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Preface to the Revised Third Printing

This revision of the 1983 second edition of “Elliptic Partial Differential Equations
of Second Order” corresponds to the Russian edition, published in 1989, in which
we essentially updated the previous version to 1984. The additional text relates to
the boundary Hoélder derivative estimates of Nikolai Krylov, which provided a
fundamental component of the further development of the classical theory of
elliptic (and parabolic), fully nonlinear equations in higher dimensions. In
our presentation we adapted a simplification of Krylov’s approach due to Luis
Caffarelli.

The theory of nonlinear second order elliptic equations has continued to
flourish during the last fifteen years and, in a brief epilogue to this volume, we
signal some of the major advances. Although a proper treatment would necessi-
tate at least another monograph, it is our hope that this book, most of whose text
is now more than twenty years old, can continue to serve as background for these
and future developments.

Since our first edition we have become indebted to numerous colleagues, all
over the globe. It was particularly pleasant in recent years to make and renew
friendships with our Russian colleagues, Olga Ladyzhenskaya, Nina Ural’tseva,
Nina Ivochkina, Nikolai Krylov and Mikhail Safonov, who have contributed so
much to this area. Sadly, we mourn the passing away in 1996 of Ennico De Giorgi,
whose brilliant discovery forty years ago opened the door to the higher-dimen-
sional nonlinear theory.

October 1997 David Gilbarg - Neil S. Trudinger



Preface to the First Edition

This volume is intended as an essentially self-contained exposition of portions of the
theory of second order quasilinear elliptic partial differential equations, with
emphasis on the Dirichlet problem in bounded domains. It grew out of lecture
notes for graduate courses by the authors at Stanford University, the final material
extending well beyond the scope of these courses. By including preparatory
chapters on topics such as potential theory and functional analysis, we have
attempted to make the work accessible to a broad spectrum of readers. Above all,
we hope the readers of this book will gain an appreciation of the multitude of
ingenious barehanded techmques that have been developed in the study of elliptic
equations and have become part of the repertoire of analysis.

Many individuals have assisted us during the evolution of this work over the
past several years. In particular, we are grateful for the valuable discussions
with L. M. Simon and his contributions in Sections 15.4 to 15.8; for the helpful
comments and corrections of J. M. Cross, A. S. Geue, J. Nash, P. Trudinger and
B. Turkington; for the contributions of G. Williams in Section 10.5 and of A. S.
Geue in Section 10.6; and for the impeccably typed manuscript which resulted
from thededicated efforts of Isolde Field at Stanford and Anna Zalucki at Canberra.
The research of the authors connected with this volume was supported in part by
the National Science Foundation.

August 1977 David Gilbarg Neil S. Trudinger
Stanford Canberra

Note: The Second Edition includes a new, additional Chapter 9. Consequently Chapters 10
and 15 referred to above have become Chapters 11 and 16.
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Chapter 1

Introduction

Summary

The principal objective of this work is the systematic development of the general
theory of second order quasilinear elliptic equations and of the linear theory
required in the process. This means we shall be concerned with the solvability of
boundary value problems (primarily the Dirichlet problem) and related general
properties of solutions of linear equations

(1.1 Lu=a“(x)D u+b(x)Du+c(xu=f(x), ij=1,2,...,n,
and of quasilinear equations
(1.2) Qu=a‘(x, u, Du)D,ju+b(x, u, Du)=0.

Here Du=(Du, ..., Du), where Du=Cu/éx;, D, u=0*u/dx, dx;, etc., and the
summation convention is understood. The ellipticity of these equations is expressed
by the fact that the coefficient matrix [a”] is (in each case) positive definite in the
domain of the respective arguments. We refer to an equation as uniformly elliptic
if the ratio y of maximum to minimum eigenvalue of the matrix [a*] is bounded.
We shall be concerned with both non-uniformly and uniformly elliptic equations.

The classical prototypes of linear elliptic equations are of course Laplace’s
equation

du= Y D,u=0

and its inhomogeneous counterpart, Poisson’s equation Au= f. Probably the best
known example of a quasilinear elliptic equation is the minimal surface equation

Y. D(Du/(1+ |Du|?*)!'*)=0,

which arises in the problem of least area. This equation is non-uniformly elliptic,
with y=1+|Du|?. The properties of the differential operators in these examples
motivate much of the theory of the general classes of equations discussed in this
book.



2 1. Introduction

The relevant linear theory is developed in Chapters 2-9(and in part of Chapter
12). Although this material has independent interest; the emphasis here is on
aspects needed for application to nonlinear problems. Thus the theory stresses weak
hypotheses on the coefficients and passes over many of the important classical and
modern results on linear elliptic equations.

Since we are ultimately interested in classical solutions of equation (1.2), what is
required at some point is an underlying theory of classical solutions for a suffi-
ciently large class of linear equations. This is provided by the Schauder theory in
Chapter 6, which is an essentially complete theory for the class of equations (1.1)
with Holder continuous coefficients. Whereas such equations enjoy a definitive
existence and regularity theory for classical solutions, corresponding results cease
to be valid for equations in which the coefficients are assumed only continuous.

A natural starting point for the study of classical solutions is the theory of
Laplace’s and Poisson’s equations. This is the content of Chapters 2 and 4. In
anticipation of later developments the Dirichlet problem for harmonic functions
with continuous boundary values is approached through the Perron method of
subharmonic functions. This emphasizes the maximum principle, and with it the
barrier concept for studying boundary behavior, in arguments that are readily
extended to more general situations in later chapters. In Chapter 4 we derive the
basic Holder estimates for Poisson’s equation from an analysis of the Newtonian
potential. The principal result here (see Theorems 4.6, 4.8) states that all C*()
solutions of Poisson's equation, du=f, in a domain © of R" satisfy a uniform
estimate in any subset Q'c cQ

(1.3) lulles. 4y < Clsup lul + IS llcan)s
2

where C is a constant depending only on a (0 <a< 1), the dimension n and dist
(', 0Q); (for notation see Section 4.1). This interior estimate (interior since
Q< Q) can be extended to a global estimate for solutions with sufficiently
smooth boundary values provided the boundary 02 is also sufficiently smooth.
In Chapter 4 estimates up to the boundary are established only for hyperplane and
spherical boundaries, but these suffice for the later applications.

The climax of the theory of classical solutions of linear second order elliptic
equations is achieved in the Schauder theory, which is developed in modified and
expanded form in Chapter 6. Essentially, this theory extends the results of potential
theory to the class of equations (1.1) having Hélder continuous coefficients. This is
accomplished by the simple but fundamental device of regarding the equation
locally as a perturbation of the constant coefficient equation obtained by fixing the
leading coefficients at their values at a single point. A careful calculation based on
the above mentioned estimates for Poisson’s equation yields the same inequality
(1.3) for any C? * solution of (1.1), where the constant C now depends also on the
bounds and Holder constants of the coefficients and in addition on the minimum
and maximum eigenvalues of the coefficient matrix [a@"] in Q. These results are
stated as interior estimates in terms of weighted interior norms (Theorem 6.2) and,
in the case of sufficiently smooth boundary data, as global estimates in terms of
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global norms (Theorem 6.6). Here we meet the important and recurring concept of
an aprioriestimate ; namely, an estimate (in terms of given data) valid for all possible
solutions of a class of problems even if the hypotheses do not guarantee the
existence of such solutions. A major part of this book is devoted to the establish-
ment of apriori bounds for various problems. (We have taken the liberty of
replacing the latin a priori with the single word apriori, which will be used
throughout.)

The importance of such apriori estimates is visible in several applications in
Chapter 6, among them in establishing the solvability of the Dirichlet problem by
the method of continuity (Theorem 6.8) and in proving the higher order regularity
of C? solutions under appropriate smoothness hypotheses (Theorems 6.17, 6.19).
In both cases the estimates provide the necessary compactness properties for
certain classes of solutions, from which the desired results are easily inferred.

We remark on several additional features of Chapter 6, which are not needed
for the later developments but which broaden the scope of the basic Schauder
theory. In Section 6.5 it is seen that for continuous boundary values and a suitably
wide class of domains the proof of solvability of the Dirichlet problem for (1.1) can
be achieved entirely with interior estimates, thereby simplifying the structure of the
theory. The results of Section 6.6 extend the existence theory for the Dirichlet
problem to certain classes of non-uniformly elliptic equations. Here we see how
relations between geometric properties of the boundary and the degenerate ellipti-
city at the boundary determine the continuous assumption of boundary values.
The methods are based on barrier arguments that foreshadow analogous (but
deeper) results for nonlinear equations in Part II. In Section 6.7 we extend the
theory of (1.1) to the regular oblique derivative problem. The method is basically
an extrapolation to these boundary conditions of the earlier treatment of Poisson's
equation and the Schauder theory (without barrier arguments, however).

In the preceding considerations, especially in the existence theory and barrier
arguments, the maximum principle for the operator L (when ¢<0) plays an
essential part. This is a special feature of second order elliptic equations that
simplifies and strengthens the theory. The basic facts concerning the maximum
principle, as well as illustrative applications of comparison methods, are contained
in Chapter 3. The maximum principle provides the earliest and simplest apriori
estimates of the general theory. It is of considerable interest that all the estimates of
Chapters 4 and 6 can be derived entirely from comparison arguments based on the
maximum principle, without any mention of the Newtonian potential or integrals.

An alternative and more general approach to linear problems, without poten-
tial theory, can be achieved by Hilbert space methods based on generalized or
weak solutions, as in Chapter 8. To be more specific, let L’ be a second order
differential operator, with principal part of divergence form, defined by

L'u= D{a"(x)D u+ b (x)u)+ c'(x)Du+d(x)u.

If the coefficients are sufficiently smooth, then clearly this operator falls within the
class discussed in Chapter 6. However, even if the coefficients are in a much wider
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class and u is only weakly differentiable (in the sense of Chapter 7), one can still
define weak or generalized solutions of L'u=g in appropriate function classes.
In particular, if the coefficients a*/, &', ¢’ are bounded and measurable in Q and g
is an integrable function in Q, let us call ¥ a weak or generalized solution of
Lu=gin Qifue W' Q) (as defined in Chapter 7) and

(1.4) f[(aiiju +b'u)Dy—('Du+duy] dx=— fyv dx
2

(2]

for all test functions v € Cy(€2). It is clear that if the coefficients and ¢ are suffi-
ciently smooth and u € C%(£2), then u is also a classical solution.
We can now speak also of weak solutions u of the generalized Dirichlet problem,

Lu=gin Q, u=¢ on 0Q,

if u is a weak solution satisfying u— ¢ € W/}-%(Q), where ¢ € W' %(Q). Assuming
that the minimum eigenvalue of [a"/] is bounded away from zero in Q, that

(1.5) Dp'+d<0

in the weak sense, and that also g€ L%(Q), we find in Theorem 8.3 that the
generalized Dirichlet problem has a unique solution u € W' 2(2). Condition (1.5),
which is the analogue of ¢<0 in (1.1), assures a maximum principle for weak
solutions of L'u>0(<0) (Theorem 8.1) and hence uniqueness for the generalized
Dirichlet problem. Existence of a solution then follows from the Fredholm alter-
native for the operator L' (Theorem 8.6), which is proved by an application of the
Riesz representation theorem in the Hilbert space W, #(R).

The major part of Chapter 8 is taken up with the regularity theory for weak
solutions. Additional regularity of the coefficients in (1.4) implies that the solutions
belong to higher W* % spaces (Theorems 8.8, 8.10). It follows from the Sobolev
imbedding theorems in Chapter 7 that weak solutions are in fact classical solutions
provided the coefficients are sufficiently regular. Global regularity of these
solutions is inferred by extending interior regularity to the boundary when the
boundary data are sufficiently smooth (Theorems 8.13, 8.14).

The regularity theory of weak solutions and the associated pointwise estimates
are fundamental to the nonlinear theory. These results provide the starting point
for the “‘bootstrap’ arguments that are typical of nonlinear problems. Briefly, the
idea here is to start with weak solutions of a quasilinear equation, regarding them
as weak solutions of related /inear equations obtained by inserting them into the
coefficients, and then to proceed by establishing improved regularity of these
solutions. Starting anew with the latter solutions and repeating the process, still
further regularity is assured, and so on, until the original weak solutions are finally
proved to be suitably smooth. This is the essence of the regularity proofs for the
older variational problems and is implicit in the nonlinear theory presented here.

The Holder estimates for weak solutions that are so vital for the nonlinear
theory are derived in Chapter 8 from Harnack inequalities based on the Moser
iteration technique (Theorems 8.17, 8.18, 8.20, 8.24). These results generalize the
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basicapriori Holder estimate of De Giorgi, which provided the initial breakthrough
in the theory of quasilinear equations in more than two independent variables.
The arguments rest on integral estimates for weak solutions u derived from judi-
cious choice of test functions v in (1.4). The test function technique is the dominant
theme in the derivation of estimates throughout most of this work.

In this edition we have added new material to Chapter 8 covering the Wiener
criterion for regular boundary points, eigenvalues and eigenfunctions, and Holder
estimates for first derivatives of solutions of linear divergence structure equations.

We conclude Part I of the present edition with a new chapter, Chapter 9,
concerning strong solutions of linear elliptic equations. These are solutions which
possess second derivatives, at least in a weak sense, and satisfy (1.1) almost every-
where. Two strands are interwoven in this chapter. First we derive a maximum
principle of Aleksandrov, and a related apriori bound (Theorem 9.1) for solutions
in the Sobolev space W2 *(Q), thereby extending certain basic results from Chapter 3
to nonclassical solutions. Later in the chapter, these results are applied to establish
various pointwise estimates, including the recent Holder and Harnack estimates of
Krylov and Safonov (Theorems 9.20, 9.22; Corollaries 9.24, 9.25). The other strand
in this chapter is the L? theory of linear second-order elliptic equations that is
analogous to the Schauder theory of Chapter 6. The basic estimate for Poisson’s
equation, namely the Calderon-Zygmund inequality (Theorem 9.9) is derived
through the Marcinkiewicz interpolation theorem, although without the use of
Fourier transform methods. Interior and global estimates in the Sobolev spaces
W2P(Q), 1 < p < o0, are established in Theorems 9.11, 9.13 and applied to the
Dirichlet problem for strong solutions, in Theorem 9.15 and Corollary 9.18.

Part 11 of this book is devoted largely to the Dirichlet problem and related
estimates for quasilinear equations. The results concern in part the general operator
(1.2) while others apply especially to operators of divergence form

(1.6) Qu=div A(x, u, Du)+ B(x, u, Du)

where A(x, z, p) and B(x, z, p) are respectively vector and scalar functions defined
on QxR x R".

Chapter 10 extends maximum and comparison principles (analogous to results
in Chapter 3) to solutions and subsolutions of quasilinear equations. We mention
in particular apriori bounds for solutions of Qu>0 (=0), where Q is a divergence
form operator satisfying certain structure conditions more general than ellipticity
(Theorem 10.9).

Chapter 11 provides the basic framework for the solution of the Dirichlet
problem in the following chapters. We are concerned principally with classical
solutions, and the equations may be uniformly or non-uniformly elliptic. Under
suitable general hypotheses any globally smooth solution u of the boundary value
problem for Qu=0 in a domain Q with smooth boundary can be viewed as a
fixed point, u= Tu, of a compact operator 7 from C'*Q) to C"*Q) for any
a € (0,1). In the applications the function defined by Tu, for any u € C*-%(Q), is the
unique solution of the linear problem obtained by inserting u into the coefficients
of Q. The Leray-Schauder fixed point theorem (proved in Chapter 11) then implies
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the existence of a solution of the boundary value problem provided an apriori
bound. in C'-%(), can be established for the solutions of a related continuous
family of equations u=T(u; g), 0<o< |, where T(u; 1)=Tu (Theorems 11.4,
11.6). The establishment of such bounds for certain broad classes of Dirichlet
problems is the object of Chapters 13-15.

The general procedure for obtaining the required apriori bound for possible
solutions « is a four-step process involving successive estimation of sup |u|.

Q2

sup |Dul. sup |Dul. and |ull¢: o, for some a>0. Each of these estimates pre-
0N Q

supposes the preceding ones and the final bound on |uli¢. .5 completes the
existence proof based on the Leray-Schauder theorem.
As already observed, bounds on sup |u| are discussed in Chapter 10. In the later
Q

chapters this bound is either assumed in the hypotheses or is implied by properties
of the equation.

Equations in two variables (Chapter 12) occupy a special place in the theory.
This is due in part to the distinctive methods that have been developed for them
and also to the results, some of which have no counterpart for equations in more
than two variables. The method of quasiconformal mappings and arguments based
on divergence structure equations (cf. Chapter 11) are both applicable to equations
in two variables and yield relatively easily the desired C':* apriori estimates, from
which a solution of the Dirichlet problem follows readily.

Of particular interest is the fact that solutions of uniformly elliptic linear equa-
tions in two variables satisfy an apriori C!* estimate depending only on the
ellipticity constants and bounds on the coefficients, without any regularity assump-
tions (Theorem 12.4). Such a C'* estimate, or even the existence of a gradient
bound under the same general conditions is unknown for equations in more than
two variables. Another special feature of the two-dimensional theory is the
existence of an apriori C' bound | Du| < K for solutions of arbitrary elliptic equations

(1.7) au,, +2bu,, +cu, =0,

where u is continuous on the closure of a bounded convex domain Q and has
boundary value ¢ on &9 satisfying a bounded slope (or three-point) condition
with constant K. This classical result, usually based on a theorem of Radé on
saddle surfaces, is given an elementary proof in Lemma 12.6. The stated gradient
bound, which is valid for all solutions u of the general quasilinear equation (1.7)
in whicha=a(x, y,u, u,, u,), etc., and such that u= ¢ on ¢, reduces this Dirichlet
problem to the case of uniformly elliptic equations treated in Theorem 12.5. In
Theorem 12.7 we obtain a solution of the general Dirichlet problem for (1.7),
assuming local Hélder continuity of the coefficients and a bounded slope condition
for the boundary data (without further smoothness restrictions on the data).
Chapters 13, 14 and 15 are devoted to the derivation of the gradient estimates
involved in the existence procedure described above. In Chapter 13, we prove the
fundamental results of Ladyzhenskaya and Ural'tseva on Hoélder estimates of
derivatives of elliptic quasilinear equations. In Chapter 14 we study the estimation
of the gradient of solutions of elliptic quasilinear equations on the boundary.
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After considering general and convex domains, we give an account of the theory of
Serrin which associates generalized boundary curvature conditions with the solva-
bility of the Dirichlet problem. In particular, we are able to conclude from the
results of Chapters 11, 13 and 14 the Jenkins and Serrin criterion for solvability of
the Dirichlet problem for the minimal surface equation, namely, that this problem
is solvable for smooth domains and arbitrary smooth boundary values if and only
if the mean curvature of the boundary (with respect to the inner normal) is non-
negative at every point (Theorem 14.14).

