harmonic functions, Theorem 2.1 thus asserts that the function value at the
center of the ball Bis equal to the integral mean values over both the surface 6B and
B itself. These results, known as the mean value theorems, in fact also characterize
harmonic functions; (see Theorem 2.7).

Proof of Theorem 2.1. Let pe (0, R) and apply the identity (2.4) to the ball
B,= B (y). We obtain

Ou
o ds=IAu dx=(=, <)0.
2B,
Introducing radial and angular coordinates r=|x—y|, o= g and writing
u(x)=u(y+rw), we have

fa ds= f (y+pw) ds=p""" f%(}’ww)dw

2B, 2B, jol=1

G, 0
=p"! % f u(y+pw) do=p" ! (%l:p""fu ds]

low|=1 0B,

Consequently for any p € (0, R),

p! fuds (<, =)R'" "fuds

2B, dBr
and since

lim p“"fu ds=nw,u(y)

p=0 3B,

relations (2.5) follow. To get the solid mean value inequalities, that is, relations
(2.6), we write (2.5) in the form

nop'u(y)=(<, 2) [uds, p<R

2B,

and integrate with respect to p from 0 to R. The relations (2.6) follow immediately.[]
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2.2. Maximum and Minimum Principle

With the aid of Theorem 2.1 the strong maximum principle for subharmonic
functions and the strong minimum principle for superharmonic functions may be
derived.

Theorem 2.2. Let Au>0 (<0) in Q and suppose there exists a point y € S for which
u(y)= sup u (inf u). Then u is constant. Consequently a harmonic function cannot
0 Q

assume an interior maximum or minimum value unless it is constant.

Proof. Let Au=0in Q, M =sup u and define Q,, = {x € Q| u(x)=M }. By assump-
Q

tion ,, is not empty. Furthermore since u is continuous, £,, is closed relative to Q.

Let z be any point in ©,, and apply the mean value inequality (2.6) to the sub-

harmonic function u— M in a ball B= Bg(z)c = Q. We therefore obtain

1
o, R"

0=u(z)— M< f(u—M)a'xSO,
B

so that u= M in Bg(z). Consequently 2,, is also open relative to Q2. Hence Q,,=Q.
The result for superharmonic functions follows by replacement of u by —u. 0

The strong maximum and minimum principles immediately imply global
estimates, namely the following weak maximum and minimum principles.

Theorem 2.3. Let ue C3(Q) n C°() with Au=0 (<0) in Q. Then, provided Q is
bounded,

2.7) sup u=sup u (inf u= inf u).
[0} on [¢] on

Consequently, for harmonic u

infu<u(x)<supu, xeL.
on on

A uniqueness theorem for the classical Dirichlet problem for Laplace’s and
Poisson’s equation in bounded domains now follows from Theorem 2.3.

Theorem 2.4. Let u, ve C2(Q) n C°(Q) satisfy Au=Av in Q, u=v on 0. Then
u=vin Q.

Proof. Letw=u—v. Then 4w=0in Q and w=0 on 0Q. It follows from Theorem
23thatw=0inQ. 0O

Note that also by Theorem 2.3, we have that if u and v are harmonic and sub-
harmonic functions respectively, agreeing on the boundary 09, then v<u in Q.
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Hence the term subharmonic. A corresponding remark is true for superharmonic
functions. Later in this chapter, we employ this property of C?(2) subharmonic
and superharmonic functions to expand their definition to larger classes of func-
tions. In the next chapter, an alternate method of proof for Theorems 2.2, 2.3 and
2.4 will be supplied when we treat maximum principles for general elliptic equa-
tions; (see also Problem 2.1).

2.3. The Harnack Inequality

A further consequence of Theorem 2.1 is the following Harnack inequality for
harmonic functions.

Theorem 2.5. Let u be a non-negative harmonic function in Q. Then for any bounded
subdomain Q' < < Q, there exists a constant C depending only on n, Q' and Q such
that

(2.8 sup u<Cinfu.

aQ o4

Proof. Let y € Q, B, (y)<=Q. Then for any two points x,, x, € Bg(y), we have
by the inequalities (2.6)

1 1
u(xl)=w—R" f udxsw—in fudx.

" Brlxy) " Bar(y)

1 1
u(x2)=m I udx?m)—" f u dx.

B3r(x2) Bar(y)

Consequently we obtain

(2.9) sup u<3" inf u.

Br(y) Br(y)
Now let Q'c = and choose x,, x, € €' so that u (x,)= sup u, u(x,)= mfu

Let I'< Q' be a closed arc joining x, and x, and choose R so that 4R <dist (I, BQ)
By virtue of the Heine-Borel theorem I’ can be covered by a finite number ¥
(depending only on Q' and Q) of balls of radius R. Applying the estimate (2.9) in
each ball and combining the resulting inequalities, we obtain.

u(x,)<3"™u(x,).
Hence the estimate (2.8) holds with C=3"". 0O
Note that the constant in (2.8) is invariant under similarity and orthogonal

transformations. A Harnack inequality for weak solutions of homogeneous elliptic
equations will be established in Chapter 8.
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2.4. Green’s Representation

As a prelude to existence considerations we derive now some further consequences
of the divergence theorem, namely, the Green identities. Let Q be a domain for
which the divergence theorem holds and let u and v be C2(Q) functions. We select
w = vDu in the identity (2.3) to obtain Green’s first identity:

(2.10) vaudx+fDu-Dvdx=fv%ds.
2

ov
o n

Interchanging « and v in (2.10) and subtracting, we obtain Green's second identity :

ou Ov
@2.11) {(u Au—uAv)dx=5£ ("5?'“5)‘1"

Laplace’s equation has the radially symmetric solution r2~" for n>2 and log r for
n=2, r being radial distance from a fixed point. To proceed further from (2.11),
we fix a point y in Q and introduce the normalized fundamental solution of Laplace’s
equation:

- _pl2—n 2
n(2——n)w,,|x W on>

(2.12) I(x-y)=I(x-y)=

—‘lOg|x‘J’|a n

2.
2n

By simple computation we have

1
DI(x—y)= =

(x;=ylx—=y™"
(2.13)
D, I(x—y)= ;(l;)n{lx — W20, —n(x,—y)x; =y} Ix—y 7" 2.
Clearly I' is harmonic for x # y. For later purposes we note the following derivative

estimates:

1

nw,

DI (x—y)I <

Ix—y' 7"
(2.14)

I -n
|D;I (x —y)| <w~—|x—yl :

IDPI(x — y)I < Clx — yP~"" ¥, C = C(n, |BI).

The singularity at x=y prevents us from using I in place of v in Green's second
identity (2.11). One way of overcoming this difficulty is to replace 2 by Q- B,
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where B, = B () for sufficiently small p. We can then conclude from (2.11) that

ou or ou or
2.15) [ rauax= f(ra_ua")dﬁa!(ra_uE)ds.

-8,

Now

du ou
_[Fé—;d.s‘:F(p)fa—vds
2B, 2B,
<nw,p" " 'I'(p) sup |Du| >0 asp—0
By
and

ar
[uZ;ds==T"p) [uds (recall that v is outer normal to 2 B,)
oB, v 2B,
I

= __l_[uds—»—u(y) asp— 0.
nw,p"

Hence letting p tend to zero in (2.15) we arrive at Green's representation formula:
or ou
(2.16) u(y)=5[2<u5(x—y)—r(x—))a—v) ds+}[1“(x—)) Audx, (yeQ).

For an integrable function f, the integral J. I'(x — y)f(x) dxiscalled the Newtonian

2
potential with density f. If u has compact support in R", then (2.16) yields the
frequently useful representation formula,

(2.17) u(y)=fl"(x—y) Au(x) dx.

For harmonic u, we also obtain the representation

(2.18) u(y)= f (ug—C(x—y)—F(x—y)g—:) ds, (yeQ).

N
Since the integrand above is infinitely differentiable and, in fact, also analytic with
respect to y, it follows that u is also analytic in Q2. Thus harmonic functions are
analytic throughout their domain of definition and therefore uniquely determined
by their values in any open subset.

Now suppose that h e C}() n C*(Q) satisfies 4h=0 in Q. Then again by
Green's second identity (2.11) we obtain

(2.19) - f( h_y° ) thudx
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Writing G=T+ h and adding (2.16) and (2.19) we then obtain a more general
version of Green's representation formula:

(2.20) u(y)= f <u %E—G 6u)d +f G Au dx.
on

If in addition G=0 on o2 we have

(2.21) u(})—f ds+fGAudx

and the function G=G(x, y) is called the (Dirichlet) Green’s function for the
domain Q, sometimes also called the Green’s function of the first kind for Q. By
Theorem 2.4, the Green’s function is unique and from the formula (2.21) its
existence implies a representation for a C!(Q) n C%*(2) harmonic function in terms
of its boundary values.

2.5. The Poisson Integral

When the domain Q is a ball the Green’s function can be explicitly determined by
the method of images and leads to the well known Poisson integral representation
for harmonic functions in a ball. Namely, let B, = B4(0) and for x € B, x#0 let

2

_ R
(2.22) x=|;|—2 x

denote its inverse point with respect to Bg; if x=0, take Xx=oc0. It is then easily
verified that the Green'’s function for By is given by

F(x—y)—T (Utx y|> y#0

I(x))—T'(R), y=0.

2
=TI/ +|y|2—2X-y)—F<\/<—|xllly|) +R2—2x-y)

for all x, y € By, x#).

(2.23) G(x, y)=

The function G defined by (2.23) has the properties

(2.24) G(x, »)=G(y.x), G(x,y)<0 forx,ye By.



20 2. Laplace’s Equation

Furthermore, direct calculation shows that at x € 0B, the normal derivative of G
1s given by

0G_3G _R-|y

(2.25) v dx nw,R

Ix—y~">0.
Hence if u € C*(Bg) n C'(Bg) is harmonic. we have by (2.21) the Poisson integral
Sformula:

RZ_ 2 /-'x
2260  uy="— U

nw, R o |x—y"

The right hand side of formula (2.26) is called the Poisson integral of u. A simple
approximation argument shows that the Poisson integral formula continues to hold
for ue C?(Bg) N C°(Bg). Note that by taking y=0, we recover the mean value
theorem for harmonic functions. In fact all the previous theorems of this chapter
could have been derived as consequences of the representation (2.21) with Q=
Bg(0).

To establish the existence of solutions of the classical Dirichlet problem for balls
we need the converse result to the representation (2.26), and we prove this now.

Theorem 2.6. Let B= Bg(0)yand ¢ be a continuous function on 0B. Then the function
u defined by

—|x|? @(y) ds,

B
@21 ux={ o,k J Ix= oy JorxE

W(x) for x e 0B
belongs to C*(B) n C°(B) and satisfies Au=0 in B.

Proof. That u defined by (2.27) is harmonic in B is evident from the fact that G.
and hence dG/dv, is harmonic in x, or it may be verified by direct calculation. To
establish the continuity of ¥ on 8B, we use the Poisson formula (2.26) for the special
case u=1 to obtain the identity.

(228) [ K(x.y ds,=1 forallxe B

0B

where K is the Poisson kernel

, R =[x
(2.29) K(x,y)=—————: xe B.yedB.
naw, Rjx —y|"

Of course the integral in (2.28) may be evaluated directly but this is a complicated
calculation. Now let x, € dB and ¢ be an arbitrary positive number. Choose 6 >0
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so that [p(x) — @(x,)| <eif |x — x| <J and let || < M on 0B. Then if [x — x| < /2,
we have by (2.27) and (2.28)

[ Kx, p)@() = 9(xo) s,

oB
< f K(x, y)lo(y) —o(x,)l ds,

ly—xo| <8

+ f K(x, Y)o(y)~@(xo)l ds,

ly—xo0|>8

|u(x) — u(xo)| =

oy MR —IXHR?
= (6/2r

If now |x — x| is sufficiently small it is clear that |u(x)—u(x,)| < 2¢ and hence u is
continuous at x,,. Consequently u € C°(B) as required. 0

We note that the preceding argument is local; that is, if ¢ is only bounded and
integrable on 0B, and continuous at x,, then u(x) — ¢(x,) as x — x,,.

2.6. Convergence Theorems

We consider now some immediate consequences of the Poisson integral formula.
The following three theorems will not however be required for the later develop-
ment. We show first that harmonic functions can in fact be characterized by their
mean value property.

Theorem 2.7. A C%Q) function u is harmonic if and only if for every ball
B=Bi(y)c =Q it satisfies the mean value property,

1
(2.30) U(}’)=mﬁ f u ds.

oB

Proof. By Theorem 2.6, there exists for any ball B« = Q a harmonic function
h such that h=u on ¢B. The difference w=u—h will then be a function satisfying
the mean value property on any ball in B. Consequently the maximum principle
and uniqueness results of Theorems 2.2, 2.3 and 2.4 apply to w since the mean value
inequalities were the only properties of harmonic functions used in their derivation.
Hence w=0 in B and consequently ¥ must be harmonic in Q. 0

As an immediate consequence of the preceding theorem we have:

Theorem 2.8. The limit of a uniformly convergent sequence of harmonic functions is
harmonic.
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It follows from Theorem 2.8, that if {u,} is a sequence of harmonic functions in
a bounded domain Q, with continuous boundary values {¢,] which converge
uniformly on 02 to a function ¢, then the sequence {u,, converges uniformly (by
the maximum principle) to a harmonic function having the boundary values ¢ on
0Q. By means of Harnack’s inequality, Theorem 2.5, we can also derive, from
Theorem 2.8, Harnack's convergence theorem.

Theorem 2.9. Let {u,} be a monotone increasing sequence of harmonic functions
in a domain §2 and suppose that for some point y € Q, the sequence {u(y)} is bounded.
Then the sequence converges uniformly on any bounded subdomain Q' < <Q to a
harmonic function.

Proof. The sequence {u,(y)! will converge, so that for arbitrary ¢>0 there is a
number N such that 0<u,(y)—u,(y)<e for all m=n> N. But then by Theorem
2.5, we must have

sup Ju,(x)—u,(x)| < Ce
o

for some constant C depending on Q' and Q. Consequently {u,} converges uni-
formly and by virtue of Theorem 2.8, the limit function is harmonic. 0

2.7. Interior Estimates of Derivatives

By direct differentiation of the Poisson integral it is possible to obtain interior
derivative estimates for harmonic functions. Alternatively, such estimates also
follow from the mean value theorem. For letw be harmonicinQand B= By(y)c = Q.
Since the gradient Du is also harmonic in Q it follows by the mean value and
divergence theorems that

1 1
Du(y)=ZO—F {Du dxzmi uv ds,

n
[Du(y)l < RSP |ul
oB

and hence
n

(2.31) [Du( y)| <~ sup [u],
d, o

where d,=dist (y, 0Q2). By successive application of the estimate (2.31) in equally
spaced nested balls we obtain an estimate for higher order derivatives:
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Theorem 2.10. Let u be harmonic in Q and let Q' be any compact subset of Q. Then
for any multi-index a we have

la|
(2.32) sup |D*u| < (%) sup |u|
’ N

Q

where d=dist (Q', 0Q).

An immediate consequence of the bound (2.32) is the equicontinuity on com-
pact subdomains of the derivatives of any bounded set of harmonic functions.
Consequently by Arzela’s theorem, we see that any bounded set of harmonic
functions forms a normal family ; that is, we have:

Theorem 2.11.  Any bounded sequence of harmonic functions on a domain Q contains
a subsequence converging uniformly on compact subdomains of Q to a harmonic
Sfunction.

The previous convergence theorem, Theorem 2.8, would also follow im-
mediately from Theorem 2.11.

2.8. The Dirichlet Problem; the Method of Subharmonic Functions

We are in a position now to approach the question of existence of solutions of the
classical Dirichlet problem in arbitrary bounded domains. The treatment here will
be accomplished by Perron’s method of subharmonic functions [PE] which relies
heavily on the maximum principle and the solvability of the Dirichlet problem in
balls. The method has a number of attractive features in that it is elementary, it
separates the interior existence problem from that of the boundary behaviour of
solutions, and it is easily extended to more general classes of second order elliptic
equations. There are other well known approaches to existence theorems such as
the method of integral equations, treated for example in the books [KE 2] [GU],
and the variational or Hilbert space approach which we describe in a more general
context in Chapter 8.

The definition of C3(2) subharmonic and superharmonic function is general-
ized as follows. A C%(£) function u will be called subharmonic (superharmonic) in
Q if for every ball Bc < Q and every function 4 harmonic in B satisfying u <(>)h
on ¢B, we also have u<(>)hin B. The following properties of C°(2) subharmonic
functions are readily established:

(i) Ifuissubharmonic in a domain Q, it satisfies the strong maximum principle
in ; and if v is superharmonic in a bounded domain  with v>u on ¢, then
either v>u throughout Q or v=u. To prove the latter assertion, suppose the
contrary. Then at some point x, € 2 we have

(u—v)(xy)= sup (u—v)=M=0,
Q



24 2. Laplace’s Equation

and we may assume there is a ball B=B(x,) such that u—v# M on 0B. Letting
i, v denote the harmonic functions respectively equal to , v on dB (Theorem 2.6),
one sees that

M= sup (u—0)Z(d—0)(xq) Z(U—0)(xg)=M,
B

and hence the equality holds throughout. By the strong maximum principle for
harmonic functions (Theorem 2.2) it follows that u—d=M in B and hence
u—v= M on B, which contradicts the choice of B.

(ii) Let u be subharmonic in € and B be a ball strictly contained in €. Denote
by @ the harmonic function in B (given by the Poisson integral of v on dB) satisfying
#i=u on 0B. We define in Q the harmonic lifting of u (in B) by

_Julx), xe B
(2.33) U(x)_{u(x), xeR—B.

Then the function U is also subharmonic in Q. For consider an arbitrary ball
B'c = Qand let & be a harmonic function in B’ satisfying h> U on dB’. Since u< U
in B’ we have u<hin B’ and hence U< hin B’ — B. Also since U is harmonic in B,
we have by the maximum principle U<h in B n B'. Consequently U< hin B’ and
U is subharmonic in Q.

(iii) Let u,, u,,. .., uy be subharmonic in Q. Then the function u(x)=max
{u,(x), ..., uy(x)} is also subharmonic in Q. This is a trivial consequence of the
definition of subharmonicity. Corresponding results for superharmonic functions
are obtained by replacing u by — u in properties (1), (ii) and (iii).

Now let 2 be bounded and ¢ be a bounded function on Q. A C°%) sub-
harmonic function u is called a subfunction relative to ¢ if it satisfies u< ¢ on 0.
Similarly a C°(©) superharmonic function is called a superfunction relative to ¢ if it
satisfies > ¢ on dQ. By the maximum principle every subfunction is less than or
equal to every superfunction. In particular, constant functions <inf ¢ (=sup ¢)

an o0

are subfunctions (superfunctions). Let S, denote the set of subfunctions relative
to ¢. The basic result of the Perron method is contained in the following theorem.

Theorem 2.12. The function u(x)= sup v(x) is harmonic in Q.

veS,

Proof. By the maximum principle any function v € S, satisfies v <sup ¢, so that u is
well defined. Let y be an arbitrary fixed point of Q. By the definition of u, there exists
a sequence {v,} =S, such that v (y) — u(y). By replacing v, with max (v,, inf @),
we may assume that the sequence {v,} is bounded. Now choose R so that the
ball B= Bg(y)< = and define V, to be the harmonic lifting of v, in B according
to (2.33). Then V, € S, V,(y) — u(y) and by Theorem 2.11 the sequence {V,}
contains a subsequence {V, } converging uniformly in any ball B (y) with p<R
to a function v that is harmonic in B. Clearly v<u in B and v(y)=u(y). We claim
now that in fact v=wu in B. For suppose v(z) <u(z) at some z € B. Then there exists
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a function @ € S, such that v(z) < u(z). Defining w, = max (&, V,,) and also the
harmonic liftings W, as in (2.33), we obtain as before a subsequence of the
sequence { W,} converging to a harmonic function w satisfying v<w<wu in B and
v(y)=w(y)=u(y). But then by the maximum principle we must have v=w in B.
This contradicts the definition of # and hence u is harmonic in Q. 0

The preceding result exhibits a harmonic function which is a prospective
solution (called the Perron solution) of the classical Dirichlet problem: Au=0,
u=¢ on dQ. Indeed, if the Dirichlet problem is solvable, its solution is identical
with the Perron solution. For let w be the presumed solution. Then clearly w e S,
and by the maximum principle w>u forallu € S,. We note here also that the proof
of Theorem 2.12 could have been based on the Harnack convergence theorem,
Theorem 2.9, instead of the compactness theorem, Theorem 2.11; (see Problem
2.10).

In the Perron method the study of boundary behaviour of the solution is
essentially separate from the existence problem. The continuous assumption of
boundary values is connected to the geometric properties of the boundary through
the concept of barrier function. Let ¢ be a point of Q. Then a C°(Q) function
w = w, is called a barrier at ¢ relative to Q if:

(1) w is superharmonic in Q;
(i) w>0in Q—¢; w (£)=0.

A more general definition of barrier requires only that the superharmonic
function w be continuous and positive in Q, and that w(x) - 0 as x — & The
results of this section are valid for these weak barriers as well (see [HL, p. 168], for
example). An important feature of the barrier concept is that it is a local property
of the boundary 0Q2. Namely, let us define w to be a local barrier at ¢ € 0Q if there
is a neighborhood N of ¢ such that w satisfies the above definition in 2 n N. Then
a barrier at ¢ relative to Q can be defined as follows. Let B be a ball satisfying
EeBcc N and m=131‘1£i w>0. The function

B(x)= min (m, w(x)), xeQ N B
T m, xeQ—B

is then a barrier at ¢ relative to Q, as one sees by confirming properties (i) and (ii).
Indeed, w is continuous in Q and is superharmonic in Q by property (iii) of sub-
harmonic functions; property (i) is immediate.

A boundary point will be called regular (with respect to the Laplacian) if there
exists a barrier at that point.

The connection between the barrier and boundary behavior of solutions is
contained in the following.

Lemma 2.13. Let u be the harmonic function defined in Q by the Perron method
(Theorem 2.12). If & is a reqular boundary point of Q and ¢ is continuous at £, then
u(x) - @(&) as x — £.
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Proof. Choosee>0.andlet M = sup |¢|. Since £ isa regular boundary point, there
is a barrier w at £ and, by virtue of the continuity of ¢, there are constants é and k
such that [p(x) — (&) <eif [x — & <. and kw(x)=2M if | x — &| = . The functions
@(&)+e+kw, p(&)—e— kw are respectively superfunction and subfunction relative
to ¢. Hence from the definition of u and the fact that every superfunction dominates
every subfunction, we have in Q.

(&) —e—kw(x)<u(x)< @(E)+ e+ kw(x)
or
lu(x) — ()| < e+ kwn(x).

Since w(x) — 0 as x — £, we obtain u(x) —» @(¢)asx —» ¢, O
This leads immediately to

Theorem 2.14.  The classical Dirichlet problem in a bounded domain is solvable for
arbitrary continuous boundary values if and only if the boundary points are all regular.

Proof. If the boundary values ¢ are continuous and the boundary 992 consists of
regular points, the preceding lemma states that the harmonic function provided by
the Perron method solves the Dirichlet problem. Conversely, suppose that the
Dirichlet problem is solvable for all continuous boundary values. Let ¢ € Q. Then
the function ¢(x)=|x — ¢ is continuous on J€2 and the harmonic function solving
the Dirichlet problem in Q with boundary values ¢ is obviously a barrier at ¢.
Hence ¢ is regular, as are all points of Q. 0

The important question remains: For what domains are the boundary points
regular? It turns out that general sufficient conditions can be stated in terms of
local geometric properties of the boundary. We mention some of these conditions
below.

If n=2, consider a boundary point z, of a bounded domain Q and take the
origin at z, with polar coordinates r, 6. Suppose there is a neighborhood N of z,
such that a single valued branch of 0 is defined in Q N N, or in a component of
Q n N having z, on its boundary. One sees that

R [ log r
elogz_ log? r+ 0?2

w=

is a (weak) local barrier at z, and hence z, is a regular point. In particular, z, is
a regular boundary point if it is the endpoint of a simple arc lying in the exterior
of Q. Thus the Dirichlet problem in the plane is always solvable for continuous
boundary values in a (bounded) domain whose boundary points are each accessi-
ble from the exterior by a simple arc. More generally, the same barrier shows that
the boundary value problem is solvable if every component of the complement of
the domain consists of more than a single point. Examples of such domains are
domains bounded by a finite number of simple closed curves. Another is the unit
disc slit along an arc; in this case the boundary values can be assigned on opposite
sides of the slit.
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For higher dimensions the situation is substantially different and the Dirichlet
problem cannot be solved in corresponding generality. Thus, an example due to
Lebesgue shows that a closed surface in three dimensions with a sufficiently sharp
inward directed cusp has a non-regular point at the tip of the cusp; (see for
example [CHY).

A simple sufficient condition for solvability in a bounded domain Q< R" is
that Q satisfy the exterior sphere condition; that is, for every point ¢ € dQ, there
exists a ball B= By(y) satisfying B n @=¢. If such a condition is fulfilled, then the
function w given by

R "—|x—y* " forn=3

.34 (x)= X—y
(2.34) wlx) log'—Y—R—)—| forn=2

will be a barrier at &. Consequently the boundary points of a domain with C?
boundary are all regular points; (see Problem 2.11).

2.9. Capacity

The physical concept of capacity provides another means of characterizing regular
and exceptional boundary points. Let Q be a bounded domain in R"(n > 3) with
smooth boundary ¢€, and let u be the harmonic function (often called the con-
ductor potential) defined in the complement of Q and satisfying the boundary
conditions u = 1 on éQand u = 0 at infinity. The existence of u is easily established
as the (unique) limit of harmonic functions ' in an expanding sequence of bounded
domains having 0Q as an inner boundary (on which u' = 1) and with outer
boundaries (on which «" = 0) tending to infinity. If 2 denotes dQ or any smooth
closed surface enclosing €2, then the quantity

X
(2.35) capQ = — J%E ds = j | Du|* dx v = outer normal
Vv

P R"-Q

is defined to be the capacity of Q. In electrostatics, cap Q is within a constant factor
the total electric charge on the conductor 0Q2 held at unit potential (relative to
infinity).

Capacity can also be defined for domains with nonsmooth boundaries and for
any compact set as the (unique) limit of the capacities of a nested sequence of
approximating smoothly bounded domains. Equivalent definitions of capacity can
be given directly without use of approximating domains (e.g., see [LK]). In
particular, we have the variational characterization

(236)  cap Q = inf ||Dv|%.
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where
K = {ve C&(R)|v = 1 on Q}.

To investigate the regularity of a point x, € dQ, consider for any fixed A€ (0, 1)
the capacity

C;=cap {x¢ Q||x — x| < ¥}

The Wiener criterion states that x, is a regular boundary point of Qif and only if the
series

@371 Y i
j=0

diverges.

For a discussion of capacity and proof of the Wiener criterion we refer to the
literature, e.g., [KE 2, LK]. In Chapter 8 this condition for regularity will be proved
for a general class of elliptic operators in divergence form.

Problems

2.1. Derive the weak maximum principle for C*(2) subharmonic functions from
a consideration of necessary conditions for a relative maximum.

2.2. Prove that if Au=0in Q and u=0u/0v=0 on an open, smooth portion of 6Q,
then u is identically zero.

2.3. Let G be the Green's function for a bounded domain Q. Prove

a) G(x, y)=G(y, x) forallx,yeQ.x#y;
b) G(x,y)<0 forall x,ye Q, x#y;

c) fG(x, »f(y)dy— 0asx— 09, if fis bounded and integrable on Q2.
o]

2.4. (Schwarz reflection principle.) Let Q% be a subdomain of the half-space
x,>0 having as part of its boundary an open section T of the hyperplane x,=0.
Suppose that u is harmonic in Q*, continuous in Q% U 7, and that u=0on T.
Show that the function U defined by

u(x,.....x,), x,=20

—u(xy,..., —x,), x,<0

Ux,,..., xn)={
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is harmonic in the domain Q% U T u Q~, where 2 is the reflection of Q* in
x,=0(ie., Q ={(x;.....x)eR"|(x,,..., —x,) e Q"))

2.5. Determine the Green's function for the annular region bounded by two
concentric spheres in R”.

2.6. Let u be a non-negative harmonic function in a ball Bg(0). Deduce from the
Poisson integral formula, the following version of Harnack's inequality

R X(R—|x|) R 3(R+]x])
Ry T O Su) < =

u(0).

2.7. Show thata C°(Q) function u is subharmonic in Q if and only if it satisfies the
mean value inequality locally; that is, for every y € Q there exists § = () >0 such
that

1
u(y)g);)»}—z—;_—l fuds for all R<6.

" 0BR()

2.8. Anintegrablefunctionuinadomain Qiscalled weakly harmonic (subharmonic,
superharmonic) in Q if

quq;dx=(>, <)0
7]

for all functions ¢ >0 in C%(R) having compact support in Q. Show that a C°%(Q)
weakly harmonic (subharmonic, superharmonic) function is harmonic (sub-
harmonic, superharmonic).

2.9. Show that for C*(Q) functions u, the conditions: (i) 4u>0 in Q; (ii) u is
subharmonic in Q; (iii) » is weakly subharmonic in , are equivalent.

2.10. Prove Theorem 2.12 using Theorem 2.9 instead of Theorem 2.11.

2.11. Show that a domain Q with C? boundary 0 satisfies an exterior sphere
condition.

2.12. Show that the Dirichlet problem is solvable for any domain Q satisfying an
exterior cone condition; that is. for every point £ e dQ there exists a finite right
circular cone K, with vertex ¢&, satisfying K n Q=¢. At each point ¢ € 0Q taken
as origin, show that a suitable local barrier can be chosen in the form w=rf(0)
where 6 is the polar angle.

2.13. Let u be harmonic in Q< R". Use the argument leading to (2.31) to prove
the interior gradient bound,

n

,Du(xo)l gd_

0

[sup u—u(x,)], d,= dist (x,, Q).
o]
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If u>0in Q infer that

n
| Du(x,)| <Zj— u(x,).
o]

2.14. (a) Prove Liouville’s theorem: A harmonic function defined over R" and
bounded above is constant.

(b) If n=2 prove that the Liouville theorem in part (a) is valid for subharmonic
functions.

(c) If n>2 show that a bounded subharmonic function defined over R" need
not be constant.

2.15. Letue C?(), u=0 on 0 e C'. Prove the interpolation inequality: For
every ¢ > 0,

f[Du]z dx < ¢ f(Au)z dx + ‘—:; J‘uz dx.

Q Q Q

2.16. Prove Theorem 2.12 by finding inevery ball B « = Q a monotone increasing
sequence of harmonic functions that are restrictions of subfunctions on B and that
converge uniformly to u on a dense set of points in B. Hence show that Theorems
2.12 and 2.14 can be proved without use of the strong maximum principle.

2.17. Show that the volume integral in (2.35) is defined, and prove the equivalence
of the capacity definitions (2.35) and (2.36).

2.18. Let u be harmonic in (open, connected) Q < R", and suppose B,(x,) = < €.
If a < b < ¢, where b®> = ac, show that

f u(xy + aw)u(xy + cw)dw = I u(xy + bw) dw.

loj=1 jo]=1

Hence, conclude that if u is constant in a neighbourhood it is identically constant.
(Cf. [GN])



Chapter 3

The Classical Maximum Principle

The purpose of this chapter is to extend the classical maximum principles for the
Laplace operator, derived in Chapter 2, to linear elliptic differential operators of
the form

3.1 Lu=a"(x)D,ju+b'(x)Du+c(x)u, a’=a”,

where x=(x,, ..., x,) lies in a domain Q of R", n>2. It will be assumed, unless
otherwise stated, that u belongs to C*(£2). The summation convention that repeated
indices indicate summation from 1 to n is followed here as it will be throughout.
L will always denote the operator (3.1).

We adopt the following definitions:
L is elliptic at a point x € Q if the coefficient matrix [a"/(x)] is positive; that is, if
A(x), A(x) denote respectively the minimum and maximum eigenvalues of [a"(x)],
then

(3.2) 0<Ax)IE)> <a(x)¢ & < A

forall é=(¢,, ..., &,)eR"—{0}. If A>0in Q, then L is elliptic in Q, and strictly
elliptic if A2 4,>0 for some constant A,. If A/4 is bounded in , we shall call L
uniformly elliptic in Q. Thus the operator D, , + x, D,, is elliptic but not uniformly
elliptic in the half plane, x, >0, while it is uniformly elliptic in strips of the form
(a, B)x R where O<a< f< .

Most results concerning elliptic operators of the form (3.1) require additional
conditions limiting the relative importance of the lower order terms b'D,u, cu with
respect to the principal term a”D, u. The condition

|b(x)]

(3.3) )

<const<oo, i=1,...,n, xeQ

will be assumed throughout this chapter. By then considering L'=4"" L in place
of L we can reduce to the case where =1 and the b are bounded. If, in addition,
L is uniformly elliptic, we can also take the a” to be bounded. Note that if the
coefficients a'/, b’ are continuous in €, then on any bounded subdomain Q'< < @,
L is uniformly elliptic and (3.3) holds. The coefficient ¢ will also be subject to
restrictions but these will vary and consequently be indicated in the appropriate
hypotheses.
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The maximum principle is an important feature of second order elliptic equa-
tions that distinguishes them from equations of higher order and systems of
equations. In addition to its many applications, the maximum principle provides
pointwise estimates that lead to a more definitive theory than would be otherwise
available. In this chapter, most of the results will be based solely on the ellipticity
of L and not on other special properties of the coefficients (such as smoothness).
Itis this generality which makes the maximum principle useful in apriori estimation
of solutions, especially in nonlinear problems.

3.1. The Weak Maximum Principle
For many purposes it suffices to have the following weak maximum principle.

Theorem 3.1. Let L be elliptic in the bounded domain Q. Suppose that
3.4) Lu=z0(<0)in Q, c=01inQ,

withu € C3(Q) N C%R). Then the maximum (minimum) of u in Q is achieved on 02,
that is,

(3.5) sup u= sup u (inf u= inf u).
2 on Q on

It is apparent that the conclusion remains valid if |6'|/4 is only locally bounded
in Q, for example if a”, b' € C%(R). Also, if u is not assumed continuous in Q, the
conclusion (3.5) can be replaced by

(3.6) sup = lim sup #(x) (inf u= lim inf u(x))
[0} x— 0N o] x— 002

Proof. 1t is readily seen that if Lu>0 in Q, then a strong maximum principle
holds; that is, ¥ cannot achieve an interior maximum in Q. For at such a point
Xy, Du(x,)=0 and the matrix D?u(x,)= [D,ju(x,)] is nonpositive. But the matrix
[a(x,)] is positive since L is elliptic. Consequently Lu(x,)=a"(x,)D,u(x,)<0,
contradicting Lu>0. (Note that only the semi-definiteness of the coefficient
matrix [a;;] is needed in this argument.)

By hypothesis (3.3), |b'|/A< b, =constant. Then since a'' >, there is a suffi-
ciently large constant y for which

L e =(y2a' +yb')e™ = A(y* —yb,) e >0.
Hence for any £>0, L(u+¢ ¢’*)>0 in Q so that

sup (u+¢€e’*')= sup (u+¢e'™)
Q on

by the above. Letting ¢ — 0, we see that sup u= sup u, as asserted in the theorem. [
Q n
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Remark. 1t is clear from the proof that the theorem holds under the weaker
hypothesis that the coefficient matrix [a”] is non-negative and that for some k the
ratio |b*|/a** is locally bounded.

It is convenient to introduce the following terminology suggested by the
maximum principle: a function satisfying Lu=0 (=0, <0) in Q is a solution
(subsolution, supersolution) of Lu=0 in Q. When L is the Laplacian, these terms
correspond respectively to harmonic, subharmonic and superharmonic functions.

Let us suppose more generally that ¢<0 in Q. By considering the subset
Q* < Q in which #>0, one sees that if Lu>0 in Q, then Lou=a"’D,u+b'Du>
—cu=0in Q* and hence the maximum of u on Q* must be achieved on dQ* and
hence also on 0R. Thus, writing u* = max (4, 0), u~ = min (u, 0) we obtain:

Corollary 3.2. Let L be elliptic in the bounded domain Q. Suppose that in Q
(3.7 Luz=0(<0), ¢<0,
with u € C%(Q). Then

(3.8) supu < supu” (infu> infu”).
Q on Q on

If Lu=0in Q, then

3.9) sup |u|= sup |u.
[} on

In this corollary, the condition ¢<0 cannot be relaxed in general to allow
¢>0, as is evident from the existence of positive eigenvalues k for the problem:
Au+xu=0, u=0 on Q. An immediate and important application of the weak
maximum principle is to the problem of uniqueness and continuous dependence of
solutions on their boundary values. From Corollary 3.2 follows automatically a
uniqueness result for the classical Dirichlet problem for operators L, and a com-
parison principle, which is the typical form of application of the corollary.

Theorem 3.3. Let L be elliptic in Q with ¢<0 in Q. Suppose that u and v are
functions in C*(Q) n C%Q) satisfying Lu = LvinQ,u = vondQ. Thenu = vin Q. If
LuzLvinQand u < von 0Q, thenu < vin Q.

3.2. The Strong Maximum Principle

Although the weak maximum principle suffices for most applications, it is often
necessary to have the strong form which excludes the assumption of a non-trivial
interior maximum. We shall obtain such a result for locally uniformly elliptic
operators by means of the following frequently useful boundary point lemma. The
domain € is said to satisfy an interior sphere condition at x, € 0Q if there exists a
ball B = Q with x, € B, (that is, the complement of Q2 satisfies an exterior sphere
condition at x,).
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Lemma 3.4. Suppose that L is uniformly elliptic, ¢=0 and Lu=0 in Q. Let
Xo € 0Q be such that
(i) u is continuous at x;
(ii) u(xy)>u(x) for all x € Q;
(iii) 0Q satisfies an interior sphere condition at x,.

Then the outer normal derivative of u at x,, if it exists, satisfies the strict inequality
Ju

3.10 — (x,)>0.

(3.10) Ps (x0)

If ¢ < 0 and ¢/ is bounded, the same conclusion holds provided u(x,) = 0, and if
u(x,) = 0 the same conclusion holds irrespective of the sign of c.

Proof. Since Q satisfies an interior sphere condition at x,, there exists a ball
B=B,(y)= Q2 with x, € dB. For 0< p < R, we introduce an auxiliary function v by
defining

U(x)=e—ar2_e—akz

where r=|x—y|>p and o is a positive constant yet to be determined. Direct
calculation gives for ¢ < 0

Lu(x)=e"" [4a%a"(x;~ y) (x;— ;) = 2a(a@" +b'(x;— y;))] +cv
> e [42A(x)r? —2a(a" +blr)+c], b=, ..., b".

By assumption a'’/A, |b|/4, and ¢/ are bounded. Hence a may be chosen large
enough so that Lv>0 throughout the annular region A= Bg(y)—B,(y). Since
u—u(xy)<0 on 0B,(y) there is a constant ¢>0 for which u—u(xy)+ ev<0 on
0B,(y). This inequality is also satisfied on ¢By(y) where v=0. Thus we have
L(u—u(xy)+ev)= —cu(xy)20 in 4, and u—u(xy)+ev<0 on é4. The weak
maximum principle (Corollary 3.2) now implies that « —u(x,) + eév <0 throughout
A. Taking the normal derivative at x,,, we obtain, as required,

M (x0)2 —¢ 2 (xg)= — e v(R)>0
v o) = Eav(xo)— eV (R)>0.

For ¢ of arbitrary sign, if u(x,) = 0 the preceding argument remains valid if L is
replaced everywhere by L — ¢*. []

More generally, whether or not the normal derivative exists, we get

(3.41)  lim inf “X 74X

X Xq

>0,
fx =Xl

where the angle between the vector x, — x and the normal at x,, is less than n/2—§
for some fixed 6 >0.
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Although the interior sphere condition can be relaxed somewhat, it isnot possible
to assert (3.11) without suitable smoothness of dQ at x, . For example, let L = 4 and
Q < R? be the region in the right-half-plane in which u = Re (z/log z) < 0. An
elementary calculation shows that Q2 < C*' near z = 0 and u,(0, 0) = 0, so that
(3.11) 1s false.

We are now in a position to derive the following strong maximum principle of
E. Hopf [HO 1].

Theorem 3.5. Let L be uniformly elliptic, ¢=0 and Luz0(<0) in a domain Q
(not necessarily bounded). Then if u achieves its maximum (minimum) in the interior
of Q, uis a constant. If ¢ <0 and c¢/A is bounded, then u cannot achieve a non-neqative
maximum (non-positive minimum) in the interior of Q unless it is constant.

The conclusion obviously remains valid if L is only locally uniformly elliptic
and |b|/4, ¢/ are only locally bounded.

Proof. 1f we assume, contrary to the theorem, that u is non-constant and achieves
its maximum M >0 in the interior of Q, then the set 2~ on which u< M satisfies
Q" c=Qand 82~ N Q#¢. Let x, be a point in 7 that is closer to ¢€2” than to ¢€,
and consider the largest ball B Q™ having x, as center. Then u(y)= M for some
point y € 0 B while u< M in B. The preceding lemma implies that Du( y)# 0, which
is impossible at the interior maximum y. 0

If ¢ < 0 at some point, then the constant of the theorem is obviously zero. Also,
if u = 0 at an interior maximum (minimum), then it follows from the proof of the
theorem that u = 0, irrespective of the sign of c.

It is of course possible to prove the strong maximum principle directly without
going through Theorem 3.1 and Lemma 3.4; (see [MR 2] for example).

Uniqueness theorems for other types of boundary value problems are conse-
quences of Lemma 3.4 and Theorem 3.5. In particular, we have the following
uniqueness theorem for the classical Neumann problem.

Theorem 3.6. Letu e C*(Q) n C%Q) be a solution of Lu=0 in the bounded domain
Q, where L is uniformly elliptic, ¢ <0, c/A is bounded and Q satisfies an interior
sphere condition at each point of ¢Q2. If the normal derivative is defined everywhere

on 0Q and du/cv=0 on 0Q, then u is constant in Q. If, also, ¢ <0 at some point in
Q, then u=0.

Proof. 1f u# const., we may assume that either of the functions u or —u achieves
a non-negative maximum M at a point x, on dQ and is less than M in Q (by the
strong maximum principle). Applying Lemma 3.4 at x, we infer that du/ov(x,) #0,
contradicting the hypothesis. O

The result of Theorem 3.6 may also be generalized to mixed boundary value
and oblique derivative problems; (see Problem 3.1). When 0€2 has corners or edges
where the derivatives of u are not defined, these results are false in the stated
generality, even if u is assumed continuous on Q; (see Problem 3.8(a)).
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3.3. Apriori Bounds

The maximum principle also provides a simple pointwise estimate for solutions of
the inhomogeneous equation Lu= f in bounded domains. We remark that only
the ellipticity and bounds on the coefficients are involved. This proves to be an
important consideration in nonlinear problems.

Theorem 3.7. Let Lu>f(=f) in a bounded domain Q, where L is elliptic, c <0,
and u e C%(Q) N CX(Q). Then

(3.12) sup u(jul) < sup u (|u|)+Csup‘fA—|(|fl>,

on 2 A

where C is a constant depending only on diam Q and B= sup |b|/A. In particular, if
Q lies between two parallel planes a distance d apart, then (3.12) is satisfied with
C= et

Proof. Let Qliein the slab 0<x, <d, and set L,=a"D,;+b'D,. For a>f+1 we
have

L eaxl_(az 11+abl)eax,>i(a2_aﬂ) ean?l.

Let
Lol

v=sup u* +(e*— ') sup ——
on [l A

Then, since Lv=Lyv+cv< — A sup (| f 7|/A),
o

Liv—u)< —l(sup lf—l+§><0in Q,

and v—u>0 on éQ. Hence, for C= ¢®—1 and a>f+ 1, we obtain the desired
result for the case Lu> f,

ol

supu< supv<suput +Csup ——
[¢] Q on o] A

Replacing u by —u, we obtain (3.12) for the case Lu=f. [

Theorem 3.7 will be strengthened in Chapters 8 and 9 to provide analogous
estimates for sup u in terms of integral norms of f.

When the condition ¢ <0 is not satisfied, it is still possible to assert an apriori
bound analogous to (3.12) provided the domain Q lies between sufficiently close
parallel planes.
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Corollary 3.8. Let Lu= f in a bounded domain Q, where L is elliptic and u e
C°%Q) N C*(Q). Let C be the constant of Theorem 3.7 and suppose that

+

(3.13)  C,=1-Csup = >0.
P
Then

1
(3.14) sup |y < — (sup |uj + C sup m)
Q Ci\ o 2 4

Remark. Since C= ¢'#* 11 is a possible value of the constant in (3.12), where
d is the width of any slab containing €, condition (3.13) will be satisfied in any
sufficiently narrow domain in which the quantities |bj/A and ¢/4 are bounded
above. If ¢* =0 (i.e., ¢<0), then C, =1 and (3.14) reduces to (3.12).

Proof of Corollary 3.8. Let us rewrite Lu=(L,+ ¢)u= fin the form
(Lo+c u=f'=f+( —cu=f-ctu.

From (3.12) we obtain

sup |ul <sup ju|+ C sup /1
Q n Q }’

- 11 ¢t
<sup [yl + C | sup 7+sup |ul sup T/
o0 2 2 ]

This inequality and (3.13) imply (3.14). O

An immediate consequence of Corollary 3.8 is uniqueness for solutions of the
Dirichlet problem in sufficiently small domains (assuming of course fixed upper
bounds on the quantities |b|/4 and ¢/4).

3.4. Gradient Estimates for Poisson’s Equation

The maximum principle can also be used to derive estimates on derivatives of
solutions provided additional conditions are placed on the equation. To illustrate
the method we obtain such estimates for Poisson’s equation. The results derived
here will not be required for later developments.