Global and interior gradient bounds for solutions u of quasilinear equations
are established in Chapter 15. Following a refinement of an old procedure of
Bernstein we derive estimates for sup |Du| in terms of sup |Du| for classes of

2 on

equations that include both uniformly elliptic equations satisfying natural growth
conditions and equations sharing common structural properties with the prescribed
mean curvature equation (Theorem 15.2). A variant of our approach yields interior
gradient estimates for a more restricted class of equations (Theorem 15.3). We also
consider uniformly and non-uniformly elliptic equations in divergence form
(Theorems 15.6, 15.7 and 15.8), in which cases, by appropriate test function argu-
ments, we deduce gradient estimates under different types of coefficient conditions
than in the general case. We conclude Chapter 15 with a selection of existence
theorems, chosen to illustrate the scope of the theory. These theorems are all
obtained by various combinations of the apriori estimates in Chapters 10, 14 and 15
and a judicious choice of a related family of problems to which Theorem 11.8 can
be applied.

In Chapter 16. we concentrate on the prescribed mean curvature equation and
derive an interior gradient bound (Theorem 16.5) thereby enabling us to deduce
existence theorems for the Dirichlet problem when only continuous boundary
values are assigned (Theorems 16.8. 16.10). We also consider a family of equations
intwo variables. which in a certain sense bear the same relationship to the prescribed
mean curvature equation as the uniformly elliptic equations of Chapter 12 bear to
Laplace’s equation. Indeed. by means of a generalized notion of quasiconformal
mapping. we derive interior estimates for first and second derivatives. The second
derivative estimates provide a generalization of a well known curvature estimate
of Heinz for solutions of the minimal surface equation (Theorem 16.20) and
moreover, imply an extension of the famous result of Bernstein that entire solutions
of the minimal surface equation in two variables must be linear (Corollary 16.19).
However, perhaps the striking feature of Theorems 16.5 and 16.20 is the approach.
Rather than working in the domain @, we work on the hypersurface S given by the
graph of the solution u and exploit various relations between the tangential
gradient and Laplacian operators on S and the mean curvature of S.

We have also added to the present edition a new final chapter. Chapter 17 is
devoted to fully nonlinear elliptic equations, which incorporates recent work on
equations of Monge-Ampére and Bellman-Pucci type. These are equations of the
general form

(1.8) F[u] = F(x, u, Du, D*u) = 0
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and include linear and quasilinear equations of the forms (1.1) and (1.2) as special
cases. The function F is defined for (x,z,p,r)e 2 x R x R" x R"*" where R"*"
denotes the linear space of real symmetric n x n matrices. Equation (1.8) is elliptic
when the derivative F, is a positive definite matrix. The method of continuity
(Theorem 17.8) reduces the solvability of the Dirichlet problem for (1.8) to the
establishment of C2'%(Q) estimates, for some o > 0; that is, in addition to the first
derivative estimation required for the quasilinear case, we need second derivative
estimates for fully nonlinear equations. Such estimates are established for equations
in two variables (Theorems 17.9, 17.10), uniformly elliptic equations (Theorems
17.14, 17.15) and equations of Monge-Ampére type (Theorems 17.19, 17.20, 17.26),
yielding, in particular, recent results on the solvability of the Dirichlet problem for
uniformly elliptic equations by Evans, Krylov and Lions (in Theorems 17.17,
17.18), and for equations of Monge-Ampére type by Krylov, and Caffarelli,
Nirenberg and Spruck (in Theorem 17.23).

We conclude this summary with some guides to the reader. The material is not
in strict logical order. Thus the theory of Poisson’s equation (Chapter 4) would
normally follow Laplace’s equation (Chapter 2). However, the elementary
character of the results on the maximum principle (Chapter 3) and the opportunity
for the reader to meet early some general problems with variable coefficients
recommends its insertion after Chapter 2. In fact, the general maximum principle
is not used until the existence theory of Chapter 6. The basic material on functional
analysis (Chapter 5) is needed in only a minor way for the Schauder theory: the
contraction mapping principle and the basic concepts of Banach spaces suffice,
except for the proof of the alternative in Theorem 6.15. For applications to non-
linear problems in Part 11 it is sufficient to know the results of Section 1-3 of
Chapter 6. Depending on the reader’s interests, it may be preferable to study the
linear theory by starting directly with L? theory in Chapter 8; this assumes the
preliminary material on functional analysis (Chapter 5) and on the calculus of
weakly differentiable functions (Chapter 7). The Harnack inequalities and
Holder estimates in the regularity theory of Chapter 8 are not applied until
Chapter 13.

The theory of quasilinear equations in two variables (Chapter 12) is essentially
independent of Chapters 7-11 and can be read following Chapter 6 provided one
assumes the Schauder fixed point theorem (Theorem 11.1). The method of quasi-
conformal mappings is met again in Chapter 16 but otherwise the remaining
chapters are independent of Chapter 12. Accordingly, after the basic outline of the
nonlinear theory in Chapter 11 the reader can proceed directly to the n-variable
theory in Chapters 13-17. Chapter 16 is largely independent of Chapters 13-15.
Chapters 6 and 9 are sufficient preparation for most of Chapter 17.

Further Remarks

Beyond the assumption of basic real analysis and linear algebra the material in this
work is almost entirely self-contained. Thus, much of the preliminary development
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of potential theory and functional analysis, as well as results on Sobolev spaces and
fixed point theorems, will be familiar to many readers, although the proof of the
Leray-Schauder theorem without topological degree in Theorem 11.6 is probably
not so well known. A number of well established auxiliary results, such as the
interpolation inequalities and extension lemmas of Chapter 6, are proved for the
sake of completeness.

There is substantial overlap with the monographs of Ladyzhenskaya and
Ural’tséva [LU 4] and Morrey [MY 5]. This book differs from the former in some
of the analytical techniques and in the emphasis on non-uniformly elliptic equations
in the nonlinear theory; it differs from the latter in not being directly concerned
with variational problems and methods. The present work also includes material
developed since the publication of those books. On the other hand, it is much more
limited in various ways. Among the topics not included are systems of equations,
semilinear equations, the theory of monotone operators, and aspects of the subject
based on geometric measure theory.

In a subject that is often quite technical we have not always striven for the
greatest generality, especially with respect to the modulus of continuity, estimates,
integral conditions, and the like. We have instead confined ourselves to conditions
determined by power functions: for example, Hoélder continuity rather than Dini
continuity, L? spaces in Chapter 8 rather than Orlicz spaces, structure conditions
in terms of powers of | p| rather than more general functions of | p|, etc. By suitable
modification of the proofs the reader will usually be able to supply the appropriate
generalizations.

Historical material and bibliographical references are discussed primarily in
the Notes at the end of the chapters. These are not intended to be complete but
rather to supplement the text and place it in better perspective. A much more
extensive survey of the literature until 1968 is contained in Miranda [MR 2]. The
problems attached to the chapters are also intended to supplement the text;
hopefully they will be useful exercises for the reader.

Basic Notation

R": Euclidean n-space, n> 2, with points x=(x,, . . ., x,), x; € R(real numbers);
Ix|=(T x2)"2;ifb=(b,, ..., b,) is an ordered n-tuple, then |b|=(T b?)'/%.

R" : half-space in R" = {x e R"|x, > 0}.

0S: boundary of the point set S; S=closure of S=S U 8S.

S—-S:{xeS|x¢S}.

S’ « < §: §' has compact closure in S; ' is strictly contained in S.

Q: a proper open subset of R", not necessarily bounded; Q is a domain if it is
also connected; | Q| = volume of Q.

B(y): a ball in R" with center y; B,(y) is the open ball of radius r centered at y.

2n,n/2

nl(n/2)

Du=0u/ox;, Dju=0du/dx;0dx;, etc.; Du=(Dyu,..., Du)=gradient of u;
D?*u = [D;;u] = Hessian matrix of second derivatives D;;u, i,j = 1,2,...,n.

w,,: volume of unit ball in R" =
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B=(B,, ..., B,), B;=integer >0, with |B|= 3 B,, is a multi-index ; we define

o18ly
B, —
Dlu= a5
C%R) (C%R)): the set of continuous functions on Q2 (Q).
C*(Q): the set of functions having all derivatives of order <k continuous in
Q (k=integer >0 or k= 00).
C*(Q): the set of functions in C¥(£2) all of whose derivatives of order <k have
continuous extensions to €.
supp u: the support of u, the closure of the set on which u#0.
CY(Q): the set of functions in C*(Q) with compact support in Q.
C=C(*, ..., *)denotes a constant depending only on the quantities appearing
in parentheses. In a given context, the same letter C will (generally) be used to
denote different constants depending on the same set of arguments.



Part 1

Linear Equations



Chapter 2

Laplace’s Equation

Let Q be a domain in R" and u a C*(2) function. The Laplacian of u, denoted 4u,
is defined by

(2.hH Au= Y Dyu=div Du.

i=1
The function u is called harmonic (subharmonic, superharmonic) in Q if it satisfies
there

(2.2) 4u=0 (=0, <0).

In this chapter we develop some basic properties of harmonic, subharmonic and
superharmonic functions which we use to study the solvability of the classical
Dirichlet problem for Laplace’s equation, Au=0. As mentioned in Chapter 1,
Laplace’s equation and its inhomogeneous form, Poisson’s equation, are basic
models of linear elliptic equations.

Our starting point here will be the well known divergence theorem in R". Let
Q, be a bounded domain with C' boundary 2, and let vdenote the unit outward
normal to 8Q,. For any vector field w in C!(Q,), we then have

(2.3) Idivwdx:f w-vds
Q0 Q0
where ds indicates the (n— 1)-dimensional area element in 8Q,. In particular if u
is a C?(2,) function we have, by taking w = Du in (2.3),
Ou
2.4) fAudx:f Du-v ds=J‘a—vds.
Q0 290 0o

(For a more general formulation of the divergence theorem, see [KE 2].)

2.1. The Mean Value Inequalities

Our first theorem, which is a consequence of the identity (2.4), comprises the well
known mean value properties of harmonic, subharmonic and superharmonic
functions.
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Theorem 2.1. Let ue C%(Q) satisfy Au = 0 (=0, <0) in Q. Then for any ball
B = Bg(y) = < Q, we have

@5 uN=(<, 2) ——my [uds,

oB
(2.6) u=(<, 2) —= : fudx
" B

For harmonic functions, Theorem 2.1 thus asserts that the function value at the
center of the ball Bis equal to the integral mean values over both the surface 6B and
B itself. These results, known as the mean value theorems, in fact also characterize
harmonic functions; (see Theorem 2.7).

Proof of Theorem 2.1. Let pe (0, R) and apply the identity (2.4) to the ball
B,= B (y). We obtain

Ou
o ds=IAu dx=(=, <)0.
2B,
Introducing radial and angular coordinates r=|x—y|, o= g and writing
u(x)=u(y+rw), we have

fa ds= f (y+pw) ds=p""" f%(}’ww)dw

2B, 2B, jol=1

G, 0
=p"! % f u(y+pw) do=p" ! (%l:p""fu ds]

low|=1 0B,

Consequently for any p € (0, R),

p! fuds (<, =)R'" "fuds

2B, dBr
and since

lim p“"fu ds=nw,u(y)

p=0 3B,

relations (2.5) follow. To get the solid mean value inequalities, that is, relations
(2.6), we write (2.5) in the form

nop'u(y)=(<, 2) [uds, p<R

2B,

and integrate with respect to p from 0 to R. The relations (2.6) follow immediately.[]
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2.2. Maximum and Minimum Principle

With the aid of Theorem 2.1 the strong maximum principle for subharmonic
functions and the strong minimum principle for superharmonic functions may be
derived.

Theorem 2.2. Let Au>0 (<0) in Q and suppose there exists a point y € S for which
u(y)= sup u (inf u). Then u is constant. Consequently a harmonic function cannot
0 Q

assume an interior maximum or minimum value unless it is constant.

Proof. Let Au=0in Q, M =sup u and define Q,, = {x € Q| u(x)=M }. By assump-
Q

tion ,, is not empty. Furthermore since u is continuous, £,, is closed relative to Q.

Let z be any point in ©,, and apply the mean value inequality (2.6) to the sub-

harmonic function u— M in a ball B= Bg(z)c = Q. We therefore obtain

1
o, R"

0=u(z)— M< f(u—M)a'xSO,
B

so that u= M in Bg(z). Consequently 2,, is also open relative to Q2. Hence Q,,=Q.
The result for superharmonic functions follows by replacement of u by —u. 0

The strong maximum and minimum principles immediately imply global
estimates, namely the following weak maximum and minimum principles.

Theorem 2.3. Let ue C3(Q) n C°() with Au=0 (<0) in Q. Then, provided Q is
bounded,

2.7) sup u=sup u (inf u= inf u).
[0} on [¢] on

Consequently, for harmonic u

infu<u(x)<supu, xeL.
on on

A uniqueness theorem for the classical Dirichlet problem for Laplace’s and
Poisson’s equation in bounded domains now follows from Theorem 2.3.

Theorem 2.4. Let u, ve C2(Q) n C°(Q) satisfy Au=Av in Q, u=v on 0. Then
u=vin Q.

Proof. Letw=u—v. Then 4w=0in Q and w=0 on 0Q. It follows from Theorem
23thatw=0inQ. 0O

Note that also by Theorem 2.3, we have that if u and v are harmonic and sub-
harmonic functions respectively, agreeing on the boundary 09, then v<u in Q.
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Hence the term subharmonic. A corresponding remark is true for superharmonic
functions. Later in this chapter, we employ this property of C?(2) subharmonic
and superharmonic functions to expand their definition to larger classes of func-
tions. In the next chapter, an alternate method of proof for Theorems 2.2, 2.3 and
2.4 will be supplied when we treat maximum principles for general elliptic equa-
tions; (see also Problem 2.1).

2.3. The Harnack Inequality

A further consequence of Theorem 2.1 is the following Harnack inequality for
harmonic functions.

Theorem 2.5. Let u be a non-negative harmonic function in Q. Then for any bounded
subdomain Q' < < Q, there exists a constant C depending only on n, Q' and Q such
that

(2.8 sup u<Cinfu.

aQ o4

Proof. Let y € Q, B, (y)<=Q. Then for any two points x,, x, € Bg(y), we have
by the inequalities (2.6)

1 1
u(xl)=w—R" f udxsw—in fudx.

" Brlxy) " Bar(y)

1 1
u(x2)=m I udx?m)—" f u dx.

B3r(x2) Bar(y)

Consequently we obtain

(2.9) sup u<3" inf u.

Br(y) Br(y)
Now let Q'c = and choose x,, x, € €' so that u (x,)= sup u, u(x,)= mfu

Let I'< Q' be a closed arc joining x, and x, and choose R so that 4R <dist (I, BQ)
By virtue of the Heine-Borel theorem I’ can be covered by a finite number ¥
(depending only on Q' and Q) of balls of radius R. Applying the estimate (2.9) in
each ball and combining the resulting inequalities, we obtain.

u(x,)<3"™u(x,).
Hence the estimate (2.8) holds with C=3"". 0O
Note that the constant in (2.8) is invariant under similarity and orthogonal

transformations. A Harnack inequality for weak solutions of homogeneous elliptic
equations will be established in Chapter 8.
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2.4. Green’s Representation

As a prelude to existence considerations we derive now some further consequences
of the divergence theorem, namely, the Green identities. Let Q be a domain for
which the divergence theorem holds and let u and v be C2(Q) functions. We select
w = vDu in the identity (2.3) to obtain Green’s first identity:

(2.10) vaudx+fDu-Dvdx=fv%ds.
2

ov
o n

Interchanging « and v in (2.10) and subtracting, we obtain Green's second identity :

ou Ov
@2.11) {(u Au—uAv)dx=5£ ("5?'“5)‘1"

Laplace’s equation has the radially symmetric solution r2~" for n>2 and log r for
n=2, r being radial distance from a fixed point. To proceed further from (2.11),
we fix a point y in Q and introduce the normalized fundamental solution of Laplace’s
equation:

- _pl2—n 2
n(2——n)w,,|x W on>

(2.12) I(x-y)=I(x-y)=

—‘lOg|x‘J’|a n

2.
2n

By simple computation we have

1
DI(x—y)= =

(x;=ylx—=y™"
(2.13)
D, I(x—y)= ;(l;)n{lx — W20, —n(x,—y)x; =y} Ix—y 7" 2.
Clearly I' is harmonic for x # y. For later purposes we note the following derivative

estimates:

1

nw,

DI (x—y)I <

Ix—y' 7"
(2.14)

I -n
|D;I (x —y)| <w~—|x—yl :

IDPI(x — y)I < Clx — yP~"" ¥, C = C(n, |BI).

The singularity at x=y prevents us from using I in place of v in Green's second
identity (2.11). One way of overcoming this difficulty is to replace 2 by Q- B,



18 2. Laplace’s Equation

where B, = B () for sufficiently small p. We can then conclude from (2.11) that

ou or ou or
2.15) [ rauax= f(ra_ua")dﬁa!(ra_uE)ds.

-8,

Now

du ou
_[Fé—;d.s‘:F(p)fa—vds
2B, 2B,
<nw,p" " 'I'(p) sup |Du| >0 asp—0
By
and

ar
[uZ;ds==T"p) [uds (recall that v is outer normal to 2 B,)
oB, v 2B,
I

= __l_[uds—»—u(y) asp— 0.
nw,p"

Hence letting p tend to zero in (2.15) we arrive at Green's representation formula:
or ou
(2.16) u(y)=5[2<u5(x—y)—r(x—))a—v) ds+}[1“(x—)) Audx, (yeQ).

For an integrable function f, the integral J. I'(x — y)f(x) dxiscalled the Newtonian

2
potential with density f. If u has compact support in R", then (2.16) yields the
frequently useful representation formula,

(2.17) u(y)=fl"(x—y) Au(x) dx.