Let Au= f in the cube Q={x=(x,,...,x,) € R*||x|<d, i=1,..., n}, with
ue C¥Q) N C%Q) and f bounded in Q. By means of a comparison argument
we shall derive the estimate

(3.15) |Diu(0)'<§sup|u|+(—1$uplf|, i=1,...,n
d oQ 2 Q
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In the half-cube
Q' ={(x,.....x) | Ixj<d, i=1,....n—1,0<x,<d},
consider the function
@(x', x,)=3[u(x’", x,) —u(x',— x,)],

where we write x'=(x,,..., x,_,;) and x=(x', x,). One sees that ¢(x’, 0)=0,
sup |¢| < M=sup |u], and |4p|<N=sup|f| in Q' Consider also the function
2Q’ 2Q Q

w(x', x")=%'![|x’|2 +x,(nd—(n—1)x )]+ N % (d—x,).

Obviously ¥(x’, x,)=0 on x,=0 and ¥ > M on the remaining portion of 0Q";
also A4y = —N. Hence A(y +¢)<0in Q' and Yy +¢ >0 on dQ’, from which it
follows by the maximum principle that |@(x’, x,)| <¢(x’, x,) in Q'. Letting x'=0
in the expressions for ¢ and y, then dividing by x, and letting x, tend to zero, we
obtain

®(0, x,)

|D,u(0) = lim

xn—~0

n d
<P M+AN,
2713

which is the asserted estimate (3.15) for i = n. The result follows in the corresponding
way for i=1,...,n—1.If f=0, (3.15) provides an independent proof of (essen-
tially) the gradient bound (2.31) for harmonic functions.

From (3.15) we infer that in any domain Q a bounded solution u of du= f
satisfies an estimate

(3.16) sup d,|Du(x)| < C (sup |u| +sup dZ| f(x))),
[} n 2

where d_=dist (x, Q) and C=C(n). For if x € Q and Q is a cube of side d= dx/\/;
with its center at x, we have from (3.15) the inequality

d ) Du(x)| < C(sup |u|+d* sup | f])
oQ Q

< C(sup |ul +sup &5 f ().
[} 2

(Here we have used the same letter C to denote constants depending only on »n.)

In the same generality as above, we now derive by a similar comparison argu-
ment an estimate of the modulus of continuity of the gradient of solutions of
Poisson’s equation.
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Again let u € C3(Q) n C%Q) be a solution of du= f in the cube Q, and set
M=Sl(lzp |uf, stgp | f1. Let Q' be the domain in R"*! given by
Q'={(xyy...: x,_ 1.0 x| <d2 i=1,...,n—1,0<y, z<d/4},
and let us define in Q' the function
@(x',y, 2)=¢[u(x', y +2)—u(x', y—z2) —u(x', —y+2)+u(x', —y-2)].
Introducing the elliptic operator

sl g2 1 Q% 1 o2
L=Y satiaitaas

in the n+ 1 variables x,, ..., x,_,, », z, we see that |Lg| < Nin Q’. Also, on Q' we
have: (i) o(x', 0, 2)=@(x', y, 0)=0; (i) |p|<M on |x;|=d/2, i=1....,n—1;
(i) |@(x’, d/4, z)] < pz and |o(x’, y, d/4)| < py, where [Du|< u in @', u being given
in terms of M and N by (3.16). We now choose a comparison function in Q' of the
form,

, aM|x'|? 4u 2d
(317) d/(xyy, Z)=7“'—+—d—y2+kyz lOg m?

where k is a positive constant yet to be determined. We observe first that |p| <y
on 0Q'. Since

_8(n—1) yz 8(n—1HM 3
Ly= 7 M+k<—l+(y+z)2>< 7 _Zk'

we see that Ly < — N provided
k=% (N+8(n—1)M/d?).

With such a choice of k, the function

, 4M|x'|? 4u 2d
y(x',y, z)——dz—+)z <7+k logm

satisfies the conditions, L(y +¢)<0in Q', y + ¢ >0 on dQ’. Accordingly, |¢| <y
in Q'. Letting x'=0 in this inequality, then dividing by z and letting z tend to zero,
we obtain

0,y, 4 2d
m lﬂ(—z}—z)ls—ﬂ-y-fky log 3

(318)  Huy0, »)—u 0, —y)=li t

z—0
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With a slight modification of the argument an analogous estimate can be

derived for |Du(0, x,) —Du(0, —x,)| (where D,=03/0x;, i=1,...,n—1). Let us
define

(p(ga y’ Z)=%[u(_£, ys Z)-u(.i', —y’ Z)_u(fs )’, _Z)+u(£’ _}’, _Z)]
where £=(x,, ..., Xx,_,). In the domain
Q' ={(Xys .. X0 1, D Ix] <df2,i=1,...,n=2,0<y, 2<d/2}

we choose a comparison function similar to (3.17) of the form

_AMR? 4y 2d
w(f’y,z)— dq +y2<d+klogm )

where u and k are constants such that |Du|< u in Q' and
k>2[N+8(n—2)M/d*].
One verifies that 4(y +¢)<0in Q' and Y + >0 on 6Q’, from which it follows

lp|<y¢ in Q. As above, if we set £ =0 in this inequality, then divide by y and let
y tend to zero, we obtain

0, y, 4
(3.19) 4D, _,u(, z)— D, _,u(0, —z)| =lim Ms—ﬁ z+kzlog A

)0 d z
Obviously the same result is obtained if D, _, is replaced by D,, i=1,..., n—2.

We note that unlike the argument for (3.18), the proof of (3.19) did not require the
introduction of an operator in R"*!.

If now du=fin a domain Q of R", we can obtain from (3.18) and (3.19)
an estimate for |Du(x)— Du(y)|, where x and y are any two points of Q. Let
d, =dist (x, 0Q), d =dist (y, 0Q) and d, ,=min (d,, d)). Assume d,<d,, so that
d,=d, ,.Suppose first that |x —y|<d= dx/2\/r-z, and consider the segment joining
x and y. We choose the center of this segment as origin and rotate coordinates so
that x and y lie on the x, axis with x=(0, x,), y=(0, - x,) in the new coordinates.
Thecube Q={(x,, ..., x,)||x}<d, i=1,..., n}liesin Q at a distance greater than
d /2 from 0Q. We may apply (3.16), (3.18) and (3.19) directly in Q to obtain

22 | Du(x)— Du( y)|
Ix =yl

I

< C (sup |u|+d? sup | f]) log
Q ) [x—yl

for some constant C= C(n). Hence

| Du(x) — Du( y)|

d2
o x=)l

d
< C (sup |u]+sup dZ| f(x)]) log —=2--
Q 2 |x—yl
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If x and y are now points in Q such that |x —y| > d, we have from (3.16),

2
x, ¥

D) = DU ¢ (sup ful + sup 421 £ (x)).
Ix=) o

Q
Combining these results, we obtain

d2 Mgc (sup |ul +sup d2| f(x)]) (
N (9]

d
, log —=*-
SNEESY s

|x =yl

)

where C is a constant depending only on n.
The preceding results are collected in the following.

Theorem 3.9. Let u € CX(R) satisfy Poisson’s equation, Au= f, in Q. Then
sup d,| Du(x)| < C (sup |u| +sup d2| f(x))),
Q o) o)
and for all x, y in Q, x+#y,

| Du(x) — Du( y)|

(3.20) 2
) T o]

< C (sup |u| +sup d2| f(x))) <
N

Q

log —'—de' ' + 1)!
Ix =l
where C=C(n). Here d, =dist (x, 0Q), d, ,=min (d,, d).

Despite the elementary character of its proof, this theorem is essentially sharp
and the estimate (3.20) cannot be improved without further continuity assumptions
on f. Theorem 3.9 will also hold for weak solutions in the sense of Chapter 8
provided f is bounded; (see Problem 8.4).

Extensions of the above results for the case of Holder continuous f are treated
by other methods in Chapter 4, although the comparison methods of this section
can be used to obtain these extensions as well; (see [BR 1, 2]).

3.5. A Harnack Inequality

The maximum principle provides an elementary proof of a general Harnack
inequality for uniformly elliptic equations in two independent variables. Letting
D,= D (0) denote the open disk of radius p centered at the origin, we state the
result in the following form.

Theorem 3.10. Let u be a non-negative C? solution of

Lu=au, +2bu, +cu, =0
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in the disk Dy, and suppose that L is uniformly elliptic in Dg. Then at all points
z=(x, v) € Dg,, we have the inequality

(3.21) Ku(0) <u(z) < K ~'u(0),

where K is a constant depending only on the ellipticity modulus y=sup A/A.
D

Proof. We note to begin with that since the equation Lu=0 and the modulus u
are invariant under similarity transformation, it suffices to prove the theorem in the
unit disk D= D, . Since u>0 in D, the strong maximum principle (Theorem 3.5)
implies that either =0 or >0 in D, so it suffices to assume the latter. Consider
the set G in D where u>u(0)/2, and let G’ =G be the component containing 0.
One sees from the maximum principle that G’ n éD is non-empty, and hence
there is no loss of generality in assuming that the point Q=(0, 1) is in éG'. We
define the functions v, and v_ by

vi(x, P)=tx+3-k(y—1)2

where k is a positive constant. The parabolas, I', :v, =0, have vertices (F2, 1)
in D and common axis y=13. If k is sufficiently large (it suffices that k >3), the
domains P in D in which v, >0 have an intersection P, n P_ bounded by arcs of
I', .I'_andlyingentirely in the upper half of D; (see Figure 1). In P , the functions
v, obviously satisfy the inequality 0<v, <Z.

Figure 1

Setting E, =exp (av, ), where « is a positive constant yet to be chosen, we find
by direct calculation
LE, =E {0’ [aF4bk(y—%)+4ck*(y —1)?]—2akc)
>E,(a*A—20kA)
20in D, ifa>2kpu.
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Consequently, with such a choice of a, the functions
(3.22) wy=(E, —1)/(e™*=1)
have the properties:
Lw,>0in D; w,=0onT,; O<w,<linP,.

Now let z be any point in P, n P_. Then either: (i) u>u(0)/2 and z € G; or
(i1) z lies in a component U, of P, —G such that ¢U, =I', U 0G; or (iii) z lies in
acomponent U_ of P_ —Gsuchthat 3U_c ' _ U éG; (see Figure 1). These are the

only alternatives, since either P, N P_c G’ or dG' separates P, U P_ . (The two
dimensionality is used here in an essential way.) In cases (ii) and (iii) we have

u—3u(0w, =3u(0)(1-w,)>0 on éG nal,,
u—su(0)w, =u>0 onl', ndU,.

Thus u—3u(0)w, >0 on dU, . Since L(u—3u(0)w,)<0, we infer that
u(z)>3u(0) min (w,(z), w_(z)) VzeP, nP_.

In particular, on the segment, y =1, |x| <4, we have

(3.23) u(x,$)>K u0)  Vxe[-%1],

where
K =3 =D’ =1)=3 inf [w,(x,5),w_(x, D]

|x|<1/2

We now define another comparison function, similar to (3.22). Namely, setting
v=y+ 1 —6x?, we consider the domain

P={(x.»)eD]v(x, )>0, y<3}.

P is bounded by the segment, y =4, |x| <3, and the arc I of the parabola v=0, with
vertex at (0, — 1) and passing through the points ( +1, 1). As before, for a suitable
choice of >0 depending only on g, the function

w=(e? — 1)/ 1)
has the properties:

Lw>01in D; w=0onT; O<w<lin P.

From (3.23) we have that u— K,u(0)w>0 on &P, and since L(u— K,u(0)w)<0, it
follows from the maximum principle that

u(z)> K,u(Ow(z) VzeP.
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Noting that D, , < P, and setting K, = inf w, we obtain
Dyy3

(3.24) u(z)> K, K,u(0)=Ku(0) VzeD,;.
Clearly K depends only on u.

If now z e D, , the disk D, , (2) is contained in D and the inequality (3.24),
applied in the disk D, , (z), implies

u(0)>Ku(z) VzeD,,.
Combining this inequality with (3.24), we obtain
Ku(0)<u(z)< K 'u(0) vVzeD,. O

It follows immediately from (3.21) that

(3.25) sup u<k inf u,

Dr;q Drja

where k= 1/K?2. By the same chaining argument as in Theorem 2.5, we obtain the
following Harnack inequality for arbitrary domains in R

Corollary 3.11.  Let the hypotheses of Theorem 3.10 hold in a domain Q= R?. Then
Sfor any bounded subdomain ' < cQ, there is a constant x depending only on Q, '
and yu such that

(3.26) sup u <k inf u.
@ @

If we consider the more general elliptic equation
3.27) Lu=a‘jD,.ju+biDl.u+ cu=0, ¢<0, ij=1,2,

where the coefficients of the operator L are bounded and A >4,>0, the proof of
Theorem 3.10 in the unit disk D is still valid (with slight modification); and the
conclusion remains the same, but the constant K now depends on the bounds for
the coefficients in D as well as on u. In stating the analogous result for a disk of
radius R, the constant K will therefore depend on R in addition to the other quanti-
ties; (see Problem 3.4).

The Harnack inequality (3.21) has as consequence the following Liouville
theorem.

Corollary 3.12.  If the equation Lu=au,, + 2bu, + cu,,=0 is uniformly elliptic in
R? and u is a solution bounded below (or above) and defined over the entire plane, then
u is constant.



3.6. Operators in Divergence Form 45

Proof. Wemayassume thatinfu = 0,and, hence,foranye > 0,u(z,) < efor some
zo. Inevery disc D, g(z,), we have from (3.21) that u(z) < Kefor all z € Dg(z,). Since
K is a constant independent of R, it follows that u(z) < Ke for all z € R?, and the
conclusion is immediate by lettinge — 0. [

A proof of the extension of the Harnack inequality (Theorem 3.10) and of
Corollary 3.12 to higher dimensions appears in Chapter 9. Other Harnack in-
equalities, for equations in divergence form, together with some important
applications, are contained in Chapters 8 and 13.

3.6. Operators in Divergence Form

We conclude this chapter with a brief look at the situation for operators in
divergence form. In many situations it is more natural to consider these than
operators of the form (3.1). The simplest such case is

(3.28)  Lu=DjdDu).

Later it will be necessary to consider more general operators whose principal part
is in divergence form. L will be called elliptic in Q if the coefficient matrix [a'(x)]
is positive for all x € Q.

Evidently the results concerning the maximum principle apply equally well to
the operator (3.28) when the coefficients a*/ are sufficiently smooth. However, when
this is not the case, or, as in nonlinear problems, when it is often inappropriate to
make quantitative assumptions concerning the smoothness of the coefficients (e.g.,
bounds on their derivatives), the essentially algebraic methods of the earlier part of
this chapter cease to be applicable and must be replaced by integral methods, which
are more natural for the divergence structure of L.

The relations Lu=0 (>0, <0) satisfied by solutions (subsolutions, super-
solutions) of Lu =0 can be defined for broader classes of coefficients and functions
u than those formally permitted in (3.28). Thus, if the coefficients a” are bounded
and measurable and u € C'(Q), then, in a generalized sense, u is said to satisfy
Lu=0 (=0, <0) respectively in Q, according as

(3.29) f di(x)DuD p dx=0 (<0, >0)

(0]

for all non-negative functions ¢ € Cy(2). By application of the divergence theorem
this is easily seen to be equivalent to Lu=0 (>0, <0) when ¢ e C}(Q) and
u € C*(€). In later chapters generalized solutions will be defined in wider and more
appropriate function spaces.
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The weak maximum principle is an immediate consequence of (3.29). For let u
satisfy

(3.30) a’DuD.p dx<0 forall o e CXQ), p=0;
i j 0
o]

and suppose, contrary to our assertion, that sup u>sup u=u,. Then for some
2 on
constant ¢>0, there is a subdomain Q'c =@ in which v=u—u,—c>0 and

v=0on Q. The relation (3.30) remains true with u replaced by » and with ¢ =v
in Q', =0 elsewhere. (As thus defined ¢ ¢ C3(£), but (3.30) can be seen to hold
by approximating this ¢ with functions in C}(£).) It follows that

f aile-L‘DjU dx<0,

o

and hence since [a"] is positive, we infer that De=0 in Q'. Since =0 on 9Q’,
we have r=0in Q’, which contradicts the definition of v. This establishes the weak
maximum principle.

Stronger and more general maximum principles for divergence structure
operators will be presented in later chapters. Aside from the already noted
difference in methods in treating the two classes of operators, it should be remarked
also that results relating to the maximum principle are often different for the
operators (3.1) and (3.28) when there are weak smoothness conditions on the
coefficients. For example, Lemma 3.4 is not necessarily true for the uniformly
elliptic operator of divergence form (3.28) even when the coefficients are arbitrarily
smooth in the interior and continuous up to the boundary; (see Problem 3.9).

Notes

The boundary point lemma (Lemma 3.4) as proved here is due to Hopf [HOS5]; an
independent proof, differing only in the choice of comparison function, was
obtained by Oleinik [OL]. The result remains valid, under the same hypotheses on
the coefficients, if 6Q has a Dini continuous normal [KH]. A further extension,
valid for a class of domains including Lipschitz domains, provides a proof of
uniqueness for the Neumann problem in such domains [ND]. Lemma 3.4 is false in
general for strictly and uniformly elliptic equations of divergence form even if the
coefficients are continuous at the boundary point (see Problem 3.9), but is true if
the coefficients are H6lder continuous in a neighborhood (Finn-Gilbarg [FG 1]).

Results analogous to Lemma 3.4 for domains satisfying an interior cone
condition, in place of the interior sphere condition, have been obtained by Oddson
[OD] and Miller [ML 1. 3]. They prove (3.11) and more precise results, with
|x — x,[* in place of |x — x|, the exponent u depending only on the cone angle and
the ellipticity constant: (here the vector x —x,, lies within a fixed subcone of the
assumed interior cone at x,). These essentially sharp results are based on the
extremal elliptic operators of Pucci [PU 2].
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The maximum principle in the generality of Theorem 3.5 was first proved by
Hopf[HO 1]. For earlier results, under more restrictive hypotheses. see references
in [PW], p. 156, where there is also a discussion of various extensions of the
maximum principle. Some of these are considered in Chapters 8 and 9.

Section 3.4 is based on the ideas of Brandt [BR 1, 2], who has shown that much
of the linear theory of classical solutions of second order elliptic and parabolic
equations, including the deeper estimates of Chapters 4 and 6, can be derived from
comparison arguments using the maximum principle. Asin Section 3.4, the method
requires appropriate (and generally not obvious) choices of comparison functions,
which are used to estimate difference quotients and hence derivatives.

The Harnack inequality (Theorem 3.10) and some extensions are due to Serrin
[SE 1]. This seems to be the first proof of a Harnack inequality by the maximum
principle. Bers and Nirenberg [BN] derive a very similar result by altogether
different and deeper methods.

The Liouville theorem (Corollary 3.12) is related to Bernstein’s geometric
theorem on surfaces of non-positive curvature (see [HO 4]) which implies that an
entire solution u of any elliptic equation au, + 2bu, + cu =0 such that u=o(r) as
r —» co must be constant. Of particular interest is the fact that the equation need
only be pointwise elliptic. In this generality Corollary 3.12 ceases to be valid, as
counterexamples show. Bernstein's result is also based on the maximum principle
but the argument is quite different and is more geometric.

Problems

3.1. Let L satisfy the conditions of Theorem 3.6 in a bounded domain © and
suppose Lu=01in €.

(a) Let dQ=S, U S, (S, non-empty) and assume an interior sphere condition
at each point of S, . Suppose ue CX(Q) N C1(Q U S,) N C%Q) satisfies the mixed
boundary condition

u=0onS,. Y BDu=0onsS,

where the vector B(x)=(f,(x). ..., B,(x)) has a non-zero normal component (to
the interior sphere) at each point x € S,. Then u=0.

(b) Let dQ satisfy an interior sphere condition, and assume that ue
CHQ) n CY(RQ) satisfies the regular oblique derivative boundary condition

axyu+ Y. B(x)Du=0on dQ,
where a(B-v) >0, v=outward normal. Then u=0.
3.2. (a) If L is elliptic, Lu=0 (<0) and ¢<0 in a domain €, then u cannot

achieve an interior positive maximum (negative minimum). (No assumption is
made concerning the coefficients 4'.)
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(b) If L is elliptic with ¢<0 in a bounded domain @, and u € C*(Q) n C°(Q)
satisfies Lu= f in Q, then

sup |u|<sup u| +sup | flc|.
Q on 2

33. Let Lu=au,, +2bu,,+cu, =0 in an exterior domain r>r,, L being uni-
formly elliptic. Prove that if u is bounded on one side then u has a limit (possibly
infinite) as r — oo ; (cf. [GS]). [Apply the Harnack inequality in suitable annuli
extending to infinity.] Use this result to prove the Liouville theorem, Corollary
3.12.

3.4. Let u be a non-negative solution of
LusaijDiju+b'Diu+cu=O, c<0, i, j=1,2,

where the coefficients of L satisfy the inequalities
AJA<y, |b/A, |c/Al<v (u, v=const.).

Prove the Harnack inequality (3.21) with K=K(u, v) and Corollary 3.11 with
k=«(u,v, Q, Q).

3.5. Assume the conditions on L in Problem 3.4 are satisfied in the punctured

disk D,:0<r<ry, and let Lu=0in D,. Prove that if u is bounded on one side,
then « has a limit (possibly infinite) as r — 0; (cf. [GS]).

3.6. Letue C*R) n C%Q) be a solution of
Lu=a"D,u+b'Du+cu=f, ¢c<0

in a bounded C' domain Q of R" satisfying an exterior sphere condition at x,, € 42,
with Bg(y) N Q = x,, and let 4, A be positive constants such that

al(x)EE 28 VxeQ EeR"
la"), b, || < A.

If o € C¥(Q) and u=¢ on 09, show that u satisfies a Lipschitz condition at x,,
fu(x) — u(x)| S K|x —x,l, x € 2,

where K = K(4, 4, R, diam @, sup | f'|, | ¢|,. ). Hence conclude that K provides a

2
gradient bound for u on dQ when u € C'(€2) and 0Q is sufficiently smooth; (cf. [CH],
p. 343). If the sign of ¢ is unrestricted, show that the same result holds provided K
depends also on sup |u].

[0}
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3.7. (a) Let the operator L in the preceding problem have Hoélder continuous
coefficients a" at the origin: |a"(x)—a"(0)| <K|x|*, >0, in |x|<r, for some
constant K. Suppose Lu >0 (c=0) in the punctured ball 0<r<r,, and assume

_ o(logr), n=2
u_{o(rz"'), n>o 377 0.
Show that
(3.31) lim sup u(x)< sup u(x)

x—0 |x]=ro

and that equality holds only if « is constant.
' (b) If n>2 show that the same conclusion holds as in part (a) if the coefficients
a" are continuous at x=0 and u=0(r>""*%) as r — 0 for some §>0; (cf. [GS]).

3.8. Consider the equation
- L XX ,
(3.32) Lu=a"D;u=0, a"=5”+g(r)7'21’ Lj=1,...,n

Show that L u=0 has a radially symmetric solution u=u(r), r#0, satisfying the
ordinary differential equation

"

u' 1—n
u’_r(l+g)

(a) If n=2 and g(r)= —2/(2+1log r), show that equation (3.32) is uniformly
elliptic in the disk D:0<r<r,=e" 3, with continuous coefficients at the origin,
and has bounded solutions a + b/log r in the punctured disk D — {0} that do not
satisfy (3.31).

(b) If n>2 and g(r)= —[1+(n—1)logr]™"', show that (3.32) is uniformly
elliptic in 0<r<r,=e" ! and has continuous coefficients at the origin. Show that
the corresponding solution u = u(r) satisfies the condition u=o(r?"") as r — 0 but
does not satisfy (3.31).

(c) If n>2, determine a function g(r) such that (3.32) is uniformly elliptic and
has a bounded solution u=u(r) continuous at r=0 that does not satisfy (3.31).

39. Let w=zexp[—(log(1/z]))"/*]. By considering the relation w,=w(z)w,,

where
o_1(o o\ a_ife o
0z 2\ox 16}' Tz 2\ox Iay ’
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show that u=Re w=x exp [ —(log (1/r))!/?] satisfies a uniformly elliptic equation
of divergence form

(au +bu), +(bu, +cu) =0,

in which the coefficients ¢ — 1, b — 0, ¢ — 1 at the origin and are regular in
O<r<1. Observe that u(0, 0)=0, u(x, y})>0 for x>0 and u,(0, 0)=0. Compare
with Lemma 3.4.

3.10. Let L be the operator of Problem 3.6, but without any condition on the sign
of the coefficient ¢. Assume there is a function v such that v > 0 and Lv < 0in Q.
Then, if Lu > 0, show that the function w = u/v cannot achieve a non-negative
maximum in the interior of Q unless it is constant.



Chapter 4

Poisson’s Equation and the Newtonian Potential

In Chapter 2 we introduced the fundamental solution I of Laplace’s equation given
by

_pl2—n
2=y, x—y°"", n>2
4.1 rx—y)=r(x-j)=

ﬂloglx—yl, n=2,

For an integrable function f on a domain Q, the Newtonian potential of f is the
function w defined on R”" by

42 wx= [Tx=p /() dy.
Q

From Green's representation formula (2.16), we see that when 0Q is sufficiently
smooth a C*(Q2) function may be expressed as the sum of a harmonic function
and the Newtonian potential of its Laplacian. It is not surprising therefore that
the study of Poisson’s equation Au = f can largely be effected through the study
of the Newtonian potential of f. This chapter is primarily devoted to the estima-
tion of derivatives of the Newtonian potential. As well as leading to existence
theorems for the classical Dirichlet problem for Poisson’s equation, these estimates
form the basis for the Schauder or potential theoretic approach to linear elliptic
equations treated in Chapter 6.

4.1. Holder Continuity

If the function f'in (4.2) belongs to Cg(£2), we see by writing
W(x)=fr(x—y)f(y) dy= fl‘(x—y)f(y) dy
(o] R"

= f ') f(x—z)dz

R”
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that the function w will belong to C*(£). If, on the other hand, f'is merely assumed
continuous, the Newtonian potential w is not necessarily twice differentiable. It
turns out that a convenient class of functions fto work with is the class of Holder
continuous functions which we introduce now.

Let x, be a point in R" and f a function defined on a bounded set D containing
x,. If 0<a<1, we say that fis Hélder continuous with exponent « at x if the
quantity

(4.3) [/, 5 =5u 1/(¥) =/ (xo)l

D [x—xql*

is finite. We call [ f],. ,, the a- Holder coefficient of fat x, with respect to D. Clearly
if fis Holder continuous at x,, then f'is continuous at x,, When (4.3) is finite for
a=1, fis said to be Lipschitz continuous at x.

Example. The function f on B,(0) given by f(x)=|x®, 0<f<I, is Holder
continuous with exponent f at x=0, and 1s Lipschitz continuous when ff=1.

The notion of Holder continuity is readily extended to the whole of D (not
necessarily bounded). We call f uniformly Hélder continuous with exponent o in D
if the quantity

@8 U= sup 2N g ae,

wyen  [X—YF
x#y

is finite ; and locally Hélder continuous with exponent o in D if f is uniformly Holder
continuous with exponent « on compact subsets of D. These two concepts obviously
coincide when D is compact. Furthermore note that local Holder continuity is a
stronger property than pointwise Hélder continuity in compact subsets. A locally
Holder continuous function will be pointwise Holder continuous in D provided it is
also bounded in D.

Holder continuity proves to be a quantitative measure of continuity that is
especially well suited to the study of partial differential equations. In a certain
sense, it may also be viewed as a fractional differentiability. This suggests a natural
widening of the well known spaces of differentiable functions. Let € be an open
set in R” and k a non-negative integer. The Hélder spaces C*%(Q) (C**(Q)) are
defined as the subspaces of C*(Q) (C*(£2)) consisting of functions whose k-th order
partial derivatives are uniformly Hélder continuous (locally Holder continuous)
with exponent « in Q. For simplicity we write

COHQ=C(Q), " (QD)=CXD).
with the understanding that O0<x<1 whenever this notation is used, unless
otherwise stated.

Also, by setting

CHo=CQ), CHUAQ)=CHQ),
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we may include the C*(Q) (CX(Q2)) spaces among the C**Q) (C**(2)) spaces for
0<a<1. We also designate by C*(€) the space of functions on C*%Q) having
compact support in €.

Let us set

(U] o0.0=|D"uly. o=sup sup |D%ul, k=0.1.2,...
Bl=k 2

[u]k. R [ Dk”]a: fo R 'S:’lp [Dﬂ“]a; Q2
Bl=k

(4.5)

With these seminorms, we can define the related norms

k k
1l cugny = U, o =1ul 0.0= 2. [4); 0.0= 2 |Dulg,qs
j=0 j=0

(4.6)

Null .oy =1ulk o; 0= Uly; o + [U]y o 0 =1Ulli; o+ [Dk“]a;n'

on the spaces C¥(Q), C*%(Q), respectively. It is sometimes useful, especially in
this chapter, to introduce non-dimensional norms on C¥Q), C*%Q). If Q is
bounded, with d=diam Q, we set

k k
Nullexa =l 0= Z dj[“]j.o;nz Z d|D'ujy. o5
j=0 j=0

(4.6)

lutll e, gy =ty g: 0 = tli, o +d* 2 (U] 5. @ =ty o +d* [ D*u],. o

The spaces C*(Q), C+*(Q), equipped with their respective norms, are Banach
spaces; (see Chapter 5).

We note here that the product of Hoélder continuous functions is again Holder
continuous. In factif u € C(Q), v € C#Q), we have ur € C?(Q) where y=min (a, f),
and

40 l| vy <Smax (1, d** 272 [ul| a0l cagy s
4.7)
vl vy < Null coglltl cocgy -

For the domains Q of interest in this work the inclusion relation C¥“*(Q)c
C**(Q) will hold whenever k +a <k’ +a’. It should be noted, however, that such a
relation will not be true in general. For example, consider the cusped domain

Q={(x. ) e RYy<|x|'? x+y<1};
and for some B.1<f<2, let u(x, y)=(sgn x)p* if y>0, =0 if y<0. Clearly

ue CY(Q). However, if 1>a>f/2, it is easily seen that u¢ C*Q), and hence
CY Q)¢ CHR).
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4.2. The Dirichlet Problem for Poisson’s Equation

We show that if fis bounded and Holder continuous in the bounded domain Q, the
classical Dirichlet problem for Poisson’s equation may be solved under the same
boundary conditions for which Laplace’s equation is solvable (Theorem 2.14).
First we require some differentiability results for the Newtonian potential in
bounded domains.

In the following the D operator is always taken with respect to the x variable.

Lemma 4.1. Let f be bounded and integrable in Q, and let w be the Newtonian
potential of f. Then w e C'(R"™) and for any x € 2,
(4.8) Dw(x)= fDiI‘(x—y)f(y) dy, i=1,....n.

)

Proof. By virtue of the estimate (2.14) for DI, the function

v(x)= f DI (x—y)f(y)dy
(7]

is well defined. To show that v=Dw, we fix a function  in C'(R) satisfying
0<n<, 0<y' <2, n(t)=0for 1<1, n(t)=1 for 1> 2 and define for ¢>0,

wpﬁiﬁmﬂw@, F=I(=y), n=nlx— o
n

Clearly, w, e C}(R") and

m—wm=_[mummm@

|x—yl<2e

so that

009 - Dol < sl [ (1014 2ir1)
|x-y|<2e
2ne
<sup | f|{n—2
4¢(1 + |log 2¢|) forn = 2.

forn> 2

Consequently, w, and D;w, converge uniformly in compact subsets of R” tow and v
respectively as ¢ - 0. Hence, we C!(R") and D;w = v. [
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Lemma 4.2. Let f be bounded and locally Hélder continuous (with exponent a< 1)
in , and let w be the Newtonian potential of f. Then w € C*(Q), Aw= f in Q, and for
any x € Q,

49)  Dywx)= [ DI (x—p(f()-f(x)) dy
20

—f0 [ DL x=pvp) ds,, ij=1,....n;

2020

here Q, is any domain containing Q for which the divergence theorem holds and f is
extended to vanish outside €.

Proof. By virtue of the estimate (2.14) for D’I" and the pointwise Holder con-
tinuity of f in Q the function

u(x) = f D,I(f() — f() dy — f(x) f D, Ivy) ds,
0 08520

is well-defined. Let v = D;w, and define for ¢ > 0

bi(x) = f D.n, f(3) dy,
¢]

where 7, is the function introduced in the preceding lemma. Clearly, v, e C}(R2), and
differentiating, we obtain

Dyox) = [DADIn) () dy
2

- fD,(DJm)(f(y) — () dy

Q

+ ) f DAD,I'n,) dy

Q0

= [oaPrnyre) - s dy

2

- f(x) fDiij(y) ds,

020
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provided ¢ is sufficiently small. Hence, by subtraction

lu(x) — Djv(x)| = f Di{(1 — n)D:I'}(f(y) — f(x)) dy

|x—y|<2¢

2
<Uk [ (o114 210r1)ix =iy

Ix—y|<2¢

< (g + 4) [ Ju (26"

provided 2¢ < dist (x, d2). Consequently D ;v, converges to u uniformly on compact
subsets of Q as ¢ — 0, and since v, converges uniformly to v=D,w in £, we obtain
we C}(Q)and u=D, jw. Finally, setting Q, = Bg(x) in (4.9), we have for sufficiently
large R,

1
M =—g S [ vy ds,= S ().

lx—y|=R
This completes the proof of Lemma 4.2. 0O
From Lemmas 4.1, 4.2 and Theorem 2.14 we can now conclude:

Theorem 4.3. Let Q be a bounded domain and suppose that each point of 09 is
regular (with respect to the Laplacian). Then if f is a bounded, locally Holder con-
tinuous function in Q, the classical Dirichlet problem: Au= f in Q, u=¢ on dQ, is
uniquely solvable for any continuous boundary values .

Proof. We define w to be the Newtonian potential of f and set v=w—w. Then
the problenr du=fin Q, u=¢ on dQ is equivalent to the problem 4v=0 in Q,
v=¢@—w on 02, and its unique solvability follows by Theorem 2.14. O

In the case where Q is a ball, B= Bg(0) say, Theorem 4.3 follows from the
Poisson integral formula (Theorem 2.6) and Lemmas 4.1, 4.2. Moreover we have
the explicit formula for the solution:

10)  ux)= [K(xpe() ds,+ [Gee () dy
B

oB

where K is the Poisson kernel (2.29) and G is the Green'’s function (2.23).

4.3. Holder Estimates for the Second Derivatives

The following lemma provides the basic estimate in the subsequent development of
the theory.
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Lemma 4.4. Let B, =Bg(x,), B,=B,(x,) be concentric balls in R". Suppose
feC%B,), 0<a<l, and let w be the Newtonian potential of f in B,. Then w €
C**B,)and

(4.11) ID*Wly. o5, <Clflo. 8y
ie., |D*Wl, 5, + R[D*W],, 5, <C(flo,5,+ R[Sy 5,)
where C=C(n, a).

Proof. Forany x e B,, we have by formula (4.9),

Dw(x)= [ D (x=»(f(N-fx) dy=f(x) [ DI (x=yv») ds,

B 2B,

so that by (2.14)

4120  |D, ()|<'f(—)'R1 n fds + “f|x Y= dy

0B
<2 [ f(x) +§ GRS Jax

SCUSX)+ R[S ]y;5)

where C, =C(n, a).
Next, for any other point X € B, we have again by formula (4.9),

D)= [ DI (-3 (f(3)~f() dy

B;

—f® [ DL E=yp () ds,.

0B;

Writing 6 =|x — |, £ =4(x + X), we consequently obtain by subtraction

D, (%)= Dyw(x)=f(x), +(f(x) =S G, + I3 + 1,

+(f(x) =GN + [,
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where the integrals I, I,, I, I, I and I are given by

Ii= [ (DF(x=»=DIE-yvfy) ds,
0B,
L= [ DIr&-ywiy ds,

oB2

=" [ DF(x=y)(fe)-f(y) dy

Bs(d)

I= [ DFE=y)(/(3) /%) dy

Bs(%)

I,= f D, (x—y) dy

B2 - Bs(%)

le= [ Dyl (x=p) =D L G=y)fE)~f(») dy.

B2 - Bs(%)

The estimation of these integrals can be achieved as follows:

< |x—X| f |IDD,I'(%—y)| ds, for some point £ between x and X,

oB2

22n—1 _3
S"_._._Rl_x_.i', since [ —y|= R for y € 0B,,

<n22"'“<%> , since d=|x—X|<2R.

1
nw

TAES R“"fdsy=2"“‘.

0B

i< [ 10,76 = DI = fO)1dy

Bs(%)

1 x—n
<o Ulx [ ook

B3s/2(x)

n {36\
-2(3) .

30\ o
{1, Sg (7) [f]..s> asin the estimation of /,.



4.3. Holder Estimates for the Second Derivatives 59
Integration by parts gives

|| =

[ D=y ds,

8(B2— B4(%)

<| [ DIGe=ywiy) ds,

aB;

[ Dree-ywiy as,
0B,(&)

1 S 1-n
<r (5) [ ds,=2

Id<ix=% [ IDDI&=IIAD-f(y) dy

B2 - B,(3)

+

for some £ between x and X,

<cd f wdy, c=n(n+95)/w,

lx_yln-fl

ly=¢&1=26

<C¢S[f]a;x f I b_c—yll

£_y|n+l Y
ly-&lzé

SCG) PR I f &=y~ ""tdy

ly—¢&l=6
since |X — y| <3E—y| <38 -y,

pAAE (%) [ flax» ¢=n*(n+5).

’

<€
Sl-a

Collecting terms, we thus have
(4.13) |D;w(X) = Dyw(x)| < Co(R™ S+ [f 1o c + [ 1o )X — X%

where C, is a constant depending only on n and «. The required estimate then
follows by combining (4.12) and (4.13). O

Remark. If Q,, Q, are domains such that Q, < B,, Q,>B,, and fe C*%{,), and
if w is the Newtonian potential of f over Q,, then evidently Lemma 4.4 remains
true with Q,, Q, replacing B,, B,, respectively, in (4.11); that is,

IDZWI:),:;O, < le‘;).a;ﬂz'

Holder estimates for solutions of Poisson’s equation follow immediately from
Lemma 4.4.
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Theorem 4.5. Let ue C(R"), fe CXR"), satisfy Poisson’s equation Au=f in
R". Then u € C¢'*(R") and, if B= Bg(x,) is any ball containing the support of u, we
have

IDzulb,a;B s le';),a;B’ C = C(n’ CX)
(4.14)
luly;p < CRZIflO;B’ C=C(n

Proof. By virtue of the representation (2.17),

@15 ux)= [Tx-pf dy,

so that the estimates for Du and D*u follow respectively from Lemmas 4.1 and 4.4
and the fact that f has compact support in B. The estimate for |u|y, 5 follows at
once from that for Du. [

The restriction that « has compact support can be removed, by various means,
in order to achieve the following interior Holder estimate for solutions of Poisson’s
equation. (See also Problem 4.4.)

Theorem4.6. Le:QbeadomaininR"andletu e C*(Q),fe C*(), satisfy Poisson’s
equation Au=fin Q. Then u € C**() and for any two concentric balls B 1= Bg(x,),
B, =B, 4(x,) = = Q we have

(416) |ul/2_¢;3‘<C(lu|0;32+R2|f|2).a;Bz)
where C=C(n, a).

Proof. By either Green's representation (2.16) or Lemma 4.2 we can write for
X € B,, u(x)=v(x)+w(x), where v is harmonic in B, and w is the Newtonian
potential of fin B,. By Theorem 2.10 and Lemmas 4.1 and 4.4, we have

R|Dwlo,5, + R*|D*Wlo o5, < CR?| f 5, 0;3,
RIDulg, 5, + RAD*tly ;. 5, < Qtlg, 5, < Cllulg, 5, + R fo.5,)-

The last inequality is immediate fromv = u — wwhenn > 2. Forn = 2, by writing
u(xy, X5, X3) = u(x,, x,), we may consider u to be a solution of Poisson’s equation
in a ball in R? and the inequality follows in the same way. The desired estimate for u
is obtained by combining these inequalities. [J

An immediate consequence of the interior estimate (4.16) is the equicontinuity
on compact subdomains of the second derivatives of any bounded set of solutions of
Poisson’s equation du=f. Consequently by Arzela’s theorem we obtain an
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extension of the compactness result, Theorem 2.11, to solutions of Poisson’s
equation.

Corollary 4.7. Any bounded sequence of solutions of Poisson’s equation Au=f
in a domain Q with fe C%Q) contains a subsequence converging uniformly on
compact subdomains to a solution.

It is sometimes preferable to work with an alternative (but equivalent) formula-
tion of the interior estimate (4.16) in terms of certain interior norms which will
be useful later. For x, y € Q, which may be any proper open subset of R", let
us write d, =dist (x, 0Q), d, ,=min (d,, d,). We define for u e CXQ), C**(Q)
the following quantities, which are the analogues of the global seminorms and
norms (4.5), (4.6).

(1]} 0.0 =[ul}. o= sup d4Du(x), k=0,1,2,...;

xef}
1Bl =k
k
lulfo = ulf o0 = Z [ulfas
j=0
D? _Dﬂ ,
@17 [ulfaa= sup attx ZHOZDHON g

x.yef Ix —p*
18l =k

,u‘: P i M:;Q + [“]{a;n-
In this notation,
[u]g;nz lulg;{)=|u|0;ﬂ'

We note that |uf o and |u|f .., are norms on the subspaces of C kQ) and C**Q)
respectively for which they are finite. If Qis bounded and d=diam €, then obviously
these interior norms and the global norms (4.6) are related by

@17y Julf psmax (1, d* ) uly .0
If Q' «Q and o=dist (2, 0Q), then
4.17)" min (1, 6***)uly 4.0 <IUlf 4.0

[t is convenient here to also introduce the quantity

@.18)  [f1%, o=sup d¥ f(x)|+ sup d*’¢ LfG)—fy).

xef x,yeN IX—}’|“

This is a special case of certain norms to be defined later.
From Theorem 4.6, we can now derive an interior estimate for arbitrary domains
which will be generalized in very similar form to elliptic equations in Chapter 6.
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Theorem 4.8. Let ue C%(2), fe C*(Q) satisfy Au=f in an open set Q of R".
Then

4.19) U} .0 < Clulo,0+ 1[G 0)s
where C=C(n, a).

Proof. Ifeither |uly o 0r|f|$. 5 is infinite, the estimate (4.19) is trivial. Otherwise
for x e Q, R=4d,, B,=Bg(x), B,=B,x(x), we have for any first derivative Du
and second derivative D%u

d | Du(x)| +d2| D*u(x)| < (3R)| Dulg, 5, + (3R)*| Dy, ,
< C(lulg, 5, + R2|f|;,,,;,,) by (4.16)
S Clulg, 0+ 1150 0)-
Hence we obtain

(4.20) 3,0 Clulo, 0 +1 /165 0)-
To estimate [u]3 ,., we let x, y € Q2 with d, <d|,. Then

|D*u(x)— Du( y)|
Ix—yI*

di;a <(3R)2+a[02u]1;31

+3°BR)*(|1 D?u(x)| +|D*u( y)))
SC(IuIO; BZ+R2|f|6.a;Bz)+6[u];:ﬂ by (4'16)
SClulg, o+ f150a) by (4.20).

The estimate (4.19) then follows. 0O

The preceding result provides bounds in compact subsets for Du, D*u and the
Holder coefficients of D?u in terms of a bound on the right member of (4.19), and
hence it is the basis of compactness results for solutions of Poisson’s equation. In
particular, Corollary 4.7 is also an immediate consequence of Theorem 4.8, after
noting that the latter implies the equicontinuity of solutions and of their first and
second derivatives on compact subsets.

By means of the compactness result, Corollary 4.7, we can now derive an
existence theorem for Poisson’s equation 4u=f for unbounded f.

Theoremd.9. Let Bbeaball in R" andf a function in C*(B) for whichsup d?~#| f(x)|
xeB

< N< oo for some B,0< B < 1. Then there exists aunique functionu € C*(B) n C°(B)
satisfying Au=fin B, u=0 on 0B. Furthermore, u satisfies an estimate
4.21) sup d_ ’lu(x)| <CN,

xeB

where the constant C depends only on .
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Proof. The estimate (4.21) follows from a simple barrier argument. Namely,
let B= Bg(x,), r=|x—x,| and set

w(x)=(R?—r?).
By direct calculation, we have for r <R

Aw(x)= —2B(R*—r?*)’~2[n(R?>—r?)+2(1 — B)r?]
< —4B(1 - PR R*~r*)f~2< — B(1 — )RA(R—r)P 2.

Now suppose that Au=f'in B, u=0 on JB. Since d, = R—r, we have by hypothesis

|fISN a2 =NR-rf~?
< —C,NAw, where C,=[B(1 —B)RF]"!,
so that
A(CoNwtu)<Oin B and C,Nwtu=0on 0B.

Consequently, by the maximum principle,
(4.22) lu(x)| < CoNw(x) < CNd? for x € B,

which implies (4.21) with the constant C=2/(1 — ).
Finally to show the existence of u, we let

m iff =m

fa=yf if|f|<m

-m iff <-m

and let {B,} be a sequence of concentric balls exhausting B such that | f| <k in
B, . We define u,, by Au,=f, in B, u,,=0 on 0B.
By (4.21), we have

sup d; "lu, (x)| < C sup d?~*| £, (x)| CN,

xeB xeB

so that the sequence {u,} is uniformly bounded and 4u,=f in B,, for m>k.
Hence by Corollary 4.7, applied successively to the sequence of balls B,, a subse-
quence of {u,} converges in B to a C?(B) function u satisfying du=fin B. It
follows that |u(x)| < CNd? and hence u=0on éB. O

It is easy to show by counterexample that Theorem 4.9 is false if <0. We
remark that the theorem may be extended to more general domains than balls;
(see Problem 4.6). Also, for arbitrary domains with regular boundary points, the
classical Dirichlet problem for Poisson’s equation, 4u =/, is solvable for unbounded
[ satisfying certain integrability conditions; (see Problem 4.3).