For harmonic u, we also obtain the representation

(2.18) u(y)= f (ug—C(x—y)—F(x—y)g—:) ds, (yeQ).

N
Since the integrand above is infinitely differentiable and, in fact, also analytic with
respect to y, it follows that u is also analytic in Q2. Thus harmonic functions are
analytic throughout their domain of definition and therefore uniquely determined
by their values in any open subset.

Now suppose that h e C}() n C*(Q) satisfies 4h=0 in Q. Then again by
Green's second identity (2.11) we obtain

(2.19) - f( h_y° ) thudx
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Writing G=T+ h and adding (2.16) and (2.19) we then obtain a more general
version of Green's representation formula:

(2.20) u(y)= f <u %E—G 6u)d +f G Au dx.
on

If in addition G=0 on o2 we have

(2.21) u(})—f ds+fGAudx

and the function G=G(x, y) is called the (Dirichlet) Green’s function for the
domain Q, sometimes also called the Green’s function of the first kind for Q. By
Theorem 2.4, the Green’s function is unique and from the formula (2.21) its
existence implies a representation for a C!(Q) n C%*(2) harmonic function in terms
of its boundary values.

2.5. The Poisson Integral

When the domain Q is a ball the Green’s function can be explicitly determined by
the method of images and leads to the well known Poisson integral representation
for harmonic functions in a ball. Namely, let B, = B4(0) and for x € B, x#0 let

2

_ R
(2.22) x=|;|—2 x

denote its inverse point with respect to Bg; if x=0, take Xx=oc0. It is then easily
verified that the Green'’s function for By is given by

F(x—y)—T (Utx y|> y#0

I(x))—T'(R), y=0.

2
=TI/ +|y|2—2X-y)—F<\/<—|xllly|) +R2—2x-y)

for all x, y € By, x#).

(2.23) G(x, y)=

The function G defined by (2.23) has the properties

(2.24) G(x, »)=G(y.x), G(x,y)<0 forx,ye By.
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Furthermore, direct calculation shows that at x € 0B, the normal derivative of G
1s given by

0G_3G _R-|y

(2.25) v dx nw,R

Ix—y~">0.
Hence if u € C*(Bg) n C'(Bg) is harmonic. we have by (2.21) the Poisson integral
Sformula:

RZ_ 2 /-'x
2260  uy="— U

nw, R o |x—y"

The right hand side of formula (2.26) is called the Poisson integral of u. A simple
approximation argument shows that the Poisson integral formula continues to hold
for ue C?(Bg) N C°(Bg). Note that by taking y=0, we recover the mean value
theorem for harmonic functions. In fact all the previous theorems of this chapter
could have been derived as consequences of the representation (2.21) with Q=
Bg(0).

To establish the existence of solutions of the classical Dirichlet problem for balls
we need the converse result to the representation (2.26), and we prove this now.

Theorem 2.6. Let B= Bg(0)yand ¢ be a continuous function on 0B. Then the function
u defined by

—|x|? @(y) ds,

B
@21 ux={ o,k J Ix= oy JorxE

W(x) for x e 0B
belongs to C*(B) n C°(B) and satisfies Au=0 in B.

Proof. That u defined by (2.27) is harmonic in B is evident from the fact that G.
and hence dG/dv, is harmonic in x, or it may be verified by direct calculation. To
establish the continuity of ¥ on 8B, we use the Poisson formula (2.26) for the special
case u=1 to obtain the identity.

(228) [ K(x.y ds,=1 forallxe B

0B

where K is the Poisson kernel

, R =[x
(2.29) K(x,y)=—————: xe B.yedB.
naw, Rjx —y|"

Of course the integral in (2.28) may be evaluated directly but this is a complicated
calculation. Now let x, € dB and ¢ be an arbitrary positive number. Choose 6 >0
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so that [p(x) — @(x,)| <eif |x — x| <J and let || < M on 0B. Then if [x — x| < /2,
we have by (2.27) and (2.28)

[ Kx, p)@() = 9(xo) s,

oB
< f K(x, y)lo(y) —o(x,)l ds,

ly—xo| <8

+ f K(x, Y)o(y)~@(xo)l ds,

ly—xo0|>8

|u(x) — u(xo)| =

oy MR —IXHR?
= (6/2r

If now |x — x| is sufficiently small it is clear that |u(x)—u(x,)| < 2¢ and hence u is
continuous at x,,. Consequently u € C°(B) as required. 0

We note that the preceding argument is local; that is, if ¢ is only bounded and
integrable on 0B, and continuous at x,, then u(x) — ¢(x,) as x — x,,.

2.6. Convergence Theorems

We consider now some immediate consequences of the Poisson integral formula.
The following three theorems will not however be required for the later develop-
ment. We show first that harmonic functions can in fact be characterized by their
mean value property.

Theorem 2.7. A C%Q) function u is harmonic if and only if for every ball
B=Bi(y)c =Q it satisfies the mean value property,

1
(2.30) U(}’)=mﬁ f u ds.

oB

Proof. By Theorem 2.6, there exists for any ball B« = Q a harmonic function
h such that h=u on ¢B. The difference w=u—h will then be a function satisfying
the mean value property on any ball in B. Consequently the maximum principle
and uniqueness results of Theorems 2.2, 2.3 and 2.4 apply to w since the mean value
inequalities were the only properties of harmonic functions used in their derivation.
Hence w=0 in B and consequently ¥ must be harmonic in Q. 0

As an immediate consequence of the preceding theorem we have:

Theorem 2.8. The limit of a uniformly convergent sequence of harmonic functions is
harmonic.
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It follows from Theorem 2.8, that if {u,} is a sequence of harmonic functions in
a bounded domain Q, with continuous boundary values {¢,] which converge
uniformly on 02 to a function ¢, then the sequence {u,, converges uniformly (by
the maximum principle) to a harmonic function having the boundary values ¢ on
0Q. By means of Harnack’s inequality, Theorem 2.5, we can also derive, from
Theorem 2.8, Harnack's convergence theorem.

Theorem 2.9. Let {u,} be a monotone increasing sequence of harmonic functions
in a domain §2 and suppose that for some point y € Q, the sequence {u(y)} is bounded.
Then the sequence converges uniformly on any bounded subdomain Q' < <Q to a
harmonic function.

Proof. The sequence {u,(y)! will converge, so that for arbitrary ¢>0 there is a
number N such that 0<u,(y)—u,(y)<e for all m=n> N. But then by Theorem
2.5, we must have

sup Ju,(x)—u,(x)| < Ce
o

for some constant C depending on Q' and Q. Consequently {u,} converges uni-
formly and by virtue of Theorem 2.8, the limit function is harmonic. 0

2.7. Interior Estimates of Derivatives

By direct differentiation of the Poisson integral it is possible to obtain interior
derivative estimates for harmonic functions. Alternatively, such estimates also
follow from the mean value theorem. For letw be harmonicinQand B= By(y)c = Q.
Since the gradient Du is also harmonic in Q it follows by the mean value and
divergence theorems that

1 1
Du(y)=ZO—F {Du dxzmi uv ds,

n
[Du(y)l < RSP |ul
oB

and hence
n

(2.31) [Du( y)| <~ sup [u],
d, o

where d,=dist (y, 0Q2). By successive application of the estimate (2.31) in equally
spaced nested balls we obtain an estimate for higher order derivatives:
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Theorem 2.10. Let u be harmonic in Q and let Q' be any compact subset of Q. Then
for any multi-index a we have

la|
(2.32) sup |D*u| < (%) sup |u|
’ N

Q

where d=dist (Q', 0Q).

An immediate consequence of the bound (2.32) is the equicontinuity on com-
pact subdomains of the derivatives of any bounded set of harmonic functions.
Consequently by Arzela’s theorem, we see that any bounded set of harmonic
functions forms a normal family ; that is, we have:

Theorem 2.11.  Any bounded sequence of harmonic functions on a domain Q contains
a subsequence converging uniformly on compact subdomains of Q to a harmonic
Sfunction.

The previous convergence theorem, Theorem 2.8, would also follow im-
mediately from Theorem 2.11.

2.8. The Dirichlet Problem; the Method of Subharmonic Functions

We are in a position now to approach the question of existence of solutions of the
classical Dirichlet problem in arbitrary bounded domains. The treatment here will
be accomplished by Perron’s method of subharmonic functions [PE] which relies
heavily on the maximum principle and the solvability of the Dirichlet problem in
balls. The method has a number of attractive features in that it is elementary, it
separates the interior existence problem from that of the boundary behaviour of
solutions, and it is easily extended to more general classes of second order elliptic
equations. There are other well known approaches to existence theorems such as
the method of integral equations, treated for example in the books [KE 2] [GU],
and the variational or Hilbert space approach which we describe in a more general
context in Chapter 8.

The definition of C3(2) subharmonic and superharmonic function is general-
ized as follows. A C%(£) function u will be called subharmonic (superharmonic) in
Q if for every ball Bc < Q and every function 4 harmonic in B satisfying u <(>)h
on ¢B, we also have u<(>)hin B. The following properties of C°(2) subharmonic
functions are readily established:

(i) Ifuissubharmonic in a domain Q, it satisfies the strong maximum principle
in ; and if v is superharmonic in a bounded domain  with v>u on ¢, then
either v>u throughout Q or v=u. To prove the latter assertion, suppose the
contrary. Then at some point x, € 2 we have

(u—v)(xy)= sup (u—v)=M=0,
Q
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and we may assume there is a ball B=B(x,) such that u—v# M on 0B. Letting
i, v denote the harmonic functions respectively equal to , v on dB (Theorem 2.6),
one sees that

M= sup (u—0)Z(d—0)(xq) Z(U—0)(xg)=M,
B

and hence the equality holds throughout. By the strong maximum principle for
harmonic functions (Theorem 2.2) it follows that u—d=M in B and hence
u—v= M on B, which contradicts the choice of B.

(ii) Let u be subharmonic in € and B be a ball strictly contained in €. Denote
by @ the harmonic function in B (given by the Poisson integral of v on dB) satisfying
#i=u on 0B. We define in Q the harmonic lifting of u (in B) by

_Julx), xe B
(2.33) U(x)_{u(x), xeR—B.

Then the function U is also subharmonic in Q. For consider an arbitrary ball
B'c = Qand let & be a harmonic function in B’ satisfying h> U on dB’. Since u< U
in B’ we have u<hin B’ and hence U< hin B’ — B. Also since U is harmonic in B,
we have by the maximum principle U<h in B n B'. Consequently U< hin B’ and
U is subharmonic in Q.

(iii) Let u,, u,,. .., uy be subharmonic in Q. Then the function u(x)=max
{u,(x), ..., uy(x)} is also subharmonic in Q. This is a trivial consequence of the
definition of subharmonicity. Corresponding results for superharmonic functions
are obtained by replacing u by — u in properties (1), (ii) and (iii).

Now let 2 be bounded and ¢ be a bounded function on Q. A C°%) sub-
harmonic function u is called a subfunction relative to ¢ if it satisfies u< ¢ on 0.
Similarly a C°(©) superharmonic function is called a superfunction relative to ¢ if it
satisfies > ¢ on dQ. By the maximum principle every subfunction is less than or
equal to every superfunction. In particular, constant functions <inf ¢ (=sup ¢)

an o0

are subfunctions (superfunctions). Let S, denote the set of subfunctions relative
to ¢. The basic result of the Perron method is contained in the following theorem.

Theorem 2.12. The function u(x)= sup v(x) is harmonic in Q.

veS,

Proof. By the maximum principle any function v € S, satisfies v <sup ¢, so that u is
well defined. Let y be an arbitrary fixed point of Q. By the definition of u, there exists
a sequence {v,} =S, such that v (y) — u(y). By replacing v, with max (v,, inf @),
we may assume that the sequence {v,} is bounded. Now choose R so that the
ball B= Bg(y)< = and define V, to be the harmonic lifting of v, in B according
to (2.33). Then V, € S, V,(y) — u(y) and by Theorem 2.11 the sequence {V,}
contains a subsequence {V, } converging uniformly in any ball B (y) with p<R
to a function v that is harmonic in B. Clearly v<u in B and v(y)=u(y). We claim
now that in fact v=wu in B. For suppose v(z) <u(z) at some z € B. Then there exists
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a function @ € S, such that v(z) < u(z). Defining w, = max (&, V,,) and also the
harmonic liftings W, as in (2.33), we obtain as before a subsequence of the
sequence { W,} converging to a harmonic function w satisfying v<w<wu in B and
v(y)=w(y)=u(y). But then by the maximum principle we must have v=w in B.
This contradicts the definition of # and hence u is harmonic in Q. 0

The preceding result exhibits a harmonic function which is a prospective
solution (called the Perron solution) of the classical Dirichlet problem: Au=0,
u=¢ on dQ. Indeed, if the Dirichlet problem is solvable, its solution is identical
with the Perron solution. For let w be the presumed solution. Then clearly w e S,
and by the maximum principle w>u forallu € S,. We note here also that the proof
of Theorem 2.12 could have been based on the Harnack convergence theorem,
Theorem 2.9, instead of the compactness theorem, Theorem 2.11; (see Problem
2.10).

In the Perron method the study of boundary behaviour of the solution is
essentially separate from the existence problem. The continuous assumption of
boundary values is connected to the geometric properties of the boundary through
the concept of barrier function. Let ¢ be a point of Q. Then a C°(Q) function
w = w, is called a barrier at ¢ relative to Q if:

(1) w is superharmonic in Q;
(i) w>0in Q—¢; w (£)=0.

A more general definition of barrier requires only that the superharmonic
function w be continuous and positive in Q, and that w(x) - 0 as x — & The
results of this section are valid for these weak barriers as well (see [HL, p. 168], for
example). An important feature of the barrier concept is that it is a local property
of the boundary 0Q2. Namely, let us define w to be a local barrier at ¢ € 0Q if there
is a neighborhood N of ¢ such that w satisfies the above definition in 2 n N. Then
a barrier at ¢ relative to Q can be defined as follows. Let B be a ball satisfying
EeBcc N and m=131‘1£i w>0. The function

B(x)= min (m, w(x)), xeQ N B
T m, xeQ—B

is then a barrier at ¢ relative to Q, as one sees by confirming properties (i) and (ii).
Indeed, w is continuous in Q and is superharmonic in Q by property (iii) of sub-
harmonic functions; property (i) is immediate.

A boundary point will be called regular (with respect to the Laplacian) if there
exists a barrier at that point.

The connection between the barrier and boundary behavior of solutions is
contained in the following.

Lemma 2.13. Let u be the harmonic function defined in Q by the Perron method
(Theorem 2.12). If & is a reqular boundary point of Q and ¢ is continuous at £, then
u(x) - @(&) as x — £.
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Proof. Choosee>0.andlet M = sup |¢|. Since £ isa regular boundary point, there
is a barrier w at £ and, by virtue of the continuity of ¢, there are constants é and k
such that [p(x) — (&) <eif [x — & <. and kw(x)=2M if | x — &| = . The functions
@(&)+e+kw, p(&)—e— kw are respectively superfunction and subfunction relative
to ¢. Hence from the definition of u and the fact that every superfunction dominates
every subfunction, we have in Q.

(&) —e—kw(x)<u(x)< @(E)+ e+ kw(x)
or
lu(x) — ()| < e+ kwn(x).

Since w(x) — 0 as x — £, we obtain u(x) —» @(¢)asx —» ¢, O
This leads immediately to

Theorem 2.14.  The classical Dirichlet problem in a bounded domain is solvable for
arbitrary continuous boundary values if and only if the boundary points are all regular.

Proof. If the boundary values ¢ are continuous and the boundary 992 consists of
regular points, the preceding lemma states that the harmonic function provided by
the Perron method solves the Dirichlet problem. Conversely, suppose that the
Dirichlet problem is solvable for all continuous boundary values. Let ¢ € Q. Then
the function ¢(x)=|x — ¢ is continuous on J€2 and the harmonic function solving
the Dirichlet problem in Q with boundary values ¢ is obviously a barrier at ¢.
Hence ¢ is regular, as are all points of Q. 0

The important question remains: For what domains are the boundary points
regular? It turns out that general sufficient conditions can be stated in terms of
local geometric properties of the boundary. We mention some of these conditions
below.

If n=2, consider a boundary point z, of a bounded domain Q and take the
origin at z, with polar coordinates r, 6. Suppose there is a neighborhood N of z,
such that a single valued branch of 0 is defined in Q N N, or in a component of
Q n N having z, on its boundary. One sees that

R [ log r
elogz_ log? r+ 0?2

w=

is a (weak) local barrier at z, and hence z, is a regular point. In particular, z, is
a regular boundary point if it is the endpoint of a simple arc lying in the exterior
of Q. Thus the Dirichlet problem in the plane is always solvable for continuous
boundary values in a (bounded) domain whose boundary points are each accessi-
ble from the exterior by a simple arc. More generally, the same barrier shows that
the boundary value problem is solvable if every component of the complement of
the domain consists of more than a single point. Examples of such domains are
domains bounded by a finite number of simple closed curves. Another is the unit
disc slit along an arc; in this case the boundary values can be assigned on opposite
sides of the slit.
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For higher dimensions the situation is substantially different and the Dirichlet
problem cannot be solved in corresponding generality. Thus, an example due to
Lebesgue shows that a closed surface in three dimensions with a sufficiently sharp
inward directed cusp has a non-regular point at the tip of the cusp; (see for
example [CHY).

A simple sufficient condition for solvability in a bounded domain Q< R" is
that Q satisfy the exterior sphere condition; that is, for every point ¢ € dQ, there
exists a ball B= By(y) satisfying B n @=¢. If such a condition is fulfilled, then the
function w given by

R "—|x—y* " forn=3

.34 (x)= X—y
(2.34) wlx) log'—Y—R—)—| forn=2

will be a barrier at &. Consequently the boundary points of a domain with C?
boundary are all regular points; (see Problem 2.11).

2.9. Capacity

The physical concept of capacity provides another means of characterizing regular
and exceptional boundary points. Let Q be a bounded domain in R"(n > 3) with
smooth boundary ¢€, and let u be the harmonic function (often called the con-
ductor potential) defined in the complement of Q and satisfying the boundary
conditions u = 1 on éQand u = 0 at infinity. The existence of u is easily established
as the (unique) limit of harmonic functions ' in an expanding sequence of bounded
domains having 0Q as an inner boundary (on which u' = 1) and with outer
boundaries (on which «" = 0) tending to infinity. If 2 denotes dQ or any smooth
closed surface enclosing €2, then the quantity

X
(2.35) capQ = — J%E ds = j | Du|* dx v = outer normal
Vv

P R"-Q

is defined to be the capacity of Q. In electrostatics, cap Q is within a constant factor
the total electric charge on the conductor 0Q2 held at unit potential (relative to
infinity).