64 4. Poisson’s Equation and the Newtonian Potential

4.4. Estimates at the Boundary

Theorem 4.8 will be applied in Chapter 6 to the derivation of interior Holder
estimates for linear elliptic equations. However in order to establish global
estimates, which are required for the existence theory, we need a version of Theorem
4.8 applicable to the intersection of a domain Q and a half-space. Let us first derive
the appropriate extension of the Holder estimate for the Newtonian potential,
Lemma 4.4. In what follows, R", will denote the half-space, x, >0, and T the
hyperplane, x,=0; B,=B,x(x,), B, =Bg(x,) will be balls with center x, € R"
and we let B; =B, nR",, Bf =B, n R",.

Lemmad.10. Letfe C*(BJ), and let w be the Newtonian potential of f in B; . Then
we C*%B}) and

(4.23) 1D*Wlo, . 5; <C1f 1o, a; 85
where C=C(n, a).

Proof. We assume that B, intersects T since otherwise the result is already
contained in Lemma 4.4. The representation (4.9) holds for D, w with Q= B3 . If
either i or j# n, then the portion of the boundary integral

[Drec-yw ) dsy(= [ Drex=ywy) ds,)
.31 oB3

on T vanishes since v, or v;=0 there. The estimates in Lemma 4.4 for D;w

(i or j# n) then proceed exactly as before with B, replaced by B; , By(¢) replaced by
B4(&) N BS and 4B, replaced by dB; — T. Finally D,,w can be estimated from the
equation Aw= fand the estimates on D, w for k=1,...,n—1. 0O

Theorem 4.11. Let ue C*(B;) n C%B53), f € C(B}), satisfy Au=fin B, u=0
on T. Then u € C**(B}) and we have

(4.24) [t a8 < Culo, g + RSNy, 0;85)
where C=C(n, a).
Proof. Letx'=(x,,...,x,_,), x*=(x', —x,) and define

* — ’ - f(x,, x,.) 1fx,,>0
fHx)=1*(x, x")_{f(x’, "v) ifx.<0.

We assume that B, intersects 7; otherwise Theorem 4.6 implies (4.24). We set
B; ={xeR"x*e B;} and D=B; U B; U(B,nT). Then f*e CY(D) and
[/ *16.0:0<2|f 6, «; ;- Now, defining
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(4.25) w(x)= f[r(x—,v)—F(X*—y)]f(y) dy
B3

= [re=-p-re-miso a.
B}

we have w(x’, 0)=0 (see Problem 2.3c) and 4w= fin B; . Noting that
[re=yroydr= [ Fex=nrro)dy,
B3 By

we then obtain

wx)=2 [ Fx=nf dy— [Tx=p 1) dy.
B} D

Letting w*(x)= fI‘ (x—y)f*(y) dy, we have by the Remark following Lemma
D

4.4 (in which we set Q, =B/, Q,=D)
ID*W*|; a8t < CL 0,00 2C1 [, 4, 53
Combining this with Lemma 4.10, we obtain
(4.26) 1D*Wl o; 5 < C1f10,a:85-
Now let v=u—w. Then 4v=0in B; and v=0o0n 7. By reflection v may be extended
to a harmonic function in B, (Problem 2.4) and hence the estimate (4.24) follows

from the interior derivative estimate for harmonic functions, Theorem 2.10. 0O

Remark. If in addition to the hypotheses of Theorem 4.11, u has compact support
in By U T, we obtain from (4.26) the simpler estimate (extending (4.14))

4.27) ID*uly 4. 58 < QS0 a: 85

In this case we have the representation

428)  u=w)= [ [Fx=9)-T* =S () dy.

B}

It will be useful to have an analogue of Theorem 4.8 in which the estimates are
valid up to a hyperplane boundary piece. For this purpose we introduce certain
partially interior norms and seminorms, analogous to (4.17) and (4.18). Let Q be a
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proper open subset of R”, with open boundary portion T on x,=0. For x, y € Q
let us write

d,=dist (x, 02 -T),d, ,=min (d,, d).
We define the following quantities:

(4]} 0.0 r=[4)taur= Sup d%|DPu(x)|, k=0,1,2,...;

xe}
1Bl=k
k
(4.29) lult our = lul¥o,00r = X [W]faurs
j=0
D?u(x)— D*
(]2, gop= sup @xtx MDD ooy,
.‘ x,yeN lx—}’I

18l=k
|“|:.a;nur='“|:;nur+["]:.a;nur;

1P, 0 r=5up d4u(x)| + sup %" M‘

xeN x,yeN Ix—y‘ﬂ

We can now state:

Theorem 4.12. Letr Q be an open set in R”, with a boundary portion T on x,=0,
and let ue C*(Q) " C'Q U T), fe C(Q U T) satisfy du=fin Q, u=0on T.
Then

(430) Iu‘:,a;ﬂv"‘sC(Iu|0;0+|f|$)2,)a;ﬂu1' ’
where C=C (n, a).

This result follows from Theorem 4.11 in the same way that Theorem 4.8
follows from Theorem 4.6; the details of proof are therefore omitted.

Theorems 4.11 and 4.12 provide a regularity result for solutions of Poisson’s
equation at a hyperplane portion of the boundary. More generally, if Q is a
bounded domain, fe C*(2), ue C*(Q) n C%R), du=fin Q, and if IQ and the
boundary values of u are sufficiently smooth, it follows that u € C?%%(£). This result,
essentially Kellogg's theorem [KE 1], will be established as a byproduct of our
treatment of linear elliptic equations in Chapter 6. The case when Q2 is a ball
however is directly derivable from Theorem 4.11.

Theorem 4.13. Let B be a ball in R” and u and f functions on B satisfying ue
C*(B)n C°%B), fe C*B), du=fin B, u=0 on dB. Then ue C**B).

Proof. By a translation we may assume 0B passes through the origin. The inver-
sion mapping x — x* = x/|x|? is a bicontinuous, smooth mapping of R"— {0} onto
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itself which maps B onto a half-space, B*. Furthermore if u € C*(B) n C°(B), the
Kelvin transform of u, defined by

|x|?

(4.31) o(x)=x|>""u (-)—c—>

belongs to C%(B*) n C°(B*) and satisfies (see Problem 4.7).

(4.32) 4..0(x*)=|x*"""2 A u(x), x*e€ B* xe€ B,
=|x*|_"_2f<

x*
|x*?

)’ x* e B*.

Hence Theorem 4.11 is applicable to the Kelvin transform v and since by transla-
tion any point of 0 B may be taken for the origin we obtain ue C>%B). 0O

Corollary 4.14. Let ¢ € C**(B), f € C*B). Then the Dirichlet problem, Au= f
in B, u= @ on 8B, is uniquely solvable for a function u e C**(B).

Proof. Writing v=u— ¢, the problem is reduced to the problem dv=f—A4¢ in
B, v=0 on 0B, which is solvable for ve C*(B) n C%B) by Theorem 4.3 and
consequently for v € C?*(B) by Theorem 4.13. 0

As a byproduct of the proof of Theorem 4.13, we see that Lemma 4.4 may be
imprgved in the sense that if fe C%B), its Newtonian potential in B will belong
to C*%(B).

4.5. Holder Estimates for the First Derivatives

Poisson’s equation often appears in the form
433) Adu=divf=D,f f=4.... M

where the density function is a divergence. The corresponding estimates of solutions
can be reduced to those of the preceding sections, with certain generalizations that
will be useful later.

If f e C1*(), then, obviously, the estimates for the Newtonian potential of
div f and for solutions of (4.33) are the same as before provided div f replaces f
throughout. If Q is sufficiently smooth, we have

fl‘(x — y)divi(y)dy = ~[DI‘(x —y-f(y)dy + II“(x - yf-vds,
Q Q on
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and, thus, the Newtonian potential of div fin Q is within a harmonic function given
by

434)  wx) =D f I'(x — Yf()dy = D, f I'(x = ) 0) dy.
n ]

This expression is identical with the Newtonian potential when f has compact
support in Q. We see that w is still defined when f is only integrable, in which case
(4.34) can be taken as the definition of a generalized Newtonian potential of div f
in Q. If, in addition, f is Holder continuous, the first derivatives of w in Q are (as in
Lemma 4.2) given by

(435 Dw(x) = f DyI(x — () — fi0)dy — fi(x) f DiI(x — yy, ds,,
on

Q2

which can be estimated as in Lemma 4.4. Thus we have in the notation of Lemma 4.4
@36)  1DWlyui5, < Clffo,0;5, C = Cn, a).
We can, therefore, assert a C!'* interior estimate:

Theorem 4.15. Let Q be a domain in R", and let u satisfy Poisson’s equation (4.33),
where f € C*(), 0 < a < 1. Then for any two concentric balls B; = Bg(x,), B, =
B,r(x4) = < Q we have

(437) I“I/l,a;Bl S C(I“IO;BZ + R“‘K).a;Bz)s C = C(n, (1).

The proofis the same as that of Theorem 4.6 if (4.36) replaces (4.11) in the argument.

Corresponding boundary estimates can be derived in a similar way. If B, and B,
are as in Lemma 4.10, then the potential (4.34) has first derivatives given by (4.35),
with Q = BJ, and we obtain the estimate

(4.38) [DWlo,o;8; < Clflo,;8;, € = C(n, o).

To obtain a C'-* analogue of Theorem 4.11 for solutions of (4.33) vanishing on
x, = 0, we proceed as in that theorem with a method based on reflection. Let

G(x,y) =T(x —y) = I'(x — y*) = I'(x — y) = ['(x* — y)
denote the Green'’s function of the half-space R", , and consider
(4.39) o(x) = — nyG(x, y)-f(y) dy D, =(D,,...,D,)

Bj

- fDr(x-y)-f(y) dy + nyr(x*-y)-f(y)dy.

By B;
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Foreachi = 1,..., n, let v; denote the component of v given by

ox) = f D.I(x — y)f'0) dy + f D, I(x* — ))fi(y) dy.

B3 BS

We see that v and v; vanish on T = B, n {x, = 0}. Now suppose f € C*(B;), and
let f be extended by even reflection in x, = 0, and denote the extended function
again by f. Then, fori = 1,...,n — 1, we have as in the proof of Theorem 4.11,

(440)  v(x) = D,|2 f I(x = y)fi0) dy — f I(x - i) dyl.
B} B UBj

And when i = n, since

nynr(x* — D) dy = f D,I(x — Y)f*) dy,

BS By
we obtain
@41)  u(x) = D, f I'(x = »"0) dy.

B3 UB5

It now follows from (4.36) and (4.38), applied to (4.40) and (4.41),

(442) IDvfo,s;8; < Clflo,i8;, € = Cln, o).

Theorem 4.16. Let u € CO(B;) satisfy Poisson’s equation (4.33), where f € C*(B5),
and suppose u = 0 on B, n {x, = 0}. Then

(443) !ulll.a;B{ < C(l“lO;B; + lelél,a;B{), C= C(nv fx)‘

The proof is obtained from (4.42) by the concluding argument in Theorem 4.11.
It is also possible to state analogues of Theorems 4.3, 4.13 and Corollary 4.14 for
solutions of (4.33). The details are left to the reader.
The preceding results can also be extended to equations of the form

(4.44) du=g + divf

when f is Holder continuous and g is bounded and integrable. We observe that the
first derivatives of the Newtonian potential of g satisfy an a-Holder estimate for
every a < 1 (see Problem 4.8(a); also Theorem 3.9). From this estimate for the
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Newtonian potential, it follows that the C*'* estimates for solutions of (4.44) cor-
responding to (4.37) and (4.43) take the form

(4.45) |uly,o;8, < C(lulo, 8, + R*|glo, 8, + RIflo,4;8,)
(4.46) luly, a8y < C(lulo;p; + R2|g|o;a; + Rif[o,0;83)
where C = C(n, a).

Remark. If ge LP(2), where p = n/(1 — a), then the terms containing g on the
right-hand side in (4.45), (4.46) can be replaced by R! *¢||g|, (see Problem 4.8(b)).

I

Notes

The Holder estimates of this chapter are essentially due to Korn [KR 1].
In Lemma 4.2, Holder continuity can be replaced by Dini continuity, so that
the Newtonian potential of fis a C? solution of Poisson’s equation du= f if

(447)  1f)-fI<ex—H), where [ o(r)r dr<oo;

0+

(see Problem 4.2). However, if fis only continuous the Newtonian potential need
not be twice differentiable; (see Problem 4.9).

The weighted interior norms and seminorms (4.17), (4.29) are adapted from
Douglis and Nirenberg [DN]. The primary function of the partially interior norms
and seminorms (4.29) is to facilitate the derivation of boundary estimates by direct
imitation of the proofs of interior estimates; (see, for example, Theorem 4.12 and
Lemma 6.4).

Problems

4.1. (a) Prove (4.7). (b) I f € C*(R) and g € C#(R), show that f . g € C*#(Q).
4.2. Prove Lemma 4.2 if f is Dini continuous in Q (i.e., f satisfies (4.47)).

4.3. Show that Theorem 4.3 continues to hold if the boundedness of f'is replaced
by f € LP(R2) for some p>n/2; (see Lemma 7.12).

4.4. Derive Theorem 4.6 from Theorem 4.5 by applying the representation
formula (2.17) to v(x)=u(x)n(|x — x,|/R), where n is a cut-off function such that
ne CYR), n(r) = 1forr <3 n(r) =0forr > 2.
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4.5. Prove the following extensions to Poisson’s equation of the solid mean
value inequalities (2.6) for Laplace’s equation. Let ue C%(2) n C%f2) satisfy
Au=(2, <) fin Q. Then for any ball 8= By(y)<=Q, we have

1
W y)=(<, >) {f%i’fu dx—— ff(x)@(r, R) dx}, r=|x—y,
B "B

where

1
6(r, R)=4n—-2
log (R/r)—4(1-r*/R?), n=2.

(r* "—=R* ™ —(R*-r¥/2R", n>2,

4.6. Prove Theorem 4.9 if the ball B is replaced by an arbitrary bounded C?
domain (use Lemma 14.16 and a comparison function dy, where 7 is a suitable
cut-off function and d is the distance function).

4.7. Let du=fin Q< R". Show that the Kelvin transform of u, defined by
v(x)=|x|2""u(x/|x|*) for x/|x|® € Q

satisfies
Ao(x)=|x| 7" 2f (x/1xI?).

4.8. Let w be the Newtonian potential of f in B = Bg(x,).
(a) If f € L*(B), show that Dw e C*(R") for every a € (0, 1) and

[Dwly s < €1, R ™| f | ;8
(b) If f € L?(B), where p = n/(1 — a), 0 < a < 1, show that Dw € C*(R") and
[(Dwles < C(n, O S ;8-
4.9. (a) For a with |a| = 2 let P be a homogeneous harmonic polynomial of
degree 2 with D*P # 0 (e.g., P = x,x,, D,, P = 1). Choose ne C§({x||x| < 2})

withn = I when |x| < I,sett, = 2", and let ¢, > Oas k — oo, with ) ¢, divergent.
Define

fx) = éckA(nP)(rkx).

Show that f is continuous but that Au = f does not have a C? solution in any
neighbourhood of the origin.
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(b) Forawith|a| = 3choosea homogeneous harmonic polynomial @ of degree
3 with D*Q # 0. With , t, and ¢, as in part (a), define

u(x) = z an(t x)Q(x) = %Ck(ﬂQ)(th)/ta
Then
= g(x) = ickA(nQ)mx)/rk.

Showthatg € C! butthatu ¢ C?'! inany neighbourhood of the origin. Hence Lemma
4.4 is not valid for a = 1.

4.10. Let ue C3(B) satisfy 4u = f in B = Bg(x,). Show that
R2
(@) |“!o<%|f‘o§ () [Diulo < R[flo, i=1,...,n

Hence in (4.14), |ul}. 5 < 3R?| flo. 5.



Chapter 5

Banach and Hilbert Spaces

This chapter supplies the functional analytic material required for our study of
existence of solutions of linear elliptic equations in Chapters 6 and 8. This material
will be familiar to a reader already versed in basic functional analysis but we shall
assume some acquaintance with elementary linear algebra and the theory of metric
spaces. Unless otherwise indicated, all linear spaces used in this book are assumed
to be defined over the real number field. The theory of this chapter, however, carries
over almost unchanged if the real numbers are replaced by the complex numbers.
Let ¥ be a linear space over R. A norm on ¥ is a mapping p: ¥~ — R (henceforth
we write p(x)= ||x| = x|l,, x € ¥7) satisfying
(1) x|l =0 forall xe ¥, ||x|| =0 if and only if x=0;
(i1) fox||=|of ||x|| forallae R, x e ¥";
(ii1) |x+yll<|x|l+| y| for all x, y € ¥ (triangle inequality).

A linear space ¥~ equipped with a norm is called a normed linear space. A normed
linear space ¥~ is a metric space under the metric p defined by

p(x, Y)=lx—yl, x,ye¥.

Consequently a sequence {x,} = ¥" converges to an element x € ¥ if | x, — x| — 0.
Also {x,} is a Cauchy sequence if |x,—x, || = 0 as m, n — oco. If ¥~ is complete,
that is every Cauchy sequence converges, then ¥ is called a Banach space.

Examples. (i) Euclidean space R" is a Banach space under the standard norm:

n 1/2
x| =< y x,z) s X=Xy .00, X,).
i=1
(i) For a bounded domain Q< R", the Hélder spaces C*%Q) are Banach
spaces under either of the equivalent norms (4.6) or (4.6) " introduced in Chapter 4;
(see Problems 5.1, 5.2).
(ii1) The Sobolev spaces W* ?(Q), Wk ?(Q) (see Chapter 7).

Existence theorems in partial differential equations are often reducible to the
solvability of equations in appropriate function spaces. For the Schauder theory of
linear elliptic equations we will employ two basic existence theorems for operator
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equations in Banach spaces, namely the Contraction Mapping Principle and the
Fredholm alternative.

5.1. The Contraction Mapping Principle

A mapping 7 from a normed linear space ¥ into itself is called a contraction map-
ping if there exists a number 6 <1 such that

(5.1) ITx—Ty|<6|x—y|l forallx,yev¥.

Theorem5.1. A contractionmapping T ina Banach space 8 has a unique fixed point,
that is there exists a unique solution x € B of the equation Tx=x.

Proof. (Method of successive approximations.) Let x, € # and define a sequence
{x,} =B by x,=T"x,, n=1, 2,... Then if n>m, we have

IX,—Xu < Y lx;—x;_,|| by the triangle inequality
j=m+1
= 2: ”7ﬁ-1x1"7ﬁleo"

j=m+1

< Y 7 Yx,—x,ll by(5.1)
j=m+1
<|lx,—xoll0"'

< ) — 0 asm— oo.

Consequently {x,} is a Cauchy sequence and, since 4 is complete, converges to an

element x € #. Clearly T is also a continuous mapping and hence we have
Tx=lim Tx,= limx,, ,=x

so that x is a fixed point of 7. The uniqueness of x follows immediately from

(5.1). O

In the statement of Theorem 5.1, the space # can obviously be replaced by any
closed subset.

5.2. The Method of Continuity

Let ¥, and ¥/, be normed linear spaces. A linear mapping T: ¥, — ¥/, is bounded
if the quantity

17xly,

xevixzo 1Xly,

(5.2) 1Tl =
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is finite. It is easy to show that a linear mapping T is bounded if and only if it is
continuous. The invertibility of a bounded linear mapping may sometimes be
deduced from the invertibility of a similar mapping through the following theorem,
which is known in applications as the method of continuity.

Theorem 5.2. Let # be a Banach space, ¥~ a normed linear space and let L, L,
be bounded linear operators from & into ¥ . For each t € [0, 1], set

L=(1—0L,+:tL,
and suppose that there is a constant C such that
(5.3) Ixllg<ClLxIy
fort€[0,1]). Then L, maps # onto ¥ if and only if L, maps # onto ¥".

Proof. Suppose that L, is onto for some s € [0, 1]. By (5.3), L, is one-to-one and
hence the inverse mapping L ': ¥ — & exists. For te [0, 1] and y € ¥, the
equation L x =y is equivalent to the equation

L(x)=y+(L,—L)x
=y+(t—s)Lyx—(t—s)L,x

which in turn, is equivalent to the equation
x=L'y+(t—s)L; "(Ly—L,)x

The mapping T from % into itself given by Tx=L_ 'y+(t—s)L; '(Ly—L,)x is
clearly a contraction mapping if

ls—f<d=[CULI+IL,HI™"

and hence the mapping L, is onto for all 7 € [0, 1], satisfying |s— 7] <. By dividing
the interval [0, 1] into subintervals of length less than &, we see that the mapping
L, is onto for all 7 € [0, 1] provided it is onto for any fixed ¢ € [0, 1], in particular
fort=0o0rt=1. 0O

5.3. The Fredholm Alternative

Let ¥, and ¥, be normed linear spaces. A mapping 7: ¥, — ¥/, is called compact
(or completely continuous) if T maps bounded sets in ¥/, into relatively compact sets
in ¥, or equivalently 7' maps bounded sequences in ¥", into sequences in ¥, which
contain convergent subsequences. It follows that a compact linear mapping is also
continuous but the converse is not true in general unless ¥, is finite dimensional.
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The Fredholm alternative (or Riesz-Schauder theory) concerns compact linear
operators from a space ¥ into itself and is an extension of the theory of linear
mappings in finite dimensional spaces.

Theorem 5.3. Let T be a compact linear mapping of a normed linear space ¥ into
itself. Then either (i) the homogeneous equation

x—Tx=0
has a nontrivial solution x € ¥ or (i) for each y € ¥~ the equation
x—Tx=y

has a uniquely determined solution x € ¥ Furthermore, in case (ii), the operator
(I—T) ! whose existence is asserted there is also bounded.

The proof of Theorem 5.3 depends upon the following simple result of Riesz.

Lemma 5.4. Let ¥ be a normed linear space and M a proper closed subspace of
Y. Then for any 0<1, there exists an element x,€ ¥ satisfying ||x,ll =1 and
dist (x,, #)=0.

Proof. Let xe v —.#. Since # is closed, we have

dist (x, #)= inf | x—y| =d>0.

yeM

Consequently there exists an element y, € 4 such that
d
X— Vol €=
lx = ygll )
so that, defining

X, = XY
o—_‘—,
llx = yoll

we have ||x,[ =1 and for any y € A,

llx—yg—1l yo—xIl ¥l
Il yo—xIl
>4 s
Il yo—xIl

| xg—yl =

The lemma is thus proved. 0O
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If ¥'=R", it is clear that one can take #=1 by choosing x, orthogonal to ./ .
This will also be possible in any Hilbert space but in general Lemma 5.4, which
asserts the existence of a “‘nearly orthogonal™ element to .#, cannot be improved
to allow 8=1.

Proof of Theorem 5.3. It is convenient to split our proof into four stages.
(1) Let S=I1—T where I is the identity mapping and let .4 =S~ '(0)=
{x € ¥" | Sx=0} be the null space of S. Then there exists a constant K such that

(5.4) dist (x, /)< K| Sxl| forallxe V.

Proof. Suppose the result is not true. Then there exists a sequence {x,jc¥"
satisfying ||Sx,|=1 and d,=dist (x,,.¥ ) —» co. Choose a sequence {y,}c A
such that d,<||x,—y,ll <2d,. Then if

xn - rvll

I =—

Xyl

we have |z ||=1, and | Sz,[|<d, ' — 0 so that the sequence {Sz,} converges to
0. But since T'is compact, by passing to a subsequence if necessary, we may assume
that the sequence {7z,} converges to an element y, € ¥". Since z,=(S+ T)z,, we
then also have {z,} converging to y, and consequently y, € .#". However this leads
to a contradiction as

dist (z,, #)= inf |z,—y|
yeN

=llx, =yl ™!

inf ||x,—y,— 1, =yl ¥l
yenN

=|x,—y,| " 'dist(x,, #)=5. O
(2) Let 2=S(¥") be the range of S. Then R is a closed subspace of ¥".

Proof. Let {x,} be a sequence in ¥~ whose image {Sx,} converges to an element
v e ¥. To show that # is closed we must show that y=Sx for some element
x € ¥". By our previous result the sequence {d,} where d, =dist (x,, .4#") is bounded.
Choosing y, € .4 as before and writing w, = x, — y,, we consequently have that the
sequence {w,} is bounded while the sequence { Sw,} converges to y. Since T is com-
pact, by passing to a subsequence if necessary we may assume that the sequence
{Tw,} converges to an element w, € ¥". Hence the sequence {w,} itself converges
to y+w, and by the continuity of S, we have S( y+wg)=y. Consequently Z is
closed. O

(3) If /'={0}, then #="". That is, if case (i) of Theorem 5.3 does not hold,
then case (i) is true.

Proof. By our previous result the sets #; defined by R;=SI(¥"), j=1,2,...
form a non-increasing sequence of closed subspaces of ¥". Suppose that no two of
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these spaces coincide. Then each is a proper subspace of its predecessor. Hence by
Lemma 5.4, there exists a sequence {y,}<7¥  such that y, € %®,, Il y,I=1 and
dist (y,, ®,,,)=>3 Thusif n>m,

Tym_Tynzym+(_yﬂ_Sym+Sy")
=yn.—y forsomeye#,, .

Hence ||Ty,,— Ty, =4 contrary to the compactness of 7. Consequently there
exists an integer k such that #,=#, for all j>k. Up to this point we have not
used the condition: 4 ={0}. Now let y be an arbitrary element of ¥" Then
Stye R, =R, ,, and so S*y=S5**!x for some x € ¥ Therefore S*(y—Sx)=0
and so y=Sx since §7¥0)=S"'(0)=0. Consequently #=%,=7 forallj. 0O

(4) If R=7", then /" ={0}. Consequently either case (i) or case (ii) holds.

Proof. This time we define a non-decreasing sequence of closed subspaces {4/}
by setting .A";=S57/(0). The closure of A i follows from the continuity of S. By
employing an analogous argument based on Lemma 5.4 to that used in step (3),
we obtain that 4 ;=4 for all j>some integer /. Then if #=7", any element
y € A satisfies y=S'x for some x € ¥". Consequently S?'x=0s0 that x € A,,= 4,
whence y=S'x=0. Step (4) is thus proved. 0O

The boundedness of the operator S™!=(/—7)"! in case (ii) follows from
step (1) with 4" ={0}. Note that a slight simplification could be achieved by taking
A" ={0} at the outset in steps (1) and (2) and that step (4) is independent of the
previous steps. Theorem 5.3 is thus completely proved. O

Certain aspects of the spectral behaviour of compact linear operators follow
from Theorem 5.3 and Lemma 5.4. A number 4 is called an eigenvalue of T if there
exists a non-zero element x in ¥ (called an eigenvector) satisfying Tx=Ax. It is
clear that eigenvectors belonging to different eigenvalues must be linearly inde-
pendent. Also the dimension of the null space of the operator S, =A/— T is called
the muldtiplicity of A. If A#0, € R is not an eigenvalue of T, it follows from Theorem
5.3 that the resolvent operator R;=(AI—T)"! is a well defined, bounded linear
mapping of ¥~ onto itself. From Lemma 5.4 we may deduce the following result.

Theorem 5.5. A compact linear mapping T of a normed linear space into itself pos-
sesses a countable set of eigenvalues having no limit points except possibly A=0. Each
non-zero eigenvalue has finite multiplicity.

Proof. Suppose that there exists a sequence {4,} of not necessarily distinct eigen-
values and a sequence of corresponding linearly independent eigenvectors {x,}
satisfying A, —» A#0. Let .#, be the closed subspace spanned by {x,,...x,}.
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By Lemma 5.4, there exists a sequence {y,} such that y,e .#,, | y,l=1 and
dist (y,, #,_,)=1,(n=2,3...). If n>m, we have

ATy = TV =Yt (= Y= A7 'Sy Yut 40 ' Si V)
=y,—z whereze #, _,.

For, if y,= ¥ B;x; then y,—4 'Ty,= Zl Bl—4,'A)x;e #,_, and similarly
j=1 i=

S..Vm€ A, Therefore we have
1A, ' Ty, = An ' Tyall 23

which contradicts the compactness of 7 combined with the hypothesis 1, — 4#0.
Hence our initial supposition is false and this implies the validity of the theorem. 0

5.4. Dual Spaces and Adjoints

For the sake of completeness we mention a few results here that will be proved and
applied in this book only in Hilbert spaces. Let ¥ be a normed linear space. A
functional on ¥~ is a mapping from ¥~ into R. The space of all bounded linear
functionals on ¥ is called the dual space of ¥~ and is denoted by ¥" *. It can be
shown easily that ¥" * is a Banach space under the norm:

(55 Ifly.=sup LN

x#0 lIxIl
Example. The dual space of R” is isomorphic to R" itself.

The dual space of ¥ *, denoted ¥ **, is called the second dual of ¥". Clearly the
mappingJ: ¥ — ¥ **given by Jx( f)=f(x)forfe ¥ *isanorm preserving, linear,
one-to-one mapping of ¥” into ¥ **. If J¥ =y ** then we call ¥ reflexive. Re-
flexive Banach spaces have certain properties that make them more amenable to
applications to differential equations than Banach spaces in general. The Sobolev
spaces W*P(Q) introduced in Chapter 7 are reflexive for p>1 but the Holder
spaces C**(Q) of Chapter 4 are nonreflexive.

Let 7 be a bounded linear mapping between two Banach spaces £, and 4,.
The adjoint of T, denoted T*, is a bounded linear mapping between 4% and #%
defined by

(5.6) (T*g)x)=g(Tx) forge B%, xe AB,.
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Letting A", #, & *, #* denote the null spaces and ranges of 7, T* respectively,
the following relations hold provided & is closed,

R=N*={yeB,lg(y)=0 forallge & *},
R*=N*={fe B} fix)=0 forall xe A}

Also the compactness of T implies the compactness of 7*. These two results are
proved for example in [ YO]. Consequently we see that if case (i) of the Fredholm
alternative holds for a Banach space &, then the equation x — Tx=y is solvable
for x € # if and only if g( y)=0 for all g € #* satisfying T*g=g. This last result
will be established directly in Hilbert spaces.

5.5. Hilbert Spaces

We develop here the Hilbert space theory required for our treatment of linear
elliptic operators in Chapter 8. A scalar (or inner) product on a linear space ¥
is a mapping ¢: ¥ x ¥ — R (henceforth we write g(x, y)=(x, y) or (x, y),,
x, y € ¥) satisfying

(i) (x,y)=(y,x)forall x,ye v,
(1) (Ayx,+4,%,, ¥)=A,(x,, ¥)+A,(x,, y)forall A, L, e R, x|, x,,ye ¥,
(i) (x, x)>0forall x#0,e¥"

A linear space ¥~ equipped with an inner product is called an inner product space or
a pre-Hilbert space. Writing | x| =(x, x)'/?> for x € ¥, we have the following
inequalities:

Schwarz inequality

(5.7) e, I X Iyl

Triangle inequality

(5.8) Ix+yl<lxll+1 i

Parallelogram law

(5.9) x4+ pI2 +11x =yl 2 = 2(1x )2 + 1| y11%).

In particular an inner product space ¥ is a normed linear space. A Hilbert space
is defined to be a complete inner product space.
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Examples. (1) Euclidean space R" is a Hilbert space under the inner product

(. P)=Y X, yie X=(Xp,... X)) Y=(P1,. .. V)

(ii) The Sobolev spaces W* 2(Q); (see Chapter 7).

5.6. The Projection Theorem

Two elements x and y in an inner product space are called orthogonal (or perpen-
dicular) if (x, y)=0. Given a subset .# of an inner product space we denote by .#*
the set of elements orthogonal to every element of .# . The following theorem asserts
the existence of an orthogonal projection of any element in a Hilbert space onto a
closed subspace.

Theorem 5.6. Let # be a closed subspace of a Hilbert space # . Then for every
X € X we have x=y+z whereye M andze M*.

Proof. If xe #, we set y=x, z=0. Hence we may assume .# # ¥ and x ¢ /.
Define

d=dist (x, # )= inf |x—yp||>0

ye M

andlet { y,} < .# beaminimizing sequence, thatis | x —y,| — d. Using the parallelo-
gram law we obtain

41X =2 ¥ Y7+ Y=Yl > =201 % =yl + x = 301D
so that, since (), +),) € #, also we have ||y, —y,| — 0 as m, n— oo; that
is the sequence { y,} converges since # is complete. Also, since .# is closed,
y=1limy, e # and | x—y||=d.
Now write x=y+z where z=x—y. To complete the proof we must show
ze #*. Foranyy e .# and « € R we have y+ay’ € 4 and so
<Llix—y-—ay'P=C-ay, z—ay)

=|z)|®=2a(y’, z)+a?| y'2|.

Therefore, since | z|| =d, we obtain for all >0
o
o)< 5 Iy
I(y' 2l 3 Iyl

so that (y’, z)=0forall y'e #. Hence ze #*. O
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The element y is called the orthogonal projection of x on .#. Theorem 5.6 also
shows that any closed proper subspace of ) is orthogonal to some element of #.

5.7. The Riesz Representation Theorem

The Riesz representation theorem provides an extremely useful characterization
of the bounded linear functionals on a Hilbert space as inner products.

Theorem 5.7. For every bounded linear functional F on a Hilbert space . there
is a uniquely determined element f € H such that F(x)=(x, f) for all x € # and

IEI=1/1-

Proof. Let A"={x|F(x)=0} be the null space of F. If /"= ¢, the result is proved
by taking f=0. Otherwise, since 4" is a closed subspace of #, there exists by
Theorem 5.6 an element z#0, € ) such that (x, z)=0 for all x e A" Hence
F(z)#0 and moreover for any x € J#,

F(x) F(x)
Flx——— F(x)——— F(2)=
( F2) > (x) F2) (2)=

F(x)

F(x) _
(X—F(—)Z Z>—0,

that is, that

2
(x, 2)= F( ) Il I

and hence F(x)=(f, x) where f=zF(z)/||z||*>. The uniqueness of f is easily proved
and is left to the reader. To show that [|F||=] f||, we have first, by the Schwarz
inequality,

up SN o 1L

=
xx0 Xl ceo  lIxl

IFll=

=15
and secondly,

112 =L =FNO<LIFI LI
so that | /| <|FIl, and hence |F||=] fI|. O

Theorem 5.7 shows that the dual space of a Hilbert space may be identified with
the space itself and consequently that Hilbert spaces are reflexive.
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5.8. The Lax-Milgram Theorem

The Riesz representation theorem suffices for the treatment of linear elliptic equa-
tions that are variational, that is, they are the Euler-Lagrange equations of certain
multiple integrals. For general divergence structure equations we will require a
slight extension of Theorem 5.7 due to Lax and Milgram. A bilinear form B on a
Hilbert space J¢ is called bounded if there exists a constant K such that

(5.10) IB(x, MI<K|x| [yl forallx,yeH
and coercive if there exists a number v >0 such that
(5.11) B(x, x)=v|x||? forall xe .

A particular example of a bounded, coercive bilinear form is the inner product
itself.

Theorem 5.8. Let B be a bounded, coercive bilinear form on a Hilbert space ¥ .
Then for every bounded linear functional F e X#'*, there exists a unique element
f € F such that

B(x,f)=F(x) forallxe .

Proof. By virtue of Theorem 5.7, there exists a linear mapping 7: ) — ¥
defined by B(x, f)=(x, Tf) for all x € #. Furthermore ||7f | <K]| f| by (5.10)
so that 7 is bounded. By (5.11) we obtain v|| f||2<B(f, f)=(f. TO<I S 1T,
so that

VISISITAI<KI S| forallfe s

This estimate implies that 7 is one-to-one, has closed range (see Problem 5.3) and
that 7~ ! isbounded. Suppose that T'isnot onto 5. Then there existsan element z# 0
satisfying (z, Tf)=0 for all f€ . Choosing f=z, we obtain (z, Tz)=B(z, z)=0
implying z=0 by (5.11). Consequently 7~ ' is a bounded linear mapping on 5.
We then have F(x)=(x, g)=B(x, T™!g) for all x e # and some unique g € #
and the result is proved with f=7T""'g. 0

5.9. The Fredholm Alternative in Hilbert Spaces

Theorems 5.3 and 5.5 are of course applicable to compact operators in Hilbert
spaces. Let us derive now for Hilbert spaces our earlier remarks concerning adjoints
in Banach spaces. In light of Theorem 5.7, we define the adjoint slightly differently.
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If T is a bounded linear operator in a Hilbert space S, its adjoint T* is also a
bounded linear mapping in ¥ defined by

(5.12) (T*y, x)=(y, Tx) forall x, ye .

Clearly |7*||=|T|, where | T| = sup || Tx|/|x}.

x*0

Lemma 5.9. If T is compact, then T* is also compact.

Proof. Let {x,} be a sequence in S satisfying |x,| <M.
Then

IT*x, 17 =(T*x,, T*x,)=(x,, TT*x,)
<lx,l 17T *x, |
<SM|T| | T*x,,

so that |[7*x,||<M | T|; that is, the sequence {7*x,} is also bounded. Hence,
since T is compact, by passing to a subsequence if necessary, we may assume that
the sequence {7T*x,} converges. But then

1T7*(x, — x ) =(T*(x,—x,,), T*(x,—x,,))
=(X,— X, TT*(x,—Xx,,))

L2M | TT*(x,—x,)| = 0 asm,n— co.

Since 5 is complete, the sequence { T*x,} is convergent and hence T* is compact.[]

Lemma 5.10. The closure of the range of T is the orthogonal complement of the null
space of T*.

Proof. Let #=the range of 7, & *=the null space of T*. If y=Tx, we have
(3, f)=(Tx, f)=(x, T*/)=0 for all fe A * so that #<.# ** and since &/ ** is
closed, # < 4 **. Now suppose that y ¢ #. By the projection theorem, Theorem
57,y=y,+y,wherey, € ®,y, € #* — {0}. Consequently ( y,, Tx)=(T*y,, x)=0
for all x € &, so that y, € 4 *. Therefore (y,, )=(y,, ¥;,)+1l y,I1*=| »,/* and
hence y¢ # *t. O

Note that Lemma 5.10 is valid whether or not 7 is compact. By combining
Lemmas 5.9 and 5.10 with Theorems 5.3 and 5.5, we then obtain the following
Fredholm alternative for compact operators in Hilbert spaces.

Theorem 5.11. Let 3¢ be a Hilbert space and T a compact mapping of ¥ into itself.
Then there exists a countable set A<= R having no limit points except possibly A=0,

such that if A#0, A ¢ A the equations

(5.13) Ax—Tx=y, Ax—T*x=y
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have uniquely determined solutions x € S for every y € #, and the inverse mappings
(AI = T)™',(AI — T*)" ' arebounded. If A € A, the null spaces of the mappings Al — T,
Al — T* have positive finite dimension and the equations (5.13) are solvable if and
only if y is orthogonal to the null space of Al — T* in the first case and A — T in
the other.

5.10. Weak Compactness

Let ¥ be a normed linear space. A sequence {x,} converges weakly to an element
x € ¥ if f(x,) — f(x) for all fin the dual space ¥ *. By the Riesz representation
theorem, Theorem 5.7, a sequence {x,} in a Hilbert space 5# will converge weakly
to x e K if (x,, y) — (x, y) for all y e #. The following result is useful in the
Hilbert space approach to differential equations.

Theorem 5.12. A bounded sequence in a Hilbert space contains a weakly convergent
subsequence.

Proof. Let us assume initially that # is separable and suppose that the sequence
{x,} = F satisfies ||x,[|<M. Let {y,} be a dense subset of »#. By the Cantor
diagonal process we obtain a subsequence {x,, } of our original sequence satisfying
(Xp+ V) = %, € Rask — co. The mapping/: { y,,} — Rdefined by f( y,,) = a,, may
consequently be extended to a bounded linear functional f on s and hence by the
Riesz representation theorem, there exists an element x € 5 satisfying (x,, , y) —
f(y)=(x, y) as k — oo, for all y e #. Hence the subsequence {x, } converges
weakly to x.

To extend the result to an arbitrary Hilbert space J#, we let 3¢, be the closure of
the linear hull of the sequence {x,}. Then by our previous argument there exists a
subsequence {x, | < #, and an element x € & satisfying (x,, , y) — (x, y) for all
y € J,. But by Theorem 5.5, we have for arbitrary y e #, y=y,+»,, where
Vo € Ho ¥, € Hy. Hence (x, , ¥)=(x, . o) = (x, yo)=(x, y) for all ye # so
that {x, } converges weakly to x, as required. 0

The first part of the proof of Theorem 5.12 extends automatically to reflexive

Banach spaces with separable dual spaces (see Problem 5.4). The result is true
however for arbitrary reflexive Banach spaces (see [YO]).

Notes

The material in this chapter is standard and can be found in texts on functional
analysis such as [DS], [EW] and [YO].
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Problems

5.1. Prove that the Holder spaces C**(Q), introduced in Chapter 4, are Banach
spaces under either of the equivalent norms (4.6) or (4.6)".

5.2. Prove that the interior Holder spaces C : *(Q) defined by
CiHD={ue C* Q) lulf . o<
are Banach spaces under the interior norms given by (4.17).

5.3. Let # be a Banach space and 7 be a bounded linear mapping of 4 into itself
satisfying

IxI<K|Tx| forallxe®,
for some K € R. Prove that the range of T is closed.

5.4. Prove that a bounded sequence in a separable, reflexive Banach space con-
tains a weakly convergent subsequence.



Chapter 6

Classical Solutions; the Schauder Approach

This chapter develops a theory of second order linear elliptic equations that is
essentially an extension of potential theory. It is based on the fundamental observa-
tion that equations with Holder continuous coefficients can be treated locally as a
perturbation of constant coefficient equations. From this fact Schauder [SC 4, 5]
was able to construct a global theory, an extension of which is presented here. Basic
to this approach are apriori estimates of solutions, extending those of potential
theory to equations with Holder continuous coefficients. These estimates provide
compactness results that are essential for the existence and regularity theory, and
since they apply to classical solutions under relatively weak hypotheses on the
coeflicients, they play an important part in the subsequent nonlinear theory.

Throughout this chapter we shall denote by Lu = f the equation
6.1) Lu=a"(x)D,u+b'(x)Du+c(x)u=f(x), a’=a"

where the coefficients and f are defined in an open set Q< R" and, unless other-
wise stated, the operator L is strictly elliptic; that is,

(6.2) a“(x)E & =A%, VxeQ, ¢ e R,

for some positive constant A.

Equations with constant coefficients. Before treating equation (6.1) with variable
coefficients, we establish a necessary preliminary result that extends Theorems 4.8
and 4.12 from Poisson’s equation to other elliptic equations with constant coef-
ficients. We state these extensions in the following lemma, recalling the interior and
partially interior norms defined in (4.17), (4.18) and (4.29). Here and throughout

this chapter all Holder exponents will be assumed to lie in (0, 1) unless otherwise
stated.

Lemma 6.1. In the equation

(6.3) L0u=AijDUu=f(x), A= A47%,
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let [A7] be a constant matrix such that
NP < ATEE <AE?, VEe R
Jor positive constants A, A.
(@) Let ue C*(Q), fe CXQ) satisfy Lyu=f in an open set Q of R". Then
(6.4) U} . < Clllo, o +1 /15 )
where C=C(n, a, A, A).

(b) Let Q be an open subset of R", with a boundary portion T on x,=0, and let
UeC() N CYAQUT), feCHQ U T) satisfy Lou=fin Q, u=0 on T. Then

(6.5) Iulz @ nuT\C(Iqu n+|fl(2) aut)
where C=C(n, a, A, A).

Proof. Let P be a constant matrix which defines a nonsingular linear transforma-
tion y=xP from R" onto R". Letting »(x) — () under this transformation one
verifies easily that

AYD, M(x)= A”Duu( )

where A=P‘AP (P' =P transpose). For a suitable orthogonal matrix P, A is a
diagonal matrix whose diagonal elements are the eigenvalues 4,, ..., 4, of A. If,
further, Q=PD, where D is the diagonal matrix [1 '/?§, ;], then the transforma-
tion y=xQ takes Lju=f(x) into the Poisson equation Ai(y)=f(y), where
u(x) — (), f(x) — f(») under the transformation. By a further rotation we may
assume that Q takes the half-space x,>0 onto the half-space y,>0.

Since the orthogonal matrix P preserves length, we have

ATPx < IxQ <A™ x].

It follows that if Q — @, v(x) — #(y) under the transformation y=xQ then the
norms (4.17), (4.18) defined on Q and (2 are related by the inequalities

C-llvll?,a;n < '5“:(1;5 S C|U|l’:a;n,
(6.6) k=01,2..., 0<a<l,
¢ 0180 < 101 < clol,

where c=c(k, n, A, A).

Similarly if £ is an open subset of R, with a boundary portion 7 on x,=0
which is taken by y = xQ into the set Qin R” with boundary portion T, the norms
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(4.29) in © and @ satisfy the inequalities

_.1 ~
¢ Ivl:.a;ﬂu’rslvllta;ﬁu7’<C|v|l’:a;nuT*
(6.7)

-1 k ~1(k k
4 Ivl(().)a;ﬂuT<lvl((),)a;ﬁui‘sclvlto.)a;nuT*

where ¢ is the same constant as in (6.6).

To prove part (a) of the lemma we apply Theorem 4.8 in Q and the inequalities
(6.6) to obtain

]“';.a;ngC|a|;.a;?}<c(|a|o;5+|f g’mﬁ)sc(lmo;nﬂf (Oz.’n )

which is the desired conclusion (6.4). (Here we have used the same letter C to de-
note constants depending on n, o, 4, A.)

Part (b) of the lemma is proved in the same way, using Theorem 4.12 and the
inequalities (6.7). 0O

Lemma 6.1 provides an immediate extension of the estimates on balls in
Theorems 4.6 and 4.11 from Poisson s equation to the more general equation with
constant coefficients (6.3). Of course in the latter case the constant C depends on
A, A as well as n, a.

6.1. The Schauder Interior Estimates

Our first objective in the study of the equation Lu = fis the derivation of the Schauder
interior estimates, which play an essential part in the ensuing treatment of the
existence and regularity theory. These estimates are based on the same kind of
result already obtained in (6.4) for solutions of Lyu=/.

To obtain estimates for the interior norm [u|} .. , of solutions of Lu=fin €,
it suffices to bound only |u|,. , and the seminorm [u]} .., (defined in (4.17)). That
this is so is a consequence of the following interpolation inequalities.

Let ue C*%Q), where Q is an open subset of R". Then for any ¢>0 there is a
constant C= C(¢) such that

(6.8) (] 5. o < Clulg, o+ e[} . 0
j=0,1,2; 0<a B<]1,j+pf<24a;
(69) |H|zﬂ; Q<C|u|0:ﬂ+ﬁ[u]§_mg.

These inequalities are proved in Lemma 6.32 of Appendix | to this chapter.
In order to state the Schauder estimates in a sharp form, and also for subse-
quent applications, we introduce the following additional interior seminorms and
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norms on the spaces C*(Q). C**(Q). For ¢ a real number and k a non-negative
integer we define

[/ 370 0=0/ 1= sup & ID*f(x);

xe
181 =k

Dﬂ —_D?#
[/](a) 0= Sup dk+a+a M

x, yef I‘_yla
1B1=k

O<a<l;

(6.10) )
=Y [/1%%:
j=0

1 we=/ e+ [ T s 0

In this notation, when =0 these quantities are identical with those defined in
(4.17), so that [-]'®'=[-]*and |-|'®' =} -|*.

It is easy to verify that
6.11) 1/ 50<If15a gl6 o fora+7>0.

We now establish the basic Schauder interior estimates.

Theorem 6.2. Let Q be an open subset of R", and let u € C**(Q) be a bounded solu-
tion in  of the equation

Lu=a"Dju+b'Du+cu=f.

where f € C*(Q) and there are positive constants A, A such that the coefficients satisfy

(6.12) a‘EE =g YxeQ e R
and

6.13) @’ o 1B o el o< A
Then

(6.14) U3 o< Cllulg, o +1/ (02'1 o)

where C=C(n, %, 4. A).

Proof. By virtue of (6.9) it suffices to prove the inequality (6.14) for [u]¥ . ,.and it
suffices to prove the latter for compact subsets of Q. Namely. let {Q,| be a sequence
of open subsets of @ such that Q,cQ,, ,ccQ and U Q,=Q. We have that
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[u]3 .. q, 1s finite for each i and if (6.14) holds in ©;, we may assert for any pair of
points x, y € Q. for all sufficiently large i, and for any second derivative D’u.

| D*u(x)— D*u( y)|
|x —y}*

(d.v((':)y)z e <[ ]2 a. 2, \((|u|0 0, +;, '02'1: Q,

< Clulg, o +1 /165 2)
where d{’ =min [dist (x. dQ,). dist (y. Q,)]. Letting i — co. we obtain the
inequality
|D2u(x)— D*u( 2

d2+‘a
= x —yI*

SClulg, o+ f13 0) Yx.yeQ.

which implies the same bound for [u]% . We may therefore assume in the
following that [u]% ., is finite.

For notational convenience the same letter C will be used to denote constants
depending on n, a, 4, A.

Let xo, »obeany twodistinct pointsin Qand supposed, =d,  =min (d,.d, ).
Let u <3 be a positive constant to be specified later, and setd=ud, , B= B (X))
We rewnte Lu=fin the form

(6.15) a’(x,)D;; u=(a"(xq) — d(x)D;u—b'Du— cu+f=F(x).
and we consider this as an equation in B with constant coefficients a‘f(.to). Lemma

6.1(a), applied to this equation. asserts that if y, € B, ,(x,), then for any second
derivative D’u

2

d\2** | D2u(x,) - D?
( ) ) “()’o)|<((| o, +1FlG 5):

|Xo —)’ola
and thus

|D?u(xo) = D*u(y,)l _ C

a 2
d2+ 1’(0 y0|1 \u2+1 (I |0 B+IFI‘0 L;B .

X0

On the other hand, if |x,—y | = d/2,

‘Dzu(xo)“ Dzu( yo)‘
Ixo—yol®

dg" < ) [dZ) D*u(xo)l + dy | D*u( y,)]

4
<= [u)3 0
U

so that, combining these two inequalities, we obtain

|D*u(xy)— D*u(y,)l _ C

4
(616) d30+1 |X _yola <#2+1 (lu‘0:0+|F(02.)J;B)+E[u]};;f)'
0
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We proceed to estimate |F|i7),. 5 in terms of |ul,, , and [u]} ,.,. We have

(6.17) |FI 5< Z l(@(xo) —a(x) D, ul Y, 5+ Z 1b'DulP), 5
+|C“|(02,)a;s+lf(oz.)a;3'
It will be useful in estimating these terms to have the following inequality.
Recalling that for all x € B, d(=dist (x, 3Q))> (1 —p)d, >3d, . we have for
geCi(Q)

e
(6.18) gl 5 <d? Ig]0;5+d2+°‘[g]a;3 St= )2 [g]g _—)23 9180

<412 9100+ 812 [l 0 < 8121918 0

Writing (a(x,)— a(x))D*u=(a"(x,)—a"(x))D,u for each pair i, j, we obtain
from (6.11) and (6.18)

l(a(xo) —a(x) DUl g <la(x,) —a(x)|,. | D2ul, 5
<la(xo) —a(x)lg, g(4p* (U1}, o+ 81> *[ul} . 0)-

Since

la(xo) — a(x)|g", g < sup la(xy) —a(x)| +d*[al, s <2d{a], 5

xeB
szlﬂrua[u]o " 0\4/1#

we arrive at the following estimate for the principal term in (6.17),
(6.19) Y lab(xy) —a"(x)D; ul P, g <32n> Ap? **([u]%, o+ 10 [u]% . )

ij

<3202 AR (C(Wulg, o + 20°Tu %, . ).

The last inequality is obtained by setting ¢ = x* in the interpolation inequality (6.8).
Letting bDu=»b'Du for each i, we obtain from (6.18) and (6.13)

|bDulg,, 5 <Bub DUl o <81?IBIG ), ol DUl
<8P Alul} . o <8P A(C(Wulg, o+ p2* (U},

The last inequality is obtained by setting e=u?*in (6.9). Thus we have
(6.20) "Dl R, s <8n AP (C()luly, o+ 1> [ul3 . 2)

Similarly, from (6.18), (6.11) and (6.9), we obtain

(6.21) leule, g <8l Ul < BARH(C(Wtl o, o+ 1> [u]} . 0)-
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Finally,

(2 2
622) IS a <8 f1E) 0

Letting C denote constants depending only on n, a, 4, A, and C(u) constants
depending also on y, we find after combining (6.19)—(6.22),

|F|(02.)1;B<C#2+21[“] o+ Clu)(ul,, n+lf|(2)

Inserting this into the right member of (6.16), and using (6.8) with e=u?* to esti-
mate [u]3. ,, we obtain from (6.16)

g2 |D*u(x o) — Du( y,)|

e T g =yl

SC#“[u] n+C(ﬂ)(|“|o n+lf|m

The right member of this inequality is independent of x,. y,. Taking the supremum
over all x,. y, € Q. we obtain

(413 2. o S CP[u]3 4 0+ CUOUlg, u+tﬂo .0)

We now choose and fix p=pu, so that Cu§<j;. Then we arrive at the desired
estimate

[ul} .a; o< C(lulg. !)+|f|‘02'1 o) O

The preceding form of the interior estimates for Lu=f permits the coethicients
and f'to be unbounded subject to the condition (6.1 3). In typical applications of the
interior estimates to convergence results, it suffices to know equicontinuity of
solutions and their derivatives up to second order on compact subsets. For this
purpose the following corollary is usually adequate.

Corollary 6.3. Let ue C*%Q), f € C(Q) satisfy Lu = f in a bounded domain Q
where L satisfies (6.2) and its coefficients are in C*(Q). Then if Q < < Q with
dist (', 0Q) = d, there is a constant C such that

(6.23) dlDu|o;n' + d2|D2u|o;9' + d“a[Dzu]a;n' < C(|u|0;n + |f|o.a;n)

where C depends only on the ellipticity constant A and the C*(Q) norms of the coef-
ficients of L (as well as on n, a and the diameter of Q).

Remark. An immediate consequence of this result is that uniformly bounded
solutions of elliptic equations Lu=f with locally Holder continuous coefficients
and locally Holder continuous f are equicontinuous with their first and second
derivatives on compact subsets. This is true as well for the solutions of any fumily of
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such equations with ellipticity constant 4 uniformly bounded away from zero in
compact subsets 2'< < Q and with coefficients and inhomogeneous term f having
uniformly bounded C*(22’) norms.

6.2. Boundary and Global Estimates

To extend the preceding interior estimates to the entire domain it is necessary to
have estimates that are meaningful near the boundary. These can be obtained
provided the boundary values of the solution and the boundary itself are sufficiently
smooth. In many respects the proof of these boundary estimates follows closely
that of the interior estimates.

The global estimates which are the principal goal of this section will be estab-
lished in domains of class C**.

Definition. A bounded domain © in R" and its boundary are of class C**,
0<a<1,ifateach point x, € 0Q there is a ball B= B(x,) and a one-to-one mapping
¥ of Bonto D<= R" such that:

) Y(B N QR ; (i) Y(B N IQ)<oR”; (i) ¢y e CH*B), ¥y~ 'e C¥(D).

A domain Q will be said to have a boundary portion T< 8Q of class C** if at each
point x, € T there is a ball B=B(x,) in which the above conditions are satisfied
and such that B n Q< T. We shall say that the diffecomorphism y straightens the
boundary near x,.

We note in particular that Qis a C** domain if each point of dQ has a neighbor-
hood in which 9Q is the graph of a C** function of n—1 of the coordinates
X,,...,x,. The converse is also true if k>1.

It follows from the above definition that a domain of class C** is also of class
C’# provided j+ B<k+a, 0<a, B<1.

A function ¢ defined on a C** boundary portion 7T of a domain Q will be said
to bein class C**(T)if o<y ' € C**(D n IR" ) for each x, € T. It is important to
note that if 0Q is in C**(k=>1), then a function ¢ € C**09) can be extended to
a function in C**(2), and conversely, a function in C**(22) has boundary values in
C**(0Q) (see Lemma 6.38). Hence, in what follows it is immaterial whether we
consider boundary values ¢ belonging to C**(0Q) or C**(Q).

It is also possible to define a boundary norm on C**), in various ways. For
example, if ¢ € C**(3Q) let @ denote an extension of ¢ to @ and define ||| cx. s, =
infg || @] cx. <) Where the infimum is taken over the set of all global extensions &.
Equipped with this norm, C** Q) becomes a Banach space. In this work we shall
not use boundary norms for functions on curved boundaries but instead we
generally consider a boundary function as the restriction of a globally defined
function with its appropriate norm.

In obtaining boundary estimates for Lu=/ in domains with a C?*a>0)
boundary portion we first establish such an estimate in domains with a hyperplane
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boundary portion. For this purpose we use the following interpolation inequality,
analogous to (6.8), (6.9). For its statement we recall the partially interior norms and
seminorms defined in (4.29).

Let Q be an open subset of R", with a boundary portion T on x,=0, and assume
ue C**(Qu ). Then for any £> 0 and some constant C(€) we have

(6.24) (ulf paurs Culg,q+elul3 oot

j=0,1,2; 0<a, f<],j+p<2+q;

(6.25) [} .00 1< Qulg, o +elul} oo r-

These inequalities are proved in Lemma 6.34 of Appendix | to this chapter.
We can now assert the following essential local boundary estimate.

Lemma 6.4. Let Q be an open subset of R",, with a boundary portion T on x,=0.
Suppose that ue C**(Q u T) is a bounded solution in Q of Lu=f satisfying the
boundary condition u=0 on T. In addition to (6.2) it is assumed that

(626) Iaijl(()(?z;ﬂu T |bi|(01.)a;nu7" lc‘(()z.)z;ﬂu T SA’ If (02.)1;QUT <0.
Then
(627) ’ulg‘z;ﬂuTsc(lulo;ﬂ*_lf (Oz.z)zzﬂu T)

where C=C(n, o, A, A).

Proof. The proofisidentical with that of Theorem 6.2 if in the latter d_ is replaced
byd,and Lemma 6.1(a) and the inequalities (6.8), (6.9) are replaced when necessary
by Lemma 6.1(b) and the inequalities (6.24), (6.25). O

This lemma provides a bound on the first and second derivatives of « and
the Holder coefficients of its second derivatives in any subset Q'< Q for which
dist (Q', 02— T)>0. In particular Q' may contain any portion of T at a non-
zero distance from Q- T.

In order to extend the preceding lemma to domains with a curved boundary
portion, we introduce the relevant seminorms and norms, in obvious generaliza-
tion of (4.29). Let Q be an open set in R" with C** boundary portion 7. For
X, y € Q we set

d, = dist (x, 0Q2-T), dw =min (d,, d,)
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and for functions u € C**(Q U T) we define the following quantities:

[ulf o.00 r=[ulk oL r=sup dYDPu(x), k=0,1,2,...;
xefN
1Bl=k

|DPu(x) — DPu(y)|
[u]‘ta;ﬂuT= sup a::a ) 4 0<a<1,

x — 1 €
(6.28) xyea x=)

k

[ulg 0.0 =1l oo r= ) (u)f oo
=0

lulf oo r=luléaur+ U saor:

U)o, r= sup d*ju(x)|+ sup d}3° M)—)I
xeN x, yef2 Ix-yl

When 7=¢ and Q u T={, these quantities reduce to the interior seminorms and
norms already defined in (4.17) and (4.18).

Let Q be a bounded domain with C** boundary portion 7, k=1, 0<a<]1.
Suppose that Q< < D, where D is a domain that is mapped by a C** diffeomor-
phism ¥ onto D'. Letting ¢(Q)=Q and y(T)=T", we can define the quantities in
(6.28) with respect to Q" and 7. If x'=y(x), y'=¢( y), one sees that

(6.29) K x—y<Ix =y |<Klx—}]|
for all points x, yeQ, where K is a constant depending on ¢ and Q. Letting

u(x) — ii(x’) under the mapping x — x', we find after a calculation using (6.29): for
0<j<k, 0B, j+ <k +a,

K 'ux)j 0  <UX)jpo < KluX)j g0
(6.30) K™ Nu()} goor < 1) S gioor < KU} ga0rs
K_llu(x)lg’a;ﬂur < la(x/)lg)p;n'ur' < Klu(x)lg")ﬂ;ﬂu'r'

In these inequalities K denotes constants depending on the mapping ¥ and the
domain .
Lemma 6.4 can now be applied together with (6.30) to obtain a local boundary

estimate for curved boundaries. For this it is convenient to use the global norms
(4.6).

Lemma 6.5. Let Q be a C** domain in R", and let u e C* %) be a solution of
Lu=fin Q, u=0 on 0Q, where fe€ CQ). It is assumed that the coefficients of L
satisfy (6.2) and

(6.31) |aij|o.z;n- |bi|o‘a;nv Ielo, oS4
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Then for some & there is a ball B= By(x,) at each point x, € 0Q2 such that

(6.32) U3 . 5noSCllul. o+ flo 2 a)
where C=C(n, a, 4, A, Q).

Proof. By the definition of a C?:* domain, at each point x,, € 02 there is a neigh-
borhood N of x, and a C? * diffeomorphism that straightens the boundary in N.
Let B (x))= =N and set B'=B,(x,)nQ, D'=y(B'), T=B,(x,) N QcdB
and T'=y(T)< oD’ (T’ is a hyperplane portioll of éD’). Under the mapping
y=¥(x)=(x), ..., ¥, (x)), let #( y)=u(x) and Li( y)= Lu(x), where

Li = a"Dja+b' D+ i=f(y)

and

lj/al/! as Rif 2y
e a0 B=

2
6 Wi rS(x)+ad/

4
()= &x,0x, ax

lbr(x)
Ap)=cx),  f(y)=f(x).
We observe that in D’

NG <aiEg, VEeR,

where
(6.33) I=1/K

for a suitable positive constant K depending only on the mapping y on B’. By virtue
of (6.30) we have also (for appropriate choice of K in (6.33))

(634) |&U|0‘1;D" |5i|0,a;D‘v IElo,a;D’ S/T:KA* |f|0 1;D'< 0.

Thus the conditions of Lemma 6.4 are satisfied for the equation Lii=fin D’ with
the hyperplane portion 7’. We can therefore assert

|13 oo < Cilo;p + | f 1% por)

where the constant C=C(n, a, 4, A). It follows from (6.30) that

|ul3, % B uT\C(lulo B +‘f|(02)z;3'uT)<C(|“|0;B'+|f|o,a;B')
SC(lulo;n“*‘|f|0,a,;n)a

where C now depends onn, a, 4, A and B'. Letting B" = B,5(x,) N 2and observing
that

min (1, (p/2)***)ul; ,. 5 <|Ul} 5 o1s
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we obtain

(6.35) |3, 2,5 < Clltl g, 0+ 1o, 00)-

The radius p appearing in the previous estimates depends in general on the
point x, € 6Q. Consider now the collection of balls B, (x) for all x € 0Q. A finite
subset B, ,(x;), i=1,..., N, of this collection covers dQ2. Let =min p,/4 be
the minimum radius of the balls in this finite covering. We assert that for this J the
conclusion of the lemma is true. Namely, let C, be the constant in (6.35) correspond-
ing to x;, and let C=max C;. Consider any point x, € 6Q2 and the ball B,(x,). For
some i we must have x, € B, ,(x;) and hence B=By(x,)<B, ,(x;)=B;. From
(6.35) we obtain the desired conclusion

U3, 5,80 2SNy 4,8, A S Clllg o +1flo,4,02)
where C dependson n, a, A, A, and Q. 0O

We remark that in the preceding lemma the dependence of the constant C on the
domain Q is through the constant K in (6.30), (6.33) and (6.34). and X in turn
depends only on the C 2**bounds on the mapping ¥ which defines the local represen-
tation of the boundary Q. If the bounds on the mapping ¥ can be stated uniformly
over the boundary (which is always possible for C?'* domains), then K can replace
Qin the statement of the estimate (6.32) and the domain 2 may also be unbounded.

The principal result of this section is the following apriori global estimate for
solutions with C?'* boundary values defined on C?'* domains.

Theorem 6.6. Let Q be a C** domain in R" and let ue C**Q) be a solution of
Lu=f in Q, where fe C*(Q) and the coefficients of L satisfy, for positive constants
A, A,

aEL =N VxeQ teR,
and

a1y, 4.0 16'l0,4:0+ 1o, 52 < 4.
Let ¢(x) € C**(Q), and suppose u= @ on 0Q. Then
(6.36) ltl3, 0. @< Clltlo, 0+ 1012 0.0+ 1 flo. ai02)
where C=C(n, a, A, A, Q).
Proof. It suffices to prove the theorem for the case u=0o0n ¢Qand ¢ =0. Namely,

if we set v=u-—¢, then v=0o0n éQ and Lv= f— Lo=/f" e C*Q). The conclusion
(6.36), applied to v with ¢ =0, asserts

Ivlz.a;ﬂS C(Iv|0;9+lf,,0.a;ﬂ)'
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Since [Lol, ,.o< Clol, ,.q0. 1t follows

|u|2‘a;{)<|v[2,a;ﬁ+|(p|2,a;9< C(|u!o;n+|(/’|2‘¢;n+|f|o,¢;n)

as asserted in the theorem. In the remainder of the proof we assume u=0 on ¢Q.

Let x € Q. We consider the two possibilities: (i) x € By= B, (x,) N 2 for some
xo€?Q, where 6=2¢ is the radius in Lemma 6.5; (i) xeQ,=|xeQ]|
dist (x, 0Q)>a|. In case (1) Lemma 6.5 implies that

(6.37) | Du(x)| +|D*u(x)| < Cllulg+1 fo,)-

(Here and in the following we omit the subscript Q without ambiguity.) In case (ii)
we obtain the same inequality, with a different constant C, from Corollary 6.3 after
setting d=¢ in (6.23). Choosing the larger of the two constants C, we may assume
(6.37) for any point x in , and hence for |u|,.

Now let x, y bedistinct points in and consider the three possibilities : (i) x, y € B,
for some x; (ii) x, y € _; (iii) x or y is in 2 —Q_but not both x and y are in the
same ball B, for any x,. These exhaust all possibilities. We consider the Holder
quotient |D?u(x)— D*u( y)|/|x —v|*. In case (i), Lemma 6.5 gives the inequality

D*u(x)~ D*u( y ‘
L_’f%{#ﬂgcl(luloﬂﬂo.a)'

In case (ii) we obtain the same inequality, with a different constant C,, from
Corollary 6.3. In case (iii), dist (x, ) >, so that

D2 5 _DZ '
|‘lex)—“vl_’ﬁ(ﬂ<a‘1q02u(x)|+|D’u(y)|)

< Cy(lulg+1/fl..) by (6.37).

Letting C=max (C,, C,, C,), and taking the supremum over all x, y € Q, we
obtain

[D*u], < Clluly+111,.,)-

Combining this result with the bound for [u], given by (6.37), we get
lul; < Cllulg+111o,4)s

which establishes the theorem. 0O

Remark. The typical application of Theorem 6.6 concerns a set of solutions of an
equation or family of equations, each solution satisfying a uniform estimate (6.36).
The boundedness of the set of solutions in C 2-*(Q) then assures their precompactness
in C*Q); (see Lemma 6.36).
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A simple modification of the argument in Theorem 6.6 yields the following local
estimate in domains with a C?'* boundary portion.

Corollary 6.7. Let Q< R" be a domain with a C** boundary portion T ¢Q. Let
ue C2*Q u T) be a solution of Lu=fin Q, u=¢ on T, where L and f satisfy the
conditions of Theorem 6.6, and ¢ € C**Q). Then, if x,€ T and B=B,(x,) is a
ball with radius p <dist (x,, 02— T), we have

(6.38) Ul;, 4,82 SClulo, 0+ 1015 5.0+ flo, 2 0)s
where C = C(n, a, A, A, B n Q).

It is a straightforward matter to extend the estimates of this and the preceding
section to equations whose coefficients and inhomogeneous term are in C** where
k>0; (see Problems 6.1, 6.2).

6.3. The Dirichlet Problem

We consider the Dirichlet problem for Lu=fin a bounded domain Q of R". Our
procedure for solving this variable coefficient equation is to reduce it to the case
of constant coefficients by the method of continuity (Theorem 5.2). Briefly sum-
marized, this method as applied here starts with the solution for Poisson’s equation
Au=fand then arrives at a solution for Lu={through solutions for a continuous
family of equations connecting Au=fand Lu=/.

We treat first the Dirichlet problem for sufficiently smooth domains and
boundary values. In this case the connection between the solvability of Poisson’s
equation and of Lu=fwhen ¢ <0 is contained in the following theorem.

Theorem 6.8. Let Q be a C** domain in R", and let the operator L be strictly
elliptic in Q with coefficients in C*Q) and with ¢ <0. Then if the Dirichlet problem
for Poisson’s equation, Adu=f in Q, u=¢ on ¢Q, has a C**Q) solution for all
fe CxRQ) and all p € C**Q), the problem,

(6.39) Lu=finQ, u=q on 09,
also has a (unique) C* *(Q) solution for all such f and ¢.

Proof. By hypothesis we may assume that the coefficients of L satisfy the
conditions

}*lélz saijéiéj VxeQ, {eR",
Iaijlo.z’ IbiIO.a’ |C|0,1<A’

(6.40)
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with positive constants 4, A. (In writing norms, we omit the subscript Q, which will

be implicitly understood.) It suffices to restrict consideration to zero boundary

values, since the problem (6.39) is equivalent to Lv=f— Lo =f"in Q, v=0on éQ.
We consider the family of equations,

(6.41) Lu=tLu+(1-ndu=f, 0<:<1.
We note that Ly=4, L, =L, and that the coefficients of L, satisfy (6.40) with
A,=min (1, 4), A,=max (1, A).

The operator L, may be considered a bounded linear operator from the Banach
space B,={ue C**()|u=0 on 0Q} into the Banach space B,=C*). The
solvability of the Dirichlet problem, Lu=fin Q,u=0o0n Q, for arbitrary f € C*(Q)
is then equivalent to the invertibility of the mapping L,. Let u, denote a solution of
this problem. By virtue of Theorem 3.7, we have the bound

lulo<Csup | fISASflo
Q

where C depends only on A, A and the diameter of 2. Hence from (6.36), we have
(6.42) |tz o < C flo,
that is,

lullg, <CllLulg,,

the constant C being independent of 1. Since, by hypothesis, L, =4 maps B, onto
B,, the method of continuity (Theorem 5.2) is applicable and the theorem
follows. 0O

The preceding theorem presupposes the solvability in C2-*(Q) of the Dirichlet
problem for Poisson's equation when Q and the boundary values are in class C2*.
Although this result-—Kellogg’s theorem—can be established independently by
potential theoretic methods, we shall not assume it or prove it here, but rather
derive it later as a consequence of elliptic theory. However, in the special case that
Q is a ball, Kellogg's theorem has already been proved, in Corollary 4.14. This
provides the following existence theorem for balls.

Corollary 6.9. In Theorem 6.8 let Q be a ball B, and let the operator L satisfy the
same conditions as in that theorem. Then if f € C*(B) and ¢ € C?'*(B), the Dirichlet
problem, Lu=fin B, u= ¢ on 0B, has a (unique) solution u € C**(B).

The conditions on the boundary data can be weakened to give the following
generalization, which will be useful later.
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Lemma 6.10. Let T be a boundary portion ( possibly empty) of a ball B in R", and
let € C°(0B) n C**(T). Then if L satisfies the conditions of Theorem 6.8 in B and
fe C¥B), the Dirichlet problem, Lu=f in B, u=¢ on 0B, has a (unique) solution
ueC*¥BuT)n C%B).

Proof. Letx, € Tif Tisnon-empty. We can assume that the boundary function ¢
is continued by radial extension to a function ¢ € C°(B’) n C?*G), where B’ is a
ball containing Band G = B (x,)< < B';(see Remark 2after Lemma 6.38). Let {0}
be a sequence of sufficiently smooth (say C?) functions in B’ such that

(6.43) oy —log— 0 and @y, ,.c<C@l; 46 ask— oo,

where C is a constant independent of k. (For the existence of such an approxima-
tion see the discussion after Lemma 7.1.) For each & let u, be the corresponding
solution of the Dirichlet problem, Lu=/ in B, u=¢, on dB. By Corollary 6.9 the
functions u, are known to exist in C >*(B). From the maximum principle it follows
that the sequence {«,} converges uniformly to a function u € C°(B) such that u=¢
on 0B. The compactness of {u,} provided by Corollary 6.3 assures that this
sequence converges to a solution of Lu=f on compact subsets of B and hence the
limit function u is a solution in B lying in C°(B). Furthermore, by Corollary 6.7, in
D=B,,(x,) N B the functions y, satisfy the estimate

2,00 < Clluglo,s + 10kl2,0:6 + | o, 8)-

It follows from (6.43) and Arzela’s theorem that u satisfies such an estimate in D

(with ¢ replacing ¢, ) and in particular that u € C* % D). Thusu € C**%B u T)and
the lemma is proved. 0O

We note especially that the preceding lemma provides a solution of the Dirichlet
problem in balls when the boundary values are only continuous; the solution is
then in class C%B) n C**%(B).

It is now possible to imitate the Perron method of subharmonic functions of
Chapter 2 and to extend the results obtained there for harmonic functions to the
Dirichlet problem for Lu = f. A function ue C°(£2) will be called a subsolution
(supersolution) of Lu = f in Q if for every ball B « = Q and every solution v
such that Lv = fin B, the inequality u < v(u = v)ondBimpliesalsou < v(u = v)
in B. If we suppose that L satisfies the strong maximum principle and that the
Dirichlet problem for Lu = f is solvable in balls for continuous boundary values,
then subsolutions and subharmonic functions are seen to share many of the same
properties. In particular, we assert the following propositions without proof, the
details being essentially the same as for subharmonic functions. When f and the
coefficients of L are in C*%(£2), with ¢ < 0, we need only observe that in the proofs
Theorem 3.5 and Lemma 6.10 replace Theorems 2.2 and 2.6, respectively.
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(i) A function u € C*(Q) is a subsolution if and only if Lu>f.
(ii) If u is a subsolution in a bounded domain Q and » is a supersolution such
that v >u on dQ, then either v >u throughout Q or v=u.
(ili) Let u be a subsolution in 2 and B a ball such that B< Q. We denote by i
the solution of Lu=fin B satisfying the condition #=u on JB. Then the function
U defined by

_ u(x), xeB
U(x)_{u(x), xef-B

is a subsolution in Q.
(iv) Let u,, u,,...,uy be subsolutions in 2, then the function u(x)=
max {u,(x), uy(x), ..., uy(x)} is also a subsolution in Q.

In (1), (iil), and (iv) corresponding statements can obviously be made for
supersolutions.

Now let Q be a bounded domain and ¢ a bounded function on Q. A function
u € C%82) will be called a subfunction (superfunction) relative to ¢ if uis a subsolution
(supersolution) in 2 and u< ¢ (1= @) on 09Q. By (ii) above every subfunction is less
than or equal to every superfunction. We denote by S, the set of subfunctions in
Q relative to ¢. Let us assume that S, is non-empty and is bounded from above.
This is the case, for example, when L is strictly elliptic in Q and its coefficients and
S are bounded. Namely, if 2 lies in the slab 0 < x, <d, then the functions

vt = sup || +(e” —e?™) S—l%m

(6.44)

v” = — sup |@| — (e —e’*) iu—p%ﬁ

are respectively superfunction and subfunction if the positive constant 7y is suffi-
ciently large; (see Theorem 3.7). The superfunction v* provides an upper bound for
the functions of S, and the existence of the subfunction v~ assures that S, is
non-empty.

We can now assert the basic existence result of the Perron process for Lu = f,
assuming that f and the coefficients of L are in C*2) and that ¢ < 0.

Theorem 6.11. The function u(x)= sup v(x) lies in C**Q) and satisfies Lu=f
veS,

in Q provided u is bounded.

The proof differs only in minor details from that of Theorem 2.12 and is left to
the reader. We call attention to the fact that the compactness of solutions required
in the proof is provided by the interior estimate of Corollary 6.3, and that the
appropriate form of the maximum principle in the argument is given by Theorem 3.5.
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We wish now to determine conditions that the solution defined in Theorem 6.11
assumes the boundary values ¢ continuously. As in the case of harmonic functions,
this problem can be treated by means of the barrier concept, which we define for
Lu=f with ¢<0 in a bounded domain Q. Let ¢ be a bounded function on 9%,
continuous at x, € dQ2. Then a sequence of functions {w;(x)} ({w (x)}) in
C°Q) is an upper (lower) barrier in Q relative to L, f, and ¢ at x, if:

(1) w;(w;) is a super(sub)function relative to ¢ in Q;
(i) wi(xo) = @(xo) as i — co.

If both an upper and lower barrier exist at a point, it will be convenient to speak
simply of a barrier at the point.
The basic property of barriers is contained in the following:

Lemma 6.12. Let u be the solution of Lu=f in Q defined by Theorem 6.11, where
@ is a bounded function on 0Q, continuous at x . If there exists a barrier at x, then
u(x) — @(x,) as x — x,.

Proof. From the definition of « and the fact that every subfunction is dominated
by every superfunction, we have for all i,

w(x)<u(x)<w; (x) in Q.
For any ¢ > 0 and all sufficiently large i, condition (ii) above implies

lim w, (x)>@(x,)—¢, lim w(x)<@(x,)+e.

X~ x0 x = Xxgo
It follows that

lim sup |u(x) —@(x,) <e,

x = xg

and hence we conclude u(x) — @(x;) as x — x,. 0O
We amplify on the barrier concept with the following remarks.

Remark 1. Inmany cases of interest the special structure of the equation simplifies
the determination of a barrier. Thus, if ¢=0, f=0 in the equation Lu=/, the
situation is the same as for Laplace’s equation in that a barrier at x, is determined
by a single supersolution w e C%) with the property that w>0 on dQ— x,,
w(x,)=0. To see this, let ¢ >0; then by the boundedness of ¢ and its continuity at
X, there is a positive constant &, such that

wl=o(xo)+e+kw,  w =@(xo)—e—kw

are respectively superfunction and subfunction in Q with respect to ¢, and obviously
wE(xo) = @(x,) as ¢ — 0. Thus the family w?(x) determines a barrier.
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To consider another class of equations, let fand the coefficients of L be bounded
in Q. Again a single function w e C%Q) n C*(Q) determines a barrier at x,, if
it satisfies the conditions: (a) Lw< —1 in £; (b) w>0 on 0Q—x,, w(x,)=0.
Namely, given ¢>0, then as above there is a positive constant k, such that

@(xy) +e+k w(x) = @(x), o(xy) —e—kw(x)<ep(x) on Q.
If now we set k= max (k,, sup | f—c(x,)|), the functions
o]

wh=o(xg)+e+kw, w =@(x,)—e—kw

are respectively superfunction and subfunction and define a barrier at x,. In fact,
w 2@, w, <@ on R, and since Lw< —1,

Llo(xy) + e+ kwl<c(@(xy) +€)—k, <co(xo) — k. <f;

similarly, L[¢(x,)—¢&—k,w]>/, and hence the family w} determines a barrier
with respect to ¢ at x,,.

When, as in the above cases, a barrier at x, is constructed from a fixed super-
solution w of Lu=0 depending only on L and the domain, we shall say that w
determines a barrier at x,,.

Remark 2. The above definition of barrier is often difficult to apply, since it
requires the construction of global sub- and supersolutions defined over all of Q. It
may then become necessary to find local barriers to achieve the desired results. To
motivate the definition of this concept, let M* (M ™) be an upper (lower) bound for
a solution in 2 whose boundary behavior is being studied at a point x, € 6Q2. Thena
sequence of functions {w; (x)} ({w, (x)}) is a local upper (lower) barrier relative to
L,f, ¢ and M™(M") at x,, if there is an open neighborhood A4~ of x,, such that:

(i) w;*(w;") is a super (sub) solution in A" N Q;
() w' =9 (w7 <¢) on AN naQ;
(i) wZM* (w <M )onQn N,
(iv) wi(x,) — @(x,) asi— oo.

(In particular, if Q<= 4", the functions w;® define a barrier at x,, in the previous
global sense and condition (iii) can be omitted.) One sees immediately that if the
solution u defined in Theorem 6.11 satisfies |u| < M in 2, then Lemma 6.12 remains
valid if there exists a local barrier at x,, with respect to the bounds + M. Later in this
work local barriers will play an important part in the study of boundary behavior of
solutions.

Remark 3. The same argument as in Lemma 6.12 shows that a barrier determines
a modulus of continuity at the boundary for any solution assuming its boundary
values continuously. Thus in the cases considered in Remark 1, if « is a bounded
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solution of Lu=f such that u(x) — ¢(x,) as x — x,, we have for any e>0and a
suitable positive constant k,

[u(x)— @(xo)| <e+kw(x) in Q.

If w determines a local barrier at x,, the same inequality holds in a fixed neighbor-
hood of x,, (independent of &).

For the equation Lu=/, as for Laplace’s equation, the existence and con-
struction of barriers is closely connected to the local properties of the boundary. To
illustrate by an example of interest in later application, let L be strictly ellipticin a
bounded domain Q, with ¢ < 0, and let f and the coefficients of L be bounded.
We suppose that Q satisfies an exterior sphere condition at x,€ 0Q,so that Bn 2 =
x, for some ball B = Bg(y). We show that the function

(6.45) w(xX)=t(R™7—r"7), r=|x—},

satisfies Lw< —1 in Q for suitable positive constants t and ¢ and hence (by
Remark | above) w determines a barrier at x,,. Taking y =0 for convenience, we
have from (6.40) and the fact that ¢ <0, for x € Q

L(R™°—r ) <or™° %[ —(0+ 2)a"x,x;+ r}(Za" + b'x;)]
<or " —(0+2)A+(Za' +b'x)].

Since Q and the coefficients of L are bounded, the right member is negative and
bounded away from zero provided o is sufficiently large. Hence, for suitably large
tand o, Lw< — 1, as asserted.

Thus, under the above assumptions on the equation Lu=/, a bounded domain
Q satisfying an exterior sphere condition at every point x, € ¢Q, (e.g. any C?
domain), has a barrier at every boundary point, and Lemma 6.12 is applicable
whenever the prescribed boundary values are continuous. Combining this fact
with Theorem 6.11, we are led to the following general existence theorem.

Theorem 6.13. Let L be strictly elliptic in a bounded domain Q, with ¢<0, and let
Sfand the coefficients of L be bounded and belong to C*(2). Suppose that Q satisfies an
exterior sphere condition at every boundary point. Then, if ¢ is continuous on 0S2, the
Dirichlet problem,

Lu=finQ, u=¢ondQ,
has a (unique) solution u € C°(Q) n C**(Q).
The preceding theorem can be extended to more general domains. In particular,

under the same hypotheses on L and f, it can be proved for domains satisfying an
exterior cone condition (see Problem 6.3).
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If the hypotheses of this theorem are strengthened so that fand the coefficients
of L arein C*), it can be shown that the domains for which the Dirichlet problem
is solvable for continuous boundary values are precisely the same for both the
Laplace operator and L (see Notes).

We turn now to the question of global regularity of the above solutions when
the boundary data are sufficiently smooth. We have seen that under the hypotheses
of Theorem 6.8 the solution of the Dirichlet problem for Lu=f lies in C**Q)
provided the same result (Kellogg’s theorem) is true for Poisson’s equation. We pro-
ceed now to prove this regularity theorem directly from the results of this section.

Theorem 6.14. Let L be strictly elliptic in a bounded domain Q, with ¢<0, and
let [ and the coefficients of L belong to C*(Q). Suppose that Q is a C** domain
and that ¢ € C**Q). Then the Dirichlet problem,

Lu=finQ, u=¢ oniQ,
has a (unigue) solution lying in C**(9).

Proof. Since the hypotheses of Theorem 6.13 are satisfied, let u be the corre-
sponding solution of the Dirichlet problem. We know from Theorem 6.13 that
ue C%R) n C**Q),soit remains only to show that at each point x,, € 0Q, we have
ue C*%D n Q), where D is some neighbourhood of x,,. Since Qis a C2-*domain,
there is a neighborhood N of x,, that can be taken by a C** mapping y = y(x) with
C?** inverse into a neighborhood N in such a way that (N n Q) contains the
closure of a ball B, and a portion 7 of N n Q2 containing x, is mapped by ¢ into a
boundary portion T of B. Under this mapping the equation Lu(x)=f(x) transforms
into an equation Lii( y)=f( ») defined in B. Because of the C?* character of the
mapping. we have ¢ — ¢ € C**B). and L and f satisfy the same hypotheses in
Bas L and fdo in Q; that is, L is strictly elliptic in B, with <0, and fand the
coefficients of L are in C*(B); (see Lemma 6.5.). Consider then the solution » of the
Dirichlet problem, Lv={ in B, v=ii on dB. Since i=@ on T < éB, we have
that e C°0B) n C*%T) on 8B. Hence, by uniqueness for the Dirichlet
problem and by Lemma 6.10 it follows #=v € C%B) n C**B u T). Returning
to Q,let D'=y ~}(B). We see thatu e C** D' u T), and since X, was arbitrary on
09, we conclude that u e C**(Q). O

The preceding result can be extended to conditions of lower regularity of the
coefficients, domain and boundary values (see Notes).

If the operator L does not satisfy the condition ¢ <0, then, as is well known
from simple examples, the Dirichlet problem for Lu=/no longer has a solution
in general. However, it is still possible to assert a Fredholm alternative, which we
formulate as follows.

Theorem 6.15. Let L=a"D,;+b'D;+c be strictly elliptic with coefficients in
C*Q) in a C** domain Q. Then either: (a) the homogeneous problem, Lu=0 in
Q,u=00n0Q, has only the trivial solution, in which case the inhomogeneous problem,
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Lu=finQ,u=q in 0Q, has a unique C**(Q) solution for all fe C*(R), p € C>%):
or (b) the homogeneous problem has nontrivial solutions, which form a finite
dimensional subspace of C*%(Q).

Proof. We have seen that under the stated assumptions concerning f and ¢, the
inhomogeneous problem, Lu=fin Q, u=¢ on 09, is equivalent to the problem
Lv=f—L¢, v=0 on Q. We shall therefore consider the Dirichlet problem with
only the homogeneous boundary condition, ¥=0 on 99, and it will suffice to
restrict the operator L to the linear space

B={ue C*»*Q)| u=0on iQ}.

Let o be any constant such that ¢ >sup c, and define the operator L,=L —g.
2

Then, by Theorem 6.14, the mapping
L,:B - CYQ)

is invertible. Furthermore, the inverse mapping L', by the estimate (6.36) and
Theorem 3.7, is a compact mapping from C*£) into C%() and hence is also
compact as a mapping from C*() into C*(). Consider then the equation

(6.46) u+ol'u=L]"'f, feC¥Q),

inwhich L, !: C*%(Q) — C*R)iscompact. By Theorem 5.3 on compact operators in
a Banach space, the alternative applies and (6.46) always has a solution u € C*(Q)
provided the homogeneous equation u +¢L; 'u=0 has only the trivial solution
u=0. When this condition is not satisfied, the null space of the operator /+ L'
(I=identity) is a finite dimensional subspace of C*(Q) (Theorem 5.5).

To interpret these statements in terms of the Dirichlet problem for Lu=f/,
we observe first that since L, ' maps C*) onto B, any solution u € C*() of
(6.46) must also belong to B. Hence, operating on (6.46) with L_ we obtain

(6.47) Lu=L(u+oL;'u)=f, ue®B.

Thus, the solutions of (6.46) are in one-to-one correspondence with the solutions of
the boundary value problem (6.47), and we can therefore conclude the alternative
stated in the theorem. 0O

The importance of the alternative for the Dirichlet problem is that it shows
uniqueness to be a sufficient condition for existence. We remark that by virtue of
Lemma 6.18 (to be proved in the next section), the C?*(Q) solutions of Lu={ are
also in C2'*(2), and hence the null space of L in C*(Q) is also finite dimensional.
We note also that Theorem 5.5 implies that the set 2 of real values o for which the
homogeneous problem, Lu—ou=0, u=0 on 9Q, has nontrivial solutions is
at most countable and discrete. Furthermore (by Theorem 5.3), if o¢ X, any
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solution of the Dirichlet problem L u=fin Q, u=¢ on 0%, satisfies an estimate

Iulz_as C(l¢12a+|f|01)

where the constant C is independent of u, fand ¢.

6.4. Interior and Boundary Regularity

In the preceding sections the inhomogeneous term fand the coefficients of L were
assumed to be C* functions and the corresponding solutions of the equation Lu=f
were in class C%'*. We now investigate the higher regularity properties of the
solutions in their dependence on the smoothness of fand the coefficients of L. The
global regularity of the solutions will depend as well on the smoothness of the
boundary and the boundary values.

First we show that any C? solution of Lu=f must also be in class C2-*if fand
the coefficients of L are in C?.

Lemma 6.16. Let u be a C*(R) solution of the equation Lu=f in an open set 8,
where f and the coefficients of the elliptic operator L are in C*(Q). Thenu e C**Q).

Proof. It obviously suffices to prove u € C**(B) for arbitrary balls B< < Q. Let
B be such a ball and in B consider the Dirichlet problem for v:

(6.48) Lyw=d"D,p+b'Dp=f=f—cu, v=uondB.

Since, by hypothesis, u € C%(B), we have that /" and the coefficients of L, are in
C*B). Hence, by Lemma 6.10, there is a solution v of (6.48) lying in C?**%(B) n C°(B).
By uniqueness we infer that the solutions v and v of (6.48) are identical in B and
thusue C*%B). O

We note that the preceding result and those that follow in this section make no
assumption concerning the sign of the coefficient c.

The above lemma and the Schauder interior estimates yield the following
interior regularity theorem.

Theorem 6.17. Let u be a C*(Q) solution of the equation Lu=f in an open set Q,
where fandthe coefficients of the elliptic operator Lare in C**(Q). Thenu e C**2-%(Q).
If f and the coefficients of L lie in C *(Q), then u € C*(Q).

Proof. By Lemma 6.16 the theorem is established for k =0. We now prove it for
k=1. Let v be a function on Q and denote by e, (/=1,. ... n) the unit coordinate
vector in the x, direction. We define the difference quotient of v at x in the direction
e, by

v(x+he)— v(x)_

A'v(x) = Ahv(x) = P
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Taking the difference quotients of both sides of the equation
Lu=d"D;u+b'Du+cu=f

we obtain

(6.49) L(A"w)=d"D,;A"u+ b'D,A"u+ cA"u= F\(x)
= A"f—(4"a")D,ji— (4"6')D,ii — (4" Y, ii=u(x+ he,).

All the difference quotients in this equation are assumed taken at x € Q in the
direction e, for some /=1, .. ., n. Since fe C' %) and

1 1
1 pd
A'ﬂx)=gfzf(x+the,) dt= fD,f(x+the,) dt,
0 0

one sees that 4"fe C*(Q’) in any subset Q'< = Q for which |4 <dist (Q', éQ). In
particular, if Band B"are balls in Qsuch that B'c Bc < Qanddist(B’,0B)=h,>0,
then 4"f € C*(B')for0 < |h| < hy,and thereisauniformbound:|4%f |, ,. p < const
independent of 4. Similar bounds hold for the difference quotients A4*a", A"b', A"c,
which also belong to C*B’). Since u € C*'*Q) (by Lemma 6.16), it follows that
F,e C*B’) for |h|<h, and, furthermore, |F,|, ,. 5 <const independent of A.
Observing also the bound, sup |4"4| <sup |Du|, we can infer from the interior
B’ B

estimates of Corollary 6.3 that the set of functions A4*x and their first and second
derivatives D, A"u, DU.A"u, (i,j=1,...,n), are bounded and equicontinuous on
any ball B”c < B’, and hence every sequence in these sets contains a uniformly
convergent subsequence on B”. Since 4ju — Du as h — 0, we may therefore assert
that D,;Afu — D uas h — 0 and that u € C*-*(B"). Since B” could be an arbitrary
ball having its closure in €, we infer that u € C3-*(§2), thereby proving the theorem
for k=1.