Capacity can also be defined for domains with nonsmooth boundaries and for
any compact set as the (unique) limit of the capacities of a nested sequence of
approximating smoothly bounded domains. Equivalent definitions of capacity can
be given directly without use of approximating domains (e.g., see [LK]). In
particular, we have the variational characterization

(236)  cap Q = inf ||Dv|%.
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where
K = {ve C&(R)|v = 1 on Q}.

To investigate the regularity of a point x, € dQ, consider for any fixed A€ (0, 1)
the capacity

C;=cap {x¢ Q||x — x| < ¥}

The Wiener criterion states that x, is a regular boundary point of Qif and only if the
series

@371 Y i
j=0

diverges.

For a discussion of capacity and proof of the Wiener criterion we refer to the
literature, e.g., [KE 2, LK]. In Chapter 8 this condition for regularity will be proved
for a general class of elliptic operators in divergence form.

Problems

2.1. Derive the weak maximum principle for C*(2) subharmonic functions from
a consideration of necessary conditions for a relative maximum.

2.2. Prove that if Au=0in Q and u=0u/0v=0 on an open, smooth portion of 6Q,
then u is identically zero.

2.3. Let G be the Green's function for a bounded domain Q. Prove

a) G(x, y)=G(y, x) forallx,yeQ.x#y;
b) G(x,y)<0 forall x,ye Q, x#y;

c) fG(x, »f(y)dy— 0asx— 09, if fis bounded and integrable on Q2.
o]

2.4. (Schwarz reflection principle.) Let Q% be a subdomain of the half-space
x,>0 having as part of its boundary an open section T of the hyperplane x,=0.
Suppose that u is harmonic in Q*, continuous in Q% U 7, and that u=0on T.
Show that the function U defined by

u(x,.....x,), x,=20

—u(xy,..., —x,), x,<0

Ux,,..., xn)={
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is harmonic in the domain Q% U T u Q~, where 2 is the reflection of Q* in
x,=0(ie., Q ={(x;.....x)eR"|(x,,..., —x,) e Q"))

2.5. Determine the Green's function for the annular region bounded by two
concentric spheres in R”.

2.6. Let u be a non-negative harmonic function in a ball Bg(0). Deduce from the
Poisson integral formula, the following version of Harnack's inequality

R X(R—|x|) R 3(R+]x])
Ry T O Su) < =

u(0).

2.7. Show thata C°(Q) function u is subharmonic in Q if and only if it satisfies the
mean value inequality locally; that is, for every y € Q there exists § = () >0 such
that

1
u(y)g);)»}—z—;_—l fuds for all R<6.

" 0BR()

2.8. Anintegrablefunctionuinadomain Qiscalled weakly harmonic (subharmonic,
superharmonic) in Q if

quq;dx=(>, <)0
7]

for all functions ¢ >0 in C%(R) having compact support in Q. Show that a C°%(Q)
weakly harmonic (subharmonic, superharmonic) function is harmonic (sub-
harmonic, superharmonic).

2.9. Show that for C*(Q) functions u, the conditions: (i) 4u>0 in Q; (ii) u is
subharmonic in Q; (iii) » is weakly subharmonic in , are equivalent.

2.10. Prove Theorem 2.12 using Theorem 2.9 instead of Theorem 2.11.

2.11. Show that a domain Q with C? boundary 0 satisfies an exterior sphere
condition.

2.12. Show that the Dirichlet problem is solvable for any domain Q satisfying an
exterior cone condition; that is. for every point £ e dQ there exists a finite right
circular cone K, with vertex ¢&, satisfying K n Q=¢. At each point ¢ € 0Q taken
as origin, show that a suitable local barrier can be chosen in the form w=rf(0)
where 6 is the polar angle.

2.13. Let u be harmonic in Q< R". Use the argument leading to (2.31) to prove
the interior gradient bound,

n

,Du(xo)l gd_

0

[sup u—u(x,)], d,= dist (x,, Q).
o]
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If u>0in Q infer that

n
| Du(x,)| <Zj— u(x,).
o]

2.14. (a) Prove Liouville’s theorem: A harmonic function defined over R" and
bounded above is constant.

(b) If n=2 prove that the Liouville theorem in part (a) is valid for subharmonic
functions.

(c) If n>2 show that a bounded subharmonic function defined over R" need
not be constant.

2.15. Letue C?(), u=0 on 0 e C'. Prove the interpolation inequality: For
every ¢ > 0,

f[Du]z dx < ¢ f(Au)z dx + ‘—:; J‘uz dx.

Q Q Q

2.16. Prove Theorem 2.12 by finding inevery ball B « = Q a monotone increasing
sequence of harmonic functions that are restrictions of subfunctions on B and that
converge uniformly to u on a dense set of points in B. Hence show that Theorems
2.12 and 2.14 can be proved without use of the strong maximum principle.

2.17. Show that the volume integral in (2.35) is defined, and prove the equivalence
of the capacity definitions (2.35) and (2.36).

2.18. Let u be harmonic in (open, connected) Q < R", and suppose B,(x,) = < €.
If a < b < ¢, where b®> = ac, show that

f u(xy + aw)u(xy + cw)dw = I u(xy + bw) dw.

loj=1 jo]=1

Hence, conclude that if u is constant in a neighbourhood it is identically constant.
(Cf. [GN])



Chapter 3

The Classical Maximum Principle

The purpose of this chapter is to extend the classical maximum principles for the
Laplace operator, derived in Chapter 2, to linear elliptic differential operators of
the form

3.1 Lu=a"(x)D,ju+b'(x)Du+c(x)u, a’=a”,

where x=(x,, ..., x,) lies in a domain Q of R", n>2. It will be assumed, unless
otherwise stated, that u belongs to C*(£2). The summation convention that repeated
indices indicate summation from 1 to n is followed here as it will be throughout.
L will always denote the operator (3.1).

We adopt the following definitions:
L is elliptic at a point x € Q if the coefficient matrix [a"/(x)] is positive; that is, if
A(x), A(x) denote respectively the minimum and maximum eigenvalues of [a"(x)],
then

(3.2) 0<Ax)IE)> <a(x)¢ & < A

forall é=(¢,, ..., &,)eR"—{0}. If A>0in Q, then L is elliptic in Q, and strictly
elliptic if A2 4,>0 for some constant A,. If A/4 is bounded in , we shall call L
uniformly elliptic in Q. Thus the operator D, , + x, D,, is elliptic but not uniformly
elliptic in the half plane, x, >0, while it is uniformly elliptic in strips of the form
(a, B)x R where O<a< f< .

Most results concerning elliptic operators of the form (3.1) require additional
conditions limiting the relative importance of the lower order terms b'D,u, cu with
respect to the principal term a”D, u. The condition

|b(x)]

(3.3) )

<const<oo, i=1,...,n, xeQ

will be assumed throughout this chapter. By then considering L'=4"" L in place
of L we can reduce to the case where =1 and the b are bounded. If, in addition,
L is uniformly elliptic, we can also take the a” to be bounded. Note that if the
coefficients a'/, b’ are continuous in €, then on any bounded subdomain Q'< < @,
L is uniformly elliptic and (3.3) holds. The coefficient ¢ will also be subject to
restrictions but these will vary and consequently be indicated in the appropriate
hypotheses.
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The maximum principle is an important feature of second order elliptic equa-
tions that distinguishes them from equations of higher order and systems of
equations. In addition to its many applications, the maximum principle provides
pointwise estimates that lead to a more definitive theory than would be otherwise
available. In this chapter, most of the results will be based solely on the ellipticity
of L and not on other special properties of the coefficients (such as smoothness).
Itis this generality which makes the maximum principle useful in apriori estimation
of solutions, especially in nonlinear problems.

3.1. The Weak Maximum Principle
For many purposes it suffices to have the following weak maximum principle.

Theorem 3.1. Let L be elliptic in the bounded domain Q. Suppose that
3.4) Lu=z0(<0)in Q, c=01inQ,

withu € C3(Q) N C%R). Then the maximum (minimum) of u in Q is achieved on 02,
that is,

(3.5) sup u= sup u (inf u= inf u).
2 on Q on

It is apparent that the conclusion remains valid if |6'|/4 is only locally bounded
in Q, for example if a”, b' € C%(R). Also, if u is not assumed continuous in Q, the
conclusion (3.5) can be replaced by

(3.6) sup = lim sup #(x) (inf u= lim inf u(x))
[0} x— 0N o] x— 002

Proof. 1t is readily seen that if Lu>0 in Q, then a strong maximum principle
holds; that is, ¥ cannot achieve an interior maximum in Q. For at such a point
Xy, Du(x,)=0 and the matrix D?u(x,)= [D,ju(x,)] is nonpositive. But the matrix
[a(x,)] is positive since L is elliptic. Consequently Lu(x,)=a"(x,)D,u(x,)<0,
contradicting Lu>0. (Note that only the semi-definiteness of the coefficient
matrix [a;;] is needed in this argument.)

By hypothesis (3.3), |b'|/A< b, =constant. Then since a'' >, there is a suffi-
ciently large constant y for which

L e =(y2a' +yb')e™ = A(y* —yb,) e >0.
Hence for any £>0, L(u+¢ ¢’*)>0 in Q so that

sup (u+¢€e’*')= sup (u+¢e'™)
Q on

by the above. Letting ¢ — 0, we see that sup u= sup u, as asserted in the theorem. [
Q n



3.2. The Strong Maximum Principle 33

Remark. 1t is clear from the proof that the theorem holds under the weaker
hypothesis that the coefficient matrix [a”] is non-negative and that for some k the
ratio |b*|/a** is locally bounded.

It is convenient to introduce the following terminology suggested by the
maximum principle: a function satisfying Lu=0 (=0, <0) in Q is a solution
(subsolution, supersolution) of Lu=0 in Q. When L is the Laplacian, these terms
correspond respectively to harmonic, subharmonic and superharmonic functions.

Let us suppose more generally that ¢<0 in Q. By considering the subset
Q* < Q in which #>0, one sees that if Lu>0 in Q, then Lou=a"’D,u+b'Du>
—cu=0in Q* and hence the maximum of u on Q* must be achieved on dQ* and
hence also on 0R. Thus, writing u* = max (4, 0), u~ = min (u, 0) we obtain:

Corollary 3.2. Let L be elliptic in the bounded domain Q. Suppose that in Q
(3.7 Luz=0(<0), ¢<0,
with u € C%(Q). Then

(3.8) supu < supu” (infu> infu”).
Q on Q on

If Lu=0in Q, then

3.9) sup |u|= sup |u.
[} on

In this corollary, the condition ¢<0 cannot be relaxed in general to allow
¢>0, as is evident from the existence of positive eigenvalues k for the problem:
Au+xu=0, u=0 on Q. An immediate and important application of the weak
maximum principle is to the problem of uniqueness and continuous dependence of
solutions on their boundary values. From Corollary 3.2 follows automatically a
uniqueness result for the classical Dirichlet problem for operators L, and a com-
parison principle, which is the typical form of application of the corollary.

Theorem 3.3. Let L be elliptic in Q with ¢<0 in Q. Suppose that u and v are
functions in C*(Q) n C%Q) satisfying Lu = LvinQ,u = vondQ. Thenu = vin Q. If
LuzLvinQand u < von 0Q, thenu < vin Q.

3.2. The Strong Maximum Principle

Although the weak maximum principle suffices for most applications, it is often
necessary to have the strong form which excludes the assumption of a non-trivial
interior maximum. We shall obtain such a result for locally uniformly elliptic
operators by means of the following frequently useful boundary point lemma. The
domain € is said to satisfy an interior sphere condition at x, € 0Q if there exists a
ball B = Q with x, € B, (that is, the complement of Q2 satisfies an exterior sphere
condition at x,).
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Lemma 3.4. Suppose that L is uniformly elliptic, ¢=0 and Lu=0 in Q. Let
Xo € 0Q be such that
(i) u is continuous at x;
(ii) u(xy)>u(x) for all x € Q;
(iii) 0Q satisfies an interior sphere condition at x,.

Then the outer normal derivative of u at x,, if it exists, satisfies the strict inequality
Ju

3.10 — (x,)>0.

(3.10) Ps (x0)

If ¢ < 0 and ¢/ is bounded, the same conclusion holds provided u(x,) = 0, and if
u(x,) = 0 the same conclusion holds irrespective of the sign of c.

Proof. Since Q satisfies an interior sphere condition at x,, there exists a ball
B=B,(y)= Q2 with x, € dB. For 0< p < R, we introduce an auxiliary function v by
defining

U(x)=e—ar2_e—akz

where r=|x—y|>p and o is a positive constant yet to be determined. Direct
calculation gives for ¢ < 0

Lu(x)=e"" [4a%a"(x;~ y) (x;— ;) = 2a(a@" +b'(x;— y;))] +cv
> e [42A(x)r? —2a(a" +blr)+c], b=, ..., b".

By assumption a'’/A, |b|/4, and ¢/ are bounded. Hence a may be chosen large
enough so that Lv>0 throughout the annular region A= Bg(y)—B,(y). Since
u—u(xy)<0 on 0B,(y) there is a constant ¢>0 for which u—u(xy)+ ev<0 on
0B,(y). This inequality is also satisfied on ¢By(y) where v=0. Thus we have
L(u—u(xy)+ev)= —cu(xy)20 in 4, and u—u(xy)+ev<0 on é4. The weak
maximum principle (Corollary 3.2) now implies that « —u(x,) + eév <0 throughout
A. Taking the normal derivative at x,,, we obtain, as required,

M (x0)2 —¢ 2 (xg)= — e v(R)>0
v o) = Eav(xo)— eV (R)>0.

For ¢ of arbitrary sign, if u(x,) = 0 the preceding argument remains valid if L is
replaced everywhere by L — ¢*. []

More generally, whether or not the normal derivative exists, we get

(3.41)  lim inf “X 74X

X Xq

>0,
fx =Xl

where the angle between the vector x, — x and the normal at x,, is less than n/2—§
for some fixed 6 >0.
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Although the interior sphere condition can be relaxed somewhat, it isnot possible
to assert (3.11) without suitable smoothness of dQ at x, . For example, let L = 4 and
Q < R? be the region in the right-half-plane in which u = Re (z/log z) < 0. An
elementary calculation shows that Q2 < C*' near z = 0 and u,(0, 0) = 0, so that
(3.11) 1s false.

We are now in a position to derive the following strong maximum principle of
E. Hopf [HO 1].

Theorem 3.5. Let L be uniformly elliptic, ¢=0 and Luz0(<0) in a domain Q
(not necessarily bounded). Then if u achieves its maximum (minimum) in the interior
of Q, uis a constant. If ¢ <0 and c¢/A is bounded, then u cannot achieve a non-neqative
maximum (non-positive minimum) in the interior of Q unless it is constant.

The conclusion obviously remains valid if L is only locally uniformly elliptic
and |b|/4, ¢/ are only locally bounded.

Proof. 1f we assume, contrary to the theorem, that u is non-constant and achieves
its maximum M >0 in the interior of Q, then the set 2~ on which u< M satisfies
Q" c=Qand 82~ N Q#¢. Let x, be a point in 7 that is closer to ¢€2” than to ¢€,
and consider the largest ball B Q™ having x, as center. Then u(y)= M for some
point y € 0 B while u< M in B. The preceding lemma implies that Du( y)# 0, which
is impossible at the interior maximum y. 0

If ¢ < 0 at some point, then the constant of the theorem is obviously zero. Also,
if u = 0 at an interior maximum (minimum), then it follows from the proof of the
theorem that u = 0, irrespective of the sign of c.

It is of course possible to prove the strong maximum principle directly without
going through Theorem 3.1 and Lemma 3.4; (see [MR 2] for example).

Uniqueness theorems for other types of boundary value problems are conse-
quences of Lemma 3.4 and Theorem 3.5. In particular, we have the following
uniqueness theorem for the classical Neumann problem.

Theorem 3.6. Letu e C*(Q) n C%Q) be a solution of Lu=0 in the bounded domain
Q, where L is uniformly elliptic, ¢ <0, c/A is bounded and Q satisfies an interior
sphere condition at each point of ¢Q2. If the normal derivative is defined everywhere

on 0Q and du/cv=0 on 0Q, then u is constant in Q. If, also, ¢ <0 at some point in
Q, then u=0.

Proof. 1f u# const., we may assume that either of the functions u or —u achieves
a non-negative maximum M at a point x, on dQ and is less than M in Q (by the
strong maximum principle). Applying Lemma 3.4 at x, we infer that du/ov(x,) #0,
contradicting the hypothesis. O

The result of Theorem 3.6 may also be generalized to mixed boundary value
and oblique derivative problems; (see Problem 3.1). When 0€2 has corners or edges
where the derivatives of u are not defined, these results are false in the stated
generality, even if u is assumed continuous on Q; (see Problem 3.8(a)).
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3.3. Apriori Bounds

The maximum principle also provides a simple pointwise estimate for solutions of
the inhomogeneous equation Lu= f in bounded domains. We remark that only
the ellipticity and bounds on the coefficients are involved. This proves to be an
important consideration in nonlinear problems.

Theorem 3.7. Let Lu>f(=f) in a bounded domain Q, where L is elliptic, c <0,
and u e C%(Q) N CX(Q). Then

(3.12) sup u(jul) < sup u (|u|)+Csup‘fA—|(|fl>,

on 2 A

where C is a constant depending only on diam Q and B= sup |b|/A. In particular, if
Q lies between two parallel planes a distance d apart, then (3.12) is satisfied with
C= et

Proof. Let Qliein the slab 0<x, <d, and set L,=a"D,;+b'D,. For a>f+1 we
have

L eaxl_(az 11+abl)eax,>i(a2_aﬂ) ean?l.