To prove the theorem for k > 1, we proceed by induction on . Under the stated
hypotheses on L and f we may accordingly assume that ue C**!%(Q), and we
wish to show that u € C**2-%(Q). Since f and the coefficients of L are in C**Q),
the equation Lu=/f may be differentiated k— 1 times, and this yields an equation
Li=f, where ii= D’u for some index B such that |§|=k—1, and where f equals
D*f plus a sum of terms which are products of derivatives of the coefficients of
order <k —1 and of derivatives of u of order <k. Thus fe C'-*(Q). By the same
argument as above for k=1, we see that i e C**() and hence u € C**2-%(Q), as
claimed in the theorem. The final assertion concerning solutions in C *(£2) follows
immediately. 0O

It is also the case that if f and the coefficients of L are real analytic functions,
then any solution of Lu=f is likewise analytic. For the proof we refer to the
literature (e.g. [HO 3]).

To be able to assert analogous regularity properties up to the boundary, it is
obviously necessary that the boundary itself and the boundary values of the



6.4. Interior and Boundary Regularity 111

solution be sufficiently smooth. To establish the appropriate results on regularity
up to the boundary we first prove an analogue of Lemma 6.16.

Lemma6.18. Let Qbe adomainwitha C? * boundary portion T,andlet p € C**(Q).
Suppose that u is a C°%(Q) n C¥Q) function satisfying Lu=fin Q, u=¢ on T,
where f and the coefficients of the strictly elliptic operator L belong to C*(Q). Then
ue C*¥QuT).

Proof. Since T is a C** portion of 0%, it is possible to find at each point x, of
T a boundary neighborhood 7' = T and a C?* domain D in Q such that x, €
T'cdD. In addition, D can be chosen so small that Corollary 3.8 is applicable
and hence the Dirichlet problem for Lu=f in D has at most one solution in
C°%D) n C¥D).

The argument is now very similar to that in Lemma 6.10. Since ue
C°%@D) n C**(T’), we can extend the boundary values of u on éD to a function
ve C%D’) n C**B), where D= < D' and B= B,(x,)< < D'. (See Remark 1 after
Lemma 6.38 for the construction of v.) Let {v,; be a sequence of functions in
C3(D’) such that

[v,—tlo,p— 0 and |v], ,.s<Col, ,.p ask— .

By virtue of the Fredholm alternative (Theorem 6.15), the Dirichlet problem,
Lu=fin D, u=v, on ¢D, has a unique solution , in C**D) for each k. As a
consequence of Corollaries 6.3 and 3.8, the sequence {, } converges to the solution
uin D;and by Corollary 6.7 we have u € C** B’ n D), where B'= B, ,(x,). Since
x, Was an arbitrary point on 7, it follows that ue C**Q U T). 0O

If ¢ <0, the preceding result is essentially contained in the proof of Theorem 6.14.
However, when there are no restrictions on the sign of the coefficient ¢, the argu-
ment in Theorem 6.14 has to be suitably modified, as in the above proof. Another
proof, along different lines, is contained in the Notes.

Lemma 6.18 remains valid if C** is replaced by C!'* in the hypotheses and
conclusion, and under more general circumstances as well (see [GH]).

With Lemma 6.18 as a starting point we can establish the foliowing global
regularity theorem.

Theorem 6.19. Let Q be a C**:* domain (k>0) and let ¢ € C***%(Q). Suppose
that u is a C%Q) N C*(Q) function satisfying Lu=fin Q, u=¢ on 0, where f and
the coefficients of the strictly elliptic operator L belong to C**(Q). Thenu e C**2%(Q).

Proof. For k=0 the theorem is implied by Lemma 6.18. We now prove the result
for k=1. Let x, be an arbitrary boundary point of 2, and consider a suitable
C?-* diffeomorphism y that straightens the boundary near x,,. As a consequence of
this mapping we may consider the equation Lu=fas defined in a domain G with
a hyperplane portion 7 on x,=0, while the remaining hypotheses of the theorem
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are unchanged (see p. 91). By considering the function ¥ — ¢ in place of ¥ and noting
that Ly € C'-*(G), we may assume that ¢ =0 in the statement of the theorem.

As in Theorem 6.17, we take the difference quotient of the equation Lu=f'in
the direction ¢, for any /=1, ..., n—1, obtaining thereby an equation of the form
(6.49), which is satisfied by the difference quotient 4"u (= 4ju). If 0<|h| <h,, then
this equation is valid in the set G'={x € G| dist (x, ¢G—T) > h,}, which has a
hyperplane boundary portion 7'c 7. Under the assumptions on L and f, and since
u=0 on T and u e C?*G), the conditions of Lemma 6.4 are satisfied in G’ by
equation (6.49) and the solution 4"u. It follows from Lemma 6.4 that the function
families 4"u, D, A"u, D,; A"u, (i, j=1, .. ., n), are bounded and equicontinuous on
compactsubsetsof G’ U T".Since 4ju — Du ash — 0, wecanassertthat D,; Aju —
Dufori j=1,....,nand I=1,.. ., n~1,and, in addition, Due C**G' U T")
for /=1,.... n—1. It remains only to show that D,ue C*%G' U T') as well.
This follows at once by writing

D, u=(1/a" ) f—(L—a™D,)u)

nn

and observing from the preceding results that the right hand side is contained in
C"*G' v T").Since x,wasan arbitrary point on &R, we conclude thatu € C*%(Q).

The proof of the theorem for k > | proceeds by induction on k, as in Theorem
6.17, by considering the equation satisfied by any derivative of order kK —1 and
thereby reducing to the case k=1 treated above. 0O

It is clear from the preceding argument, which is essentially local, that the
regularity result remains true up to any C**2:* boundary portion 7 provided the
solution u is continuous up to T and takes on C**2:* boundary values on 7.

6.5. An Alternative Approach

An examination of the proof of Theorem 6.13 shows that this existence theorem
follows by the Perron process from the solvability of the Dirichlet problem in balls
for arbitrary continuous boundary values. The latter result (contained in Lemma
6.10) depended in an essential way for its proof on the boundary estimates of the
Schauder theory. However, as we shall see below, it is possible to develop a theory
of the Dirichlet problem for continuous boundary values that is based entirely on
the Schauder interior estimates, without any use of boundary estimates.

The developments of this section will rest on the following extension of the
interior estimates in Theorem 6.2. For its statement we make use of the seminorms
and norms defined in (6.10).

Lemma 6.20. Let ue C*%(Q) satisfy the equation Lu=f in an open set Q of R",
where the coefficients of L satisfy (6.12) and (6.13). Suppose that ]u!gjg'< o0 and
| f1§ .8 < oo for some B e R. Then we have

(6.50) [l B < Cull, 5 +1 /1229).

where C=C(n, a, 4, A, B).
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Proof. Let x be any point in Q, d, its distance from 0Q and d=d /2. Then by
(6.14), applied to the ball B= B,(x), we have

d' | Du(x)| +d* P D*u(x)| <Cd ™ *(lulg, g+ f15n: 5

< C[sup d, Plu( y)| +sup d} ~°| f( )]

yeB yeB
+supd?i*t |fix) f(y)|:|
yeB |X J’|‘

< Clulgd +1£15.29)-
Hence
6.51)  July < Culs, G+ D).
To estimate [u]y F), let x, y be distinct points in Q, with d,<d, and B= B,(x)

as above. Then, by considering the two cases |x —y|<d/2 and |x—y|>d/2, we
have for any second derivative D 2u.

2 2
d2+,, 8 ID u(lxx) ﬁ' u(y)‘<Cd_ﬁ(|u{()~3+|f|:)2)a»8
gz en-s 1000+ D)
(d/2)*

SCully § +1 /15 =)+ 80l 8-

Taking the supremum with respect to x. y. and applying (6.51), we obtain
Ly Do <Culs B +1 /18 ).
Combining this with (6.51), we get the desired estimate (6.50). O

We observe that for =0 the preceding result reduces to the previous estimate
(6.14). When >0, the hypothesis that |u{ 5 is finite obviously requires that
u=0o0n 09Q.

In this section we shall solve the Dirichlet problem for Lu=f'in balls using the
method of continuity. This will require an apriori estimate of solutions for suitably
unbounded f, given by the following lemma. The corresponding result for Poisson’s
equation is contained in Theorem 4.9.

Lemma 6.21. Let L be strictly elliptic (satisfying (6.2)), with ¢ <0 and with coeffi-
cients bounded inmagnitude by A inaball B= By(x). Suppose thatu € C°(B) n C*(B)
is a solution of Lu=f in B, u=0 on 0B. Then, for any B € (0, 1) we have

(6.52) sup d_flu(x)| < C sup d? ¥ f(x)|,

xeB xeB

where C=C(f8, n, R, 4, A).
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Proof. Let f be fixed and assume that sup d? ~#| f(x)|=N < oo. The required
xeB
estimate (6.52) will be obtained by the construction of a suitable comparison

function bounding u. For convenience we take x,=0, and let us set
w (x)=(R?—r*®, r=|x|.
Then
Lw,(x)=B(R* —r*)P 2[4 B— )a'x,x;— AR — r*)(Za" + b'x,)
+(c/BR?~r*)?]
< —BR2=r)P 2 [4(1 = B)Ar? + 2AR? = r*)nh—/n Ar)].

It is clear that for some R,, 0S R, <R, the expression in brackets is positive if
R,<r<R. Hence

Lw (x)<—c(R—r"% in R,<r<R,
<cy(R—r)f2 in0<r<R,,

where ¢, and ¢, are positive constants dependingonly on 8,1, R, A,and A. (If R, =0,
the second inequality is of course superflous.)
Now let w,(x)=e"® — ™', where a>1+sup |bl/4. Then. as in Theorem 3.7,

Q.

we have Lw,(x)< —1 ¢ *® in B, and hence

Lw,(x)< —c3(R=r*~2 in0<r<R,,
<0 in R,<r<R,

where ¢c;=4 ¢ *®(R— R)* "%. Since, by assumption, | f(x)| S Nd* "2andd_=R—r.
it follows that for the positive constants y, = 1/c, and y, =(1 +¢,/c,)/c;.

Liy,w, +7,w,)< —(R=r’"2< —| f(x)/N in0<|x|<R.

Letting w=7y,w, +y,w,, one sees that w(x)>0on 0B, w(x)=0at x=(R, 0, ..., 0),
and

L(Nw+u)<0 in B, Nw+u=0 ondB.
From the maximum principle (Corollary 3.2) we infer
(6.53) lu(x)|< Nw(x) in B.

Consider now any point x € B, which we assume without loss of generality to
lie on the x, axis. Then (6.53) implies the inequality

Ju(x)| <CN(R—r)”=CNdf

for some constant C = C(f, n, R, 4, A), and the lemma is proved. [
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The preceding result can be extended by similar methods to more general
domains, for example. to C2 domains (see Problem 6.5).

With the help of the preceding two lemmas we can now prove the following
extension of Theorem 4.9 to the equation Lu=/f. We observe that the proof makes
no use of boundary estimates.

Theorem 6.22. Let B be a ball in R" and f a function in C*(B) such that | f| 5 < oo
for some B € (0, 1). Assume L to be strictly elliptic in B, with ¢<0 and (oe[flczenls
satisfying (6.2) and (6.31). Then there exists a (unique) solutionu e C°(B) n C**(B)
of the Dirichlet problem, Lu=fin B, u=0 on 0B. In addition, |u|\,’) <oc and hence
u satisfies the estimate (6.50) in B.

Proof. The argument is based on the method of continuity. As in Theorem 6.8,
we consider the family of equations,

Lu=tlu+(1 -1 du=f, 0<t<],
and observe that the coefficients of L, also satisfy (6.2) and (6.31) in B, with

A.=min (1, 4), 4,=max (1, A) replacing 4 and A respectively. By virtue of (6.11) we
have

la D, ul‘2 DD P Jeuld P < Cluly P,

and hence the operator L,. for each 7, is a bounded linear operator from the Banach
space

B, ={ue C**B)| |uly Py<oo}
into the Banach space
B,={fecCB)|IfI5. <o}
The solvability of the Dirichlet problem, Lu=/in B, u=0 on 9B, for arbitrary
f'e B, isequivalent to the invertibility of the mapping B, — B, definedbyu — L,u.
Letu, denote a solution of this problem for some ¢ € [0, 1]. Then from (6.52) we have
lulo <A flg P <Aflg P
It follows from (6.50) that
)5 2 <SG, 7
or, equivalently,

lulg, <ClILullg,.
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the constant C being independent of ¢. The fact that L is onto is already contained
in Theorem 4.9. The method of continuity (Theorem 5.2) is now applicable and
the theorem is proved. 0

The preceding theorem can be extended to yield the following generalization
of Lemma 6.10 for the case of continuous boundary values.

Corollary 6.23. Under the hypotheses of Theorem 6.22, if ¢ € C%(B) there exists
a (unique) solution u e C°(B) n C**(B) of the Dirichlet problem, Lu=fin B, u=¢
on CB.

Proof. Let {¢,} be a sequence of functions in C>(B) converging uniformly to
¢ on B. By Theorem 6.22, the Dirichlet problem, Lv,=f— L, in B, v,=0 on
¢B, is uniquely solvable for each k, and defines a solution u,=v, +¢, of the
corresponding problem with inhomogeneous boundary values, Lu,=f in B,
u, =@, on ¢B. It follows in the usual way from the maximum principle that u,
converges uniformly on B to a function « € C°(B) such that u=¢ on ¢B. From the
compactness provided by the interior estimates (Corollary 6.3), it follows also that
Lu=f1n B, and hence u is the required solution. [J

Starting with this existence theorem in balls, we can proceed as before to apply
the Perron process in more general domains, obtaining in particular Theorem 6.13.

6.6. Non-Uniformly Elliptic Equations

The existence results of the preceding sections, which were valid in arbitrary smooth
bounded domains, were derived under the assumption of uniform ellipticity of the
differential operator L. When the equation ceases to be uniformly elliptic, the
conditions for solvability are greatly circumscribed and will in general require
limitations on the geometry of the domain or connections between the differential
operator and the geometry.

It is instructive to consider an example for which the Dirichlet problem is not
solvable. Let us consider solutions u(x, y) of the equation

(6.54) Ugety2u, =0

in the rectangle R, O<x<mn, O0<y<Y, such that ue C%R) n C*(R) satisfies
the boundary conditions u(0, y)=u(n, y)=0, 0<y < Y. Any such solution u(x, )
has a Fourier series expansion Zf ( 3) sin nx, in which the coefficients f,( y) satisfy
the ordinary differential equation y%f,” — n*f, = 0. Thisequation has the independent
solutions 8. ) where f,=1(1+/1 +4n%)>0, 7, =1(1—./1+4n’)<0. The
fact that u(x, y) is bounded at y=0 requires that f,( y)=const y*~, and hence
/,(0)=0. It follows that u(x, 0)=0, and accordingly the only continuous solutions
on R satisfying the prescribed boundary conditions must have zero boundary
values on y=0 and therefore cannot take on prescribed non-zero boundary data.
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The arguments leading to Theorem 6.13 can be extended to non-uniformly
elliptic equations under suitable hypotheses on the coefficients and the domain.
We observe to begin with that if fand the coefficients of L in the equation Lu=f
(¢<0)are locally Holder continuous in the domain , and if the set of subfunctions
of the Dirichlet problem with respect to the prescribed boundary function ¢
is non-empty and bounded above, then the Perron process defines a bounded solu-
tion of Lu=fin Q (Theorem 6.11). In particular, this is the case if |b|/4, f/A and
the domain Q are bounded, where A(x) is the minimum eigenvalue of the coefficient
matrix A(x)=[a"(x)]; (see Theorem 3.7). This assumption will be understood in
the following considerations.

To study whether u(x) — @(x,) at a specific boundary point x, € 0Q where ¢ is
continuous, let us suppose, as in the discussion preceding Theorem 6.13, that Q
satisfies an exterior sphere condition at x,, and let B= By( y) be a ball such that
B n Q=x,. While no longer assuming that L is uniformly elliptic near x,, we
make the additional (but less restrictive) hypothesis that |A(x)-(x—y)|=6>0
for all x in the intersection N n Q of  with some neighborhood N of x,. (In par-
ticular, if the coefficient matrix A(x) is continuous at x,, this condition will be
satisfied if A(xy) - (xo — y) # O; that is, if the normal vector to Q2 is not in the
null space of A at x,.) It then follows that a"(x; — y;)(x; — y;) = A'|x — y|* for
all xe N n Q, where 4’ is a suitable positive constant, although the minimum
eigenvalue A may tend to zero at x,,. Let us assume also that all coefficients of L are
bounded. The barrier argument preceding Theorem 6.13 now proceeds as before
and we conclude that the function w(x) = 7(R™? — r~?) defined in (6.45) deter-
mines a local barrier at x, for appropriate choices of t and ¢, and hence
u(x) — @(x,). We note that in the boundary value problem considered for equa-
tion (6.54), the normal vector at each point of the boundary segment, y=0,
0< x <, is in the null-space of the coefficient matrix [1,0/0,0], and thus the above
hypothesis is not fulfilled.

Alternatively, let [¢"(x)] be an arbitrary positive matrix and assume that the
functions |b|/4, ¢/A, f/A, are bounded. By dividing by the minimum eigenvalue A we
may assume without loss of generality that the operator L is strictly elliptic in' Q
with 1=1. The limit behaviour u(x) — ¢(x,) is now guaranteed if Q satisfies a
strict exterior plane conditionat x ;. By this we shall mean that in some neighborhood
of x, there is a hyperplane intersecting Q in the single point x,. Such a condition
will be satisfied, for example, if {2 is strictly convex near x,,. To prove the assertion
u(x) — @(x,), let us for convenience choose x, to be th= origin and let the normal
to the assumed exterior plane at x, be the x, axis, with x, >0 in € near x,. Under
the stated conditions there is a slab 0 < x, <d whose intersection D with Q near
X, is such that x, >0 on D—x,. As in the proof of Theorem 3.7 we see that the
function

w(x) = e’%(1 — e™ ™)

satisfies Lw< —4 in D provided y>1+sup (|bl/A), and hence Lw< —1 if we
D

take 4 = 1. It follows as in Remark 1 following Lemma 6.12 that for a suitable
constant k = k(¢), the functions

wl=@(xo)+e+kw, w, =@(x,)—e—kw

€
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determine a local barrier at x, with respect to the upper and lower bounds on #in Q.

Weobserve thatif the boundary function ¢ is constant near x,, then u(x) — ¢(x,)
follows even if Q satisfies a non-strict exterior plane condition at x,. In this connec-
tion one notes that in the boundary value problem considered previously for (6.54),
the boundary segment, y=0, 0<x <, is convex but not strictly convex, and the
stated boundary value problem is solvable only for zero data on the interval.

The preceding remarks immediately yield the following simple extension of
Theorem 6.13 to non-uniformly elliptic equations.

Theorem 6.24. Let L be strictly elliptic (satisfying (6.2)) in a bounded domain Q,
with ¢<0, d”, b', ¢, fe CHQ), and assume b', ¢, f are bounded. Suppose that Q
satisfies the exterior sphere condition and, in addition, a strict exterior plane condition
at those boundary points where any of the coefficients a' are unbounded. Then, if ¢
is continuous on 0S2, the Dirichlet problem, Lu=/fin Q, u= on ¢Q, has a (unique)
solution u e C°() N C*>%Q).

It is clear from the above arguments that this result can be modified in various
ways (see. for example, Problem 6.4). When the equation is homogeneous and
the lower order terms of L are not present, we obtain the following:

Corollary 6.24'. Let the coefficients a*/ of the elliptic equation a’D;;u = 0 belong
to C¥2), where Q is a bounded strictly convex domain. Then the Dirichlet problem
is solvable in C°(Q) n C2 Q) for arbitrary continuous boundary values.

Although this result is an immediate consequence of Theorem 6.24 its proof can
be obtained more directly by observing that because of the strict convexity of Qand
the special form of the equation, a linear function determines a barrier at each
boundary point.

A closer examination of the relation between the coefficients of L and the local
curvature properties of the boundary makes it possible to derive other general
sufficient conditions for the existence of barriers. Let f and the coefficients of L
(with ¢ <0) be bounded and assume £ is a C? domain. The minimum eigenvalue
of the principal coefficient matrix {a”(x)] may approach zero on dQ. We shall seek
conditions for the existence of a local barrier at x, € 0Q with respect to the con-
tinuous boundary function ¢ and the bound M.

Let B denote a ball centered at x, and set G= B n Q; B will be specified later.
Let € C*(G) be a fixed function such that (x)>0 on G—x, and ¥(x,)=0.
For every ¢ >0 and a suitable constant k= k{(¢), we can satisfy the inequalities

€+ ky(x) = [@(x) — ¢(xo)| on R N B,
>M ondB N Q.

Let us now define the distance function (see Appendix to Chapter 14).

d(x)=dist (x, 0Q), x € Q,
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which is in class C? in some neighborhood
N ={xeQ|dx)<d,}.

It can be assumed that G = .#". We propose to find conditions under which functions
w¥(x) of the form

w* =@(x,)+e+ky +Kd, W =(xo)—e—ky—Kd

define a barrier at x, in G, where K = K{(e) is an appropriate positive constant. This
will be the case if Lw* < fand Lw~ > fin G. Thus, the functions w* define a barrier
if the inequality

(6.55) K(a"D;d+b'Dd)< —k|Ly| —| f = co(x,)l

holds in G for some K. This provides a sufficient condition for the existence of a
barrier which, in principle, can be verified by inspection of the given equation and
domain.

To realize the condition (6.55) more concretely, let us, for example, assume the
coefficients a”(x) to be continuous at x,,. Choose a coordinate system with origin
at x, and the x, axis coincident with the inner normal Dd at x,,. A rotation P of the
coordinate system about the x, axis, in which the new axes are the principal direc-
tions of ¢Q at x,, diagonalizes the Hessian matrix [ D, ;d(x,)], so that

P'[D,d(x,)IP=diag [~ K,, —K,, ..., —K,_,, 0],

where k,, K,, ..., K,_, are the principal curvatures of 0 with respect to the
inner normal at x,; (see Appendix to Chapter 14). If a, a,, ..., a, denote the
corresponding diagonal elements of the matrix P'[a(x,)]P, we see that

n—1
6.56)  (a"Did),_,.=— Y ax,.
i=1

Hence, if

n—1
(6.57) Y ax;>sup b

i=1 Q

it follows by continuity that the inequality (6.55) is satisfied in G=B n Q for
some ball B about x,, provided K is chosen large enough. If in addition, the
coefficients b are continuous at x,, and if b, denotes the normal component of the
vector b(x,) =(b'(x,),. . ., b"(x,)) with respect to the inner normal, condition (6.55)
is satisfied in a suitable G provided

n—-1
(6.58) Y a;x,—b,>0.

i=1
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Under the stated hypotheses, (6.57) and (6.58) are therefore sufficient conditions
for the existence of a local barrier at x,. If b(x,)=0, (6.58) reduces to the simple
condition,

n=1

Z ai Ki>0,
i=1

which involves only the leading coefficients and the principal curvatures and
directions of the boundary. It is not difficult to remove the continuity assumptions
on the coefficients at the boundary and to reformulate (6.57) and (6.58)
appropriately.

We remark that when 0Q is not in C?, 2, the preceding considerations are still
applicable provided a C 2 domain @ can be found such that x, € éQ n oQ and
B Qc B~ Q for some ball B containing xo. The above conditions for the
existence of a barrier at x, then remain valid if the distance function d(x) is re-
placed by d(x)=dist (x, 0Q).

The preceding remarks and those earlier in this section concerning the exterior
sphere condition show the existence of a barrier at the following sets of boundary
points of a C? domain Q where the coefficients a”, b° are continuous:

2, = {x, € 02]inequality (6.58) holds}

6.59 y
(6.59) 2, = {xo € 0Q|a"v(xo)vi(xy) # 0, where v(x,) is normal to 0Q2}.

Taken together with Theorem 6.11 these results yield:

Theorem 6.25. Let the operator L in (6.1) be elliptic in a C? domain Q withc < Qin
Q and d’, b'/4, c, f/Ae C(Q) n C°(Q). Assume X, U £, = 0Q. Then the problem

Lu= finQ, u= ¢@ondf,
has a unique solution u e C*(Q) n C°(Q) for all ¢ € C°(0Q).

We note that under certain conditions on L and 0%, a solution is uniquely
determined by the valuesof pon X, U Z, evenif X, U X, 5 09, as in the example
(6.54). A maximum principle related to such a boundary value problem is contained
in Problem 6.10.

6.7. Other Boundary Conditions; the Oblique Derivative Problem

Until now we have been concerned only with Dirichlet boundary conditions. We
now develop an analogue of the Schauder theory for the regular oblique derivative
problem.
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Poisson’s Equation

In extending the Schauder theory to other linear boundary value problems our
point of departure is the theory of Poisson’s equation in the half-space R", =
{x | x,>0} with the oblique derivative boundary condition,

(6.60) Nu=au+ Y bDu=¢ onx,=0,

i=1

in which the coefficients a, b; are constants. We also write the boundary operator N
in the equivalent forms

Nu=au+b-Du=au+bDu+b,D,u

where b=(b,, ..., b,)=(b,, b,) and D=(D, ..., D,)=(D,, D,), D, denoting the
tangential gradient. We assume throughout the regular oblique derivative condition
b,#0, and to fix our ideas we take at first

(6.61) b,>0,  |bj=(b>+b})*=1.

The latter condition is an inessential normalization which allows us to write

Nu=au+D.u

where D u=0u/0s is the directional derivative in the direction of the vector b.

We consider initially the homogeneous boundary condition Nu = Oon x, = 0
and construct a harmonic Green'’s function in R”, satisfying this boundary condi-
tion. Letting I" denote the fundamental solution (4.1) of Laplace's equation, we
write for n>3 and a <0

(6.62) G(x, y)=T(x—y)—T(x—y*)— 2bnfe”‘ D, I'(x— y*+bs) ds,
o

where x, ye R, D,=0/0x,, and y*=(y,.....y,_1. =y, )=(y". —y,). Clearly
G is harmonic in x and y for x #y and by direct calculation one finds

(6.63) NG(x, y)=0 onx,=0.

(Here N operates on G as a function of x for fixed y.) Thus G has the required
properties of a Green's function for the boundary condition (6.63).

The choice of G in (6.62) is motivated by the following considerations. If
G(x, y)=I'(x—y)+h(x.y) is the desired harmonic Green's function satisfying
(6.63), then NG is also harmonic in x (for y # x) and vanishes on x,, = 0. It follows
from the Schwarz reflection principle (Problem 2.4) that NG is regular in R"
except for the singularity

al(x—=y)+bD,I(x—y)+b,D I'(x —y)—al (x—y*)
—bD,I(x—y*)+b,D,I'(x—y*).
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Here we have used the fact that D I'(x*—y*)=D.[I(x-y) for i=1,..., n—1,
while D,I'(x* — y*) = —D,I'(x — y). Thus if we impose the condition that NG
vanish at infinity, it follows from the Liouville theorem

Dh+ah= —al (x—y*)—b,D I(x —y*)+b,D (x—y*)
=—al(x—y*)= DI (x—y*)+2b,D,I'(x —y*).
This implies
D [e* h(x +bs, y)]= —[al'(x —y*+bs)+ D . (x—y* +bs)] e*
+2b,D,I'(x —y* +bs) €.
Integrating with respect to s from s =0 to s=o0 and then integrating by parts, we
obtain

hx, y)=—T(x—y*)—2b, fe‘“ D, I'(x—y*+bs) ds.
0

This expression for h gives us (6.62), which is valid also when b, = 0.

We now examine G(x. y) more closely with the objective of deriving estimates
analogous to those in Chapter 4 for the Newtonian potential and solutions of
Poisson's equation.

Letting & =(x—*)/]x —)*|, we have
G(x,y) = I'(x — y) — I'(x — y*) + O(x, y)
where

O(x, y)=—2b, fe“‘DJ’(x—y*%-bs) ds, a<0,
0

o

126 _ (& +bs)ds
— |y — p¥|2-n| Z2n alx—y*|s n n
= [na),, {e (1 +2(§-b)s+52)"/2]

=|x—p** " g(&. |x—y*).

One sees that g is regular in its arguments since (by (6.61)) §-b> —|p|> —1
forall x, y € R, and hence the denominator of the integrand is bounded away from
zero. The function @(x, )= O(x — y*) satisfies the relations

D, O(x, y)=—D, O(x, y), i=1,....n—1;
(6.64) D, O(x,y)=D, O(x, y);
IDPO(x, y)| < Clx — y*[2="" W, C = C(n, |Bl, by).
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These relations will suffice in extending the details of Lemma 4.10 for the Newtonian
potential to the analogous integral [ ©(x, y)f( y) dv. If [bj#1 we replace a by
a/Ib] and b, by b,/|b} in the preceding. We note that since ¢ <0 the constant C in
(6.64) can be taken independent of a.

Theorem 6.26. Let B, = By(x,). B,=B,x(x,) denote balls with center x,e R",
and let B{ =B, "R, B =B, "R, T=B, n{x,=0}. Suppose that ue
C*B;)n CY(B; U T) satisfies du=f in B}, fe CXB}). and the boundary
condition (6.60), Nu = @on T,witha < 0,b, > Oand ¢ € C***(T). Thenu e C**(B})
and

(665) lul’Z.a;B'{ sql“'o;ni +R|(pt’l.:;T+R2|f|;).1:B§ ).

where C=C(n, a, b,/|b]).
(Here | | denotes the weighted norms (4.6) defined with respect to R.)
Proof. ltisassumed that 7 is non-empty for otherwise the stated result is already

contained in Theorem 4.6. Suppose first that ¢ =0, [bj=1 and n> 2. Consider the
function

w(x) = f G(x. ) f( ) dy=w,(x)+w,(x),

B3

where
wl(x)=f[F(x—_v)—F(X~y*)]f( y)dy
B3
W (x) = f Ox. y)f(y) dy.
B3
We have already seen in (4.26) that w, satisfies the estimate
(6.66) 1D*W,lo 5t SOSflo.ans» C=Cln, a).

The estimation of w, is essentially the same as that for the Newtonian potential
in Lemma 4.10. Let f(x) be defined by even reflection with respect to x,, so that
Six',—x,)=f(x’, x,). Then a representation analogous to (4.9) is valid for the
second derivatives of w,; namely, for x € B; and i, j=1, ..., n, we have

Dygwy(x)= [ DyO(x—y* X f(y*)~f(x) dy
B}

—1) | DO =y ) ds,.,

oB3
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wherev =(v,, ..., v,) is the outward unit normal to dB; . By virtue of (6.64) the
arguments of Lemmas 4.4 and 4.10 carry over without essential change to give the
estimate

1D,y gt <OUflo.wpss C=Cln o, b,).
Combining this inequality with (6.66), we obtain
6.67)  ID*Wly 5 <Cfly an;» C=Cln,ab,).

If |b{ #1 we replace b, by b,/|b| in this estimate.

To obtain estimates for u from the preceding, let n € C3(B,) be a cutoff function
such that n(x) = 1 for |x — xo| < (3)R and |D?y| < C/R"¥! for |B| < 2. Then, we
have

u(om(x) = f GCx, NALu(IG)] dy,  xeBS.

B3

If x € Bf, so that |x — y| > R/2 where Dy # 0, we obtain

u(x) = f(nt + udn) dy + 2 JGDu - Dn dy,

Bj B

= f(r,Gf + udn)dy — 2 fu(DG-Dn + Gdn) dy.
BS B

The required estimate (6.65) when ¢ = 0 now follows from (6.67), the bounds
|DPyn| < C/R and, by (2.14) and (6.64),

|D?G(x, y)] < C|x — y|> " 1#l < CR?>~"" 1A,

where the indicated derivatives may be with respect to both x and y variables.

We now remove the restriction that ¢ =0. For this purpose we seek a function
¥ € C*%(B; ) satisfying Ny = ¢ on T. It can be assumed that g is suitably extended
outside 7 so that ¢ € C*(R" ') on x,=0; (see Lemma 6.38). Choosing a non-
negative function 7€ CZ(R"™') such that [n(y ) dy'=1, y'=(y,,.... y,_ ;) We
define

(6.68) Y(x)=y(x', x,)=b'x, f(p(x’—x"y’)r]( y)dy'

R"- 1
One verifies easily that y(x', 0)=0, D y(x’, 0)=b_ ' ¢(x’), and hence

(6.69) Ny=¢ on x,=0.
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That y € C2*R") is seen from the relations
bDyu(x)= [ Dip(x'=x,y ) Dy dy', i j#n;
b, D, ¥(x)=— fy’-Dfp(x’—x"y’)D,.n(y’) dy, i#n;
b,D,Y(x)= fy'~D<p(X’—X,,y’)[(n—2)n(y’)+y'-Dn(y’)] dy'.
We observe also that

(670) b,,lllfl'z, B} < C(Rl(l)lo; rt RZID(PIQ; r+ R? +1[D(P],; T)= CRI(P“,,; T

where the constant C depends only on » and the choice of .

We are now able to make the reduction to the case ¢ =0. Letting v=u—,
it follows that dv = f — Ay € C*(By), and by virtue of (6.69) we have Nv = 0 on
T. From (6.70) and the proven estimate for v we obtain (6.65). O

We remark that in general the constant C in (6.65) becomes unbounded as
b,— 0.

The following estimate is a consequence of the preceding theorem and is stated
without proof. The details are similar to the proof of Theorem 4.8.

Lemma 6.27. Let Q be a bounded open set in R". with boundary portion T on
x,=0, and let ue C*(Q) n CYQ u T) satisfy du=f in Q, fe CXRQ), and the
boundary condition (6.60), Nu = ¢ on T, with a<0, b,>0 and ¢ € C**T). Then

Iul;,a;ﬂuTSC('u[0;0+ I(p|1_1;1+lf|0,a;n)a
where C=C(n, a, b,/|b|, diam ).

The same argument as in Lemma 6.1 provides the following extension to the
oblique derivative problem.

Lemma 6.28. Under the sume hypotheses as in Lemma 6.27 let u satisfy Lyu=f
(in place of Au={'), where L is the constant coefficient operator defined in Lemma
6.1. Then

(6.71) U3 oo r<Clulo, o +10ly .+ flo x0)
where C=C(n, a, A, A, b,/|b|, diam Q).

Variable Coefficients

We consider now equations with variable coefficients and the corresponding oblique
derivative problem in domains with curved boundaries. The extension of the
estimates of the Schauder theory to these boundary conditions follows closely the
ideas in Sections 6.1 and 6.2. We derive first an analogue of Lemma 6.4.
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Lemma 6.29. Let Q be a bounded open set in R", with a boundary portion T on
x,=0. Suppose that ue C**Q u T) is a solution in Q of Lu=f (equation (6.1))
satisfying the boundary condition

(6.72) Nixw=yxu+ Y B(x)Du=¢(x). x'eT,

i=1
where |B,| =Kk >0 for some constant k. It is assumed that L satisfies (6.2) and that
e CHQ), o CVXT), d", b, ce C*Q) and y, B, e C**T) with

laij; bi. ClO.a:ﬂs’ys ﬂill,l;TgA* i~j=l*""’n'

Then
(6.73) U3 saur SClllo, o+ 10l 741 flo, 0)

where C=C(n, a, A, A, x, diam Q).

Proof. We remark first that it can be assumed y<0 and B,>0. For by setting
v=ue**, where k >sup |y|/x, the boundary condition (6.72) is taken into

Nv=(y—kB)w+ ) BDyv=¢ onT

with B,(y—kpB,)<0. At the same time Lu=/ is transformed into an equation
L'v=f"satisfying the same hypotheses as in the theorem. The desired estimate (6.73)
is obviously equivalent to the corresponding estimate for v.

The technique in Theorem 6.2 and Lemma 6.4 of “freezing’" the coefficients is
once again applicable, with certain modifications due to the boundary condition
(6.72). Thus, let x,, y, beany twodistinct pointsin Qand supposed, =min d,, 3yo )
where d, =dist (x, 02— T). Let u<1/4 be a positive constant (to be specified
later), and set d=pd, , B,=B,(x,). If B, n T+ ¢ let x, denote the projection of
xo,0on T. As in Theorem 6.2 we rewrite the equation Lu=/'in the form (6.15) and
the boundary condition (6.72) as

(6.74) N(xgu = [N(xp) — N(xX)Ju(x") + o(x) = &(x'), x'eT,

and we consider (6.15), (6.74) as a problem in B, n Q with constant coefficients,
disregarding (6.74) if B, n T=¢. The argument in Theorem 6.2 and the analogous
one indicated in Lemma 6.4 proceed in essentially the same way, except that
Lemma 6.28 now replaces Lemma 6.1 in the details. Thus in place of (6.16) we now
obtain

|D?u(xp) = D?ul y,)] _

C
(675) 330*‘ lxo——yoll \#24.1(lulo;n+|¢'l,a;ﬂnT+IF|O,1;BnD)

4
+E [“];;nur-
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The estimation of the right number is essentially as in Theorem 6.2 with the
exception of the additional term ||, ., . . Concerning this term, one sees that

|[N(X6) - N(xl)]u(xl)h.a;BnT s C“2+G(C(,u)|u|0;n + #a[u];,a;ﬂuT)-

The details are similar to those leading to (6.19) and are not carried out here.
Combining this estimate with that for the other terms in (6.75) we arrive at the
desired estimate (6.73). O

The preceding lemma can now be extended to domains with curved boundaries.
A repetition of the arguments in Lemma 6.5 and Theorem 6.6 leads to the following
global estimate for solutions of the oblique derivative problem.

Theorem 6.30. Let Q be a C** domain in R", and let u € C**(Q) be a solution in
Q of Lu={ satisfying the boundary condition

N(x)u=y(x)u+ i B(x)Du=¢(x), xe oL,

i=1
where the normal component f8, of the vector B=(B,, . . ., B,) is non-zero and

(6.76) [B.|=k>00nQ2 (x=const).

It is assumed that L satisfies (6.2) and that fe C*RQ), ¢ € C**(Q), a", b', c e C*RQ)
and y, B; € C'%(Q) with

|aU~ bi’ ('lo.a;!% l)’. Bi‘l,a:ﬂs/l* i’j= l’ cee M
Then

6.77) |u|2',;n< C(|u|0;9+l(pil_,;n'*'lf'o.a;n)

where C=C(n, a, A, A, K, Q).

Remarks. 1) Condition (6.76) implies that the directional derivative B-Du is
nowhere tangential to 0Q. This hypothesis is essential in the present considerations.
2) Inthestatement of the theorem it is convenient and involves no loss of generality
to assume that ¢, y and B, are defined globally (rather than on dQ), so that the
norm| |, .., is well defined for these functions. In Theorem 6.26 and Lemmas
6.27-6.29 where T was a hyperplane boundary portion, a global extension of
¢ (and of y, B; in Lemma 6.29) was not used since the norm| |, . was naturally
defined. 3) That |¢|, , appears in the estimate (6.77) is to be expected since Nu
involves first order differentiation of the C?'* function u. This is in contrast with
the corresponding global estimate (6.36) for the Dirichlet boundary condition
which requires that ¢ € C**,
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We have thus far been concerned only with estimates for the oblique derivative
problem. The actual solution of the problem for Lu =/ can be reduced to that for
Poisson’s equation by the method of continuity (as in Theorem 6.8), but the
method now involves a continuous family of both differential operators and
boundary operators. Unique solvability of the oblique derivative problem, under
appropriate additional restrictions on the operators L and N, is provided in the
following theorem.

Theorem 6.31. Let L be a strictly elliptic operator with ¢<0 and coefficients in
C%Q)in a C**domain Q. Let Nu = yu + B - Du define a boundary operator on 6
such that y(B-v)>0 on 0Q if v is the outward unit normal on 0Q. Assume that y,
B € C1*0Q). Then the oblique derivative problem

(6.78) Lu=finQ, Nu= on 0Q
has a unique C**(Q) solution for all f € C*(Q) and ¢ € C'*(0RQ).

Proof. We assume without loss of generality that y>0 and B-v>0 on 02 and
also that ¢ and B are extended to all of 2 and are contained in C*-* Q). Consider
the family of problems for 0<¢<1:

Lu=tLu+(l —0)du=fin Q,
(6.79) 3
N,u=tNu+ (1l - t)(a—l: + u) = ¢ on 0%

Wenotethat L, = L, L, = 4, N, = N, N, = d/dv + identity, and that for suitable
positive constants 4. A the coefficients ¢/, b, ¢, of L, satisfy

a2 A1 =min (1, A))¢> VxeQ (eR
and
lal, b, ¢ |y ,< A, =max (1, A).
Also, since B-v=f'>0and y=y'>0 for some constants ', y', we have

y,=(1=0+ty2min (1,y)>0
B,-v=(1-1)+tp-v=>min (1, f’)>00n dQ2

while |f|, , is also bounded independently of ¢.

Consider any solution u € C**(&) of the problem (6.79) (for some 1). |u|, ,
satisfies the estimate (6.77) with a constant C independent of ¢. By estimating |u],
in terms of ¢ and f we shall obtain in addition a bound

(6.80) lulz‘,SC(I(Pll_;"'lf'o_,)

valid for all C?-*() solutions of (6.79).
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To estimate |u|, we first make a substitution v =u/w where w is a fixed C%Q) N
C*(82) function (independent of ) satisfying the conditions: (i) w = @ > 0; (ii) Lw<
¢<0; (ii1) y,+ B,- Dw/w>7>0 on 0Q, where @, ¢,  are constants. Such a function
o can be chosen in the form w(x)=c, —c, e"** if p is sufficiently large and c,, c,
are suitable positive constants. The substitution v=u/w transforms (6.79) into
another problem: Lv = /' = f/win Q N,v = $§ = ¢/w on %, in which the coef-
ficient L, w/w of vin I, v satisfies L, w/w < &w < 0and the coefficient 3, of vin N, v
satisfies j, = y, + B,- Dw/w = 7 > 0. If now sup |v| = [v(x,)] at some x, € §2, then

Q

sup [v] = |v(x,)| <| f(x,)/€l <sup | fl/Id],
a a
and hence

|ulo <sup w sup |v| < (1 fl,,
Q Q

where C is a constant independent of ¢. On the other hand, if sup [v]=[v(x,)| for
[
some x, € 082, then either

sup [v] =v(xo) <7~ 1P — B, D) - ., SP(x,)/7
0
or

sup |v] = —v(xo) <7 (=@ +B,- Dv), -, < — P(xo)/7
o]

and thus |u|, < C sup |¢|. The estimate (6.80) follows at once from (6.77).
o0
The argument proceeds now essentially as in Theorem 6.8. Let

B, = C+%Q), B, = C(Q) x C**(0Q),
with
1, @ls, = 1 flo.se + 1011200,
and consider the operator
£ =(,N):B,-%B,.
The solvability of the problem (6.79) for arbitrary f e CYQ), ¢ € C!'(09Q) is
equivalent to showing that £, is one-to-one and onto. Let u, denote a solution of this

problem for given f, ¢. It is unique (see Problem 3.1) and from (6.80) we have the
bound

|uz|2,a < C(‘f‘()‘a + !(p‘l,ax)
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or, equivalently,
(6.81) lule, < Cll&ully,,

the constant C being independent of ¢. The fact that €, is invertible is a consequence
of the solvability in C2:%(£) of the third boundary value problem:

)
Au=finQ,  u+—=¢on dQ.
ov
We refer to the literature of potential theory for this result ; (see [ GU], for example).
Assuming this result, we conclude from (6.81) and the method of continuity
(Theorem 5.2) that the theorem is proved. [

If either of the conditions y >0 or ¢ <0 is not satisfied in the preceding theorem,
unique solvability is no longer assured, and one can assert instead the Fredholm
alternative as in Theorem 6.15. The method of proof is basically the same. An
immediate consequence of the alternative is solvability when ¢<0, y>0 and
either c#0 or y#0, since uniqueness holds under these conditions.

6.8. Appendix 1: Interpolation Inequalities

We prove here the interpolation inequalities quoted in the course of Chapter 6. We
begin with the inequalities for interior norms and seminorms.

Lemma 6.32. Suppose j+fi<k+a, where j, k=0, 1, 2,..., and 0<a, B<I.
Let Q be an open subset of R" and assume u € C**(Q). Then for any ¢>0 and some
constant C=Clg, k, j) we have

(6.82) (]} g o< Qlulg, 0+ 6[ulE 40
'ulf»ﬁ;ﬂ < C'”'o;n + 8[“]’: a; 02

Proof. We shall establish (6.82) for the cases j, k=0, 1, 2 needed in the present
work. A direct extension of the ideas and a suitable induction yield the stated result
for arbitrary j, k.

It is assumed that the right member of (6.82) is finite since otherwise the asser-
tion is trivial. For notational convenience we omit the subscript Q, the domain Q
being implicitly understood. We consider several cases:

(i) j=1, k=2; a=F=0. We wish to show

(6.83) (L]t < C(e)luly +e[ul3
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for any £>0. Let x be any point in €, d_ its distance from 09, and u <1 a positive
constant to be specified later. We set d=pud, and B=B,(x). Forany i=1, 2, ..., n,
let x’, x” be the endpoints of the segment of length 24 parallel to the x; axis with its
center at x. Then for some x in this segment we have

|u(x") —u(x")] _1

u(x)| = <~
D) = = < lulg

and
[ !
|Du(x)| =|D(%) + [ Dy dx) < lul +d sup |D
B
X

1
<‘_1 uo+d sup dy_z sup dyleiiu( »).

yeB yeB

Since d,>d, —d=(1—pu) d, >d,/2 for all y € B, it follows that

d|Dau(x)| < p” 'ulg+dp sup @D y) < p” Hulg+dpluls.
yen

Hence

[ul}= sup dJDu(x)<p™uly+4ulul}.

If now u is chosen so that u<e¢/4 we conclude (6.82) with C=pu"".

(ii) j<k; =0, a>0. We proceed in a similar manner. As before let x € Q,
O<u<j, d=pd , B=B/x), and let x’, x” be the endpoints of the segment of
length 2d parallel to the x, axis with its center at x. For some X on this segment we
have

|Du(x')— Du(x")| < 1

(6.84)  |D,u(x)|= = sup | Dul
B

2d ~d
and
| Dyu(x)] S| Dyul)] +| D x) — Dyyu(%)|
1
< sup d; ' sup d|Du( y)
d yeB yeB

+d*supd 2 *supdl}l* 1Dyl = Dyt ¥
yeB ® yeB i |X—}’|’

Again, since d,, d, ,>d, /2 for all y € B, it follows that

Y Ux,y

2
d?|D,u(x)| S; (]} + 22" = us .
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Taking the supremum over i, / and x € £, choosing u so that 8u*<e and setting
C=2/u, we obtain the inequality

(6.85) [u]3 < C(e)[ult +e[ul3 .

If u replaces Du in (6.84) and the obvious modifications are made in the ensuing
details, we obtain (6.82) for j=k=1, =0, a>0:

(6.86) [u]} < Ce)luly+e[ul? ,.

Combining (6.85) with (6.83) after appropriate choice of ¢ in each of these inequali-
ties, we arrive at (6.82) for k=2 and j=1, 2.

(iii) j<k; >0, «=0. Let x, y € Q with d,<d,, so that d,=d, ,. Let y, d,
and B be defined as before. We prove (6.82) for the case j=0, first establishing the
interpolation inequality

[u]o S C(6)|u|0 +e[u]t,

where £>0 may be arbitrary for 0<f < 1. If y € B, we obtain from the theorem
of the mean, for 0<f <1,

ﬂlu(x) u(}’)| 1—ﬁdlDu| <2 1-8 * .
x—_—“\ x B # [u] v
Ix—yI %P
and if y ¢ B, we have

(6.87) 4 |ux) —u(y) _

x ' la \ l-ﬂlulo.

Combining these inequalities, we obtain for 0< <1

sup d*, lu(x) —u( y)|

(6.88) (1]} 5= L <2p 7 Bl o+ 2u" ~PLu]t.

x,yeN

This implies (6.82) when <1 and 2u' “#<e. Applying (6.83) to the right member
of (6.88) and choosing u appropriately, we obtain (6.82) for j=0, k=2, a=0,
0<B<1. The proof for j=1, k=2 proceeds in much the same way after replacing
u with Du. There is the following difference, however. In place of (6.87) we now
have the inequality,

gp+#12) =D )

P S# LDl + dIDu )< 2~ Lult.
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The conclusion again follows by application of (6.83).
(iv) j<k; a, B>0. It suffices to take j=k and hence a> . With the same
notation as above, we have for ye B

flu(x)—u(ﬁJ’)Is a1 g Iu(x)-—u(ay)l’
|x =yl Ix =yl

while if y ¢ B,

|u(x) —u( y)| -
d? —TC———}’I”—SZ# Plul-
Combining these inequalities and taking the supremum over x, y € 2, we obtain
(6.82) for j=k =0 withe=p*"#and C=2/uf. The remaining cases when j=k =1, 2
follow in a similar way with the use of results from case (ii).

Theinterpolation inequality (6.82) for seminorms immediately implies the norm
inequality

Iulj’ﬂ;ns C‘Iulo;n+s[u],’:"a;n. 0

An application of Lemma 6.32 yields the following compactness result.

Lemma 6.33. Let Q be a bounded open set in R" and let S be a bounded subset of
the Banach space

Chi={ue C*Q) | lul} o<}, k=0,1,2,...,0<a<].

Suppose the functions of S are also equicontinuous on Q. Then if k+o>j+ B, it
follows that S is precompact in C1%(Q).

Proof. Since Sisequicontinuous on € and bounded in C;*, it contains a sequence
{u,,} that converges uniformly on @ to a function u € C}-*. By hypothesis we may
assume |u,|¥ , <M (independent of m). From (6.82) we have for any ¢>0 and
some constant C= C(¢g)

|t — 1l < Clity — tdl o+ €14, — Ul -
If now N is so large that |u, —ul,<¢/C for all m> N, it follows that |u,, —u|¥ ;<

&(1+2M) for m> N. Thus {u,,} converges to u in C}#, which proves the assertion
of the lemma. 0O

We now extend Lemma 6.32 to partially interior norms and seminorms in
domains with a hyperplane boundary portion.
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Lemma 6.34. Suppose j+f<k+oa, where j k=0,1,2,..., and 0<a,f<I.
Let Q be an open subset of R, with a boundary portion T on x,=0, and assume
ue C**Q U T). Then for any £>0 and some constant C=Cle, j, k) we have

(6.89) [u],ﬁnur\cMo D+£[u]kaﬂu7"

f“', paor S Clulg, n+5[“]k 4QuT"

Proof. Again we suppose that the right members are finite. The proofis patterned
after that of Lemma 6.32 and we emphasize only the details in which the proofs
differ. In the following we omit the subscript Q u T, which will be implicitly
understood.

We consider first the cases | <j<k <2, =0, a>0, starting with the inequality

(6.90) [1]3 < C(e)luly+e[u]} ,, a>0.

Let x be any point in €, d, its distance from 0Q~ T, and d= ud, where u<1
is a constant to be specified later. If dist (x, T)>d, then the ball B,(x)=Q and the
argument proceeds as in Lemma 6.32, leading to the inequality

d2|Du(x)| < Cle)[ult +e[ul%,

provided p = u(e) is chosen sufficiently small. If dist (x, T") <d we consider the ball
B=B(x,)<=Q, where x, is on the perpendicular to T passing through x and
dist (x, xo)=d. Let x’, x" be the endpoints of the diameter of B parallel to the x,
axis. Then we have for some x on this diameter

|Du(x) — Du(x")] _
2d d

|D,u(%)) = L su up 1D < <# d;?supd|Du(y)

yeB

—d_*[u]}, sinced,>d /2forallye B,

and
| D,u(x)| < | Dyu(x)| + | Dyyua(x) — Dyyu(X))
A A L
hence

21D, <[} + 1601
S Clult +e[uls

provided 16p* <¢, C=2/u. Choosing the smaller value of u, corresponding to the
two cases dist (x, T)>d and dist (x, T)<d, and taking the supremum over all
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xeQand i I=1,...,n, we obtain (6.90). If u replaces Du in the preceding and
the details are modified accordingly, we obtain (6.90) for j=k =1.

To prove (6.89) for j=1, k=2, a=f=0, we proceed as in Lemma 6.32 with
the modifications suggested by the above proof of (6.90). Together with the
preceding cases, this gives us (6.89) for 1 <j<k <2, =0, a>0.

The proof of (6.89) for >0 follows closely that in cases (iii) and (iv) of Lemma
6.32. The principal difference is that the argument for >0, a=0 now requires
application of the theorem of the mean in the truncated ball B,(x) N Q for points
x such that dist (x, T)<d. O

We conclude this section with the proof of global interpolation inequalities in
smooth domains.

Lemma 6.35. Suppose j+f<k+a, where j=0, 1, 2,...,k=1, 2,..., and
0<a, B<1. Let Q be a C** domain in R", and assume u € C**Q). Then for any
£>0 and some constant C=C(g, J, k, Q) we have

6.91) [ul; 5.0 < Clulg. o +eluly 4.0

Proof. The proofis based on a reduction to Lemma 6.34 by means of an argument
very similar to that in Lemma 6.5. As in that lemma, at each point x, € 0 let
B,(x,) be a balland ¢ be a C** diffeomorphism that straightens the boundary in a
neighborhood containing B'=B,(x,) N 2 and T=B(x,) N 0Q. Let Yy(B')=
D'<R,¥(T)=T'c0R’,. Since T" is a hyperplane portion of D', we may apply
the interpolation inequality (6.89) in D’ to the function i =u - ¢~ ! to obtain

@} g, oo r < C@Nil g, p + €l . o o 7
From (6.30) it follows
lul,;.ﬂ;B’ vT < C(G)IMIO;B' +8|u|:. aB uT:*

(We recall that the same notation C(e) is being used for different functions of ¢.)
Letting B =B, ,(x,) N 2, we infer from (4.17), (4.17)"

(6.92) [l 5. 5 SC(ENulg, g +eluly 4.
SC(e)ulg, o +eluly 4 0-

Let B, ,(x;), x;€ 0Q, i=1,..., N, be a finite collection of balls covering
09, such that the inequality (6.90) holds in each set B{=B, ,(x;) n Q, with a
constant C(e). Let =min p,/4 and C=C(¢)=max Cye). Then at every point
Xxo € 082, we have B= By(x,)< B, ,(x;) for some i and hence

(6.93) |u|j_ﬁ;3nn<C|“|o;n+5|u|k_a;ﬂ'

The remainder of the argument is analogous to that in Theorem 6.6 and is left
to the reader. 0
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The global interpolation inequality (6.91) is valid in more general domains, for
example in C% ! domains; (see Problem 6.7). However, as shown in the example on
page 53, suitable regularity of the domain Q is required to insure the inclusion
relation C**(Q)=C/#(Q) when k+a>j+ B, and hence the global interpolation
inequalities are not true in arbitrary domains.

Lemma 6.35 implies the following compactness result.

Lemma 6.36. Let Q be a C** domain in R" (with k=1) and let S be a bounded
set in C**(Q). Then S is precompact in C*#(Q) if j+ B <k +a.

The proof is essentially the same as that of Lemma 6.33 and is therefore omitted.
The result is obviously valid for domains in which the global interpolation in-
equality (6.91) holds, hence in C% ! domains.

6.9. Appendix 2: Extension Lemmas

This section establishes some results needed earlier in this chapter and elsewhere
in this work concerning the extension of globally defined functions into larger
domains and the extension of functions defined on the boundary to globally
defined functions.

We shall use the concept of a partition of unity. Let  be an open set in R"
covered by a countable collection {€;} of open sets 2;. A countable set of func-
tions {n;} is a locally finite partition of unity subordinate to the covering {8} if:
(1) n,€ C3(RQ;) for some j=(i); (ii) n;20, Zn,=1 in Q; (iii) at each point of
there is a neighborhood in which only a finite number of the 5, are non-zero. For
the proof of existence of such a partition we refer to the literature; (for example,
see [YO}, also Problem 6.8). In the following applications the construction of the
partition is relatively simple.

Lemma 6.37. Let Q be a C** domain in R" (with k> 1) and let Q' be an open set
containing Q. Suppose u € C**(Q). Then there exists a functionw € C&%Q') such that
w=u in Q and

(694) luylk,a;ﬂ’ s qulk,ﬂ;ﬂ’

where C=C(k, Q, Q).

Proof. Let y=y(x) define a C** diffeomorphism that straightens the boundary
near x, € Q, and let G and G* =G n R", be respectively a ball and half-ball in
the image of ¥ such that Y(x,) € G. Setting @(y)=wuo ¢~ '(p) and y=(y,....,
Ya—1-¥,)=(¥". y,), we define an extension of #( y) into y, <0 by

k+1

a()’/~ yn): Z C,'lz(y"‘ —.yn/i)‘ yn<0‘

i=1
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where c,, .. ., ¢, , are constants determined by the system of equations

k+1
Y c(=1/m=1, m=0,1,... k.
i=1
One verifies readily that the extended function @ is continuous with all derivatives
up to order k in G and that ii € C**G). Thus w=ii o ¢ € C**B) for some ball
B=B(x,)and w=uin B n Q, so that w provides a C* * extension of v into Q U B.
By (6.30) the inequality (6.94) holds (with Q U B in place of Q).

Now consider a finite covering of 0Q by balls B,, i=1, ..., N, such as B in the
preceding, and let {w;} be the corresponding C** extensions. We may assume
the balls B, are so small that their union with  is contained in Q'. Let Q < cQ
be an open subset of € such that , and the balls B, provide a finite open covering
of Q. Let {n,},i=0,1,..., N, be a partition of unity subordinate to this covering,
and set

w=un,+ Z willi

with the understanding that w;n,=0 if n,=0. One verifies from the above discussion
that w is an extension of v into Q' and has the properties asserted in the lemma. 0

The following result provides an extension of a boundary function to a globally
defined function in the same regularity class.

Lemma6.38. LetQbea C**domaininR"(k > 1)andlet Q' be anopen set containing
Q. Suppose ¢ € C**(0Q). Then there exists a function ® € C&*(Q') such that
d=¢ on 09Q.

Proof. At any point x,, € 022 let the mapping ¥ and the ball G be defined as in the
preceding lemma, and assume that ¢=¢ o ¥ '€ C**(G n IR",). We define
(", y,)=3(y) in G and set H(x)= - Y(x) for x € ¢~ 1(G). Clearly ® € C**(B)
for some ball B=B(x,) and ®=¢ on B n 09Q2. Now let {B;} be a finite covering of
02 by balls such as B, and let ®, be the corresponding C** functions defined on B,.
The proof can now be completed as in the preceding lemma by use of an appropriate
partition of unity. 0

Remarks. 1) In the preceding lemma, if ¢ € C%0Q) N C**(T) where TcdQ,
then the same argument leads to an extension @ € C%Q') n C**G), where G isan
open set containing 7. A simple modification of the above proof shows that if Q
is any domain with C** boundary portion T and if ¢ € C**(T), then ¢ can be
extended to a function ® € C**(G), where G is an open set containing 7and ¢ = ¢
on 7. A countable covering of T by balls is required for the argument.
If e C%Q) n C**T) then the extension @ can be determined so that
@ € C°%R) n C**G). 2) For domains with a simple geometry the construction
of an extended function can often be made directly and easily. Thus if B= By(x,)
is a ball in R" and ¢ € C%0Q) n C**(T), T<dB, then an extension of ¢ into
R" can be obtained by setting

P(x)=P(x, + rw) = @(Ron(r),
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where r =[x —x,|, w=(x —x,)/r, and n(r) is a C* cut-off function such that n(r)=0
for 0<r<R/4, n(r)=1 for r=R/2. The function ®(x) obviously coincides with
@ on B, is in C°(R") and is of class C** in the conical region determined by the
rays from the origin through the points of 7.

Notes

The apriori estimates and existence theory in Sections 1-3 are, in modified form,
the contributions of Schauder [SC 4, 5]. At about the same time, Caccioppoli
[CA 1] stated without details similar results, which were elaborated by Miranda
[MR 2]. Closely related ideas are contained in the work of Hopf [HO 3] who earlier
established the interior regularity theorems of Section 4. The existence theory and
general properties of solutions for essentially the same class of problems were
previously obtained by Giraud [GR 1-3], who used the method of integral
equations based on representing soluttons as surface potentials. Further details
amplifying on the respective contributions are discussed by Miranda [MR 2].
A development of the Schauder estimates based on methods of Fourier analysis,
for equations of arbitrary order, is contained in Hérmander [HM 3].

The formulation of the interior estimates of Section 1 in terms of interior norms
and the method of derivation are patterned after Douglis and Nirenberg [DN],
who also extended the interior estimates to elliptic systems. The details of proof of
Theorem 6.2 can be simplified somewhat if the estimates are first carried out in
balls, using Theorem 4.6, and at the end are converted into the bound (6.14) for the
C?% % interior norm. See, for example, the proof of Theorem 9.11.

The global estimates of Section 6.2 and the proof of Theorem 6.8 based on these
estimates assume C?2'* boundary data. Under weaker regularity hypotheses an
existence proof for say C!'%£) n C*(Q) solutions does not follow from the
Schauder theory in its usual form. Such an existence theorem is implied by re-
gularity results of Widman [WI 1]. Gilbarg and Hérmander [GH] have extended
the global Schauder theory to include conditions of lower regularity of the coef-
ficients, domain and boundary values. We summarize their results, which apply to
conditions of higher regularity as well:

If

O0k<a=k+a<k+1,

let H () denote the Holder space of functions with finite norm |u], o = |ul; ..
(the latter being in the notation of this book ; thus H,(Q) = C**@)). Setting

Q; = {x e Q|dist (x, 6Q) > 4},

let H®X(2) denote the set of functions on € belonging to H(£2;) for all § > 0 and
with finite norm

luldhe = [ul = sup 6°**|ul, g,
>0
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where a + b > 0. Since H,"® < H{"® = H, for a > b > 0, b a noninteger, the
upper and lower mdlces in the norm |u|{~® describe, respectively, the global and
interior regularity of u. Define also H® ~%(Q) to be the set of functions in H® such
that 6**®|u|, o, — 0 as & — 0. Having these spaces, now let 2 be a bounded C’
domain for some y > 1, and a, b be nonintegers such that 0 < b < a,a > 2,b < y.
Let

Y, pg(x)D*

18]<2
be an elliptic second-order differential operator on @ such that

pre HEP(@) if Bl <2
PpeCO@) 181 =2,
ppe HEP-9(Q) ifb<|pl.

(Thus the lower-order coefficients may be unbounded if b < 2.) Then, if ue
CHQ) n C°Q) is a solution of

(6.95) Pu= finQ, u=¢@ondQ

where f e HZ,P(Q), ¢ € H(0Q), it follows that ue H{"®(Q) and satisfies an
estimate

[l < C(lulo + [@lpon + | £ 1),

where C depends on Q, a, b, the norms of the coefficients and their minimum eigen-
value. If p, < 0 the Dirichlet problem (6.95) has a unique solution in H{"?, and a
corresponding Fredholm-type theorem holds in general. The case 2 + a < a =
b < yis the one treated in this chapter. If Q is a Lipschitz domain, analogous results
hold for values b < 1 that depend on the exterior cone condition satisfied at the
boundary; and it suffices that p; € H, for | 8| = 2, so that the principal coefficients
need not be continuous at the boundary.

The conditions under which a regular boundary point for the Laplacian is also
aregular point for an elliptic operator, and conversely, have been studied by several
authors. The equivalence has been proved for strictly elliptic operators L, as in
Theorem 6.13, whose coefficients near the boundary are Lipschitz continuous [HR]
or Dini continuous [KV 1], [NO 2]; and also for certain classes of discontinuous
coeflicients [AK] and degenerate elliptic operators [MM], [NO 3]. Capacity and
the Wiener criterion (Section 2.9) play an important part in the arguments. If the
coefficients of L are only continuous, the equivalence no longer holds in general (see
the example in Problem 3.8(a), also [ML 4]). However, in the case of divergence
structure equations, there is equivalence when the coefficients are only bounded
and measurable [LSW] (see also Chapter 8). For additional results on regular
boundary points, see [NO 1], [MZ], [LN 2], (ML 2, 4].



140 6. Classical Solutions; the Schauder Approach

Hopf [HO 3] proves directly the interior regularity result, Lemma 6.16,
without an existence theorem. His method, based on Korn's device (in [KR 2]) of
perturbation about the constant coefficient equation, provides an extension of his
results in [HO 2] on the regularity of solutions of variational problems and antici-
pates important aspects of the Schauder theory. A simple direct proof of Lemma
6.16 (and of more general results), based on regularization and interior estimates,
is contained in [ADN 1], p. 723. For another approach see the proof of Lemma 9.16;
also [MY 5], Section 5.6.

A basically simpler proof of the boundary regularity result, Lemma 6.18, can
be obtained as follows. It suffices to prove that u e C*Q u T), after which the
argument proceeds essentially as in Lemma 6.16. By considering u — ¢ in place
of u, we may assume ¢=0. Let Q'cQ with Q' " 0Q=T'ccT, and let
d=dist (', 0Q—T)< 1. For any x’ € Q' suppose first

d=dist (x', 0Q)=|x"—x,| <5, x,€09.
Then by Problem 3.6 we have
lu(x)|<Clx—x,| forxe,

and hence |u(x)| < (d for x € By(x’). From (6.23), in which we set Q'=B,,(x’)
and Q= B,(x"). it follows that for all x € B, ,(x"),

d|Du(x)| < C(sup lul + d?| flo.a: )

B4
and hence
[Du(CHN<C+| flg. 0 0) < C.

where the constant C depends only on J and the given data. If d> 6, then the same
inequality holds, with the constant C now depending on 6~ !. We thus have a
bound on |Du| in € and consequently ue C>4(Q U T).

Section 6.5 is a modification of the ideas of Michael [MI 1] who has shown that
a general existence theory for continuous boundary values can be developed from
interior estimates only. His results apply as well to certain classes of equations with
unbounded coefficients near the boundary; (see Problems 6.5, 6.6).

Section 6.6 considers some cases of nonuniformly elliptic operators for which
the ellipticity degenerates on the boundary. The theory of elliptic operators that
degenerate in the interior is based on essentially different methods from those of
this chapter. For the relevant results the reader is directed to the literature on
hypoellipticity, e.g., [HM 2], [OR], [KJ].

The Schauder theory of the oblique derivative problem in Section 6.7 differs
in some respects from earlier versions. In particular, Fiorenza [FI 1] based his
approach on the representation by surface potentials of solutions of the boundary
value problem (6.60) for Poisson's equation in a half-space, to which he applied
some of the results of Giraud [GR 3]. His Schauder-type estimates for the case of
variable coefficients exhibit a quite precise dependence on the bounds and Holder
constants of the coefficients. This dependence is used in [LU 4], Chapter 10, and by
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Fiorenza [FI 2] and Ural'tseva [UR] to treat quasilinear equations with nonlinear
boundary conditions. An extension of the Schauder theory to other boundary
conditions for higher order equations and systems appears in Agmon, Douglis and
Nirenberg [ADN 1, 2]. Their method is based on explicit integral representations of
solutions of the constant coefticient problem in a half-space in terms of appropriate
Poisson kernels for the given boundary conditions. Although the details are quite
different, the development in Section 6.7 can be viewed as a special case of these
results. See also Bouligand [BGD]. The nonregular oblique derivative problem, in
which the directional derivative in the boundary condition becomes tangential
(8,=0 in (6.76)), is essentially deeper than the regular case and the results are
different; see, for example, [HM 1], [EK], [SJ] and [WZ 1, 2].

The solution of exterior boundary value problems can be inferred readily from
the results of this chapter. Meyers and Serrin [MS 1] treat boundary value prob-
lems for the equation L =f inan exteriordomain Q (containing the exterior of some
ball), with ¢ <0 and coeflicients and f Holder continuous in bounded subsets of Q.
Under suitable general hypotheses on the behavior of the coefficients at infinity they
prove the existence of solutions in  with a limit at infinity from the convergence of
solutions in expanding domains. They obtain the result, among others, that if /=0,
b'=0, a'— d¥ at oo and the matrix [«§] has rank >3, then there is a unique
solution in Q of the Dirichlet (and other) problems vanishing at infinity. Under
these conditions, if n> 3 the operator L may be non-uniformly elliptic at infinity
and the boundary value problem is still well posed. An extension of the Schauder
theory to exterior domains for n> 3, including Holder estimates at infinity and a
corresponding treatment of the exterior Dirichlet and Neumann problems, has
been given by Oskolkov [OS 1]. An exterior Neumann problem for a class of
quasilinear equations when n >3 is treated in [FG 2].

The interpolation inequalities of Appendix 1 can easily be derived from the
general convexity property of Holder norms:

|u|k,a < C(Iulkl.al)r(lulkz,az)l_—'9
where 0 <t < 1,

k+o=tk, +o,)+ -1k, + ay),

and the norms may be interior or global. For proof of this inequality, see Hormander
[HM 3].

Problems

6.1. (a)Letue C**>%Q), k > 0, be a solution of Lu = f in a bounded open set
Q < R, and assume the coefficients of L satisfy (6.2) and |a”, b', c|; 5.0 < 4. If
Q' < < Q, show that

Iulk+ 2,4, SC(|'4|o;n+Iflk.az;n)

where C = C(n, k, a, A, A, d), d = dist (', 0Q2).
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(b) In Theorem 6.2 assume u e C**2%Q), k>0, and replace (6.13) by the
conditions

a0, 1B el < A.

Prove the interior estimate
Ul 2. S Clulo+1/13%)
where C=C(n, k, a. 4. A).

6.2. In Theorem 6.6 let Q be a C**%* domain, k > 0, and assume u € C**2%(Q),
e C*2%Q), fe CHY(Q), |dY, b, | , o< A. Prove the global estimate

Uy 2 o SCUtlg+1Plis 3 o+ i)
where C=C(n, k, a, 4. A. Q).

6.3. Prove Theorem 6.13 for a bounded domain € satisfying an exterior cone
condition. Show that at each point x, € 99 there is a local barrier determined by
a function of the form r*f(), where r =|x — x,| and 8 is the angle between the vector
x — X4 and the axis of the exterior cone; (cf. [ML 1, 3]).

6.4. Prove the following extension of Corollary 6.24". Let Q be a bounded strictly
convex domain in R" and let the equation

Lu=a"D;ju+b'Du=0

be elliptic in Q with coefficients in C*(). For x, € 02 let v=v(x,) denote the
unit normal to a supporting plane (directed outward from ). At each x, suppose
b-v>0in B(x,) n  for some ball B(x,). Then the Dirichlet problem for Lu=0
is (uniquely) solvable in C2*) n C%%) for arbitrary continuous boundary
values.

6.5. (a) Prove Lemma 6.21 if the ball B is replaced by an arbitrary C2? domain
Q; (see Problem 4.6).
(b) Extend part (a) to admit coefficients &' satisfying sup d; ~?|b'(x)| < oo for
[0}

some y € (0, 1) and coefficients ¢ < 0.
6.6. (a) Use the argument in Problem 6.5 to construct a barrier and prove the
solvability of the Dirichlet problem, Lu=f (¢<0) in £, u=0 on 9%, where L is

strictly elliptic in the C? domain ©, and the following conditions are satisfied:
the coefficients «'/ are bounded; a”, V', ¢, fe C*(R); sup d! ~#|bi(x)| < and
2

sup d? 4 f(x)| < oo for some B € (0, 1).
o]
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(b) Under the additional hypothesis, sup d? ~#|c(x)| < oo, extend part (a) to
[0}

include the boundary condition u= ¢ on 0, where ¢ is continuous.

6.7. Prove the global interpolation inequality (6.91) if Q is a C% ' (Lipschitz)
domain. The result can be obtained as follows:

(i) Prove there is a constant K depending only on Q2 such that every pair of
points x. y in € can be connected by an arc y(x, y) in Q whose length |(x, )|
< Kix - y|.

(ii) Show that for some constants p, and L depending only on Q, if y € Q and
dist (y, 0Q2) < po,thenforallp < p,thereisapointx € B (y)suchthat B, ;:(x) = Q.

(iii) Use parts (i) and (ii) in a modification of the proof of Lemma 6.34 to
establish (6.91).

6.8. Let {Q] be a countable open covering of an open set Q in R". If either
(a) Q is bounded and Q< U Q,, or (b) Q, is bounded and Q,=Q, i=1,2,...,
prove the existence of a partition of unity {#,} such that n, € C5(L,).

6.9. (a) Use a partition of unity and the definition of C*'* domains in Section 6.2 to
show that any such domain Q with k > 1 can be defined by a function F € C**%Q),
such that F > 0in Q, F = 0 on 0Q2 and grad F # 0 on 0Q2.

(b) Use part (a) and approximation by smooth functions to show that any
C** domain Q(k > 1), defined by F > 0, can be exhausted by arbitrarily smooth
domains Q,, defined by F, > 0, such that

0Q, - 0Q, and |F, |; .0, < C|F|i a0 as v — oo,

where C is a constant independent of k.

6.10. Let L be elliptic in a C?> domain Q, with ¢ < 0 and a”, b'e C°(Q). Let
X =2, uUZX, cdQbedefined by (6.59). Suppose u € C°(Q) n C*(Q — X) satisfies
Lu = 0in Q. Then, if either ¢ < 0, or a* > 0, for some i, on Q2 — X, prove that

sup u < sup u'.
Q z

(Use the distance function to flatten the boundary near an assumed maximum on
0Q — X, and consider the differential equation there. Cf. [OR].)

6.11. Under the hypotheses of Theorem 6.30, but assuming | f;|, , < 4 in place
of | Bily.« < A, prove the estimate

lulz,o < C(lulo + @10 + 1S lo,a + [Dulo - [DBL),

where C = C(n, a, A, A, k, Q).



Chapter 7

Sobolev Spaces

To motivate the theory of this chapter we now consider a different approach to
Poisson’s equation from that of Chapter 4. By the divergence theorem (equation
(2.3)) a C%(R) solution of Au= f satisfies the integral identity

(7.1) [ Du- Do dx=— [ fp dx
Q2 ]
for all ¢ € C(9). The bilinear form

(1.2) (u, <p)=fDu-D<p dx
n

is an inner product on the space C §(€2) and the completion of Cj(£2) under the
metric induced by (7.2) is consequently a Hilbert space, which we call W} %(9).

Furthermore, for appropriate fthe linear functional F defined by F(¢)= —f Sfo dx
Q

may be extended to a bounded linear functional on W, 2(Q). Hence, by the Riesz
representation theorem (Theorem 5.7), there exists an element u € W} %(Q) satis-
fying (u, @)= F(p) for all ¢ € C,(R). Thus, the existence of a generalized solution
to the Dirichlet problem, du=f, u=0 on 0Q, is readily established. The question
of classical existence is accordingly transformed into the question of regularity of
generalized solutions under appropriately smooth boundary conditions. In the next
chapter, the Lax-Milgram theorem (Theorem 5.8) will be applied to linear elliptic
equations in divergence form in a similar manner to the above application of the
Riesz representation theorem and by means of various arguments based on integral
identities, regularity results will be established. But before we can so proceed
we need to examine the class of Sobolev spaces, that is, the W* ?(Q) and W} 7(Q)
spaces of which the space W} #(Q) is a member. Some of the inequalities we treat
will also be necessary for the development of the theory of quasilinear equations
in Part II.
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7.1. LP Spaces

Throughout this chapter 2 will denote a bounded domain in R". By a measurable
function on Q we shall mean an equivalence class of measurable functions on Q
which differ only on a subset of measure zero. Any pointwise property attributed
to a measurable function will thus be understood to hold in the usual sense for some
function in the same equivalence class. The supremum and infimum of a measurable
function will then be understood as the essential supremum and infimum.

For p>1, we let LP(2) denote the classical Banach space consisting of measur-
able functions on £ that are p-integrable. The norm in LP(Q?) is defined by

1/p
13 e = 4o = (ﬁuv’ dx) .
0

When u is a vector or matrix function the same notation will be used, the norm |u|
denoting the usual Euclidean norm. For p = o0, L*(£2) denotes the Banach space
of bounded functions on Q with the norm

(7.4) lull ;0 = N1l Looiy = sup |ul.
Q

In the following we shall use llull, for [|ull | »q, When there is no ambiguity.
We shall need the following inequalities in dealing with integral estimates:
Young's inequality.

14 q
(1.5) <@+ 2
P g

this holds for positive real numbers a, b, p, g satisfying

11

—+-=1.

P q
The case p=g=2 of inequality (7.5) is known as Cauchy’s inequality. Replacing
a by €'/Pa, b by ¢~ '/?b for positive &, we obtain a useful interpolation inequality

14 - q/pha
(1.6) ap< ™ B
P q

SeaP+ &IPS,

Holder's inequality.

(7.7) [uw dx<ul,lvl;
o]

this holds for functions u € LP(Q), ve LYQ), 1/p+1/9=1 and is a consequence
of Young's inequality. When p=¢=2, Holder's inequality reduces to the well
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known Schwarz inequality. That the expression (7.3) defines a norm on LP(Q)
isa consequence of Holder’s inequality. Let us note some other simple consequences
of Holder’s inequality.

(7.8) o/ ”"Hullpsml‘ Y|lull, forue LYRQ), p<q.

(7.9) lull, < llull2lull} =% for u e L7(),

where p<g<rand l/g=A/p+(1=A)/r.

Combining inequalities (7.6) and (7.9), we obtain an interpolation inequality for L?

norms, namely,

(7.10) leell g < elluall, + &7 *llull

G2
p=-—=)/{=—=)
q q r
We shall also have occasion to use a generalization of Holder’s inequality to m
functions, u,, . . .u,,, lying respectively in spaces L', . .. LP™, where

where

The resulting inequality, obtainable from the case m =2 by an induction argument,
is then

(7.11) fulu'um dx<lugll,, - lugl,...
(23

It is also of interest to study the L? norm as a function of p. Writing

1 ) 1/p
(7.12) ¢p(u)=<'5| J ju dx)

for p>0, we see that & is non-decreasing in p for fixed u, by inequality (7.8),
while the inequality (7.9) shows that & is logarithmically convex in p~!. Note that
@, (u)=|8""?|lu|l, for p>1. Although the functional ¢ does not extend the L?
norm as a norm for values of p less than one, it will nevertheless be useful for later
purposes (see Chapter 8).

We also note here some of the well known functional analytic properties of the
LP spaces; (see for example Royden [RY]). The space L?(Q) is separable for
p<oo, C%L) being in particular a dense subspace. The dual space of LP(Q) is
isomorphic to LYQ) provided I/p+1/g=1 and p<oo. Hence L?(R2) is reflexive
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for 1 <p<oc. The number g, the Holder conjugate of p, will often be denoted p'.
Finally, L*(Q2) is a Hilbert space under the scalar product

(u, v)=fuv dx.
2

7.2. Regularization and Approximation by Smooth Functions

The spaces C**(2) which were introduced in Chapter 4 are local spaces. Let us
define local analogues of the LP(2) spaces by letting Lf (£2) denote the linear
space of measurable functions locally p-integrable in Q. Although they are not
normed spaces, the L] () spaces are readily topologized. Namely, a sequence
{u,,} converges to u in the sense of L, () if {u,} converges to u in LP(Q’) for
each Q' c cQ.

Let p be a non-negative function in C*(R") vanishing outside the unit ball B, (0)

and satisfying f pdx=1. Such a function is often called a mollifier. A typical

example is the function p given by

1
cexpl ——— ] for|x|<1
p(x)= p(IXIZ—l) .
0 for |xj=1

where c¢ is chosen so that fp dx=1 and whose graph has the familiar bell shape.

For u e L (Q) and h>0, the regularization of u, denoted by u,, is then defined
by the convolution

X—y
h

(7.13) u,,(x):h—"fp< )u(y) dy
o]

provided h <dist (x, Q). It is clear that u, belongs to C*(R2') for any Q'c cQ
provided h < dist (€', 0Q). Furthermore, if u belongs to L'(R2), 2 bounded, then u,
liesin C§(R") for arbitrary h > 0. As htends to zero, the function y — h™"p(x — y/h)
tends to the Dirac delta distribution at the point x. The significant feature of
regularization, which we partly explore now, is the sense in which u, approximates
u as h tends to zero. It turns out, roughly stated, that if u lies in a local space, then
u, approximates u in the natural topology of that space.

Lemma 7.1. Ler ue C%Q). Then u, converges to u uniformly on any domain
Qcc
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Proof. We have

u=h" | p("?)u(y)dy

lx=yl<h

= f p(2)u(x—hz) dz <putting z=3‘%y->;

lz| €1

hence if Q' < = Q and 2h <dist (Q', 09Q),

sup |u—u,|< sup f p(2)u(x) —u(x — hz)| dz
P

xef lz1€1

< sup sup |u(x)—u(x—hz)|.

xeQ |z1€1
Since u is uniformly continuous over the set
B,(Q')={x | dist (x, Q") <h},
u,, tends to v uniformly on Q'. 0O

The convergence in Lemma 7.1 would be uniform over all of Q if u vanished
continuously on Q. More generally if ue C°) we can define an extension
ii of u such th~at d=uinQandiie C °((§) for some Q> Q. Then ii, , the regulariza-
tion of @ in £, converges to « uniformly in Q as A — 0.

The processof regularization canalso be used toapproximate Holder continuous
functions. In particular if u e C*%(2), 0<a< 1, then

(714) [uh]a;ﬂ's [u]a;ﬂ”

where Q"= B,(Q’), and consequently u, tends to u in the sense of C*(Q’) for
every o' <a and Q'c <, as h— 0. Using Lemma 6.37 and Lemma 7.3 of the
following section we can then conclude approximation results for C**(Q2) functions;
(see Section 6.3).

We turn our attention now to the approximation of functions in the L{ (2)
spaces.

Lemma 7.2. Let ue Lf (Q)L?()), p<oo. Then u, converges to u in the sense
of LE(Q(LP()).

Proof. Using Holder’s inequality, we obtain from (7.13)

< [ p@utx—ho)l? dz,

lz|]<€1
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so that if Q'< < Q and 2h < dist (', 09Q),

flu,,l" dx< f f p(2)|u(x — hz)|? dz dx
o

Q Jz|s1

= f p(z) dzf|u(x—hz)|"dx

HER! '

< [ wrax,

Bn(R2')

where B,(Q")={x | dist (x, Q') <h}. Consequently
(7.15) [l Lran S llull LP(") Q"= B, (Q’).

The proof can now be completed by approximation based on Lemma 7.1. Choose
£>0 together with a C°(Q) function w satisfying

” u— w”me")S €

where Q"= B,.(2') and 2k’ <dist (2, Q). By virtue of Lemma 7.1, we have for
sufficiently small 4

lw— Wh”LP(O’) e
Applying the estimate (7.15) to the difference u —w, we therefore obtain

lu—upll oy S Nu =W Loy + IW =Wyl Loy + 11 = Whll Loy

L2+ lu—wl ppg, <36

for small enough A< /. Hence u, converges to u in L,? (2). The result for u e L?(2)

can then be obtained by extending u to be zero outside Q and applying the result
for L? (R™). 0O

loc

7.3. Weak Derivatives

Let u be locally integrable in © and a any multi-index. Then a locally integrable
function v is called the a* weak derivative of u if it satisfies

(1.16) f ov dx=(~ 1)kl f uD*p dx for all ¢ € C,(Q).
] 2
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We write v=D"u and note that D*u is uniquely determined up to sets of measure
zero. Pointwise relations involving weak derivatives will be accordingly understood
to hold almost everywhere. We call a function weakly differentiable if all its weak
derivatives of first order exist and k times weakly differentiable if all its weak
derivatives exist for orders up to and including k. Let us denote the linear space of
times weakly differentiable functions by WX(Q). Clearly C*Q)c W*(Q). The
concept of weak derivative is thus an extension of the classical concept which
maintains the validity of integration by parts (formula (7.16)).

We proceed to consider some basic properties of weakly differentiable functions.
The first lemma describes the interaction of weak derivatives and mollifiers.

Lemma 7.3. Let u€e L, (), « a multi-index, and suppose that D*u exists. Then
if dist (x, 0Q) > h, we have

(7.17) Duy(x) =(D"u),(x).
Proof. By differentiating under the integral sign, we obtain

Du(x)=h"" fo,P(x;})"( y) dy
[9]

=(—1)"'h‘"f0;p<x;y>u( y)dy
2

.—.h"'fp<i;—y)D“u(y) dy by (7.16)
0

=(D"u),(x). O

From Lemmas 7.1, 7.3 and the definition (7.16), now follows automatically a
basic approximation theorem for weak derivatives, the explicit verification of
which 1s left to the reader.

Theorem 7.4. Let u and v be locally integrable in Q. Then v=D"u if and only
if there exists a sequence of C*(8) functions {u,} converging to u in L} () whose
derivatives D*u,, converge to v in L\ ().

This equivalent characterization of weak derivatives can also be used as their
definition, as is often the case. The resulting derivatives then are usually called
strong derivatives so that Theorem 7.4 establishes the equivalence of weak and
strongderivatives. Through Theorem 7.4, many results from the classical differential
calculus may be extended to weak derivatives simply by approximation. In
particular we have the product formula

(7.18) D(uv)y=uDy+vDu;,
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this holds for all u, ve W'(Q) such that uv, uDv+vDue L, (Q); (see Problem
7.4). Also if Y maps Q onto a domain Q< R" with y e C'(), ¥ ~' € C1(Q) and
ifue WHQ),v=uoyy ™', thenv € W'(Q) and the usual change of variables formula

applies, that is

(7.19) D.u(x):a—y—j D, v(y)
! ox, %

for almost all x € Q, y € @, y=y(x) (see Problem 7.5).

It is important to note that locally uniformly Lipschitz continuous functions
are weakly differentiable, that is, C% ()< W !(Q). This assertion follows since a
function in C% '() will be absolutely continuous on any line segment in Q. Con-
sequently its partial derivatives (which exist almost everywhere) satisfy (7.16) and
hence coincide almost everywhere with the weak derivatives. By means of regulari-
zation, we can in fact prove that a function is weakly differentiable if and only
if it is equivalent to a function that is absolutely continuous on almost all line
segments in L parallel to the coordinate directions and whose partial derivatives are
locally integrable; (see Problem 7.8). The basic properties of weak differentiation
treated in this and the following section can be alternatively derived from this
characterization.

7.4. The Chain Rule

To complete our basic calculus of weak differentiation, we consider now a simple
type of chain rule.

Lemma7.5. Letfe CY(R),f € L°(R)andue W'(Q). Then the composite function
foue WYQ)and D(f > u)=f"(u) Du.

Proof. Let u,, m=1,2,...eC" ), and let {u,}, {Du,} converge to u, Du
respectively in L. (). Then for Q'c = Q, we have

loc

f|f(um)—f(u)| dx<sup|f’| flum—u| dx— 0 asm— ©
[0 Q2

f | f () Du,, — f"(u)Dul dx <sup | f'] f |Du, — Du| dx
o Q'

+ [1f ) = w0 1Du dx.
5

A subsequence of {u,}, which we renumber {u,}, must converge a.e. (2') to u.
Since /" is continuous, { f'(u,,)} converges to f'(«) a.e. (2’). Hence the last integral



152 7. Sobolev Spaces
tends to zero by the dominated convergence theorem. Consequently the sequences
{Au,)}, {f'(u,)Du,} tend to f(u), f'(u)Du respectively, and therefore Dfiu)=
f'wDu. 0O

The positive and negative parts of a function u are defined by

u*=max {&,0}, u~ =min {4, 0}.

Clearlyu=u*+u~ and |u|=u* —u~. From Lemma 7.5 we can derive the following
chain rule for these functions.

Lemma 7.6. Let ue W'(Q); then u*, u™, |ul € W' (Q) and

Du+={Du ifu>0

0 ifu<0

_ o fu>0

(7.20)  Du —{Du ifu<0
Du ifu>0

Dju|=40 ifu=0

_Du ifu<0.

Proof. For £>0, define

S0 = {(u +e)V2—¢ ifu>0

if u<O0.

Applying Lemma 7.5 we then have, for any ¢ € Cy(Q),

and on letting ¢ — 0, we obtain

fu*D(p dx=— f @Du dx

2 u>0

so that (7.20) is established for u*. The other results follow since u™ = —(—u)*
and ju/=u*—u". O

Lemma 7.7. Letue WY(Q). Then Du=0 a.e. on any set where u is constant.

Proof. Without loss of generality we may take the constant to be zero. The result
follows immediately from (7.20) since Du=Du* + Du~. 0O



7.5. The W*? Spaces 153

We call a function piecewise smooth if it is continuous and has piecewise
continuous first derivatives. The following chain rule then generalizes Lemmas
7.5 and 7.6.

Theorem 7.8. Let f be a piecewise smooth function on R with f' € L*(R). Then
ifue WY(Q), we have f - u € W(Q). Furthermore, letting L denote the set of corner
points of f, we have

_|f')Du ifu¢L
(7.21) D(f- u)—{o ifuel.

Proof. By an induction argument the proof is reduced to the case of one corner
which we may take without loss of generality at the origin. Let f,, f, € C'(R)
satisfy f}, f; € L*(R), fi(uw)=f(u) for u>0, f,(u)=f(u) for u<0. Then since
Sw)=f,(u*)+f,(u"), the result follows by Lemmas 7.5and 7.6. O

Combining Lemma 7.7 and Theorem 7.8, we see that if h is a finite valued
function on R, satisfying h(u)=f"(u) for u ¢ L, then Df(u)=h(u)Du. The chain
rule in this form may be extended to Lipschitz continuous f and u € W'(Q) for
which h(u)Du e LL (). The proof of this assertion requires somewhat more
measure theory than we have used; it is however a consequence of the characteriza-
tion of weakly differentiable functions given in Problem 7.8.

7.5. The W*:? Spaces

The W* P(Q) spaces are Banach spaces analogous in a certain sense to the C*%(Q)
spaces. In the W*?(Q) spaces, continuous differentiability is replaced by weak
differentiability and Holder continuity by p-integrability. For p>1 and k a non-
negative integer, we let

W r(Q)={ue WHQ); D’ue LP(Q) for all |o| <k}.

The space W* ?(Q) is clearly linear. A norm is introduced by defining

1/p
(7.22) lullk, pi2 = lullwe.pi@y = ( Y |D°ul? dx) .

la| <k
Q

We shall also use [|ull,, , for |lull,,,o When there is no ambiguity. An equivalent
norm would be

(7.23) ”u”}vk,p(m: z ”Dau”p'
k

fal <

The verification that W* ?(Q) is a Banach space under (7.22) is left to the reader
(Problem 7.10).
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Another Banach space Wg"’(Q) arises by taking the closure of Cg(Q) in
Wk ?(Q). The spaces W* ?(Q), W§ P(22) do not coincide for bounded Q. The case
p=2 is special, since the spaces W*(Q), Wk 2(Q) (sometimes written H%Q),
HS(Q)) will be Hilbert spaces under the scalar product

(7.24) (u, v)k=f Z D*uD*%v dx.

o i<k

Further functional analytic properties of W*?(Q) and W¢§ 7(Q) follow by con-
sidering their natural imbedding into the product of N, copies of L?(2) where
N, is the number of multi-indices a satisfying |a| < k. Using the facts that finite
products and closed subspaces of separable (reflexive) Banach spaces are again
separable (reflexive) [DS], we obtain accordingly that the spaces W* ?(Q), W& ?(Q)
are separable for 1 < p< oo (reflexive for | <p<o0).

The chain rule of Theorem 7.8 also extends to the spaces W' ?(), Wy P(Q).
In fact as a consequence of Theorem 7.8 and the definitions of these spaces we have
immediately that the space W!(Q2) in the statement of Theorem 7.8 may be re-
placed by W!-?(Q), and by W, ?(R) if also f(0)=0.