Let
Lol

v=sup u* +(e*— ') sup ——
on [l A

Then, since Lv=Lyv+cv< — A sup (| f 7|/A),
o

Liv—u)< —l(sup lf—l+§><0in Q,

and v—u>0 on éQ. Hence, for C= ¢®—1 and a>f+ 1, we obtain the desired
result for the case Lu> f,

ol

supu< supv<suput +Csup ——
[¢] Q on o] A

Replacing u by —u, we obtain (3.12) for the case Lu=f. [

Theorem 3.7 will be strengthened in Chapters 8 and 9 to provide analogous
estimates for sup u in terms of integral norms of f.

When the condition ¢ <0 is not satisfied, it is still possible to assert an apriori
bound analogous to (3.12) provided the domain Q lies between sufficiently close
parallel planes.
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Corollary 3.8. Let Lu= f in a bounded domain Q, where L is elliptic and u e
C°%Q) N C*(Q). Let C be the constant of Theorem 3.7 and suppose that

+

(3.13)  C,=1-Csup = >0.
P
Then

1
(3.14) sup |y < — (sup |uj + C sup m)
Q Ci\ o 2 4

Remark. Since C= ¢'#* 11 is a possible value of the constant in (3.12), where
d is the width of any slab containing €, condition (3.13) will be satisfied in any
sufficiently narrow domain in which the quantities |bj/A and ¢/4 are bounded
above. If ¢* =0 (i.e., ¢<0), then C, =1 and (3.14) reduces to (3.12).

Proof of Corollary 3.8. Let us rewrite Lu=(L,+ ¢)u= fin the form
(Lo+c u=f'=f+( —cu=f-ctu.

From (3.12) we obtain

sup |ul <sup ju|+ C sup /1
Q n Q }’

- 11 ¢t
<sup [yl + C | sup 7+sup |ul sup T/
o0 2 2 ]

This inequality and (3.13) imply (3.14). O

An immediate consequence of Corollary 3.8 is uniqueness for solutions of the
Dirichlet problem in sufficiently small domains (assuming of course fixed upper
bounds on the quantities |b|/4 and ¢/4).

3.4. Gradient Estimates for Poisson’s Equation

The maximum principle can also be used to derive estimates on derivatives of
solutions provided additional conditions are placed on the equation. To illustrate
the method we obtain such estimates for Poisson’s equation. The results derived
here will not be required for later developments.

Let Au= f in the cube Q={x=(x,,...,x,) € R*||x|<d, i=1,..., n}, with
ue C¥Q) N C%Q) and f bounded in Q. By means of a comparison argument
we shall derive the estimate

(3.15) |Diu(0)'<§sup|u|+(—1$uplf|, i=1,...,n
d oQ 2 Q
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In the half-cube
Q' ={(x,.....x) | Ixj<d, i=1,....n—1,0<x,<d},
consider the function
@(x', x,)=3[u(x’", x,) —u(x',— x,)],

where we write x'=(x,,..., x,_,;) and x=(x', x,). One sees that ¢(x’, 0)=0,
sup |¢| < M=sup |u], and |4p|<N=sup|f| in Q' Consider also the function
2Q’ 2Q Q

w(x', x")=%'![|x’|2 +x,(nd—(n—1)x )]+ N % (d—x,).

Obviously ¥(x’, x,)=0 on x,=0 and ¥ > M on the remaining portion of 0Q";
also A4y = —N. Hence A(y +¢)<0in Q' and Yy +¢ >0 on dQ’, from which it
follows by the maximum principle that |@(x’, x,)| <¢(x’, x,) in Q'. Letting x'=0
in the expressions for ¢ and y, then dividing by x, and letting x, tend to zero, we
obtain

®(0, x,)

|D,u(0) = lim

xn—~0

n d
<P M+AN,
2713

which is the asserted estimate (3.15) for i = n. The result follows in the corresponding
way for i=1,...,n—1.If f=0, (3.15) provides an independent proof of (essen-
tially) the gradient bound (2.31) for harmonic functions.

From (3.15) we infer that in any domain Q a bounded solution u of du= f
satisfies an estimate

(3.16) sup d,|Du(x)| < C (sup |u| +sup dZ| f(x))),
[} n 2

where d_=dist (x, Q) and C=C(n). For if x € Q and Q is a cube of side d= dx/\/;
with its center at x, we have from (3.15) the inequality

d ) Du(x)| < C(sup |u|+d* sup | f])
oQ Q

< C(sup |ul +sup &5 f ().
[} 2

(Here we have used the same letter C to denote constants depending only on »n.)

In the same generality as above, we now derive by a similar comparison argu-
ment an estimate of the modulus of continuity of the gradient of solutions of
Poisson’s equation.
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Again let u € C3(Q) n C%Q) be a solution of du= f in the cube Q, and set
M=Sl(lzp |uf, stgp | f1. Let Q' be the domain in R"*! given by
Q'={(xyy...: x,_ 1.0 x| <d2 i=1,...,n—1,0<y, z<d/4},
and let us define in Q' the function
@(x',y, 2)=¢[u(x', y +2)—u(x', y—z2) —u(x', —y+2)+u(x', —y-2)].
Introducing the elliptic operator

sl g2 1 Q% 1 o2
L=Y satiaitaas

in the n+ 1 variables x,, ..., x,_,, », z, we see that |Lg| < Nin Q’. Also, on Q' we
have: (i) o(x', 0, 2)=@(x', y, 0)=0; (i) |p|<M on |x;|=d/2, i=1....,n—1;
(i) |@(x’, d/4, z)] < pz and |o(x’, y, d/4)| < py, where [Du|< u in @', u being given
in terms of M and N by (3.16). We now choose a comparison function in Q' of the
form,

, aM|x'|? 4u 2d
(317) d/(xyy, Z)=7“'—+—d—y2+kyz lOg m?

where k is a positive constant yet to be determined. We observe first that |p| <y
on 0Q'. Since

_8(n—1) yz 8(n—1HM 3
Ly= 7 M+k<—l+(y+z)2>< 7 _Zk'

we see that Ly < — N provided
k=% (N+8(n—1)M/d?).

With such a choice of k, the function

, 4M|x'|? 4u 2d
y(x',y, z)——dz—+)z <7+k logm

satisfies the conditions, L(y +¢)<0in Q', y + ¢ >0 on dQ’. Accordingly, |¢| <y
in Q'. Letting x'=0 in this inequality, then dividing by z and letting z tend to zero,
we obtain

0,y, 4 2d
m lﬂ(—z}—z)ls—ﬂ-y-fky log 3

(318)  Huy0, »)—u 0, —y)=li t

z—0
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With a slight modification of the argument an analogous estimate can be

derived for |Du(0, x,) —Du(0, —x,)| (where D,=03/0x;, i=1,...,n—1). Let us
define

(p(ga y’ Z)=%[u(_£, ys Z)-u(.i', —y’ Z)_u(fs )’, _Z)+u(£’ _}’, _Z)]
where £=(x,, ..., Xx,_,). In the domain
Q' ={(Xys .. X0 1, D Ix] <df2,i=1,...,n=2,0<y, 2<d/2}

we choose a comparison function similar to (3.17) of the form

_AMR? 4y 2d
w(f’y,z)— dq +y2<d+klogm )

where u and k are constants such that |Du|< u in Q' and
k>2[N+8(n—2)M/d*].
One verifies that 4(y +¢)<0in Q' and Y + >0 on 6Q’, from which it follows

lp|<y¢ in Q. As above, if we set £ =0 in this inequality, then divide by y and let
y tend to zero, we obtain

0, y, 4
(3.19) 4D, _,u(, z)— D, _,u(0, —z)| =lim Ms—ﬁ z+kzlog A

)0 d z
Obviously the same result is obtained if D, _, is replaced by D,, i=1,..., n—2.

We note that unlike the argument for (3.18), the proof of (3.19) did not require the
introduction of an operator in R"*!.

If now du=fin a domain Q of R", we can obtain from (3.18) and (3.19)
an estimate for |Du(x)— Du(y)|, where x and y are any two points of Q. Let
d, =dist (x, 0Q), d =dist (y, 0Q) and d, ,=min (d,, d)). Assume d,<d,, so that
d,=d, ,.Suppose first that |x —y|<d= dx/2\/r-z, and consider the segment joining
x and y. We choose the center of this segment as origin and rotate coordinates so
that x and y lie on the x, axis with x=(0, x,), y=(0, - x,) in the new coordinates.
Thecube Q={(x,, ..., x,)||x}<d, i=1,..., n}liesin Q at a distance greater than
d /2 from 0Q. We may apply (3.16), (3.18) and (3.19) directly in Q to obtain

22 | Du(x)— Du( y)|
Ix =yl

I

< C (sup |u|+d? sup | f]) log
Q ) [x—yl

for some constant C= C(n). Hence

| Du(x) — Du( y)|

d2
o x=)l

d
< C (sup |u]+sup dZ| f(x)]) log —=2--
Q 2 |x—yl
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If x and y are now points in Q such that |x —y| > d, we have from (3.16),

2
x, ¥

D) = DU ¢ (sup ful + sup 421 £ (x)).
Ix=) o

Q
Combining these results, we obtain

d2 Mgc (sup |ul +sup d2| f(x)]) (
N (9]

d
, log —=*-
SNEESY s

|x =yl

)

where C is a constant depending only on n.
The preceding results are collected in the following.

Theorem 3.9. Let u € CX(R) satisfy Poisson’s equation, Au= f, in Q. Then
sup d,| Du(x)| < C (sup |u| +sup d2| f(x))),
Q o) o)
and for all x, y in Q, x+#y,

| Du(x) — Du( y)|

(3.20) 2
) T o]

< C (sup |u| +sup d2| f(x))) <
N

Q

log —'—de' ' + 1)!
Ix =l
where C=C(n). Here d, =dist (x, 0Q), d, ,=min (d,, d).

Despite the elementary character of its proof, this theorem is essentially sharp
and the estimate (3.20) cannot be improved without further continuity assumptions
on f. Theorem 3.9 will also hold for weak solutions in the sense of Chapter 8
provided f is bounded; (see Problem 8.4).

Extensions of the above results for the case of Holder continuous f are treated
by other methods in Chapter 4, although the comparison methods of this section
can be used to obtain these extensions as well; (see [BR 1, 2]).

3.5. A Harnack Inequality

The maximum principle provides an elementary proof of a general Harnack
inequality for uniformly elliptic equations in two independent variables. Letting
D,= D (0) denote the open disk of radius p centered at the origin, we state the
result in the following form.

Theorem 3.10. Let u be a non-negative C? solution of

Lu=au, +2bu, +cu, =0
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in the disk Dy, and suppose that L is uniformly elliptic in Dg. Then at all points
z=(x, v) € Dg,, we have the inequality

(3.21) Ku(0) <u(z) < K ~'u(0),

where K is a constant depending only on the ellipticity modulus y=sup A/A.
D

Proof. We note to begin with that since the equation Lu=0 and the modulus u
are invariant under similarity transformation, it suffices to prove the theorem in the
unit disk D= D, . Since u>0 in D, the strong maximum principle (Theorem 3.5)
implies that either =0 or >0 in D, so it suffices to assume the latter. Consider
the set G in D where u>u(0)/2, and let G’ =G be the component containing 0.
One sees from the maximum principle that G’ n éD is non-empty, and hence
there is no loss of generality in assuming that the point Q=(0, 1) is in éG'. We
define the functions v, and v_ by

vi(x, P)=tx+3-k(y—1)2

where k is a positive constant. The parabolas, I', :v, =0, have vertices (F2, 1)
in D and common axis y=13. If k is sufficiently large (it suffices that k >3), the
domains P in D in which v, >0 have an intersection P, n P_ bounded by arcs of
I', .I'_andlyingentirely in the upper half of D; (see Figure 1). In P , the functions
v, obviously satisfy the inequality 0<v, <Z.

Figure 1

Setting E, =exp (av, ), where « is a positive constant yet to be chosen, we find
by direct calculation
LE, =E {0’ [aF4bk(y—%)+4ck*(y —1)?]—2akc)
>E,(a*A—20kA)
20in D, ifa>2kpu.
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Consequently, with such a choice of a, the functions
(3.22) wy=(E, —1)/(e™*=1)
have the properties:
Lw,>0in D; w,=0onT,; O<w,<linP,.

Now let z be any point in P, n P_. Then either: (i) u>u(0)/2 and z € G; or
(i1) z lies in a component U, of P, —G such that ¢U, =I', U 0G; or (iii) z lies in
acomponent U_ of P_ —Gsuchthat 3U_c ' _ U éG; (see Figure 1). These are the

only alternatives, since either P, N P_c G’ or dG' separates P, U P_ . (The two
dimensionality is used here in an essential way.) In cases (ii) and (iii) we have

u—3u(0w, =3u(0)(1-w,)>0 on éG nal,,
u—su(0)w, =u>0 onl', ndU,.

Thus u—3u(0)w, >0 on dU, . Since L(u—3u(0)w,)<0, we infer that
u(z)>3u(0) min (w,(z), w_(z)) VzeP, nP_.

In particular, on the segment, y =1, |x| <4, we have

(3.23) u(x,$)>K u0)  Vxe[-%1],

where
K =3 =D’ =1)=3 inf [w,(x,5),w_(x, D]

|x|<1/2

We now define another comparison function, similar to (3.22). Namely, setting
v=y+ 1 —6x?, we consider the domain

P={(x.»)eD]v(x, )>0, y<3}.

P is bounded by the segment, y =4, |x| <3, and the arc I of the parabola v=0, with
vertex at (0, — 1) and passing through the points ( +1, 1). As before, for a suitable
choice of >0 depending only on g, the function

w=(e? — 1)/ 1)
has the properties:

Lw>01in D; w=0onT; O<w<lin P.

From (3.23) we have that u— K,u(0)w>0 on &P, and since L(u— K,u(0)w)<0, it
follows from the maximum principle that

u(z)> K,u(Ow(z) VzeP.
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Noting that D, , < P, and setting K, = inf w, we obtain
Dyy3

(3.24) u(z)> K, K,u(0)=Ku(0) VzeD,;.
Clearly K depends only on u.

If now z e D, , the disk D, , (2) is contained in D and the inequality (3.24),
applied in the disk D, , (z), implies

u(0)>Ku(z) VzeD,,.
Combining this inequality with (3.24), we obtain
Ku(0)<u(z)< K 'u(0) vVzeD,. O

It follows immediately from (3.21) that

(3.25) sup u<k inf u,

Dr;q Drja

where k= 1/K?2. By the same chaining argument as in Theorem 2.5, we obtain the
following Harnack inequality for arbitrary domains in R

Corollary 3.11.  Let the hypotheses of Theorem 3.10 hold in a domain Q= R?. Then
Sfor any bounded subdomain ' < cQ, there is a constant x depending only on Q, '
and yu such that

(3.26) sup u <k inf u.
@ @

If we consider the more general elliptic equation
3.27) Lu=a‘jD,.ju+biDl.u+ cu=0, ¢<0, ij=1,2,

where the coefficients of the operator L are bounded and A >4,>0, the proof of
Theorem 3.10 in the unit disk D is still valid (with slight modification); and the
conclusion remains the same, but the constant K now depends on the bounds for
the coefficients in D as well as on u. In stating the analogous result for a disk of
radius R, the constant K will therefore depend on R in addition to the other quanti-
ties; (see Problem 3.4).

The Harnack inequality (3.21) has as consequence the following Liouville
theorem.

Corollary 3.12.  If the equation Lu=au,, + 2bu, + cu,,=0 is uniformly elliptic in
R? and u is a solution bounded below (or above) and defined over the entire plane, then
u is constant.
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Proof. Wemayassume thatinfu = 0,and, hence,foranye > 0,u(z,) < efor some
zo. Inevery disc D, g(z,), we have from (3.21) that u(z) < Kefor all z € Dg(z,). Since
K is a constant independent of R, it follows that u(z) < Ke for all z € R?, and the
conclusion is immediate by lettinge — 0. [

A proof of the extension of the Harnack inequality (Theorem 3.10) and of
Corollary 3.12 to higher dimensions appears in Chapter 9. Other Harnack in-
equalities, for equations in divergence form, together with some important
applications, are contained in Chapters 8 and 13.

3.6. Operators in Divergence Form

We conclude this chapter with a brief look at the situation for operators in
divergence form. In many situations it is more natural to consider these than
operators of the form (3.1). The simplest such case is

(3.28)  Lu=DjdDu).

Later it will be necessary to consider more general operators whose principal part
is in divergence form. L will be called elliptic in Q if the coefficient matrix [a'(x)]
is positive for all x € Q.

Evidently the results concerning the maximum principle apply equally well to
the operator (3.28) when the coefficients a*/ are sufficiently smooth. However, when
this is not the case, or, as in nonlinear problems, when it is often inappropriate to
make quantitative assumptions concerning the smoothness of the coefficients (e.g.,
bounds on their derivatives), the essentially algebraic methods of the earlier part of
this chapter cease to be applicable and must be replaced by integral methods, which
are more natural for the divergence structure of L.

The relations Lu=0 (>0, <0) satisfied by solutions (subsolutions, super-
solutions) of Lu =0 can be defined for broader classes of coefficients and functions
u than those formally permitted in (3.28). Thus, if the coefficients a” are bounded
and measurable and u € C'(Q), then, in a generalized sense, u is said to satisfy
Lu=0 (=0, <0) respectively in Q, according as

(3.29) f di(x)DuD p dx=0 (<0, >0)

(0]

for all non-negative functions ¢ € Cy(2). By application of the divergence theorem
this is easily seen to be equivalent to Lu=0 (>0, <0) when ¢ e C}(Q) and
u € C*(€). In later chapters generalized solutions will be defined in wider and more
appropriate function spaces.
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The weak maximum principle is an immediate consequence of (3.29). For let u
satisfy

(3.30) a’DuD.p dx<0 forall o e CXQ), p=0;
i j 0
o]

and suppose, contrary to our assertion, that sup u>sup u=u,. Then for some
2 on
constant ¢>0, there is a subdomain Q'c =@ in which v=u—u,—c>0 and

v=0on Q. The relation (3.30) remains true with u replaced by » and with ¢ =v
in Q', =0 elsewhere. (As thus defined ¢ ¢ C3(£), but (3.30) can be seen to hold
by approximating this ¢ with functions in C}(£).) It follows that

f aile-L‘DjU dx<0,

o

and hence since [a"] is positive, we infer that De=0 in Q'. Since =0 on 9Q’,
we have r=0in Q’, which contradicts the definition of v. This establishes the weak
maximum principle.