Local spaces WP(Q) can be defined to consist of functions belonging to
wkr(Q") for all Q'c < Q. Theorem 7.4 shows that functions in W,’f,;;"(Q) with
compact support will in fact belong to W§ P(Q). Also, functions in W' ?(Q) which
vanish continuously on dQ will belong to W' ?(2), since they can be approximated
by functions with compact support.

In the case p = oo, the Sobolev and Lipschitz spaces are related. In particular,
WES(Q) = C*~ 1 Y(Q) for arbitrary @, and W* 2(Q) = C*~ ' {(Q) for sufficiently
smooth Q, e.g., for Lipschitz Q; (see Problem 7.7).

7.6. Density Theorems

It is clear from Lemmas 7.2 and 7.3, that if u lies in W*?(Q), then D*u, tends to
D*u in the sense of L? (£2) as h approaches zero, for all multi-indices « satisfying

loc

lof < k. Using this fact we shall derive a global approximation result.
Theorem 7.9.  The subspace C*(Q) N W*?(Q) is dense in W* ?(Q).

Proof. Let Q;, j=1, 2,..., be strictly contained subdomains of  satisfying
QccQ;,, and U Q;=Q, and let {y,}, j=0, 1, 2,..., be a partition of unity
(see Problem 6.8) subordinate to the covering {Q;,,—Q;_,}, Q, and 2_, being
defined as empty sets. Then for arbitrary ue W*?(Q) and ¢ > 0, we can choose
hi j=1.2,..., satisfying

hJSdiSl (Q_,w an+1)~ Jjz1

(7.25) €
“(l//_,'”),,j - ‘p_,'u”Wk,mQ)g?'



7.7. Imbedding Theorems 155

Writing v;=(y u),,. we obtain from (7.25) that only a finite number of v; are
non-vanishing on any given Q' < Q. Consequently the function v=3’ v; belongs
to C°(). Furthermore

lu — vllwepg < Z lv; — '//j"“wkm(m <e
This completes the proof. 0O

Theorem 7.9 shows that W* P(Q) could have been characterized as the com-
pletion of C*(£2) under the norm (7.22). In many instances this is a convenient
definition.

In the case of arbitrary Q we cannot replace C*(R) by C*(Q2) in Theorem 7.9.
However, C*(2) is dense in W* ?(Q) for a large class of domains Q which includes
for example C! domains (see Problem 7.11). More generally, if Q satisfies a segment
condition (that is, there exists a locally finite open covering {#;} of dQ and cor-
responding vectors y' such that x + ty'e Q for all xeQ N %;, t€(0, 1)), then
C=(Q) is dense in W*?(Q). (See [AD]).

7.7. Imbedding Theorems

This and the following section are concerned with the connection between point-
wise and integrability properties of weakly differentiable functions and the
integrability properties of their derivatives. One of the simplest results in this
direction is that weakly differentiable functions of one variable must be absolutely
continuous. In this section we prove the well known Sobolev inequalities for functions
in WipQ).

Theorem 7.10.

L™/"=P(Q)  forp<n

Wé'F(Q)C{CO(Q) for p>n.

Furthermore, there exists a constant C=C(n, p) such that, for any ue W}-?(Q),
"u"np/(n—p)SC"Du"p forp<n’

(7.26)
sup |u/< CIQ(""~#| Dull, for p>n.
[¢]

Proof. Let us first establish the estimates (7.26) for C, (£2) functions. We proceed
from the case p=1. Clearly for any u € Cy(2) and any i, 1 <i<n,

I < [ 1D dx;,

- a0
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so that
n ® 1/n—1)
(7.27) |u(x)|"/‘"‘”<(1‘[ [ 1Dad dx,.) :
i=1

The inequality (7.27) is now integrated successively over each variable x,, i=
1,..., n, the generalized Holder inequality (7.11) form=p,=-.. =p, =n—1 then
being applied after each integration. Accordingly we obtain

n i/n
[ ,,s(ﬂ f |Dul dx)
i=1g

Ma

|Du| dx

i=1

(7.28) ’11 f
(o]

1
<—= || Dul,.
n
Thus inequality (7.26) is established for the case p=1. The remaining cases can

now be obtained by replacing u in the estimate (7.28) by powers of |4|. In this way
we get for y>1,

||~ | Du| dx

. 4
11 a1y <= |
NE
[}
Y y=1
<1 Dul,
n

by Hoélder’s inequality. Now for p <n we may choose y to satisfy

vm _O0=Dp e, 2P
n-1 p-1 n—-p

and consequently obtain

1%l npsin -y S \/—

as required.

The case p>n follows immediately by combining inequalities (7.34), with
g=o0o0, u=1/n, and (7.37) of the following section. We insert here an alternative
proof which is based on the case p=1.

For p>n, let us write \

N

[ Dul,

| Dull ,,
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and assume that {2 = 1. We obtain then

@ e<rla s A= =

b
n—1

so that

Nall, <y Nl 5 YY)

<y'laf,, ' since |2|=1.

Let us substitute for y the values 6*, v=1, 2, ..., where

=¢>L
We obtain thus
[llpse < 827l L35T, v=1,2,...
Iterating from v=1 and using (7.28), we get for any v
il <™ "=y,
Consequently as v — oo, we obtain by Problem 7.1,

sup 4<y,
Q2

and hence

sup |ul <= | Dull,.

PERNC

To eliminate the restriction |2]=1, we consider a transformation: y,=|Q|'"x,.
We obtain thus

X n-
sup |u| <= 2"~ 7| Du],
Q n

as required.

To extend the estimates (7.26) to arbitrary u e W, ?(Q), we let {u,} be a
sequence of C, () functions tending to uin W' ?(Q2). Applying the estimates (7.26)
to differences u,, —u,, , we see that {u,,} will be a Cauchy sequence in L"""~?}(Q)
for p<n and in C°%Q) for p>n. Consequently the limit function u will lie in the
desired spaces and satisfy (7.26). O
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Remark. The best constant C satisfying (7.26) for the case p<n was calculated
by Rodemich [RO], see also [BL], [TA 2], who showed that

1 ( n! I'(n/2) )”" -1 n(p—1)
C= ploUR gy =
n\/r_t 2r(n/p)['(n+1—n/p) n—p

When p=1, the above number reduces to the well known isoperimetric constant
-1 -1/n
n”(w,)” "M

A Banach space @&, is said to be continuously imbedded in a Banach space
2, (notation: #, — &,) if there exists a bounded, linear, one-to-one mapping:
#,— #,. Theorem 7.10 may be thus expressed as W, P(Q)— L™~ P(Q) if
p<n,— C%{)if p> n. By iterating the result of Theorem 7.10 k times we arrive at
an extension to the spaces W¢ ().

Corollary 7.11.

L) for kp < m
weraX .
Cc"() for0<m<k—-[—)'

The second case is a consequence of the first, together with the case p > n in
Theorem 7.10.

The estimates (7.26) and their extension to the spaces W§ ?(2) also show that a
norm on W¢§ ?() equivalent to (7.22) may be defined by

1/p
(7.29)  fullwy ,(,,,=( [ % 1D dx)
2 lal =k

In general, W P(Q) cannot be replaced by W* ?(Q2) in Corollary 7.11. However,
this replacement can be made for a large class of domains £, which includes for
example domains with Lipschitz continuous boundaries. (See Theorem 7.26).
More generally, if Q satisfies a uniform interior cone condition, (that is, there
exists a fixed cone K, such that each x € Q is the vertex of a cone Kg(x) = Q
and congruent to Kj;), then there is an imbedding

/,L""/"" k)(Q) for kp<n
(7.30) W Q)

cmMQ) for O<m<k—§-

where Cp(Q) = {u € C™(Q)|D*u € L*(Q) for |o] <m}.
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7.8. Potential Estimates and Imbedding Theorems
The imbedding results of the preceding section can be alternatively derived and

also improved through the use of certain potential estimates. Let u e (0, 1] and
define the operator V, on L'(Q) by the Riesz potential

(130 (V)= [Ix=)"" V15 dy.
]
That V, is in fact well defined and maps L'(R) into itself will appear as an incidental
consequence of the next lemma. First we observe, by setting f=1in (7.31),
(7.32) Visp 'l HQp
For, choose R>0 so that || = |Bg(x)|=w, R". Then

flx—yl”“‘“"dys f lx—y"*= 1 dy

] Br(x)

=u"'w,R™
= u~ 'l THQ

Lemma 7.12. The operator V, maps L*(Q) continuously into LY(Q) for any q,
1 <g< o satisfying

(7.33) 0<8=(p, q)=p ' —q '<pu.

Furthermore, for any f € L?(Q),

1-4
(7.34) I V,.fll,,s(;_—5> it/ Il WA

Proof. Choose r=1 so that
rl=l+q '=p '=1-6.

Then it follows that A(x — y)=|x —y|"*~ 1 € L"(R2), and by (7.32) one obtains

1 _6 1-4
i <(225) ot nare

The estimate (7.34) can now be derived by adapting the usual proof of the Young
inequality for convolutions in R". Writing

h|f| =hra - 1p |f|p/q|f|pb,
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we may estimate by the Holder inequality (7.11)

1/q 1-1/p
[V f(x) S{fh'(x -MIfI? dy} {fh’ (x—y) dy}
n

]
{ [1fcone dy} :

so that

1/r
IV, /1, <sup { [rx=» dy} 111,
0

1-4
< 1-wou-8
‘<u—a> @} T f],. O

We mention here that Lemma 7.12 may be strengthened in the sense that V,
maps LP(Q2) continuously into L%€2) provided p > 1 and 6 < u. The proof requires a
well known integral inequality of Hardy and Littlewood (see [HL]). However,
Lemma 7.12 is adequate for our purposes here. Observe that when p>pu~!, V,

maps LP(2) continuously into L=(£2). Let us examine now the intermediate case

p=p"".

Lemma 7.13. Let fe LP(Q) and g=V,,,f. Then there exist constants c, and c,
depending only on n and p such that

ass [ d T'd< 2. p'=plp-1)
. €x X&C . = —1).
JEPLerm, 2B PEPRP

Proof. From Lemma 7.12, we get for any g =p

lgllg<q =" Yo, =PI ) £ 1],

so that

[1g1* dx<q* o7 w¥100 1 £ 15
[¢]

and hence forg=p—1

[1917 dx <p'gte,p ql £ 1162,
Q2
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Consequently
9 Y* <oia
fzk' am,) <rar(’

The series on the right hand side converges provided ¢4 > ewp’, whence by the
monotone convergence theorem and (7.8) the desired estimate (7.35) follows. 0O

k kk

The next lemmas serve to clarify the connection between weak derivatives and
potentials of the above type.

Lemma 7.14. Letue W} Y(Q). Then

})$“”d ae. ().

(7.36) u(x)=

Proof. Suppose that u € C}(£2) and extend u to be zero outside Q. Then, for any
o with |o|=1,

u(x)=— fD,u(x +rw)dr.
Integrating with respect to w, we obtain

f f Du(x +rw) dr dw

"0|w| 1

u(x)=—

_1 (%= y)Du( y)
nw,d T x—yI"

and (7.36) follows from Lemma 7.12 and the fact that C(f) is dense in
wil. 0

Note that by means of the formula (7.16) for integration by parts, the Newtonian
potential representation for CZ(Q2) functions, equation (2.17), is deducible
from formula (7.36). Also we obtain for u e W3 '(Q)

I
(137 <V, |Dul
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Combining Lemma 7.12 and inequality (7.37) we obtain immediately the im-
beddings W P(Q) —» LYR)forp~'—g~'<n™!, which is almost the conclusion of
Theorem 7.10. In fact, this weaker version would be adequate for the purposes of
this book. But also combining Lemma 7.13 and (7.37), we obtain a sharpening
of the case p=n expressed by the following theorem.

Theorem 7.15. Let ue W, "(R). Then there exist constants ¢, and c, depending
only on n, such that

nj(n—1)
138 [ exp( l ) dx< ;).
o]

¢, | Dull,

Remark. The estimate (7.37) is readily generalized to higher order weak deriva-
tives. One obtains then for u e W '(Q),

(7.39) lul < Vil Dl

1
k-1'lnw

and using Lemma 7.13 we have an extension of Theorem 7.15. Namely there exist
constants c, and c, depending only on n and k such thatif u e W§ ?(Q) with n=kp,
then

|4

pllp—1)
7.40 exp| ———— dx <c,|Q.
( ) }[ p(cl "Dku"p) 2| I

The case p>n of the Sobolev imbedding theorem may be sharpened through
the following lemma.

Lemma 7.16. Let Q be convex and ue€ W' (). Then

dn

(741)  Ju(x) - us| < ]

flx — Y IDuG) dy  ae. (),
n

where

|—1~| fu dx, d = diam Q,

s

us

and S is any measurable subset of Q.

Proof. By Theorem 7.9, it is enough to establish (7.41) for u € C'(£2). We then
have for x, y € Q,

Ix~yl

ux)—u(y)=— fD,u(x+rw)dr, w=2"%

|y—x|
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Integrating with respect to y over S, we obtain

Ix=yl
[S|(u(x) —ug)= ——fdy f Du(x +rw) dr.

S 0o

Writing

|Du(x)l, xeQ
Vix)={ "
) {o, x¢Q

we thus have

|u(x) — ug| < Fll f dy J-V(x + rw) dr

|x—y|l<d 0

_Lf
|S|
0 |
_ f
" nlS|
0|

—_— d"
N

d
f fV(x + rw)p" ! dp dw dr
=10

J V(x + ro)dw dr
|=

w|=1

flx — y["ID,u()l dy. O
n

We can now prove the imbedding theorem of Morrey.
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Theorem 7.17. Letue W}:P(Q), p>n. Thenu e C'(£2), where y=1—n/p. Further-

more, for any ball B= B,

(1.42) osc u<CR'|Dul,,
2nBr

where C=C(n, p).

Proof. Coupling the estimates (7.41) and (7.34) for S = Q =B, ¢ = o0 and

u=n"' wehave
Ju(x)—ugl < C(n, P)R|Du||, a..(R2n B).

The result then follows since

[u(x) — w( Y < |u(x) — ug| +ul y) — ug
<2C(n, p)R'||Dulj, ae.(2n B). O
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Combining Theorems 7.10 and 7.17, we have for ue W, ?(Q2) and p>n the
estimate

(743) o, < C[1+(diam 2)]| Dul,.

Further, the results of Theorems 7.10, 7.15, 7.17 may be summarized by the
following diagram

an/m-p)(g), p<n

/
Wi Q) L*(Q), @=exp (j""")—1, p=n
N

ci@), ,1=1—-;5, p>n

where L?(R2) denotes the Orlicz space with defining function ¢. (See [TR 2] for a
more explicit definition of L*(£2).)

For the derivation of many of the apriori estimates in this book weaker forms of
the Sobolev inequalities known as the Poincaré inequalities are sufficient. From
Lemmas 7.12 and 7.14 we have for ue W'?(Q), 1<p<oo

1 i/n
(7.44) lMI,S(a— |9|> | Dul 5
while from Lemmas 7.12 and 7.16 we have, for u e W!'?(2) and convex £,

1-1/n
(745 lu—usl, < (I%I) d&"|Dull,, d = diam Q.

7.9. The Morrey and John-Nirenberg Estimates

We proceed now to a consideration of the potential operators ¥, on a different class
of spaces in order to prove useful imbedding results due to Morrey (Theorem 7.19)
and John and Nirenberg (Theorem 7.21). Namely, the integrable function fis said
to belong to M?(Q), 1 < p< oo, if there exists a constant K such that

(7.46) f If] dx< KR™! =1/

2nBr

for all balls Bg. We define the p norm || f || () to be the infimum of the constants
K satisfying (7.46). It is easy to see that LP(Q2)c M?(Q), L'(Q)=M(Q), L*(Q)=
M=(Q). Instead of considering in detail the action of the operators ¥, on arbitrary
MP(Q) spaces, it will be enough to limit ourselves to the cases p>pu~!.
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Lemma 7.18. Letfe M?(Q), 6=p ' <pu. Then

1-6 ..
(7.47) W, f(x) <55 (diam @)"“~ || f iy 2-€- ().

Proof. Extend f'to be zero outside € and write

W)= [ 1fio) dy.
B,y(x)

Then
VSN o™V 1S5 dy, p=lx—)]
2

d
=fp"“"”v’(p) dp, d=diam Q

0
d
=a"e= () +n(1 =) [ p"*= D" w(p) dp
4]

1-6
#_

|

< d"*~9K by (7.46). O

O

The following theorem now generalizes Theorem 7.17.

Theorem 7.19. Let ue W' Y(Q), and suppose there exist positive constants K,
o (a<< 1) such that

(7.48) f |Dul dx <KR"™'** for all balls By = Q.

Br
Then u € C**(Q), and for any ball B<Q
(7.49) osc u<SCKR*,

Br
where C=C(n, a). If Q=0 N R, ={xe Q| x,>0} for some domain QcR" and
(7.48) _holds for all balls By Q, then ue C**Q ~ Q) and (7.49) holds for all
BycqQ.
Theorem 7.19 is obtained by combining Lemma 7.16 (S = ) with Lemma 7.18.
As a further consequence of Lemma 7.18 we have

Lemma 7.20. Let fe MP(Q) (p>1) and g=V,f, u=p~". Then there exist con-
stants ¢, and c, depending only on n and p such that

(7.50) !exp(%) dx <c, (diam Q)"

1

where K= “ f HMP(O)‘
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Proof. Writing for any ¢>1

lx—yl a(u—1) =lx_y|(u/q— l)n/qlx_yln(l = 1/q)(u/g+nu-1)
we have by Hélder’s inequality

‘g(x)l <( u/qlfl)l/q( V“+y/q'f|)l— l/q-
By Lemma 7.18

u+u/q|f| < ##)q d"PMK, d=diam Q

<(p—1)qd"PK.
Also by Lemma 7.12

f Vyd £ dx<pgol Vel ) £

quwann(l ~-1/p+ l/pq).

Hence
[1gt* dx<p(p—1"w g7 d K
2
<p'o{(p—1)gK}* d", p'=p/(p—1).
Consequently
fz _lo" dx<p'w d" Z p—1Y
ml( K)m P W, = (1 M'

<c,d" if(p—1l)e<c,.
Letting N — oo, we thus obtain (7.50). 0O
Combining Lemmas 7.16 and 7.20 we then get

Theorem 7.21. Let ue W' (Q) where Q is convex, and suppose there exists a
constant K such that

(1.51) f |Dul dx< KR for all balls By.

2nBr

Then there exist positive constants 6, and C depending only on n such that

(152 [exp (% |u—u,,|) dx < C (diam Q)"

]

where o = 0,|Q| (diam Q)~".
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7.10. Compactness Results

Let #, be a Banach space continuously imbedded in a Banach space #,. Then
A, is compactly imbeddedin #, if the imbedding operator I: #, — %, is compact,
that s, if the images of bounded sets in #, are precompact in #,. Let us now prove
the Kondrachov compactness theorem for the spaces W, ?(9).

Theorem 7.22. The spaces W, ?(2) are compactly imbedded (i) in the spaces LY(2)
for any g<np/(n—p), if p<n, and (i) in C%(Q), if p>n.

Proof. Part (ii) is a consequence of Morrey's theorem (Theorem 7.17) and
Arzela’s theorem on equicontinuous families of functions. Let us thus concentrate
on part (i) and prove it initially for thecase g =1. Let A be a bounded setin W} 7(Q).
Without loss of generality we may assume that A = C}(£2) and that |u| paS1
for all ue A. For h>0, we define 4,={u, | ue A} where u, is the regularization

of u (see formula (7.13)). It then follows that the set 4, is precompact in L'(2).
For if u € A we have

()] < f p(2)|u(x — hz)] dz < h™" sup plul,

lz) <1

and

| Duy(x)| < b~ f |Dp(2)||u(x — hz)| dz < h™"~ ' sup | Dp| |lull,
lzl<1
so that 4, is a bounded, equicontinuous subset of C°(£2) and hence precompact

in C%) by Arzela's theorem, and consequently also precompact in L'(£2). Next
we may estimate for ue A

lu(x) —up(x)| < f p(2)u(x) —u(x — hz)| dz

lz]<1

hiz|
< f p(z) f |Du(x — rw)| dr dz, w=5—‘

|2|”
lzi<1 0
hence integrating over x we obtain

Jlu(x)—u,,(x)ldxsh-[lbuldx <h|Q-1r.
R n

Consequently u, is uniformly close to u in L'(R) (relative to 4). Since we have
shown above that 4, is totally bounded in L'(Q2) for all A>0, it follows that A
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is also totally bounded in L!(2) and hence precompact. The case g=1 is thus
established. To extend the result to arbitrary g <np/(n— p), we estimate by (7.9)

- 1 1 1
lull, < ||“|fi||““:p/(:—p) where A+ (1 —4) (;—'—1)=;

< [[ull3(Cl|Dul|,,)* ~* by Theorem 7.10.

Consequently a bounded set in W}-?(Q) must be precompact in LY(L) for g> 1
and the theorem is proved. 0

A simple extension of Theorem 7.22 shows that the imbeddings

LYQ) forkp<n,g< P

/ n—kp

We Q) .
Nem(@) for O<m<k—
are compact and that W¥%?(Q) may be replaced by W*?(Q) for certain Q; see
Theorem 7.26; Problem 7.14.

7.11. Difference Quotients

In partial differential equations, the weak or classical differentiability of functions
may often be deduced through a consideration of their difference quotients. Let u
be a function on a domain 2 in R" and denote by e, the unit coordinate vector in
the x; direction. As in Chapter 6, we define the difference quotient in the direction
e; by

+he,)—
(7.53) A"u(x)= AMu(x)= "(x——ehl—'@ h#0.
The following basic lemmas pertain to difference quotients of functions in Sobolev
spaces.

Lemma 7.23. Let ue W' ?(Q). Then 4'ue L?(Q') for any Q' <= cQ satisfying
h<dist (', dQ), and we have

lld"ull L) < "Diu“ Loy

Proof. Let us suppose initially that u € C'(Q) n W!?(Q). Then

u(x +he;)—u(x)

AMu(x)= p

h
1
=;fD,u(xl, e XX+ e Xy, x,) dE
0
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so that by Holder’s inequality

h
1
|A*u(x)|P<;f|D,.u(xl, o Xy X HE Xy g X, )P dE,
0
and hence
h
1
f 4P dx <o f f \Dul? dx d < f \DulP dx.
@ 0 Bu() Q
The extension to arbitrary functions in W ?(Q) follows by a straight-forward

approximation argument using Theorem 7.9. []

Lemma 7.24. Let ue LP(R), 1 <p< oo, and suppose there exists a constant K
such that A'u € LP(Q') and ||4"u| Ly, <K for all h>0 and Q' <Q satisfying
h<dist (', 02). Then the weak derivative Du exists and satisfies |Du| g, < K.

Proof. By the weak compactness of bounded sets in L?(Q'), (Problem 5.4), there
exists a sequence {A,} tending to zero and a function v € LP(Q) with |v|, <K
satisfying for all ¢ € C3()

f(p A"y dx — fqov dx.
2 o

Now for h,, <dist (supp ¢, dQ2), we have
f(p A"y dx = —fu A" dx — —fu D, dx.
1] fn n

Hence

f(pv dx= —qu,.(p dx
2 )

whence v=Du. O

7.12. Extension and Interpolation

Under certain hypotheses on the domain €, functions in Sobolev spaces W* 7(Q)
may be extended as functions in W* ?(R"). We commence this section with a basic
extension result, analogous to Lemma 6.37, which will be used both to improve
previous imbedding results and to establish interpolation inequalities for Sobolev
space norms.
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Theorem 7.25. Let Q be a C* ! domain in R" k > 1. Then (i) C®(RQ) is dense in
W5 P(Q),1 < p < o, and (i) for any open set & > > Qthere exists a bounded linear
extension operator E from W*?(Q) into W% ?(') such that Eu = u in Q and

(7.54) IEully, p;0 < Cllutlle, ps2
for all ue W*?(Q) where C = C(k, Q, Q).

Proof. We observe, by virtue of Lemmas 6.37 and 7.4, that assertions (i) and (ii)
are equivalent. Let us first consider the density result (i) for the half-space R’ =
{x € R"|x, > 0}. In this case it is readily shown that the translated mollifications of
u, given by

(7.55) Uy(x) = uy(x + 2he,)

=h" J- u(y)p<x+21}z14—y) dy, h > 0,

yn>0

converge to u in W*P(R") as h — 0. Accordingly an extension Equ of u to all of R"
may be defined by the formula in Lemma 6.37, namely,

u(x) for x, > 0,

(7.56) Equ(x) = i ciu(x’, —x,/i) for x, < 0
i=1

where c,, ..., ¢, are constants determined by the system of equations

k
Ye=1/iy"=1, m=0,... k-1

i=1

If ueC*(R"%)n W*P(R") it follows that Eque C*~!'}(R") n W*P(R") and,
moreover,

(7.57) |Eoullx, p;mm < Cliully, p; e »

where C = C(k). Therefore, by approximation we obtain that E, maps W*?(R".)
into W*P(R") and satisfies (7.57) for all u € W*?(R",).

Having treated the half-space case, let us now suppose that Q is a C*~ 1!
domain in R". According to the definition in Section 6.2, there exist a finite number
of open sets Q; = 2, j = 1,..., N, which cover d2, and corresponding mappings
y; of Q; onto the unit ball B = B,(0) in R" such that

@) ¥ QN Q) =B"=BARy;
(i) YR, 0Q)=Bn dR";
(i) y;eC Q) Y;'eCVI(B).
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We let Q, = = Q be a subdomain of Q such that {Q;},j=0,..., N, is a finite
covering of Q, and let n;,j = 0, ..., N be a partition of unity subordinate to this
covering. Then (n;u) - ;' € W*P(R" ) (Problem 7.5) and hence Ey[(n;u) > y; '] €
W* P(R"),whence Eq[(n;u) o ¥; 1o ;€ WEP(RQ)),j = 1,..., N,sincesupp n; < Q;,
Thus the mapping E defined for u e W*P(Q) by

N
(7.58) Eu = uno + .ZIE()[(""“)O vitley;

J

satisfies Eu e W& P(Q), Eu = u in Q and

”Equ,p;n' < C||“||k,p;:_z

where C = C(k, N, y;, n)) = C(k, 2, ). Furthermore (Eu), » u in W*?(Q) as
h—0. 0O

By combining the case k = 1 in Theorem 7.25 with our previous imbedding
results, Theorems 7.10, 7.12 and 7.22, we obtain corresponding imbedding resuits
for the Sobolev spaces W' ?(Q) for Lipschitz domains Q. By iteration we then have
the following general imbedding theorem for W* ().

Theorem 7.26. Let Q be a C* ' domain in R". Then,
(i) if kp < n, the space W*P(Q) is continuously imbedded in L¥'(Q), p* =
np/(n — kp), and compactly imbedded in LY(Q) for any q < p*;

) if0O<m<k— g < m + 1, the space W*P?(Q) is continuously imbedded

in C™%Q), a = k — n/p — m, and compactly imbedded in C™*(Q) for any
B <a

We turn now to interpolation inequalities which we treat initially for the spaces
W& Q).

Theorem 7.27. Let ue W5?(Q). Then for any ¢ > 0, 0 < |B| < k,
(7.59) IDPull i < ellully, i + Ce®VII=Ollu 0,

where C = C(k).

Proof. Weestablish (7.59)for thecase || = 1,k = 2 whichisneeded in Chapter 9.
A suitable induction argument yields the stated result for arbitrary g, k.

Let us first suppose u € C3(R) and consider an interval (a, b) oflengthb — a = .
For x" € (a, a + ¢/3), x" € (b — (¢/3), b), we have, by the mean value theorem,

u(x) — u(x")

’ ”
- X

W) =

< %(lu(x’)l + [u(x")])
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for some x € (a, b). Consequently for any x € (a, b),
W (x)| < %(IM(X')I + lu(x")]) + flu”l-

Integrating with respect to x’ and x”, over the intervals (a, a + ¢/3), (b — ¢/3, b),
respectively, we then obtain

b b
’ " 18
wel < [t + 3 [iul,

so that by Hélder’s inequality

b
|u’(x)|"<2v‘*{sp-‘ f 'l + (1,83, f u I"}

Hence, integrating with respect to x over (a, b) we have

]lu’(st - {s"js "|P+< )fw}

Consequently if we subdivide R into intervals of length ¢, we obtain by adding all
such inequalities

(7.60) flu’l" < 2”"{3” flu” P+ (1_})" flul”}

which is the desired result in the one-dimensional case. To extend to higher dimen-
sions we fix i, 1 < i < n, and apply (7.60) to u € C3(£2) regarded as a function of x;
only. By successive integration over the remaining variables we thus obtain

[1Dur <2 { faD.,u|"+( )fluv}

ID;ull, < el Dyull, + Ilull,,

so that

forC=136. 0

By combining Theorems 7.25 and 7.27, we obtain interpolation inequalities for
the Sobolev spaces W* ?(Q).
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Theorem 7.28. Let Q be a C'' domain in R" and ue W*P(Q). Then for any
£>0,0<|B] <k,

(7.61) ”Dﬂ“"p;n < ﬁuu”k,p;n + Cﬁml/(m_k)”u”p;n
where C = C(k, Q).

Alternative derivations of interpolation inequalities are treated in Problems
2.15,7.18 and 7.19. The density, extension, imbedding, and interpolation results of
Theorems 7.25, 7.26 and 7.28 are all valid under less restrictive hypotheses on the
domains Q; (see [AD]).

Notes

For related material on Sobolev spaces the reader is referred to the books [AD],
[FR],[MY 5] and [NE]. We have followed the custom of referring to the spaces of
this chapter as Sobolev spaces although various notions of spaces of weakly
differentiable functions were used prior to Sobolev’s work {SO 1]; (in this regard
see [MY 1]and [MY 51]). The process of mollification or regularization appeared
in Friedrich’s work [FD 1]. The density theorem, Theorem 7.9, is due to Meyers
and Serrin [MS 2]. The Sobolev inequalities, Theorem 7.10, were essentially
proved by Sobolev [SO 1, 2]; we have followed the proof of Nirenberg [NI 3] for
the case p < n. The Hoélder estimates, Theorems 7.17 and 7.19 were derived by
Morrey [MY 1]. Theorem 7.21 is due to John and Nirenberg [JN]; our proof is
taken from [TR 2] where also the estimate Theorem 7.15 appeared. The compact-
nessresult, Theorem 7.22,isdueto Rellich[RE]inthecase p = 2and to Kondrachov
[KN] for the general case.

Problems

7.1. Let Q be a bounded domain in R". If u is a measurable function on 2 such
that |u|? € L'(Q) for some p € R, we define

1 1/p
¢,(u)=['ﬁ i |uf? dx} :

Show that: (i) lim & (u)=sup |u;

p—® ]
(i) lim @ (u)=inf|u|;
p— —® o]

1
i) lim @ (u)=ex [—— log Ju dx].
(i) lim @ pmu;[ glu
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7.2. Show that a function u is weakly differentiable in a domain £ if and only if
it is weakly differentiable in a neighborhood of every point in L.

7.3. Let a, B be multi-indices and u be a locally integrable function on a domain
Q. Show that provided any two of the weak derivatives D**fu, D*(DPu), D?(D*u)
exist, they all exist and coincide a.e. (£2).

7.4. Derive the product formula (7.18). (Hint: consider first the case, u € W'(Q),
ve C{(RQ)).

7.5. Derive the formula (7.19), and show that it remains valid if we assume only

YeC%Y(Q), y 'eC™(D)

7.6. Let Q be a domain in R” containing the origin. Show that the function y
given by y(x)=|x|~* belongs to W*(Q) provided k+a<n.

7.7. Let Q be a domain in R". Show that a function u € C%(Q) if and only if
u is weakly differentiable with locally bounded weak derivatives.

7.8. Let Q be a domain in R". Show that a function u is weakly differentiable in
Q if and only if it is equivalent to a function & that is absolutely continuous on
almost all line segments in Q parallel to the coordinate axes and whose partial
derivatives, (which consequently exist a.e. (£2)), are locally integrable in €. (See
[MY 5], p. 66). Derive from this characterization the product formula and chain
rule for weak differentiation.

7.9. Show that the norms (7.22) and (7.23) are equivalent norms on W* ?().

7.10. Prove that the space W* ?(Q) is complete under either of the norms (7.22),
(7.23).

7.11. Let Q be a domain whose boundary can be locally represented as the graph
of a Lipschitz continuous function. Show that C®(Q) is dense in W*?(Q) for
1 € p < o0,k > 1, and compare this result with the density result in Theorem 7.25.

7.12. LetQbea C® ! domain. Forany functionu e W' ?(Q)and | < p < n,derive
the Sobolev-Poincaré inequality

lu — un”np/(n—p);n < C”Du“p;n
(where Cisindependent of u) by a contradiction argument based on the compactness

result of Theorem 7.26.

7.13. Deduce from Theorem 7.19 the corresponding global result. Namely let
ue W), 02 e C*! and suppose there exist positive constants K, « (x<1) such
that

[ 1Dul dx< KR*=1**for all balls B<R".

Br
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Then ue C%%(£) and
[“]a;n < CK

where C=C(n, a, ).

7.14. Let Q be a bounded domain for which an imbedding
WhrQ) - L7(Q), 1<p<oo,

is valid. Show that the imbedding
Wi (Q) - LYQ)

is compact for any g <p*.

7.15. Let © be a domain in R". The total variation of a function ue LY(Q) is
defined by

leu| =sup {fu divv|veCy(), V< l}.
2 0}

Show that the space BV(2) of functions of finite total variation is a Banach space
under the norm

134 = el + [ 1D,
2

and that W' (Q) is a closed subspace.

7.16. Let ue BV(R). By invoking the regularization of u and appropriately
modifying the proof of Theorem 7.9, show that there exists a sequence {u,} <
C*(Q) n W' '(Q) such that u, — u in L'() and

f |Du,| — f|1)u|.
n N

7.17 Let 2 be a bounded domain for which the Sobolev imbedding
wh I(Q) — [n/n- l)(Q)
is valid. Show that also

BV(Q) — L"*~1Y(Q)
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and furthermore that the imbedding

BV(Q) — LYQ)
is compact for any g<n/(n—1).

7.18. Derive Theorem 7.27 for p = 2 from Green’s first identity (2.10); (see
Problem 2.15).

7.19. Let Q be a C%! domain. Derive the interpolation inequality (7.61) in the
weaker form

||Dpu”p;ﬂ S E”u”k,p;ﬂ + Cs”u”p;n,

(C, independent of u), by means of a contradiction argument based on the com-
pactness result of Theorem 7.26.

7.20. Using regularization, show that locally integrable solutions of Laplace’s
equation (in the sense of Problem 2.8) are smooth and hence deduce the validity of
the interior estimates in Chapter 4 for such solutions of Poisson’s equation.

7.21. Using Morrey’s inequality (7.42), prove that functions in the Sobolev
space W1 P(Q), where p > n, are classically differentiable almost everywhere in Q.



Chapter 8

Generalized Solutions and Regularity

This chapter treats linear elliptic operators having principal part in divergence
form under relatively weak smoothness assumptions on the coefficients. We
consider operators L of the form

8.1) Lu=D(a"(x)D u+ b'(x)u) + c'(x)Du+ d(x)u

whose coefficients a”/, b, ¢!, d (i, j=1,...,n) are assumed to be measurable
functions on a domain Q< R". An operator L of the general form (3.1) may be
written in the form (8.1) provided its principal coefficients a'/ are differentiable.
The Hilbert space approach developed here can then be viewed as providing an
alternative existence theory to that of Chapter 6. On the other hand, if in (8.1) the
coefficients a” and b' are differentiable and the function u € C*(2), then L may be
written in the general form (3.1) so that the theory of Chapter 6 would apply. The
divergence form however has the advantage that the operator L may be defined for
significantly broader classes of functions than the class C*(2). Indeed, if we assume
that the function u is only weakly differentiable and that the functions a*’D u+biu,
c¢'Du+du, i=1, ..., nare locally integrable, then, in a weak or generalized sense,
u is said to satisfy Lu=0 (=0, <0) respectively in  according as

(8.2) Lu, v)= f {(a‘iju +b'u)Dpy — (' D+ du)v}dx =0 (<0, >0)
Q

for all non-negative functions v € C(£2). Provided the coefficients of L are locally
integrable, it follows from the divergence theorem (2.3) that a function u € C*(Q)
satisfying Lu=0 (>0, <0) in the classical sense also satisfies these relations in the
generalized sense. Moreover, if the coefficients a'/, b° have locally integrable
derivatives, then a generalized solution u € C*(R) is also a classical solution.

Let /%, g, i=1,..., n be locally integrable functions in . Then a weakly
differentiable function u will be called a weak or generalized solution of the
inhomogeneous equation

(8.3) Lu=g+D, f

in Q if
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(8.4) Qu, v)=F(v)= f (fiDp—gv)dx Vve CYQ).
Q2

As above we see that classical solutions of (8.3) are also generalized solutions and
that a C2(R2) generalized solution is also a classical solution when the coefficients of
L are sufficiently smooth.

Our plan is to study the generalized Dirichlet problem for the equation (8.3).
The sense in which this problem is naturally posed depends on the coefficients of
L. We shall assume throughout that L is strictly elliptic in Q; that is, there exists a
positive number 4 such that

(8.5) dix)EE, >N, VxeQ EeR

We also assume (unless stated otherwise) that L has bounded coefficients; that is
for some constants A and v>0 we have for all x e Q

(8.6) YlailP<a?, 27 (D) + )P + A7 Hd(x)| < v

We point out however that a satisfactory theory can still be developed if these
conditions are relaxed [TR 7]. A function u belonging to the Sobolev space
Ww'-2(Q) will then be called a solution of the generalized Dirichlet problem:
Lu=g+D,f', u=¢ on 09, if u is a generalized solution of equation (8.3), ¢ €
W'(Q)and u—¢ e W539Q).

The functions v € Cy(£2) that occur in the formulations (8.2) and (8.4) are often
referred to as test functions. Note that by condition (8.6) we have

8.7 | (u, v)| < f{la”DjuD,.vl +1b'uD | +|c'vDu| + |duv|} dx
)

< Cllulyi. 2o IVllwr.2q by Schwarz’s inequality

Hence for fixed u € W' %(Q), the mapping v — £(u, v) is a bounded linear func-
tional on W} %(Q). Consequently the validity of the relations (8.2) for v € Co(2)
implies their validity for v € W} 3(Q).

The estimate (8.7) is also significant from the point of view of the existence
theory for (8.3) as it shows that the operator L defines through (8.2) a bounded bi-
linear form on each of the Hilbert spaces W!-2(Q), Wi-%(Q). For fixedu € W!'-3(Q),
Lu may be defined as an element of the dual space of W} %(R) by setting Lu(v) =
L(u, v), v € W) 3(Q). By virtue of the Riesz representation theorem, W 3(Q) may
be identified with its dual, and consequently the operator L induces a mapping
W'3(Q)— Wi Q). As we shall show presently, the solvability of the Dirichlet
problem for equation (8.3) is readily reduced to the invertibility of this mapping.

The alternative approach to the linear Dirichlet problem described above is by
no means the only important contribution of this chapter. The pointwise estimates
developed in Sections 8.6, 8.9 and 8.10 are crucial for the subsequent development
of the theory of quasilinear equations in Part I1. For the purposes of this applica-
tion, the reader need only consider C!(£2) subsolutions or supersolutions of equa-
tion (8.3) and moreover take b'=c'=d=0in (8.1), that is v=0 in (8.6).
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8.1. The Weak Maximum Principle

The classical weak maximum principle, Theorem 3.1, has a natural extension to
operators in divergence form. In order to formulate it, we require a notion of
inequality at the boundary for functions in the Sobolev space W!*2(©2). Namely, let
us say that u € W' %(Q) satisfies u <0 on 99 if its positive part u* =max {u, 0} €
Wi 3(9). If u is continuous in a neighborhood of 09, then u satisfies <0 on
0Q if the inequality holds in the classical pointwise sense. Other definitions
of inequality at dQ follow naturally. For example: u > 0 on 0Q if —u < 0 on
0Q; u<sve Wt3(Q) on dQ if u—v<0 on 0Q;

sup u=inf {kju<k on 0Q, ke R};  infu=—sup (—u).
on n 02

For the classical weak maximum principle of Corollary 3.2, we imposed the
condition that the coefficient of u in (3.1) is non-positive. The corresponding
quantity in (8.1) is D,b' + d but since the derivatives D b’ need not exist as functions,
the non-positivity of this term must be interpreted in a generalized sense, that is,
we assume

88)  [(d—bDp)dx<0 Wo20,0e CYQ).
Q

Since b’ and d are bounded, inequality (8.8) will continue to hold for all non-
negative v e Wi Y(Q).
We can now state the following weak maximum principle.

Theorem 8.1. Let ue W' (Q) satisfy Lu=0 (<0) in Q. Then

(8.9) supu<suput (infu=infu~).
(7] n (23 on

Proof. Ifue W"2(Q),ve W} %) we have uv € W () and Duv=vDu+uDv
(Problem 7.4). We may then write the inequality £(u, v) <0 in the form

f{au DuDp— (b + oD} dx < f {duv—b'D(uv)} dx <0
Fo) 2

for all =0 such that uv>0, (by (8.8)). Hence, by the coefficient bounds (8.6),
we have
(8.10) fa‘ijuDiu dx < 24v fleu] dx

Q N

for all >0 such that uv>0. In the special case b'+ ¢' =0, the proof is immediate

by taking v=max {u—/, 0} where /=sup u*. For the general case, we choose k to
n
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satisfy ] < k < supu, and we set v = (u — k)*. (If no such k exists we are done.) By
Q

the chain rule, Theorem 7.8, we have v e W} 2() and

D= Du foru>k (i.e.forv#0),
10 forus<k (ie.for v=0).

Consequently we obtain from (8.10)

fa”DjuD,-v dx < 24v flevl dx, I = supp Dv = supp v,

Q r

and hence by the strict ellipticity of L, (8.5),
jIDU|2 dx < 2vJv|Dv| dx <2v|vllyr|Dvl,,
Q

so that

[ Dvll, <2v vy
Let us now apply the Sobolev inequality, Theorem 7.10, for n> 3, to obtain

1]l 20— 2y < Clivfl,,r < C|supp DU|1/"“U”2../('|~2)
where C=C(n, v), so that
[supp Dv| = C™".

In the case n=2, an inequality of the same form with C=C{(n, v, |€2]) also follows
from the Sobolev inequality by replacing 2n/(n— 2) by any number greater than 2.
Since these inequalities are independent of k they must hold as k tends to sup u.

Q2
That is, the function u must attain its supremum in Q on a set of positive measure,
where at the same time Du = 0 (by Lemma 7.7). This contradiction of the preceding
inequality impliessupu < . [
Q

The uniqueness of solutions of the generalized Dirichlet problem for equation
(8.3) is an immediate consequence of Theorem 8.1.

Corollary 8.2. Letue W} () satisfy Lu=0 in Q. Thenu=0 in .

For alternative conditions to inequality (8.8), the reader is referred to Problem
8.1; see also [TR 11].
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8.2. Solvability of the Dirichlet Problem

The main objective of this section is the following existence result.

Theorem 8.3. Let the operator L satisfy conditions (8.5), (8.6) and (8.8). Then for
ee Wh(Q) and g, fie LX), i=],...,n, the generalized Dirichlet problem,
Lu=g+D,f!inQ, u=¢ on 8Q is uniquely solvable.

Proof. Theorem 8.3 will be derived as a byproduct of a Fredholm alternative for
the operator L. Let us first reduce the Dirichlet problem to the case of zero
boundary values. Setting w=u— ¢, we obtain from (8.3)

Lw=Lu—Le
=g—c'Dp—dp+D(f'—a’Dp—bo)
=g+D,f!
and from our conditions on L and ¢, we clearly have §, f'e L}(®), i=1,...,n

and w e W} %(Q). Therefore it suffices to prove Theorem 8.3 for the case ¢ =0.
Let us write ¢ = W3-%(Q), g=(g,f", ..., /") and F(v)= —f(gv—f"p,.v) dx
o
for v € 5¢. Then since

IF@) < ligll2llvllw:. 20

we have F € o¢*. If the bilinear form £ defined by (8.2) were coercive on J# as well
as bounded, we could conclude immediately the unique solvability of the Dirichlet
problem for L from Theorem 5.8. Related to the coercivety of € is the following.

Lemma 8.4. Let L satisfy conditions (8.5) and (8.6). Then

)' 2 2 2
8.11) u, u);ir{wm dx—Av fu dx.

2

Proof. Qu, u)= f(a‘jDiuD -+ (' - yuDu—du?) dx
2
2_ A .9 " : .
>f(A|Du| ) |Du|* — Av*u®) dx by Schwarz’s inequality,
2

_4 2 2 (.2
—EIIDM dx—2v fu dx. O
Q

[¢]
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For o € R, let us now define the operators L, by L ,u= Lu—ou. By Lemma 8.4
we see that the associated forms £ will be coercive if either o is sufficiently large
or |Q| is sufficiently small. To proceed further, we define an imbedding I: )¢ — #'*
by

(8.12) Iu(v)=fuv dx, ves#.
2

Then we have
Lemma 8.5. The mapping I is compact.

Proof. We may write I=1,1, where I,: # — L*(Q)is the natural imbedding and
1,: L*(Q) — »#* is given by (8.12). By the compactness result, Theorem 7.22, I, is
compact (also if p=n=2) and, since I, is clearly continuous, it follows that I is
compact. 0

To proceed further we choose g, so that the form £_ is bounded and coercive
on the Hilbert space 5. The equation Lu= Fforu € 5, F € »#* is then equivalent
to the equation

L, utoylu=F.

By Theorem 5.8, L, ! is a continuous, one-to-one mapping of #* onto s and
so, applying it to the above equation, we obtain the equivalent equation

(8.13)  wu+oo L] 'lu=L;'F.

The mapping 7= —o,L_ 'Iis compact by Lemma 8.5 and hence by the Fredholm
alternative, Theorem 5.3, the existence of a function u € J# satisfying equation
(8.13)is a consequence of the uniqueness in S of the trivial solution of the equation
Lu=0. Theorem 8.3 thus follows by the uniqueness result, Corollary 8.2. 0

A description of the spectral behavior of the operator L follows from Theorem
5.11. For let us define the formal adjoint L* of L by

(8.14) L*u=D(a"Du—c'u)—b'Du+du.