Stronger and more general maximum principles for divergence structure
operators will be presented in later chapters. Aside from the already noted
difference in methods in treating the two classes of operators, it should be remarked
also that results relating to the maximum principle are often different for the
operators (3.1) and (3.28) when there are weak smoothness conditions on the
coefficients. For example, Lemma 3.4 is not necessarily true for the uniformly
elliptic operator of divergence form (3.28) even when the coefficients are arbitrarily
smooth in the interior and continuous up to the boundary; (see Problem 3.9).

Notes

The boundary point lemma (Lemma 3.4) as proved here is due to Hopf [HOS5]; an
independent proof, differing only in the choice of comparison function, was
obtained by Oleinik [OL]. The result remains valid, under the same hypotheses on
the coefficients, if 6Q has a Dini continuous normal [KH]. A further extension,
valid for a class of domains including Lipschitz domains, provides a proof of
uniqueness for the Neumann problem in such domains [ND]. Lemma 3.4 is false in
general for strictly and uniformly elliptic equations of divergence form even if the
coefficients are continuous at the boundary point (see Problem 3.9), but is true if
the coefficients are H6lder continuous in a neighborhood (Finn-Gilbarg [FG 1]).

Results analogous to Lemma 3.4 for domains satisfying an interior cone
condition, in place of the interior sphere condition, have been obtained by Oddson
[OD] and Miller [ML 1. 3]. They prove (3.11) and more precise results, with
|x — x,[* in place of |x — x|, the exponent u depending only on the cone angle and
the ellipticity constant: (here the vector x —x,, lies within a fixed subcone of the
assumed interior cone at x,). These essentially sharp results are based on the
extremal elliptic operators of Pucci [PU 2].
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The maximum principle in the generality of Theorem 3.5 was first proved by
Hopf[HO 1]. For earlier results, under more restrictive hypotheses. see references
in [PW], p. 156, where there is also a discussion of various extensions of the
maximum principle. Some of these are considered in Chapters 8 and 9.

Section 3.4 is based on the ideas of Brandt [BR 1, 2], who has shown that much
of the linear theory of classical solutions of second order elliptic and parabolic
equations, including the deeper estimates of Chapters 4 and 6, can be derived from
comparison arguments using the maximum principle. Asin Section 3.4, the method
requires appropriate (and generally not obvious) choices of comparison functions,
which are used to estimate difference quotients and hence derivatives.

The Harnack inequality (Theorem 3.10) and some extensions are due to Serrin
[SE 1]. This seems to be the first proof of a Harnack inequality by the maximum
principle. Bers and Nirenberg [BN] derive a very similar result by altogether
different and deeper methods.

The Liouville theorem (Corollary 3.12) is related to Bernstein’s geometric
theorem on surfaces of non-positive curvature (see [HO 4]) which implies that an
entire solution u of any elliptic equation au, + 2bu, + cu =0 such that u=o(r) as
r —» co must be constant. Of particular interest is the fact that the equation need
only be pointwise elliptic. In this generality Corollary 3.12 ceases to be valid, as
counterexamples show. Bernstein's result is also based on the maximum principle
but the argument is quite different and is more geometric.

Problems

3.1. Let L satisfy the conditions of Theorem 3.6 in a bounded domain © and
suppose Lu=01in €.

(a) Let dQ=S, U S, (S, non-empty) and assume an interior sphere condition
at each point of S, . Suppose ue CX(Q) N C1(Q U S,) N C%Q) satisfies the mixed
boundary condition

u=0onS,. Y BDu=0onsS,

where the vector B(x)=(f,(x). ..., B,(x)) has a non-zero normal component (to
the interior sphere) at each point x € S,. Then u=0.

(b) Let dQ satisfy an interior sphere condition, and assume that ue
CHQ) n CY(RQ) satisfies the regular oblique derivative boundary condition

axyu+ Y. B(x)Du=0on dQ,
where a(B-v) >0, v=outward normal. Then u=0.
3.2. (a) If L is elliptic, Lu=0 (<0) and ¢<0 in a domain €, then u cannot

achieve an interior positive maximum (negative minimum). (No assumption is
made concerning the coefficients 4'.)
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(b) If L is elliptic with ¢<0 in a bounded domain @, and u € C*(Q) n C°(Q)
satisfies Lu= f in Q, then

sup |u|<sup u| +sup | flc|.
Q on 2

33. Let Lu=au,, +2bu,,+cu, =0 in an exterior domain r>r,, L being uni-
formly elliptic. Prove that if u is bounded on one side then u has a limit (possibly
infinite) as r — oo ; (cf. [GS]). [Apply the Harnack inequality in suitable annuli
extending to infinity.] Use this result to prove the Liouville theorem, Corollary
3.12.

3.4. Let u be a non-negative solution of
LusaijDiju+b'Diu+cu=O, c<0, i, j=1,2,

where the coefficients of L satisfy the inequalities
AJA<y, |b/A, |c/Al<v (u, v=const.).

Prove the Harnack inequality (3.21) with K=K(u, v) and Corollary 3.11 with
k=«(u,v, Q, Q).

3.5. Assume the conditions on L in Problem 3.4 are satisfied in the punctured

disk D,:0<r<ry, and let Lu=0in D,. Prove that if u is bounded on one side,
then « has a limit (possibly infinite) as r — 0; (cf. [GS]).

3.6. Letue C*R) n C%Q) be a solution of
Lu=a"D,u+b'Du+cu=f, ¢c<0

in a bounded C' domain Q of R" satisfying an exterior sphere condition at x,, € 42,
with Bg(y) N Q = x,, and let 4, A be positive constants such that

al(x)EE 28 VxeQ EeR"
la"), b, || < A.

If o € C¥(Q) and u=¢ on 09, show that u satisfies a Lipschitz condition at x,,
fu(x) — u(x)| S K|x —x,l, x € 2,

where K = K(4, 4, R, diam @, sup | f'|, | ¢|,. ). Hence conclude that K provides a

2
gradient bound for u on dQ when u € C'(€2) and 0Q is sufficiently smooth; (cf. [CH],
p. 343). If the sign of ¢ is unrestricted, show that the same result holds provided K
depends also on sup |u].

[0}
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3.7. (a) Let the operator L in the preceding problem have Hoélder continuous
coefficients a" at the origin: |a"(x)—a"(0)| <K|x|*, >0, in |x|<r, for some
constant K. Suppose Lu >0 (c=0) in the punctured ball 0<r<r,, and assume

_ o(logr), n=2
u_{o(rz"'), n>o 377 0.
Show that
(3.31) lim sup u(x)< sup u(x)

x—0 |x]=ro

and that equality holds only if « is constant.
' (b) If n>2 show that the same conclusion holds as in part (a) if the coefficients
a" are continuous at x=0 and u=0(r>""*%) as r — 0 for some §>0; (cf. [GS]).

3.8. Consider the equation
- L XX ,
(3.32) Lu=a"D;u=0, a"=5”+g(r)7'21’ Lj=1,...,n

Show that L u=0 has a radially symmetric solution u=u(r), r#0, satisfying the
ordinary differential equation

"

u' 1—n
u’_r(l+g)

(a) If n=2 and g(r)= —2/(2+1log r), show that equation (3.32) is uniformly
elliptic in the disk D:0<r<r,=e" 3, with continuous coefficients at the origin,
and has bounded solutions a + b/log r in the punctured disk D — {0} that do not
satisfy (3.31).

(b) If n>2 and g(r)= —[1+(n—1)logr]™"', show that (3.32) is uniformly
elliptic in 0<r<r,=e" ! and has continuous coefficients at the origin. Show that
the corresponding solution u = u(r) satisfies the condition u=o(r?"") as r — 0 but
does not satisfy (3.31).

(c) If n>2, determine a function g(r) such that (3.32) is uniformly elliptic and
has a bounded solution u=u(r) continuous at r=0 that does not satisfy (3.31).

39. Let w=zexp[—(log(1/z]))"/*]. By considering the relation w,=w(z)w,,

where
o_1(o o\ a_ife o
0z 2\ox 16}' Tz 2\ox Iay ’
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show that u=Re w=x exp [ —(log (1/r))!/?] satisfies a uniformly elliptic equation
of divergence form

(au +bu), +(bu, +cu) =0,

in which the coefficients ¢ — 1, b — 0, ¢ — 1 at the origin and are regular in
O<r<1. Observe that u(0, 0)=0, u(x, y})>0 for x>0 and u,(0, 0)=0. Compare
with Lemma 3.4.

3.10. Let L be the operator of Problem 3.6, but without any condition on the sign
of the coefficient ¢. Assume there is a function v such that v > 0 and Lv < 0in Q.
Then, if Lu > 0, show that the function w = u/v cannot achieve a non-negative
maximum in the interior of Q unless it is constant.



Chapter 4

Poisson’s Equation and the Newtonian Potential

In Chapter 2 we introduced the fundamental solution I of Laplace’s equation given
by

_pl2—n
2=y, x—y°"", n>2
4.1 rx—y)=r(x-j)=

ﬂloglx—yl, n=2,

For an integrable function f on a domain Q, the Newtonian potential of f is the
function w defined on R”" by

42 wx= [Tx=p /() dy.
Q

From Green's representation formula (2.16), we see that when 0Q is sufficiently
smooth a C*(Q2) function may be expressed as the sum of a harmonic function
and the Newtonian potential of its Laplacian. It is not surprising therefore that
the study of Poisson’s equation Au = f can largely be effected through the study
of the Newtonian potential of f. This chapter is primarily devoted to the estima-
tion of derivatives of the Newtonian potential. As well as leading to existence
theorems for the classical Dirichlet problem for Poisson’s equation, these estimates
form the basis for the Schauder or potential theoretic approach to linear elliptic
equations treated in Chapter 6.

4.1. Holder Continuity

If the function f'in (4.2) belongs to Cg(£2), we see by writing
W(x)=fr(x—y)f(y) dy= fl‘(x—y)f(y) dy
(o] R"

= f ') f(x—z)dz

R”
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that the function w will belong to C*(£). If, on the other hand, f'is merely assumed
continuous, the Newtonian potential w is not necessarily twice differentiable. It
turns out that a convenient class of functions fto work with is the class of Holder
continuous functions which we introduce now.

Let x, be a point in R" and f a function defined on a bounded set D containing
x,. If 0<a<1, we say that fis Hélder continuous with exponent « at x if the
quantity

(4.3) [/, 5 =5u 1/(¥) =/ (xo)l

D [x—xql*

is finite. We call [ f],. ,, the a- Holder coefficient of fat x, with respect to D. Clearly
if fis Holder continuous at x,, then f'is continuous at x,, When (4.3) is finite for
a=1, fis said to be Lipschitz continuous at x.

Example. The function f on B,(0) given by f(x)=|x®, 0<f<I, is Holder
continuous with exponent f at x=0, and 1s Lipschitz continuous when ff=1.

The notion of Holder continuity is readily extended to the whole of D (not
necessarily bounded). We call f uniformly Hélder continuous with exponent o in D
if the quantity

@8 U= sup 2N g ae,

wyen  [X—YF
x#y

is finite ; and locally Hélder continuous with exponent o in D if f is uniformly Holder
continuous with exponent « on compact subsets of D. These two concepts obviously
coincide when D is compact. Furthermore note that local Holder continuity is a
stronger property than pointwise Hélder continuity in compact subsets. A locally
Holder continuous function will be pointwise Holder continuous in D provided it is
also bounded in D.

Holder continuity proves to be a quantitative measure of continuity that is
especially well suited to the study of partial differential equations. In a certain
sense, it may also be viewed as a fractional differentiability. This suggests a natural
widening of the well known spaces of differentiable functions. Let € be an open
set in R” and k a non-negative integer. The Hélder spaces C*%(Q) (C**(Q)) are
defined as the subspaces of C*(Q) (C*(£2)) consisting of functions whose k-th order
partial derivatives are uniformly Hélder continuous (locally Holder continuous)
with exponent « in Q. For simplicity we write

COHQ=C(Q), " (QD)=CXD).
with the understanding that O0<x<1 whenever this notation is used, unless
otherwise stated.

Also, by setting

CHo=CQ), CHUAQ)=CHQ),
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we may include the C*(Q) (CX(Q2)) spaces among the C**Q) (C**(2)) spaces for
0<a<1. We also designate by C*(€) the space of functions on C*%Q) having
compact support in €.

Let us set

(U] o0.0=|D"uly. o=sup sup |D%ul, k=0.1.2,...
Bl=k 2

[u]k. R [ Dk”]a: fo R 'S:’lp [Dﬂ“]a; Q2
Bl=k

(4.5)

With these seminorms, we can define the related norms

k k
1l cugny = U, o =1ul 0.0= 2. [4); 0.0= 2 |Dulg,qs
j=0 j=0

(4.6)

Null .oy =1ulk o; 0= Uly; o + [U]y o 0 =1Ulli; o+ [Dk“]a;n'

on the spaces C¥(Q), C*%(Q), respectively. It is sometimes useful, especially in
this chapter, to introduce non-dimensional norms on C¥Q), C*%Q). If Q is
bounded, with d=diam Q, we set

k k
Nullexa =l 0= Z dj[“]j.o;nz Z d|D'ujy. o5
j=0 j=0

(4.6)

lutll e, gy =ty g: 0 = tli, o +d* 2 (U] 5. @ =ty o +d* [ D*u],. o

The spaces C*(Q), C+*(Q), equipped with their respective norms, are Banach
spaces; (see Chapter 5).

We note here that the product of Hoélder continuous functions is again Holder
continuous. In factif u € C(Q), v € C#Q), we have ur € C?(Q) where y=min (a, f),
and

40 l| vy <Smax (1, d** 272 [ul| a0l cagy s
4.7)
vl vy < Null coglltl cocgy -

For the domains Q of interest in this work the inclusion relation C¥“*(Q)c
C**(Q) will hold whenever k +a <k’ +a’. It should be noted, however, that such a
relation will not be true in general. For example, consider the cusped domain

Q={(x. ) e RYy<|x|'? x+y<1};
and for some B.1<f<2, let u(x, y)=(sgn x)p* if y>0, =0 if y<0. Clearly

ue CY(Q). However, if 1>a>f/2, it is easily seen that u¢ C*Q), and hence
CY Q)¢ CHR).
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4.2. The Dirichlet Problem for Poisson’s Equation

We show that if fis bounded and Holder continuous in the bounded domain Q, the
classical Dirichlet problem for Poisson’s equation may be solved under the same
boundary conditions for which Laplace’s equation is solvable (Theorem 2.14).
First we require some differentiability results for the Newtonian potential in
bounded domains.

In the following the D operator is always taken with respect to the x variable.

Lemma 4.1. Let f be bounded and integrable in Q, and let w be the Newtonian
potential of f. Then w e C'(R"™) and for any x € 2,
(4.8) Dw(x)= fDiI‘(x—y)f(y) dy, i=1,....n.

)

Proof. By virtue of the estimate (2.14) for DI, the function

v(x)= f DI (x—y)f(y)dy
(7]

is well defined. To show that v=Dw, we fix a function  in C'(R) satisfying
0<n<, 0<y' <2, n(t)=0for 1<1, n(t)=1 for 1> 2 and define for ¢>0,

wpﬁiﬁmﬂw@, F=I(=y), n=nlx— o
n

Clearly, w, e C}(R") and

m—wm=_[mummm@

|x—yl<2e

so that

009 - Dol < sl [ (1014 2ir1)
|x-y|<2e
2ne
<sup | f|{n—2
4¢(1 + |log 2¢|) forn = 2.

forn> 2

Consequently, w, and D;w, converge uniformly in compact subsets of R” tow and v
respectively as ¢ - 0. Hence, we C!(R") and D;w = v. [
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Lemma 4.2. Let f be bounded and locally Hélder continuous (with exponent a< 1)
in , and let w be the Newtonian potential of f. Then w € C*(Q), Aw= f in Q, and for
any x € Q,

49)  Dywx)= [ DI (x—p(f()-f(x)) dy
20

—f0 [ DL x=pvp) ds,, ij=1,....n;

2020

here Q, is any domain containing Q for which the divergence theorem holds and f is
extended to vanish outside €.

Proof. By virtue of the estimate (2.14) for D’I" and the pointwise Holder con-
tinuity of f in Q the function

u(x) = f D,I(f() — f() dy — f(x) f D, Ivy) ds,
0 08520

is well-defined. Let v = D;w, and define for ¢ > 0

bi(x) = f D.n, f(3) dy,
¢]

where 7, is the function introduced in the preceding lemma. Clearly, v, e C}(R2), and
differentiating, we obtain

Dyox) = [DADIn) () dy
2

- fD,(DJm)(f(y) — () dy

Q

+ ) f DAD,I'n,) dy

Q0

= [oaPrnyre) - s dy

2

- f(x) fDiij(y) ds,

020
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provided ¢ is sufficiently small. Hence, by subtraction

lu(x) — Djv(x)| = f Di{(1 — n)D:I'}(f(y) — f(x)) dy

|x—y|<2¢

2
<Uk [ (o114 210r1)ix =iy

Ix—y|<2¢

< (g + 4) [ Ju (26"

provided 2¢ < dist (x, d2). Consequently D ;v, converges to u uniformly on compact
subsets of Q as ¢ — 0, and since v, converges uniformly to v=D,w in £, we obtain
we C}(Q)and u=D, jw. Finally, setting Q, = Bg(x) in (4.9), we have for sufficiently
large R,

1
M =—g S [ vy ds,= S ().

lx—y|=R
This completes the proof of Lemma 4.2. 0O
From Lemmas 4.1, 4.2 and Theorem 2.14 we can now conclude:

Theorem 4.3. Let Q be a bounded domain and suppose that each point of 09 is
regular (with respect to the Laplacian). Then if f is a bounded, locally Holder con-
tinuous function in Q, the classical Dirichlet problem: Au= f in Q, u=¢ on dQ, is
uniquely solvable for any continuous boundary values .

Proof. We define w to be the Newtonian potential of f and set v=w—w. Then
the problenr du=fin Q, u=¢ on dQ is equivalent to the problem 4v=0 in Q,
v=¢@—w on 02, and its unique solvability follows by Theorem 2.14. O

In the case where Q is a ball, B= Bg(0) say, Theorem 4.3 follows from the
Poisson integral formula (Theorem 2.6) and Lemmas 4.1, 4.2. Moreover we have
the explicit formula for the solution:

10)  ux)= [K(xpe() ds,+ [Gee () dy
B

oB

where K is the Poisson kernel (2.29) and G is the Green'’s function (2.23).