Since £*(u, v)= (v, u) for u, v € H# = W }-%(Q) it follows that L* is also the adjoint
of L in the Hilbert space ). By replacing L with L, in the above argument, we see
that the equation L,u=F will be equivalent to the equation u+(ao—a)L;0‘Iu=
L, 'F and that the adjoint T} of the compact mapping T,=(0,—0)L, ' is given
by 7*=(0,—0)(L¥)™'1. We can then apply Theorem 5.11 to obtain the following
result.

Theorem 8.6. Let the operator L satisfy conditions (8.5) and (8.6). Then there exists
a countable, discrete set £ R such that if 6 ¢ Z, the Dirichlet problems, L u,
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L¥u=g+D,f', u=¢ on 0RQ, are uniquely solvable for arbitrary g, '€ L*(Q) and
@ e W"XQ). If o € Z, then the subspaces of solutions of the homogeneous problems,
L,u, L;‘y=0, u=0 on CQ are of positive, finite dimension and the problem L u=
g+ D, [ u=¢ on dQ is solvable if and only if

(8.15) f (g—c'Dip—do +opw—(f'—a'D;p—b'g)Dw} dx=0
2

for all v satisfving L¥*v=0, v=0 on ¢Q. Furthermore if condition (8.8) holds, then
Zc(—o0,0).

The operator G,: #* — # given by G,=L_ ' for o ¢ Z is called the Green's
operator for the Dirichlet problem for L. By Theorem 5.3, G, is a bounded linear
operator on J#*, consequently we have the following apriori estimate.

Corollary 8.7. Let ue W' Q) satisfy Lu=g+D,f’, u=¢ on éQ with 0 ¢ X.
Then there exists a constant C depending only on L, 6 and Q such that

(8.16) “u“W’»Z(ﬂ)S C(||g”2+“<l’||w1.z(m)-

It follows from Theorem 8.6 that Theorem 8.3 remains valid if we replace b’
by —c'in the condition (8.8).

8.3. Differentiability of Weak Solutions

The rest of this chapter is largely devoted to regularity considerations. We shall
study in this section the existence of higher order weak derivatives of weak
solutions of equation (8.3). With the aid of the differentiability results derived
below, we shall deduce existence theorems for the classical Dirichlet problem from
Theorem 8.3. In later sections we shall treat pointwise properties of weak solutions,
such as the strong maximum principle and Holder continuity. Our first regularity
result provides conditions under which weak solutions of the equation Lu= f are
twice weakly differentiable.

Theorem 8.8. Letu € W' (Q) be a weak solution of the equation Lu= fin Q where
L is strictly elliptic in Q, the coefficients a', b', i, j=1, .. ., n are uniformly Lipschitz
continuous in Q, the coefficients ¢, d, i=1, . . ., nare essentially bounded in Q and the
function f is in L*(Q). Then for any subdomain Q' = < Q, we have u € W**Q') and

(8.17) ”u"wz. 2(9')< Clllull . yy T I £ Lz(m)
for C=C(n, A, K, d"), where A is given by (8.5),

K=max {[la", b co.r gy I, dll Loy} and d'=dist (Q', Q).
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Furthermore u satisfies the equation
(8.18) Lu=d"Du+(D@a"+b' +c')Du +(Db' +dyu=f

almost everywhere in Q.

Proof. From the integral identity (8.4) we have

819)  [diDuDydx= [gudx WoeCiQ)

1] (o]

where g € L%(Q) is given by
(8.20) g=b'+c')Du+ (Db +dyu—f.

For |2h| <dist (supp v, 09), let us replace v by its difference quotient 4 "v=4,"v
for some k, 1 <k <n. We then obtain

fA"(a""DIu)D,.v dx= ——fa""DjuDi 47 v dx
2 o

=- f g A" dx.
Q
Since
A"a"D u)(x)=a"(x+ he,) 4*Dju(x)+ 4"a"(x)D ju(x)
we then have

fa‘j(x+hek)Dj A*uDp dx = -—f(ﬁ- Dv+g A ") dx
) Q

whereg=(g', ..., §") and §' = 4"a"'D u. Using (8.20) and Lemma 7.23, we can then
estimate

[@(x+he)D; AuDyp dx<(Igl, + g1, Dol
]

S(CKully 1. 20y + | f11)1 Dol 5 -



8.3. Differentiability of Weak Solutions 185

To proceed further let us take a function n € Cy(€), satisfying 0<n<1, and set
v=n? 4"u. We then obtain, using (8.5) and the Schwarz inequality,

A [InDahuf? dx < [nai(x+he,) 4Dy 4D dx
2 2
=J'a"j(x+he,‘)Dj A'w(D,v—2 A'unD ) dx
o]

S(C(H)K"unwx.zm)+“f||2)("ﬂDAhu"2+2"AhuD’]"2)
+C(mK|nD 4|, || 4"uDn|,.

It then follows (with the help of Young’s inequality (7.6)) that

lin 4" Dull, < Clllullw 1. 20y + L1l + 1 4*uDnl )
< C(1+sup [Dr)(fully s, 2+ 1 /112
n

by Lemma 7.23, where C=C(n, 4, K). The function # may now be chosen as a
cut-off function such that n=1 on Q'c =Q and |Dn|<2/d’, where d’'=dist
(62, Q'). By Lemma 7.24 we obtain Due W' 3(Q’) for any Q'c <, so that
u € W*(Q) and the estimate (8.17) holds. Finally, we have Lu € L2 (£) and clearly

loc

the integral identity (8.4) implies that Lu= f almost everywhere in Q. 0O

We note here (see Problem 8.2) that in the estimate (8.17), the quantity
lull 1. 2y may be replaced by [ufl 2, -

The following general existence result for the Dirichlet problem for elliptic
equations of the form

(8.21) Lu=a"(x)D,u+b'(x)Du+c(x)u=f

can now be concluded from Theorems 8.3 and 8.8.

Theorem 8.9. Let the operator L be strictly elliptic in Q and have coefficients
a’ e C®Y(Q), b, c € L*(Q), ¢c<0. Then for arbitrary fe L*(Q) and ¢ € W' *(Q),
there exists a unique function u € W'%(Q) n Wi2(Q) satisfying Lu= f in Q and
u—gpe Wi3Q).

Theorem 8.9 continues to hold for sufficiently smooth 0Q with ¢ € W**(Q) if
we assume only that the principal coefficients a*/ are in C°(Q) (see Theorem 9.15).
However, the uniqueness result will break down if the hypotheses are further
weakened to allow discontinuous a* € L*(Q), as is evidenced by the equation

n—1

= 0<i<l.

(8.22) Au+b%’§ibuu=o, b=—1+
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which has for n>2(2—4)>2 the two solutions u,(x)=1, u,(x)=|x|* € W**(B)
and agreeing on 0B, where B is the unit ball, B,(0).

Further differentiability of weak solutions can be deduced readily from the
proof of Theorem 8.8. For, suppose that we strengthen the smoothness conditions
on the coefficients by assuming a"/, b' e C' (), ¢, de C* (), together with
f € W' %(Q). Then, replacing v by D,v for some k, 1 <k<n, in the identity (8.19),
we obtain on integration by parts

(8.23) f aD uDy dx= f Dgvdx Vve CYQ),
2 Q

andsinceu € W2 2(Q), wehave D, g € L% (). Hence D,u € W} (). By a straight-

forward induction argument, we can then conclude the following extension of

Theorem 8.8.

Theorem 8.10. Let ue W' 3(Q) be a weak solution of the equation Lu= f in Q
where L is strictly elliptic in Q, the coefficients a', b' € C*'(£), the coefficients

¢, de 1Y) and the function fe€ W**(Q), k>1. Then for any subdomain
Q'ccQ, wehaveue W**22(Q') and

(824) ”uuwh 2, 2(9')< C( ”u”W L l(n)+ “ f“Wk. 2(9))
for C= C(n, j., K, dl, k), where K=max {Ila‘j, biuck, 1(f3)> “Ci, d“ckq. 1(5)}.

By the Sobolev imbedding theorem, Corollary 7.11, we now obtain from
Theorem 8.10,

Corollary 8.11. Letue W' %(Q) be a weak solution of the strictly elliptic equation

Lu=f in Q and suppose that the functions a", b', ¢, d, f are in C*(Q). Then also
ue C*(Q).

8.4. Global Regularity

Under ‘appropriate smoothness conditions on the boundary 0Q the preceding
interior regularity results can be extended to all of Q. We first derive the global
analogue of Theorem 8.8.

Theorem 8.12. Let us assume, in addition to the hypotheses of Theorem 8.8, that

0Q is of class C* and that there exists a function ¢ € W *(Q) for which u—¢ €
WL %(Q). Then we have also u e W**(Q) and

(8.25) [l 4] 2. l(n)< C(Jlul ot (FAl eyt ol e 2(9))

where C=C(n, 4, K, 09).
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Proof. Replacing u by u— ¢, we see that there is no loss of generality in assuming
=0 and hence u € W} (). Also by Lemma 8.4 we can estimate

(8.26) el 1. 20 < Clllull ; + 1 f12)

where C=C(n, 4, K). Since 02 € C?, there exists for each point x, € 02, a ball
B=B(x,) and a one-to-one mapping ¥ from B onto an open set D R" such that
V(BN Q<R ={xeR"x,>0}, ¥(B N Q<R and ¥ € C*(B), ¢ ' € C¥(D).
Let Bp(x,)= =B and set B* = Bg(x,) N Q, D'=y(Bg(x,)), D* =¢(B*). Under
the mapping ¥ the equation Lu= fin B is transformed to an equation of the same
form in D* (see page 97). The constants 4, K for the transformed equation can be
estimated in terms of the mapping ¢ and their values for the original equation.
Furthermore, since u € W} %(R2), the transformed solution v=uo ' e W'3(D*")
and satisfies nv € W} (D) for all n e Ci(D’). Accordingly, let us now suppose
that ue W' ¥(D*) satisfies Lu= fin D* and nue W' %(D") for any ne Cy(D’).
Then for |h|<dist (supp. 1, dD’) and 1 <k<n—1, we have y2dlue W} (D).
Consequently the proof of Theorem 8.8 will apply and we can conclude that
D,ue LX(Y(B, Q) for any p<R, provided i or j#n. The remaining second
derivative D, u can be estimated directly from the equation (8.18). Hence,
returning to the original domain Q with the mapping ¥ ~' € C? we obtain that
ue W»%(B,n Q). Since x, is an arbitrary point of 0Q and ue WZ.*(Q) by
Theorem 8.8, we infer that u e W2 %(Q). Finally by choosing a finite number of
points x” € Q2 such that the balls B,(x")) cover 0£2, we obtain the estimate (8.25)
from (8.17) and (8.26). O

Note that the conditions, u € W2 2(D*),nue W} %(D*) forn e Co(D’), imply
that also nD,ue Wy *D*) provided 1 <k<n—1. Namely, by Lemma 7.23 we
have n 4jue W *(D*)and

h
in Ak"”wl-lw*)g Inlcip-) ullwa2. 2y

for sufficiently small 4. It follows, by Theorem 5.12, that there exists a sequence
{n A%u} converging weakly in the Hilbert space W 3(D*). The limit of this
sequence is clearly the function nD,u. Further global regularity of solutions of the
equation Lu= f then follows in the same manner as Theorem 8.10 from Theorem
8.8. Accordingly we have the following extension of Theorems 8.10 and 8.11.

Theorem 8.13. Let us assume in addition to the hypotheses of Theorem 8.10, that
dQ € C** 2 and that there exists a function o € W** 2 2(Q) for whichu— ¢ € W} 3(Q).
Then we have also u € W**2-%(Q) and

(8.27) el s 2. 20y < CUIUN L2y + 1S w2y + 1@l 2. 20)

where C=C(n, A, K, k, 0Q). If the functions a"’, b', ¢', d, f and ¢ belong to C*(Q) and
09 is of class C®, then the solution u is also in C*().
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Combining Theorems 8.3 and 8.13, we have an existence theorem for the
classical Dirichlet problem for equation (8.21) that was previously obtained in
Chapter 6 (see Theorems 6.14 and 6.19).

Theorem 8.14. Let the operator L (given by (8.21)) be strictly elliptic in Q and
have C=() coefficients with c<0 in Q. Then if 0Q2€ C*, there exists a unique
solution u € C*() of the Dirichlet problem, Lu=f, u=¢ on 0Q for arbitrary f,
@ e €°(Q).

The existence theorems of Chapter 6 can now be obtained from Theorem 8.14
by approximation arguments. Of course we still require the apriori estimates of
Chapter 6 to guarantee the convergence of the approximating solutions.

8.5. Global Boundedness of Weak Solutions

We derive here results asserting the global boundedness of W !2(Q) solutions of
equation (8.3) that are bounded on dQ. An interesting feature of the test function
techniques to be used is that they depend not so much on the linearity of the
operator L but rather on a nonlinear structure satisfied by L. To be more explicit,
let us write (8.3) in the form

(8.28) D,A'(x, u, Du)+ B(x, u, Du)=0
where

Ai(x, z, p)=a(x)p;+ b'(x)z— f'(x),

(8.29) .
B(x, z, p)=c'(x)p; + d(x)z — g(x),

for (x, z, p) e 2 x Rx R".

A weakly differentiable function u is then called a weak subsolution (super-
solution, solution) of equation (8.28) in  if the functions A4(x, u, Du) and B(x, u,
Du) are locally integrable and

(8.30) f(DivA‘(x, u, Du)—vB(x, u, Du)) dx< (=, =)0
2

for all v=0, € Cy(RQ).
Writing b=(b", ..., b", c=(c',..., "), f=(f", ..., f") and using condition
(8.5) and the Schwarz inequality, we have the estimates

) A 1
piA'(x, z, p) = EIPI2 - i(leIZ +If1)
(8.31)
|B(x, z, p)l<le| | pl +|dz] +]gl-
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Equation (8.3) is accordingly said to satisfy the structural inequalities (8.31). For
our purposes below, we may even simplify the form of these inequalities by writing

(8.32) z=|z|+k, b=A72(b> +|c|>+k~2f1) + A7 1(d| + k" lgl)

for some k>0. We obtain then, for any O<e<1,

piAi(x’ Z, P) 2 (lp|2 - 2522)1

N >

(8.33) 1 5
1ZB(x, z, p)| <3 (slpl2 +- 22>-

We now prove:

Theorem 8.15. Let the operator L satisfy conditions (8.5), (8.6) and suppose that
fie LYR), i=1,...,n, ge LY*Q) for some q>n. Then if u is a W' *(Q) sub-
solution (supersolution) of equation (8.3) in Q satisfying u<0 (=0) on 0Q, we have

(8.34) sup u( —u) < C(Jlu* (u”)|l,+k)
93

where k=A""(|fll + llgl,,) and C=C(n, v, q, |Q)).

Proof. We assume that u is a subsolution of (8.3). For §>1 and N>k, let us
define a function He C![k, o) by setting H(z)=zf — k® for z € [k, N] and taking
H to be linear for z> N. Let us next set w=u* =u* + k and take

w

(8.35) v=G(w)= f|H'(s)|2 ds

k

in the integral inequality (8.30). By the chain rule, Theorem 7.8, v is a legitimate test
function in (8.30) and on substitution we obtain, using the structure (8.33),

lewIzG'(w) deJ‘(BG’(w)w2 +% G(w)|B(x, u, Du))) dx
2 Q

1
<e f G'(w)|Dw}? dx+<1 +—) f G (w)w? dx
€
2 o]
since G(s) <sG'(s) and Du= Dw when v=G(w)>0. Hence, taking =1, we obtain

fG’(w)|Dw|2 dx<6 f bG(w)w? dx,
0 Q2
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that is, by (8.35),

leH(w)l’ dx<6f5|1{’(w)w[2 dx.
o] 0

Since H(w) € W} %(Q), we may apply the Sobolev inequality (7.26) and the Hélder
inequality to obtain

1/2
HH(W)”L‘,/(,‘,-Z)S C <IB(HI(W)W)2 dx)
o]

SCIBIYZIH WIWll 40— 2

where Ai=n for n>2,2<2<q, C=C(n) for n>2,and C=C(2, |Q)) for n=2. It is
clear that the structure (8.33) and consequently the above estimate continue to
hold for k=0 provided in (8.32) the terms involving f and g are set equal to zero.
Choosing k asin the statement of the theorem. we thus have

(8.36) [|H(W)”2;,/(;._2)< CHWH'(W)”qu_Z)

where C=C(n, v, |Q|). To proceed further, we recall the definition of H and let
N — o0 in the estimate (8.36). It follows then, for any f>1, that the inclusion
w e L?P49~2(Q) implies the stronger inclusion, w € L¥#/#~2)(Q) and moreover,
setting ¢* =2¢/(q—2), y="f(q—2)/q(i—2)> 1, we obtain

(8.37) Wl gyqe S(CBY' Pl Wl gge.
The result is now obtained by iteration of the estimate (8.37). Namely, by induc-

tion,wemayassumewe () LAQ). Letustakef=x",m=0,1,2,...,sothatby
(8.37) 1$p<e

N-1
IWlwe < TTCH™Y "Wl
0
N-1 N-1
SCL| W, 0= 3 x™™ =Y my™"
(V] (1]
<Clwll,e

where C=Cl(n, v, q, ||). Letting N — oo, we therefore obtain
sup w< C||wl|q..
[¢]

whence by the interpolation inequality (7.10) we have

sup w< Cliwll,.
Q
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The desired estimate (8.34) follows from the definition w=u* + k. The result for
supersolutions is obtained by replacing u with —u. 0O

The above technique of iteration of L? norms was introduced by Moser [MJ 1].
The proof of Theorem 8.15 may also be effected by other choices of test functions;
(see [LU 4] or [ST 4)).

Let us now suppose that in the statement of Theorem 8.5 the hypothesis u<0
on 0Q is generalized to u</ on ¢Q for some constant /. Then, since L(u—/)=
Lu— Li=Lu— (D} + d), the conclusion of the theorem will hold for the function
u—1[ with k replaced by k=k+ 4~ lII|(||b||q+ ldll,,)- That is, a subsolution (super-
solution) u of (8.3) will satisfy an estimate

(8.38) sup u(—w)< C(|lull, +k+11)

2]

where as before k=4~ l(I|f||q+ lgll,,)and C=C(n, v, g, |€]). In particular, if uis a
solution then (8.38) holds for |u|.
We propose next to derive an estimate for sup v independent of ||u|, , thatis, an

Q

apriori bound which extends the weak maximum principle, Theorem 8.1. From the
estimate (8.16), [lu]l, can be bounded independently of u for solutions of (8.3)
provided L is one-to-one. This is the case, for example, if (8.8) holds. This bound
may be extended to subsolutions through the weak maximum principle and the
existence theorem, Theorem 8.3. For, if « is a subsolution of (8.3), and (8.8) holds,
we may define a function v to be the solution of the generalized Dirichlet problem
Lv=g+D,f*,v=uon dQ. By Theorem 8.1, u<vin Q and hence ||u* |, <|v|,. We
therefore have an estimate

supu<supu® +Ck
7] on

for subsolutions of (8.3), where C is a constant independent of u. However, we now
show that this result can be derived from the nonlinear structure (8.31) without
use of the linear existence theory and, moreover, that the constant C is determined
by the same quantities as in the estimate (8.34).

Theorem 8.16. Let the operator L satisfy conditions (8.5), (8.6) and (8.8), and
suppose that f'e LYQ), i=1,...,n, ge LY*(Q) for some g>n. Then if u is a
W-2(Q) subsolution (supersolution) of equation (8.3) we have

(8.39) sup u(—u)<sup u”(u”)+Ck
o o0

where k=A""(|Ifll,+ llgll,.) and C=C(n, v, q. |S)).
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Proof. Let us suppose that u is a subsolution of (8.3). By the assumption (8.8),
I=sup u* is a supersolution and hence there is no loss of generality in assuming

20

/=0. Proceeding as in the proof of Theorem 8.1, we have

(8.40) f(aiijuDl.v —(b'+ ' wDu) dx < J‘(f"D,.v —gv) dx
Q2 [¢]

for all non-negative v in W} %(Q) such that uv<0. The weak inequality (8.40)
clearly satisfies a structure condition (8.31) with b'=d=0 and with ¢ replaced by

b+c. Let us assume k>0 and put M =sup «*. In (8.40) we then choose the test
function e

+

FeWiAQ)

_ u
U_M+k—-u

and obtain, using (8.31),

EJ' |Dut|? dx < 1 J~|b+c|u+|Du+|
2Q(M+k—u*)z\M+kn (M+k—u')

+ u’|g| (M +k)\f?
(M+k—u*) 2AM+k—u*)?

Consequently, by the definition of k, we have

|Du*|? dx <C+g ib+¢| |Du*|

orrk—urr <) gy AR

Let us now define

M+k

w=log o T o

so that from the Schwarz inequality we obtain

f|Dw|2 dx <C(1+ 472 f|b+c|2 dx)
2 1]

<C(v, |92)),
and hence, by the Sobolev inequality (7.26),

(8.41) Iwll, <C(n, v, ).
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The proof'is completed by showing that wis also a subsolution of an equation of

the form (8.3). Letting n € C3(£2) satisfy n>0, nu>0 in Q, we substitute in (8.40)
the test function

-
M+k—u*)

Then we obtain

f (a’DwDyn +na’DwDw—(b'+ c')nDw) dx

—ng (Dn+nDw) [
S-‘[((M+k—u*)+ (M+k—u") )dx‘

Therefore

f(a“Dijin —(b'+mDw) dx+ A J"I|DW|2 dx

lgl  IM? f'Dn 2
S!{(k 2).k> " Mrk—u )}d”zf”ww' dx

and consequently

(842 [@DwDn—b+cmDw) dx< [ (@n+f'Dn) dx
n

where §=|gl/k +f12/24k2, fi=fi/(M +k—u*), and evidently [|gll,,, <24, [Tl ,<A.
Hence we can apply Theorem 8.15 to obtain

sup w<C(1+wl,), C=C(n,v,q,|Q])
(e}

<C by (8.41).

Therefore (M +k)/k<C and from this the desired estimate (8.39) follows. The
result for supersolutions is obtained by replacing u with —u. 0

Theorem 8.16 can be viewed as the generalized version of the classical apriori
estimate, Theorem 3.7. We remark that the result is still valid if b is replaced by
—c'in condition (8.8); (see Theorem 9.7). Furthermore, it is clear from the above
proof that the boundedness of the coefficients b', ¢’ and d can be replaced by the
condition b € LY%(Q), g>n.
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8.6. Local Properties of Weak Solutions

We shift our attention now from global to local behavior. Denoting the matrix
[a"(x)] by a(x), x € 2, we add an additional structural inequality to (8.31) and
(8.33), namely

(8.43) |A(x, z, p)l <[] | pl +|bz| +f].

By dividing equation (8.3) by the constant 4/2, we can assume that A=2 in the
structural inequalities. Collecting these inequalities together under thisassumption,
we thus have,

|A(x, z, p)l <lal | p| +2(b)"*2,
(8.44) p-A(x, z, p) = |p|* — 2bz?,

1
|ZB(x, z, p)| < ¢l p|* +- bz2,

for any 0<e< 1, where z and b are defined by (8.32) with A=2. For the develop-
ment of the local results, we define the quantity A by

(8.45) k=k(R)=4""(R|Ifl|,+ R**ligll, 2)

where R>0 and 6=1—n/q. We shall establish a local analogue of Theorem 8.15,
namely:

Theorem 8.17. Let the operator L satisfy conditions (8.5). (8.6) and suppose that
fiel4Q), i=1,....n, ge LY*Q) for some q>n. Then if u is a W'*(Q) sub-
solution (supersolution) of equation (8.3) in Q, we have. for any ball B, z( y)< Q and
p>1,

(8.46) sup u(—u)< C(R™™ | u* (U™ )| Loig, uipn + K(R))

Br(y)

where C=C(n, A/A, VR, ¢, p).

The crucial result in our development of local properties of weak solutions and
the subsequent nonlinear theory will be the following weak Harnack inequality for
supersolutions.

Theorem 8.18. Let the operator L satisfy conditions (8.5), (8.6) und suppose that
fie LYQ), g € LY*(Q) for some q>n. Then if u is a W' *(Q) supersolution of
equation (8.3) in Q, non-negative in a ball B,g(y)c Q and | <p <nf(n—2), we have

(8.47) R™"P fjull ; pigmon < CLINE u+k(R))

Br(y)

where C=C(n, A/A, VR, q, p).
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In the following we shall abbreviate Bg())= B, for any R, the center ) to be
understood. For the case in Theorem 8.17 when u is a bounded, non-negative sub-
solution, it is convenient to prove Theorems 8.17 and 8.18 jointly. The full strength
of Theorem 8.17 can then be obtained by varying the test functions used. The
essence of this idea has already been demonstrated in the proof of Theorem 8.15.
Accordingly, it is left to the reader to make the necessary extension of our proof
below. Broadly speaking, the scheme of the joint proof follows the Moser iteration
method (see [MJ 2]) introduced in the previous section combined with the John-
Nirenberg result (Theorem 7.21), which is employed to bridge a vital gap in the
iteration scheme. The test functions are again constructed from power functions
but in order to establish Theorem 8.18 the exponents of these powers must be
unrestricted real numbers. The detailed proof now follows.

We assume initially that R=1 and k>0. The general case is later recovered
through a simple coordinate transformation: x — x/R, and by letting k tend to
zero. Let us define, for $#0 and non-negative n € C (‘)(34), the test function

(8.48) v=nti? (G=u+k).

By the chain and product rules, v is a valid test function in (8.30) and also
(8.49) Dv=2nDyit + pn*u? = Du,

so that by substitution into (8.30) we obtain

(8.50) B frpzﬁﬁ‘ 'Du-A(x, u, Du) dx+2 ann-A(x, u, Duw)ie? dx
p) )

—fnzﬁ’B(x, u, Du) dx
(o]
<0 if uis a subsolution,
20 if uis a supersolution.
Using the structural inequalities (8.44), we can estimate, for any 0 <e<1,
n*uf " 'Du - A(x, u, Du) = n*i?~'|Du|* — 2bn*uf+!
[nDn- A(x, u, Du)ia®| < |a|n| Dn|a?| Du| + 2b'*n| Dnja? * !
a 2
(8.51) sfr,za”"|Du|2+ 1+U— |Dy|2iP+ !
2 2e
+Br]2ali+ 1

| _
[n2alB(x, u, Du)| <en’af ~'|Dul? +- by 1.
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We assume henceforth that >0 if u is a subsolution and <0 if u is a super-
solution. By choosing ¢=min {1, |$|/4}, we then obtain from (8.50) and (8.51)

(8.52) fﬂzﬁ”' ' Dul? dx < C(1f)) f(l'mz +(1+|a?)| D2+ dx,
2 2

where C(|B]) is bounded if | 8| is bounded away from zero. It is now convenient to
introduce a function w defined by

@t vr g -1
"“Noga  iff=—1.

Letting y=f+ 1, we may rewrite (8.52)
CUBY [ (Br?+(1+ 2l Dni*w? dx if B 1
2

(8.53) f InDw|? dx <
o C f(Br]z + (1 + |al®)|Dy|?) dx ifg=—1.
0

The desired iteration process can now be developed from the first part of (8.53).
For from the Sobolev inequality (7.26) we have

1903416~ C [ (nDwl? +wDnl?) dx
o]

where i=n for n>2,2<2<gq and C=C(#). Using the Hblder inequality (7.7)
followed by the interpolation inequality (7.10), we obtain, for any &> 0,

fB(nw)z dx<[1b1l 2 Imwll3 g - 2)
2

SUBl oo elmwll yasa- 2y + € limwll ;)2

where 6 =7/(q—#). Hence, by substitution into (8.53) and appropriate choice of
&, we obtain

(8.54) Wl 2-2 < CQA+ 1D M + | Dnlywll

where C=C(A, A, v, g, |B]) is bounded when || is bounded away from zero.
It is now desirable to specify the cut-off function n more precisely. Letr, , r, be such
that 1<r,<r,<3 and set n=1 in B, , n=0 in Q- B, with [Dn|<2/(r,—r)).
Writing x =#/(A — 2) we then have from (8.54)

C(l + o+ 1
855 Iwlure,< T .
r2 - rl
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For r<4 and p#0, let us now introduce the quantities

1/p
(8.56) &(p. r)=( f|a|v dx) .
B,

By Problem 7.1, we have

@(c0, ry=lim P(p, ry=sup u,
B,

p—tx
and

&d(—~o0,r)= lim &(p, r)=infu.

p~ —® B,

From inequality (8.55), we now obtain

C 1 + o+ 1\ 2/|y| )
Sy ry) < (JL) ®.ry) ify> 0
r, — rl
(857) o+ 1\ 2/Iyl
C(1 + Y )
d(y,ry) < (%) P(xy,ry) ify <O.
2N

These inequalities can now be iterated to yield the desired estimates. For example,
when u is a subsolution we have >0 and y> 1. Hence, taking p>1, we set y=
Yo=x"pandr,=14+2""m=0,1,..., so that, by inequality (8.57),

(x"p, 1)< (Cy)* ' *o™=™""@(p, 2)
=Cd(p,2), C=C(h, A,v,q,p).

Consequently, letting m tend to infinity, we have

(8.58) sup < Cllill, »p,)-

B;

and, by means of the transformation: x — x/R, the estimate (8.46) is established.
For the case when u is a supersolution, that is when <0 and y< 1, we may prove
in a similar manner, for any p, p, such that 0<p,<p<y,

d(p, 2)< CPH(p,, 3)

(8.59) .
D(—py, I)<SCP(—00, 1), C=C(n, A, q, p. py).

The conclusion of Theorem 8.18 will thus follow if we can show that, for some
Po>0,

(860) ¢(po’ 3)< C¢( =Po> 3)
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In order to establish (8.60) we turn to the second of the estimates (8.53). Let
B,, be any ball of radius 2r, lying in B,(= B,( y)), and choose the cut-off function
n so that n=1in B,, =0 in Q— B, and |Dn|<2/r. From (8.53), with the aid of
the Holder inequality (7.7), we then obtain

” 1/2
(8.61) f1Dwi dx<Cr"”< f |Dw|? dx)
B, B,

<Cr ', C=Cn, A, v).

Hence, by Theorem 7.21, there exists a constant p, >0 depending on n, A and v such
that, for

~

1
wo=—— | wdx,
Y |B3| JBJ
we have
fepol"'““‘o’ dx<C(n, A, v),
B,
and thus

[eromax [emrov dx<Cemomoemromo=C.

B3 B3

Recalling the definition of w, we obtain the estimate (8.60) and consequently
Theorem 8.18 with R=1 and k >0. The full result then follows by means of the
transformation: x — x/R and by letting k tend to zero. 0

The strong maximum principle for subsolutions of the equation Lu=0, the
Harnack inequality for solutions of Lu=0 and the local Holder continuity of
solutions of equation (8.3) may all be derived as consequences of the weak Harnack
inequality. We treat these interesting local results in turn.

8.7. The Strong Maximum Principle

Theorem 8.19. Let the operator L satisfy conditions (8.5), (8.6) and (8.8) and let
ue W' 2(Q) satisfy Lu=0 in Q. Then, if for some ball Bc < Q we have

(8.62) sup u=sup u=0,
B 0

the function u must be constant in Q and equality holds in (8.8) when u#0.
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Proof. Writing B= Bg( ), there is no loss of generality in assuming B,z(y)< Q.

Let M =sup u and apply the weak Harnack inequality (8.47) with p=1 to the
2

supersolution v =M —u. We obtain thus

R" j(M—u)dxscmf(M—u):o.
B

Bar

Consequently u=M in B,, and by an argument similar to that of Theorem 2.2,
we obtainu=Min Q. O

Theorem 8.19 shows that in an appropriately generalized sense, a subsolution
of Lu=0 cannot possess an interior positive maximum. For continuous subsolu-
tions the statement reduces to the usual classical one. Note that the strong mini-
mum principle for supersolutions of Lu = 0 will follow immediately by replacement
of u with —u, and that the weak maximum principle, Theorem 8.1, for C%(Q)
subsolutions is a direct consequence.

8.8. The Harnack Inequality
By combining Theorems 8.17 and 8.18, we obtain the full Harnack inequality.

Theorem 8.20. Let the operator L satisfy conditions (8.5) and (8.6), and let
ue Wh2(Q)satisfyu=0in Q and Lu=0 in Q. Then for any ball B,z( y) = Q, we have

(8.63) sup u<C inf u

Br(y) Br(y)

where C=C(n, A/A, VR).

Examination of the dependence of the constants C on A in the estimates (8.54)
and (8.61) shows that the constant C in (8.63) can be estimated by

CSCEATR Co=Coln).

When the matrix a is symmetric this estimate may be refined even further; (see
Problem 8.3). By an argument similar to that of Theorem 2.5, we can deduce from
Theorem 8.20 the following form of the Harnack inequality.

Corollary 8.21. Let L and u satisfy the hypotheses of Theorem 8.20. Then for any
Q'c <, we have

(8.64) supu<Cinfu

2] [0

where C=C(n, A/, v, Q', Q).
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8.9. Holder Continuity

The following result is basic to the theory of second order quasilinear equations.
Indeed, its discovery by De Giorgi [DG 1] and Nash [NA] for operators of the
form Lu= D{a"(x)D u) essentially opened up the theory of quasilinear equations
in more than two variables.

Theorem 8.22. Let the operator L satisfy conditions (8.5), (8.6), and suppose that
fie LYQ), i=1, ..., n,ge LY*Q) for some g>n. Then if u isa W'+ *(Q) solution of
equation (8.3) in Q, it follows that u is locally Hélder continuous in Q, and for any
ball B,= By (y)=Q and R< R, we have

(8.65) oscu < CRY(Rqy*sup |u| + k)
Br(y) Bo

where C=C(n, A/A, v, q, Ry) and a=a(n, A/A, VR, q) are positive constants, and
k=A"'(Ifll, + llgllg2)-

Proof. We may assume without loss of generality that R<R,/4. Let us write
M, =sup |u|, M,=sup u, m,=inf u, M, =sup u, m, =inf u. Then we have
Bo Bar Bsr Br Br
LM,—uwy=M, (Db +d)~D,f —g
Lu—m,)=—my(Db'+d)+D,f +g.

Hence, if we set

k(R)=A""R(|Ifll ,+ M,|Ib]l )+ 27 ' R*(llgll . + Mol dll, ),
o=1—n/q

and apply the weak Harnack inequality (8.47) with p=1 to the functions M, —u,
u—m, in B, we obtain

R [ (M,—w) dx< C(M,— M, +K(R)),

Bar

R f(u—m4)dx<C(ml—m4+E(R)).

B:r

Hence by addition,

M,—m,<C(M,—m,+m,— M +k(R)
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so that, writing
o(R)y=oscu=M,—m,,
Br
we have
o(R)<yw(4R)+ k(R)

wherey=1-C~!,C=Cl(n, A/A, vR,, q). The following simple lemma then implies
the desired result. [

Lemma 8.23. Let w be a non-decreasing function on an interval (0, R,] satisfying,
Sor all R< R, the inequality

(8.66) w(tR)<yw(R) +06(R)

where o is also non-decreasing and 0<y, 1< 1. Then, for any ue (0, 1) and R<R,,
we have

(8.67) w(R)SC((;f—)Iw(Ro)+a(R“R(’)—u))
0

where C=C(y, 1) and a=o(y, T, i) are positive constants.
Proof. Let us fix initially some number R, <R, . Then for any R< R, we have
w(tR) <yw(R)+0(R,)

since ¢ is non-decreasing. We now iterate this inequality to get, for any positive
integer m,
m-—1
o(t"R,)<Y"(R,)+06(R,) Y 7'
i=0
a(R,)
-y

<Y "w(Ry) +

For any R< R, , we can choose m such that
"R, <R<1t'R,.
Hence

o(R)<w(t™ 'R))
o(R,)
I—y

1/ R log y/log t O'(R )
<=5 R =
v(&) AR TS

<y"o(Ry) +
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Now let R, =R} ™* R* so that we have from the preceding

R (1 — u)log y/log 1) Rl—uRu
) w(RQ).*.ﬁL_Q)

1
w(R)S—(—
')v RO ]_';v

Theorem 8.22 follows by choosing u such that (1 — ) log y/log t < ué. An
alternative proof based on Theorem 8.17 rather than Theorem 8.18 is outlined in
Problem 8.6.

By combining Theorems 8.17 and 8.22 we have the following interior Holder
estimate for weak solutions of equation (8.3).

Theorem 8.24. Let the operator L satisfy conditions (8.5) and (8.6), and suppose
that f'e LYQ), i=1,..., n, g€ LY*(Q) for some q>n. Then, if ue W'%(Q)
satisfies equation (8.3) in Q, we have for any Q' < = the estimate

(868) ||u||c~(r;f,<C( IIuIILZ(Q)+k)~

where C = C(n, A/A, v, q,d"), d' = dist (@, 09Q), a = a(n, A/A, vd) >0 and k =
ATl + Nglg2)-

Proof. The estimate (8.68) follows by taking R,=d’ in Theorem 8.22 and using
Theorem 8.17 to estimate sup |u]. O

Remark. Itisclear from the above proofs that the constants C in estimates (8.46),
(8.47) and (8.63) are non-decreasing with respect to the argument vR, the constant
C in (8.65) is non-decreasing with respect to R,,, the constants a in (8.65) and (8.68)
are non-increasing with respect to the arguments vR, and vd' respectively. When
v=0, the constants C in (8.46), (8.47) and (8.63) and « in (8.65) and (8.68) will be
independent of R, R, and d’ and hence independent of the domains involved in the
assertions of Theorems 8.17, 8.18, 8.20, 8.22 and 8.24.

8.10. Local Estimates at the Boundary

Our previous definition of inequality of W' 2() functions on the boundary dQ
can be generalized in the following way. Let T be any subset of € and u be a
W*-2(Q) function. Then we shall say u<0 on T in the sense of W' 2(Q) if u* is
the limit in W' %(Q) of a sequence of functions in C5(2— T). One sees that if u
is continuous on T, this definition is satisfied if u < 0 on T in the usual sense.
When T = 99, this definition coincides with our earlier one in Section 8.1. Other
definitions of inequality on 7 will follow as previously indicated there. We shall
establish the following extensions of Theorems 8.17 and 8.18.

Theorem 8.25. Let the operator L satisfy (8.5), (8.6) and suppose that ' e LY(RQ),
i=1,...,n, ge LY*(Q) for some g>n. Then if u is a W' *(Q) subsolution of
equation (8.3) in Q, we have for any y € R", R>0and p>1,

(8.69) sup uy SC(R™™ |ty !l oig,nion +K(R))

Br(y)



8.10. Local Estimates at the Boundary 203

where
M= sup u*,
o2~ B2r
sup {u(x), M}, xeQ,
u;}(x)={Mp{ } el

and k is given by (8.45), C=C(n, A/A, VR, g, p).

Theorem 8.26. Let the operator L satisfy conditions (8.5), (8.6) and suppose that
fie LYQ), g€ LY*(Q) for some q>n. Then if u is a W' *(Q) supersolution of
equation (8.3) in Q and is non-negative in Q N B,g(y) for some ball B, p(y)<=R",
we have, for any p such that 1 <p<n/(n—2),

(8.70) R | oy on < CCINE 4, +k(R))

Brl(y)
where
m= inf u,
02 N Bar
We(x) = inf {u(x), m}, xeQ,
" m, x ¢ Q,

and C=C(n, A/A, VR, q, p).

Proof. A reduction to the proof of Theorems 8.17 and 8.18 is made as follows. We
set #u=u_ +k if u is a subsolution and #=u,, +k if u is a supersolution. Then as
test functions in the integral inequalities (8.30) we choose

(8.71) uf —(m+k)f if p<0,

b 2{&”~(M+k)" if >0

where n € Cy(B,y) is to be further specified. Since the structure (8.44) holds in the
support of v, for z=1i and p = Du, and since v < n*uf, we arrive again at the estimate
(8.52) for ui. The desired estimates (8.69) and (8.70) are then obtained as in the
proof of Theorems 8.17 and 8.18. 0O

A global continuity result cannot be derived from Theorem- 8.26 unless some
restriction is placed on the domain Q. We shall say that Q satisfies an exterior cone
condition at a point x, € Q2 if there exists a finite right circular cone V=V, with
vertex x, such that @ n V,_=x,. An exterior cone condition is clearly satisfied
wherever an exterior sphere condition holds. We now have the following extension
of the Holder estimate (8.65).

Theorem 8.27. Let the operator L satisfy conditions (8.5), (8.6) and suppose that
fieLYQ),i=1,..., n ge LY*Q) for some q>n. Then ifu isa W' *(Q) solution of
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equation (8.3) in Q and Q satisfies an exterior cone condition at a point x, € 02, we
have for any 0< R< R, and By= By (x,),

8.72) osc u < C{R*(Rg*sup|u| + k) + o(./RRy)}

QnBr QnBo

where a(R)= osc u,and C=C(n, A/A,v,q, Ry, V),
002 " Br(xg)

a=a(n, A/A, VRy, q, V, ,) are positive constants.

In the following we shall abbreviate 2 N Bg(x,) =Qp for any R, 02 N Bg(x,)
=(0Q),, the point x, € 0Q to be understood.

Proof. We follow the proof of Theorem 8.22. Assume initially that R<inf {R,/4,
height V, | and write M,=sup |u|, M, =sup u, m,=inf u, M, =sup u, m, =inf u.

2 R Q, Qg 2
Then, applying the estimatenz&?O) to each of the functions M U, u—m: in
B, x(x,), we obtain

len(xo)-Ql

(M4_M) Rn

<R [ (My—ug,_y dx

Bar(x0)

<C(M,—M,+k(R))

|Bag(Xo) =€ _ _, -
(m—m4)————R—"-——<R f (u—m,), _,., dx

Bagr(xo)

< C(m, —m,+ k(R))

where M= sup u, m= inf u. Using the exterior cone condition we thus have
@2)4r (0Nasr
M,—M<C(M,~ M, +k(R))
m—m,<C(m, —m,+ k(R))

so that by addition we get

osc u<yosc u+k(R)+ osc u,
Qr (2773 0)4r

where y=1-1/C, C=C(n, A/A, VR, g, V, ). The estimate (8.72) then follows
from Lemma 8.23. 0O

If the hypotheses of Theorem 8.27 are satisfied and ¢(R) — O as R — 0, then the
estimate (8.72) implies that #(x,)= lim u(x) is well defined. The following global

X~ X

continuity result then follows immedia:ely from Theorems 8.22 and 8.27.
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Corollary 8.28. In addition to the hypotheses of Theorem 8.27, let us assume that

Q satisfies an exterior cone condition at every point x,€ 09 and that osc u —» 0
092 N Br(xo)
as R—0 for all x, € 0Q. Then the function u is uniformly continuous in Q.

A uniform Hoélder estimate may also be obtained from Theorem 8.27 if the
domain Q is further restricted. Namely, let us say that Q satisfies a uniform exterior
cone condition on T< 0Q if Q satisfies an exterior cone condition at every x, € T
and the cones V, are all congruent to some fixed cone V. We can then assert the
following extension of Theorem 8.24.

Theorem 8.29. Let the operator L satisfy conditions (8.5), (8.6), let f'e LY(Q),
i=1,...,n, geLY*(Q) for some q>n, and suppose that Q satisfies a uniform
exterior cone condition on a boundary portion T. Then if ue W'(Q) satisfies
equation (8.3) in Q and there exist constants K, a, > 0 such that

osc u< KR* Vx,eT,R >0,
2N BRr(xo)

it follows that u € CY(Q U T) for some a>0 and, for any Q' c cQ U T,

8.73) lull cay < C(sup |u| + K + k)
Q

where a=a(n, A/A,vd', V, q, ay), C=C(n, A/A, v, V, q,a,,d"),
d'=dist (', ¢Q~T) and k=24A""'(|f|,+llgll,.)-
If Q'=Q,d' is to be replaced by diam Q.

Proof. Letye Q’', 6=dist (y, ¢Q)<d'. By Theorem 8.22 with R,= 4, we have for
any x € B,

|u(x) — u(y)|

—— < C(6™ " sup|u| + k).
fx — yl Bs

Now choose x, € &9 such that |[x,—y|=4. By the estimate (8.72) with R=26,
R,=2d’, we then obtain

0 *osc u<d *osc ux C(sup |u| +k+K)
Bs 24 0

provided 2a < a,. Hence for any x € B,(y), we have (taking u(x,) = 0)

I—MS C(sup |u| + k + K).

(8.74) -
Ix—yl 0
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By applying the estimate (8.72) again, with R=2|x — )|, R,=2d’, we see that (8.74)
will also hold ford' = |[x — y| = 46. O

In effect, the preceding theorem combines separate Holder estimates in the
interior and on the boundary into a partially interior or a global Hélder estimate.

Note that if u,ve W"'%(Q) and u—ve W} -*(Q), then oscu—0as R— 0 for
KN Br(y)
all y e 2Q provided ve C°%Q), and  osc u< KR for all y€éQ, R>0 provided

QN Br(y)
v e C*(Q). The remark following the proof of Theorem 8.24 is of course also
pertinent with regard to the constants C in estimates (8.69), (8.70) and « in estimates
(8.72) and (8.73).
An existence theorem for equation (8.3) for continuous boundary values follows
from Theorem 8.3 and Corollary 8.28.

Theorem 8.30. Let the operator L satisfy conditions (8.5),(8.6).(8.8)andf e LYR).
g € LY*(Q) for some q> n, and suppose that Q satisfies an exterior cone condition at
each point of ¢Q. Then for ¢ € C%(CRQ), there exists a unique function ue WL, 2(Q) N
C%Q) satisfying Lu=g+ D, f" in Q, u=¢ on cQ.

Proof. Let {@,} be a sequence in C'() converging uniformly to ¢ on ¢Q. By
Theorem 8.3 and Corollary 8.28 there exists<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>