4.3. Holder Estimates for the Second Derivatives

The following lemma provides the basic estimate in the subsequent development of
the theory.
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Lemma 4.4. Let B, =Bg(x,), B,=B,(x,) be concentric balls in R". Suppose
feC%B,), 0<a<l, and let w be the Newtonian potential of f in B,. Then w €
C**B,)and

(4.11) ID*Wly. o5, <Clflo. 8y
ie., |D*Wl, 5, + R[D*W],, 5, <C(flo,5,+ R[Sy 5,)
where C=C(n, a).

Proof. Forany x e B,, we have by formula (4.9),

Dw(x)= [ D (x=»(f(N-fx) dy=f(x) [ DI (x=yv») ds,

B 2B,

so that by (2.14)

4120  |D, ()|<'f(—)'R1 n fds + “f|x Y= dy

0B
<2 [ f(x) +§ GRS Jax

SCUSX)+ R[S ]y;5)

where C, =C(n, a).
Next, for any other point X € B, we have again by formula (4.9),

D)= [ DI (-3 (f(3)~f() dy

B;

—f® [ DL E=yp () ds,.

0B;

Writing 6 =|x — |, £ =4(x + X), we consequently obtain by subtraction

D, (%)= Dyw(x)=f(x), +(f(x) =S G, + I3 + 1,

+(f(x) =GN + [,
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where the integrals I, I,, I, I, I and I are given by

Ii= [ (DF(x=»=DIE-yvfy) ds,
0B,
L= [ DIr&-ywiy ds,

oB2

=" [ DF(x=y)(fe)-f(y) dy

Bs(d)

I= [ DFE=y)(/(3) /%) dy

Bs(%)

I,= f D, (x—y) dy

B2 - Bs(%)

le= [ Dyl (x=p) =D L G=y)fE)~f(») dy.

B2 - Bs(%)

The estimation of these integrals can be achieved as follows:

< |x—X| f |IDD,I'(%—y)| ds, for some point £ between x and X,

oB2

22n—1 _3
S"_._._Rl_x_.i', since [ —y|= R for y € 0B,,

<n22"'“<%> , since d=|x—X|<2R.

1
nw

TAES R“"fdsy=2"“‘.

0B

i< [ 10,76 = DI = fO)1dy

Bs(%)

1 x—n
<o Ulx [ ook

B3s/2(x)

n {36\
-2(3) .

30\ o
{1, Sg (7) [f]..s> asin the estimation of /,.
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Integration by parts gives

|| =

[ D=y ds,

8(B2— B4(%)

<| [ DIGe=ywiy) ds,

aB;

[ Dree-ywiy as,
0B,(&)

1 S 1-n
<r (5) [ ds,=2

Id<ix=% [ IDDI&=IIAD-f(y) dy

B2 - B,(3)

+

for some £ between x and X,

<cd f wdy, c=n(n+95)/w,

lx_yln-fl

ly=¢&1=26

<C¢S[f]a;x f I b_c—yll

£_y|n+l Y
ly-&lzé

SCG) PR I f &=y~ ""tdy

ly—¢&l=6
since |X — y| <3E—y| <38 -y,

pAAE (%) [ flax» ¢=n*(n+5).

’

<€
Sl-a

Collecting terms, we thus have
(4.13) |D;w(X) = Dyw(x)| < Co(R™ S+ [f 1o c + [ 1o )X — X%

where C, is a constant depending only on n and «. The required estimate then
follows by combining (4.12) and (4.13). O

Remark. If Q,, Q, are domains such that Q, < B,, Q,>B,, and fe C*%{,), and
if w is the Newtonian potential of f over Q,, then evidently Lemma 4.4 remains
true with Q,, Q, replacing B,, B,, respectively, in (4.11); that is,

IDZWI:),:;O, < le‘;).a;ﬂz'

Holder estimates for solutions of Poisson’s equation follow immediately from
Lemma 4.4.
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Theorem 4.5. Let ue C(R"), fe CXR"), satisfy Poisson’s equation Au=f in
R". Then u € C¢'*(R") and, if B= Bg(x,) is any ball containing the support of u, we
have

IDzulb,a;B s le';),a;B’ C = C(n’ CX)
(4.14)
luly;p < CRZIflO;B’ C=C(n

Proof. By virtue of the representation (2.17),

@15 ux)= [Tx-pf dy,

so that the estimates for Du and D*u follow respectively from Lemmas 4.1 and 4.4
and the fact that f has compact support in B. The estimate for |u|y, 5 follows at
once from that for Du. [

The restriction that « has compact support can be removed, by various means,
in order to achieve the following interior Holder estimate for solutions of Poisson’s
equation. (See also Problem 4.4.)

Theorem4.6. Le:QbeadomaininR"andletu e C*(Q),fe C*(), satisfy Poisson’s
equation Au=fin Q. Then u € C**() and for any two concentric balls B 1= Bg(x,),
B, =B, 4(x,) = = Q we have

(416) |ul/2_¢;3‘<C(lu|0;32+R2|f|2).a;Bz)
where C=C(n, a).

Proof. By either Green's representation (2.16) or Lemma 4.2 we can write for
X € B,, u(x)=v(x)+w(x), where v is harmonic in B, and w is the Newtonian
potential of fin B,. By Theorem 2.10 and Lemmas 4.1 and 4.4, we have

R|Dwlo,5, + R*|D*Wlo o5, < CR?| f 5, 0;3,
RIDulg, 5, + RAD*tly ;. 5, < Qtlg, 5, < Cllulg, 5, + R fo.5,)-

The last inequality is immediate fromv = u — wwhenn > 2. Forn = 2, by writing
u(xy, X5, X3) = u(x,, x,), we may consider u to be a solution of Poisson’s equation
in a ball in R? and the inequality follows in the same way. The desired estimate for u
is obtained by combining these inequalities. [J

An immediate consequence of the interior estimate (4.16) is the equicontinuity
on compact subdomains of the second derivatives of any bounded set of solutions of
Poisson’s equation du=f. Consequently by Arzela’s theorem we obtain an
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extension of the compactness result, Theorem 2.11, to solutions of Poisson’s
equation.

Corollary 4.7. Any bounded sequence of solutions of Poisson’s equation Au=f
in a domain Q with fe C%Q) contains a subsequence converging uniformly on
compact subdomains to a solution.

It is sometimes preferable to work with an alternative (but equivalent) formula-
tion of the interior estimate (4.16) in terms of certain interior norms which will
be useful later. For x, y € Q, which may be any proper open subset of R", let
us write d, =dist (x, 0Q), d, ,=min (d,, d,). We define for u e CXQ), C**(Q)
the following quantities, which are the analogues of the global seminorms and
norms (4.5), (4.6).

(1]} 0.0 =[ul}. o= sup d4Du(x), k=0,1,2,...;

xef}
1Bl =k
k
lulfo = ulf o0 = Z [ulfas
j=0
D? _Dﬂ ,
@17 [ulfaa= sup attx ZHOZDHON g

x.yef Ix —p*
18l =k

,u‘: P i M:;Q + [“]{a;n-
In this notation,
[u]g;nz lulg;{)=|u|0;ﬂ'

We note that |uf o and |u|f .., are norms on the subspaces of C kQ) and C**Q)
respectively for which they are finite. If Qis bounded and d=diam €, then obviously
these interior norms and the global norms (4.6) are related by

@17y Julf psmax (1, d* ) uly .0
If Q' «Q and o=dist (2, 0Q), then
4.17)" min (1, 6***)uly 4.0 <IUlf 4.0

[t is convenient here to also introduce the quantity

@.18)  [f1%, o=sup d¥ f(x)|+ sup d*’¢ LfG)—fy).

xef x,yeN IX—}’|“

This is a special case of certain norms to be defined later.
From Theorem 4.6, we can now derive an interior estimate for arbitrary domains
which will be generalized in very similar form to elliptic equations in Chapter 6.
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Theorem 4.8. Let ue C%(2), fe C*(Q) satisfy Au=f in an open set Q of R".
Then

4.19) U} .0 < Clulo,0+ 1[G 0)s
where C=C(n, a).

Proof. Ifeither |uly o 0r|f|$. 5 is infinite, the estimate (4.19) is trivial. Otherwise
for x e Q, R=4d,, B,=Bg(x), B,=B,x(x), we have for any first derivative Du
and second derivative D%u

d | Du(x)| +d2| D*u(x)| < (3R)| Dulg, 5, + (3R)*| Dy, ,
< C(lulg, 5, + R2|f|;,,,;,,) by (4.16)
S Clulg, 0+ 1150 0)-
Hence we obtain

(4.20) 3,0 Clulo, 0 +1 /165 0)-
To estimate [u]3 ,., we let x, y € Q2 with d, <d|,. Then

|D*u(x)— Du( y)|
Ix—yI*

di;a <(3R)2+a[02u]1;31

+3°BR)*(|1 D?u(x)| +|D*u( y)))
SC(IuIO; BZ+R2|f|6.a;Bz)+6[u];:ﬂ by (4'16)
SClulg, o+ f150a) by (4.20).

The estimate (4.19) then follows. 0O

The preceding result provides bounds in compact subsets for Du, D*u and the
Holder coefficients of D?u in terms of a bound on the right member of (4.19), and
hence it is the basis of compactness results for solutions of Poisson’s equation. In
particular, Corollary 4.7 is also an immediate consequence of Theorem 4.8, after
noting that the latter implies the equicontinuity of solutions and of their first and
second derivatives on compact subsets.

By means of the compactness result, Corollary 4.7, we can now derive an
existence theorem for Poisson’s equation 4u=f for unbounded f.

Theoremd.9. Let Bbeaball in R" andf a function in C*(B) for whichsup d?~#| f(x)|
xeB

< N< oo for some B,0< B < 1. Then there exists aunique functionu € C*(B) n C°(B)
satisfying Au=fin B, u=0 on 0B. Furthermore, u satisfies an estimate
4.21) sup d_ ’lu(x)| <CN,

xeB

where the constant C depends only on .
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Proof. The estimate (4.21) follows from a simple barrier argument. Namely,
let B= Bg(x,), r=|x—x,| and set

w(x)=(R?—r?).
By direct calculation, we have for r <R

Aw(x)= —2B(R*—r?*)’~2[n(R?>—r?)+2(1 — B)r?]
< —4B(1 - PR R*~r*)f~2< — B(1 — )RA(R—r)P 2.

Now suppose that Au=f'in B, u=0 on JB. Since d, = R—r, we have by hypothesis

|fISN a2 =NR-rf~?
< —C,NAw, where C,=[B(1 —B)RF]"!,
so that
A(CoNwtu)<Oin B and C,Nwtu=0on 0B.

Consequently, by the maximum principle,
(4.22) lu(x)| < CoNw(x) < CNd? for x € B,

which implies (4.21) with the constant C=2/(1 — ).
Finally to show the existence of u, we let

m iff =m

fa=yf if|f|<m

-m iff <-m

and let {B,} be a sequence of concentric balls exhausting B such that | f| <k in
B, . We define u,, by Au,=f, in B, u,,=0 on 0B.
By (4.21), we have

sup d; "lu, (x)| < C sup d?~*| £, (x)| CN,

xeB xeB

so that the sequence {u,} is uniformly bounded and 4u,=f in B,, for m>k.
Hence by Corollary 4.7, applied successively to the sequence of balls B,, a subse-
quence of {u,} converges in B to a C?(B) function u satisfying du=fin B. It
follows that |u(x)| < CNd? and hence u=0on éB. O

It is easy to show by counterexample that Theorem 4.9 is false if <0. We
remark that the theorem may be extended to more general domains than balls;
(see Problem 4.6). Also, for arbitrary domains with regular boundary points, the
classical Dirichlet problem for Poisson’s equation, 4u =/, is solvable for unbounded
[ satisfying certain integrability conditions; (see Problem 4.3).
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4.4. Estimates at the Boundary

Theorem 4.8 will be applied in Chapter 6 to the derivation of interior Holder
estimates for linear elliptic equations. However in order to establish global
estimates, which are required for the existence theory, we need a version of Theorem
4.8 applicable to the intersection of a domain Q and a half-space. Let us first derive
the appropriate extension of the Holder estimate for the Newtonian potential,
Lemma 4.4. In what follows, R", will denote the half-space, x, >0, and T the
hyperplane, x,=0; B,=B,x(x,), B, =Bg(x,) will be balls with center x, € R"
and we let B; =B, nR",, Bf =B, n R",.

Lemmad.10. Letfe C*(BJ), and let w be the Newtonian potential of f in B; . Then
we C*%B}) and

(4.23) 1D*Wlo, . 5; <C1f 1o, a; 85
where C=C(n, a).

Proof. We assume that B, intersects T since otherwise the result is already
contained in Lemma 4.4. The representation (4.9) holds for D, w with Q= B3 . If
either i or j# n, then the portion of the boundary integral

[Drec-yw ) dsy(= [ Drex=ywy) ds,)
.31 oB3

on T vanishes since v, or v;=0 there. The estimates in Lemma 4.4 for D;w

(i or j# n) then proceed exactly as before with B, replaced by B; , By(¢) replaced by
B4(&) N BS and 4B, replaced by dB; — T. Finally D,,w can be estimated from the
equation Aw= fand the estimates on D, w for k=1,...,n—1. 0O

Theorem 4.11. Let ue C*(B;) n C%B53), f € C(B}), satisfy Au=fin B, u=0
on T. Then u € C**(B}) and we have

(4.24) [t a8 < Culo, g + RSNy, 0;85)
where C=C(n, a).
Proof. Letx'=(x,,...,x,_,), x*=(x', —x,) and define

* — ’ - f(x,, x,.) 1fx,,>0
fHx)=1*(x, x")_{f(x’, "v) ifx.<0.

We assume that B, intersects 7; otherwise Theorem 4.6 implies (4.24). We set
B; ={xeR"x*e B;} and D=B; U B; U(B,nT). Then f*e CY(D) and
[/ *16.0:0<2|f 6, «; ;- Now, defining
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(4.25) w(x)= f[r(x—,v)—F(X*—y)]f(y) dy
B3

= [re=-p-re-miso a.
B}

we have w(x’, 0)=0 (see Problem 2.3c) and 4w= fin B; . Noting that
[re=yroydr= [ Fex=nrro)dy,
B3 By

we then obtain

wx)=2 [ Fx=nf dy— [Tx=p 1) dy.
B} D

Letting w*(x)= fI‘ (x—y)f*(y) dy, we have by the Remark following Lemma
D

4.4 (in which we set Q, =B/, Q,=D)
ID*W*|; a8t < CL 0,00 2C1 [, 4, 53
Combining this with Lemma 4.10, we obtain
(4.26) 1D*Wl o; 5 < C1f10,a:85-
Now let v=u—w. Then 4v=0in B; and v=0o0n 7. By reflection v may be extended
to a harmonic function in B, (Problem 2.4) and hence the estimate (4.24) follows

from the interior derivative estimate for harmonic functions, Theorem 2.10. 0O

Remark. If in addition to the hypotheses of Theorem 4.11, u has compact support
in By U T, we obtain from (4.26) the simpler estimate (extending (4.14))

4.27) ID*uly 4. 58 < QS0 a: 85

In this case we have the representation

428)  u=w)= [ [Fx=9)-T* =S () dy.

B}

It will be useful to have an analogue of Theorem 4.8 in which the estimates are
valid up to a hyperplane boundary piece. For this purpose we introduce certain
partially interior norms and seminorms, analogous to (4.17) and (4.18). Let Q be a
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proper open subset of R”, with open boundary portion T on x,=0. For x, y € Q
let us write

d,=dist (x, 02 -T),d, ,=min (d,, d).
We define the following quantities:

(4]} 0.0 r=[4)taur= Sup d%|DPu(x)|, k=0,1,2,...;

xe}
1Bl=k
k
(4.29) lult our = lul¥o,00r = X [W]faurs
j=0
D?u(x)— D*
(]2, gop= sup @xtx MDD ooy,
.‘ x,yeN lx—}’I

18l=k
|“|:.a;nur='“|:;nur+["]:.a;nur;

1P, 0 r=5up d4u(x)| + sup %" M‘

xeN x,yeN Ix—y‘ﬂ

We can now state:

Theorem 4.12. Letr Q be an open set in R”, with a boundary portion T on x,=0,
and let ue C*(Q) " C'Q U T), fe C(Q U T) satisfy du=fin Q, u=0on T.
Then

(430) Iu‘:,a;ﬂv"‘sC(Iu|0;0+|f|$)2,)a;ﬂu1' ’
where C=C (n, a).

This result follows from Theorem 4.11 in the same way that Theorem 4.8
follows from Theorem 4.6; the details of proof are therefore omitted.

Theorems 4.11 and 4.12 provide a regularity result for solutions of Poisson’s
equation at a hyperplane portion of the boundary. More generally, if Q is a
bounded domain, fe C*(2), ue C*(Q) n C%R), du=fin Q, and if IQ and the
boundary values of u are sufficiently smooth, it follows that u € C?%%(£). This result,
essentially Kellogg's theorem [KE 1], will be established as a byproduct of our
treatment of linear elliptic equations in Chapter 6. The case when Q2 is a ball
however is directly derivable from Theorem 4.11.

Theorem 4.13. Let B be a ball in R” and u and f functions on B satisfying ue
C*(B)n C°%B), fe C*B), du=fin B, u=0 on dB. Then ue C**B).

Proof. By a translation we may assume 0B passes through the origin. The inver-
sion mapping x — x* = x/|x|? is a bicontinuous, smooth mapping of R"— {0} onto
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itself which maps B onto a half-space, B*. Furthermore if u € C*(B) n C°(B), the
Kelvin transform of u, defined by

|x|?

(4.31) o(x)=x|>""u (-)—c—>

belongs to C%(B*) n C°(B*) and satisfies (see Problem 4.7).

(4.32) 4..0(x*)=|x*"""2 A u(x), x*e€ B* xe€ B,
=|x*|_"_2f<

x*
|x*?

)’ x* e B*.

Hence Theorem 4.11 is applicable to the Kelvin transform v and since by transla-
tion any point of 0 B may be taken for the origin we obtain ue C>%B). 0O

Corollary 4.14. Let ¢ € C**(B), f € C*B). Then the Dirichlet problem, Au= f
in B, u= @ on 8B, is uniquely solvable for a function u e C**(B).

Proof. Writing v=u— ¢, the problem is reduced to the problem dv=f—A4¢ in
B, v=0 on 0B, which is solvable for ve C*(B) n C%B) by Theorem 4.3 and
consequently for v € C?*(B) by Theorem 4.13. 0

As a byproduct of the proof of Theorem 4.13, we see that Lemma 4.4 may be
imprgved in the sense that if fe C%B), its Newtonian potential in B will belong
to C*%(B).

4.5. Holder Estimates for the First Derivatives

Poisson’s equation often appears in the form
433) Adu=divf=D,f f=4.... M

where the density function is a divergence. The corresponding estimates of solutions
can be reduced to those of the preceding sections, with certain generalizations that
will be useful later.

If f e C1*(), then, obviously, the estimates for the Newtonian potential of
div f and for solutions of (4.33) are the same as before provided div f replaces f
throughout. If Q is sufficiently smooth, we have

fl‘(x — y)divi(y)dy = ~[DI‘(x —y-f(y)dy + II“(x - yf-vds,
Q Q on
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and, thus, the Newtonian potential of div fin Q is within a harmonic function given
by

434)  wx) =D f I'(x — Yf()dy = D, f I'(x = ) 0) dy.
n ]

This expression is identical with the Newtonian potential when f has compact
support in Q. We see that w is still defined when f is only integrable, in which case
(4.34) can be taken as the definition of a generalized Newtonian potential of div f
in Q. If, in addition, f is Holder continuous, the first derivatives of w in Q are (as in
Lemma 4.2) given by

(435 Dw(x) = f DyI(x — () — fi0)dy — fi(x) f DiI(x — yy, ds,,
on

Q2

which can be estimated as in Lemma 4.4. Thus we have in the notation of Lemma 4.4
@36)  1DWlyui5, < Clffo,0;5, C = Cn, a).
We can, therefore, assert a C!'* interior estimate:

Theorem 4.15. Let Q be a domain in R", and let u satisfy Poisson’s equation (4.33),
where f € C*(), 0 < a < 1. Then for any two concentric balls B; = Bg(x,), B, =
B,r(x4) = < Q we have

(437) I“I/l,a;Bl S C(I“IO;BZ + R“‘K).a;Bz)s C = C(n, (1).

The proofis the same as that of Theorem 4.6 if (4.36) replaces (4.11) in the argument.

Corresponding boundary estimates can be derived in a similar way. If B, and B,
are as in Lemma 4.10, then the potential (4.34) has first derivatives given by (4.35),
with Q = BJ, and we obtain the estimate

(4.38) [DWlo,o;8; < Clflo,;8;, € = C(n, o).

To obtain a C'-* analogue of Theorem 4.11 for solutions of (4.33) vanishing on
x, = 0, we proceed as in that theorem with a method based on reflection. Let

G(x,y) =T(x —y) = I'(x — y*) = I'(x — y) = ['(x* — y)
denote the Green'’s function of the half-space R", , and consider
(4.39) o(x) = — nyG(x, y)-f(y) dy D, =(D,,...,D,)

Bj

- fDr(x-y)-f(y) dy + nyr(x*-y)-f(y)dy.

By B;
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Foreachi = 1,..., n, let v; denote the component of v given by

ox) = f D.I(x — y)f'0) dy + f D, I(x* — ))fi(y) dy.

B3 BS

We see that v and v; vanish on T = B, n {x, = 0}. Now suppose f € C*(B;), and
let f be extended by even reflection in x, = 0, and denote the extended function
again by f. Then, fori = 1,...,n — 1, we have as in the proof of Theorem 4.11,

(440)  v(x) = D,|2 f I(x = y)fi0) dy — f I(x - i) dyl.
B} B UBj

And when i = n, since

nynr(x* — D) dy = f D,I(x — Y)f*) dy,

BS By
we obtain
@41)  u(x) = D, f I'(x = »"0) dy.

B3 UB5

It now follows from (4.36) and (4.38), applied to (4.40) and (4.41),

(442) IDvfo,s;8; < Clflo,i8;, € = Cln, o).

Theorem 4.16. Let u € CO(B;) satisfy Poisson’s equation (4.33), where f € C*(B5),
and suppose u = 0 on B, n {x, = 0}. Then

(443) !ulll.a;B{ < C(l“lO;B; + lelél,a;B{), C= C(nv fx)‘

The proof is obtained from (4.42) by the concluding argument in Theorem 4.11.
It is also possible to state analogues of Theorems 4.3, 4.13 and Corollary 4.14 for
solutions of (4.33). The details are left to the reader.
The preceding results can also be extended to equations of the form

(4.44) du=g + divf

when f is Holder continuous and g is bounded and integrable. We observe that the
first derivatives of the Newtonian potential of g satisfy an a-Holder estimate for
every a < 1 (see Problem 4.8(a); also Theorem 3.9). From this estimate for the
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Newtonian potential, it follows that the C*'* estimates for solutions of (4.44) cor-
responding to (4.37) and (4.43) take the form

(4.45) |uly,o;8, < C(lulo, 8, + R*|glo, 8, + RIflo,4;8,)
(4.46) luly, a8y < C(lulo;p; + R2|g|o;a; + Rif[o,0;83)
where C = C(n, a).

Remark. If ge LP(2), where p = n/(1 — a), then the terms containing g on the
right-hand side in (4.45), (4.46) can be replaced by R! *¢||g|, (see Problem 4.8(b)).

I

Notes

The Holder estimates of this chapter are essentially due to Korn [KR 1].
In Lemma 4.2, Holder continuity can be replaced by Dini continuity, so that
the Newtonian potential of fis a C? solution of Poisson’s equation du= f if

(447)  1f)-fI<ex—H), where [ o(r)r dr<oo;

0+

(see Problem 4.2). However, if fis only continuous the Newtonian potential need
not be twice differentiable; (see Problem 4.9).

The weighted interior norms and seminorms (4.17), (4.29) are adapted from
Douglis and Nirenberg [DN]. The primary function of the partially interior norms
and seminorms (4.29) is to facilitate the derivation of boundary estimates by direct
imitation of the proofs of interior estimates; (see, for example, Theorem 4.12 and
Lemma 6.4).

Problems

4.1. (a) Prove (4.7). (b) I f € C*(R) and g € C#(R), show that f . g € C*#(Q).
4.2. Prove Lemma 4.2 if f is Dini continuous in Q (i.e., f satisfies (4.47)).

4.3. Show that Theorem 4.3 continues to hold if the boundedness of f'is replaced
by f € LP(R2) for some p>n/2; (see Lemma 7.12).

4.4. Derive Theorem 4.6 from Theorem 4.5 by applying the representation
formula (2.17) to v(x)=u(x)n(|x — x,|/R), where n is a cut-off function such that
ne CYR), n(r) = 1forr <3 n(r) =0forr > 2.
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4.5. Prove the following extensions to Poisson’s equation of the solid mean
value inequalities (2.6) for Laplace’s equation. Let ue C%(2) n C%f2) satisfy
Au=(2, <) fin Q. Then for any ball 8= By(y)<=Q, we have

1
W y)=(<, >) {f%i’fu dx—— ff(x)@(r, R) dx}, r=|x—y,
B "B

where

1
6(r, R)=4n—-2
log (R/r)—4(1-r*/R?), n=2.

(r* "—=R* ™ —(R*-r¥/2R", n>2,

4.6. Prove Theorem 4.9 if the ball B is replaced by an arbitrary bounded C?
domain (use Lemma 14.16 and a comparison function dy, where 7 is a suitable
cut-off function and d is the distance function).

4.7. Let du=fin Q< R". Show that the Kelvin transform of u, defined by
v(x)=|x|2""u(x/|x|*) for x/|x|® € Q

satisfies
Ao(x)=|x| 7" 2f (x/1xI?).

4.8. Let w be the Newtonian potential of f in B = Bg(x,).
(a) If f € L*(B), show that Dw e C*(R") for every a € (0, 1) and

[Dwly s < €1, R ™| f | ;8
(b) If f € L?(B), where p = n/(1 — a), 0 < a < 1, show that Dw € C*(R") and
[(Dwles < C(n, O S ;8-
4.9. (a) For a with |a| = 2 let P be a homogeneous harmonic polynomial of
degree 2 with D*P # 0 (e.g., P = x,x,, D,, P = 1). Choose ne C§({x||x| < 2})

withn = I when |x| < I,sett, = 2", and let ¢, > Oas k — oo, with ) ¢, divergent.
Define

fx) = éckA(nP)(rkx).

Show that f is continuous but that Au = f does not have a C? solution in any
neighbourhood of the origin.
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(b) Forawith|a| = 3choosea homogeneous harmonic polynomial @ of degree
3 with D*Q # 0. With , t, and ¢, as in part (a), define

u(x) = z an(t x)Q(x) = %Ck(ﬂQ)(th)/ta
Then
= g(x) = ickA(nQ)mx)/rk.

Showthatg € C! butthatu ¢ C?'! inany neighbourhood of the origin. Hence Lemma
4.4 is not valid for a = 1.

4.10. Let ue C3(B) satisfy 4u = f in B = Bg(x,). Show that
R2
(@) |“!o<%|f‘o§ () [Diulo < R[flo, i=1,...,n

Hence in (4.14), |ul}. 5 < 3R?| flo. 5.



Chapter 5

Banach and Hilbert Spaces

This chapter supplies the functional analytic material required for our study of
existence of solutions of linear elliptic equations in Chapters 6 and 8. This material
will be familiar to a reader already versed in basic functional analysis but we shall
assume some acquaintance with elementary linear algebra and the theory of metric
spaces. Unless otherwise indicated, all linear spaces used in this book are assumed
to be defined over the real number field. The theory of this chapter, however, carries
over almost unchanged if the real numbers are replaced by the complex numbers.
Let ¥ be a linear space over R. A norm on ¥ is a mapping p: ¥~ — R (henceforth
we write p(x)= ||x| = x|l,, x € ¥7) satisfying
(1) x|l =0 forall xe ¥, ||x|| =0 if and only if x=0;
(i1) fox||=|of ||x|| forallae R, x e ¥";
(ii1) |x+yll<|x|l+| y| for all x, y € ¥ (triangle inequality).

A linear space ¥~ equipped with a norm is called a normed linear space. A normed
linear space ¥~ is a metric space under the metric p defined by

p(x, Y)=lx—yl, x,ye¥.

Consequently a sequence {x,} = ¥" converges to an element x € ¥ if | x, — x| — 0.
Also {x,} is a Cauchy sequence if |x,—x, || = 0 as m, n — oco. If ¥~ is complete,
that is every Cauchy sequence converges, then ¥ is called a Banach space.

Examples. (i) Euclidean space R" is a Banach space under the standard norm:

n 1/2
x| =< y x,z) s X=Xy .00, X,).
i=1
(i) For a bounded domain Q< R", the Hélder spaces C*%Q) are Banach
spaces under either of the equivalent norms (4.6) or (4.6) " introduced in Chapter 4;
(see Problems 5.1, 5.2).
(ii1) The Sobolev spaces W* ?(Q), Wk ?(Q) (see Chapter 7).

Existence theorems in partial differential equations are often reducible to the
solvability of equations in appropriate function spaces. For the Schauder theory of
linear elliptic equations we will employ two basic existence theorems for operator
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equations in Banach spaces, namely the Contraction Mapping Principle and the
Fredholm alternative.

5.1. The Contraction Mapping Principle

A mapping 7 from a normed linear space ¥ into itself is called a contraction map-
ping if there exists a number 6 <1 such that

(5.1) ITx—Ty|<6|x—y|l forallx,yev¥.

Theorem5.1. A contractionmapping T ina Banach space 8 has a unique fixed point,
that is there exists a unique solution x € B of the equation Tx=x.

Proof. (Method of successive approximations.) Let x, € # and define a sequence
{x,} =B by x,=T"x,, n=1, 2,... Then if n>m, we have

IX,—Xu < Y lx;—x;_,|| by the triangle inequality
j=m+1
= 2: ”7ﬁ-1x1"7ﬁleo"

j=m+1

< Y 7 Yx,—x,ll by(5.1)
j=m+1
<|lx,—xoll0"'

< ) — 0 asm— oo.

Consequently {x,} is a Cauchy sequence and, since 4 is complete, converges to an

element x € #. Clearly T is also a continuous mapping and hence we have
Tx=lim Tx,= limx,, ,=x

so that x is a fixed point of 7. The uniqueness of x follows immediately from

(5.1). O

In the statement of Theorem 5.1, the space # can obviously be replaced by any
closed subset.

5.2. The Method of Continuity

Let ¥, and ¥/, be normed linear spaces. A linear mapping T: ¥, — ¥/, is bounded
if the quantity

17xly,

xevixzo 1Xly,

(5.2) 1Tl =
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is finite. It is easy to show that a linear mapping T is bounded if and only if it is
continuous. The invertibility of a bounded linear mapping may sometimes be
deduced from the invertibility of a similar mapping through the following theorem,
which is known in applications as the method of continuity.

Theorem 5.2. Let # be a Banach space, ¥~ a normed linear space and let L, L,
be bounded linear operators from & into ¥ . For each t € [0, 1], set

L=(1—0L,+:tL,
and suppose that there is a constant C such that
(5.3) Ixllg<ClLxIy
fort€[0,1]). Then L, maps # onto ¥ if and only if L, maps # onto ¥".

Proof. Suppose that L, is onto for some s € [0, 1]. By (5.3), L, is one-to-one and
hence the inverse mapping L ': ¥ — & exists. For te [0, 1] and y € ¥, the
equation L x =y is equivalent to the equation

L(x)=y+(L,—L)x
=y+(t—s)Lyx—(t—s)L,x

which in turn, is equivalent to the equation
x=L'y+(t—s)L; "(Ly—L,)x

The mapping T from % into itself given by Tx=L_ 'y+(t—s)L; '(Ly—L,)x is
clearly a contraction mapping if

ls—f<d=[CULI+IL,HI™"

and hence the mapping L, is onto for all 7 € [0, 1], satisfying |s— 7] <. By dividing
the interval [0, 1] into subintervals of length less than &, we see that the mapping
L, is onto for all 7 € [0, 1] provided it is onto for any fixed ¢ € [0, 1], in particular
fort=0o0rt=1. 0O

5.3. The Fredholm Alternative

Let ¥, and ¥, be normed linear spaces. A mapping 7: ¥, — ¥/, is called compact
(or completely continuous) if T maps bounded sets in ¥/, into relatively compact sets
in ¥, or equivalently 7' maps bounded sequences in ¥", into sequences in ¥, which
contain convergent subsequences. It follows that a compact linear mapping is also
continuous but the converse is not true in general unless ¥, is finite dimensional.
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The Fredholm alternative (or Riesz-Schauder theory) concerns compact linear
operators from a space ¥ into itself and is an extension of the theory of linear
mappings in finite dimensional spaces.

Theorem 5.3. Let T be a compact linear mapping of a normed linear space ¥ into
itself. Then either (i) the homogeneous equation

x—Tx=0
has a nontrivial solution x € ¥ or (i) for each y € ¥~ the equation
x—Tx=y

has a uniquely determined solution x € ¥ Furthermore, in case (ii), the operator
(I—T) ! whose existence is asserted there is also bounded.

The proof of Theorem 5.3 depends upon the following simple result of Riesz.

Lemma 5.4. Let ¥ be a normed linear space and M a proper closed subspace of
Y. Then for any 0<1, there exists an element x,€ ¥ satisfying ||x,ll =1 and
dist (x,, #)=0.

Proof. Let xe v —.#. Since # is closed, we have

dist (x, #)= inf | x—y| =d>0.

yeM

Consequently there exists an element y, € 4 such that
d
X— Vol €=
lx = ygll )
so that, defining

X, = XY
o—_‘—,
llx = yoll

we have ||x,[ =1 and for any y € A,

llx—yg—1l yo—xIl ¥l
Il yo—xIl
>4 s
Il yo—xIl

| xg—yl =

The lemma is thus proved. 0O



5.3. The Fredholm Alternative 77

If ¥'=R", it is clear that one can take #=1 by choosing x, orthogonal to ./ .
This will also be possible in any Hilbert space but in general Lemma 5.4, which
asserts the existence of a “‘nearly orthogonal™ element to .#, cannot be improved
to allow 8=1.

Proof of Theorem 5.3. It is convenient to split our proof into four stages.
(1) Let S=I1—T where I is the identity mapping and let .4 =S~ '(0)=
{x € ¥" | Sx=0} be the null space of S. Then there exists a constant K such that

(5.4) dist (x, /)< K| Sxl| forallxe V.

Proof. Suppose the result is not true. Then there exists a sequence {x,jc¥"
satisfying ||Sx,|=1 and d,=dist (x,,.¥ ) —» co. Choose a sequence {y,}c A
such that d,<||x,—y,ll <2d,. Then if

xn - rvll

I =—

Xyl

we have |z ||=1, and | Sz,[|<d, ' — 0 so that the sequence {Sz,} converges to
0. But since T'is compact, by passing to a subsequence if necessary, we may assume
that the sequence {7z,} converges to an element y, € ¥". Since z,=(S+ T)z,, we
then also have {z,} converging to y, and consequently y, € .#". However this leads
to a contradiction as

dist (z,, #)= inf |z,—y|
yeN

=llx, =yl ™!

inf ||x,—y,— 1, =yl ¥l
yenN

=|x,—y,| " 'dist(x,, #)=5. O
(2) Let 2=S(¥") be the range of S. Then R is a closed subspace of ¥".

Proof. Let {x,} be a sequence in ¥~ whose image {Sx,} converges to an element
v e ¥. To show that # is closed we must show that y=Sx for some element
x € ¥". By our previous result the sequence {d,} where d, =dist (x,, .4#") is bounded.
Choosing y, € .4 as before and writing w, = x, — y,, we consequently have that the
sequence {w,} is bounded while the sequence { Sw,} converges to y. Since T is com-
pact, by passing to a subsequence if necessary we may assume that the sequence
{Tw,} converges to an element w, € ¥". Hence the sequence {w,} itself converges
to y+w, and by the continuity of S, we have S( y+wg)=y. Consequently Z is
closed. O

(3) If /'={0}, then #="". That is, if case (i) of Theorem 5.3 does not hold,
then case (i) is true.

Proof. By our previous result the sets #; defined by R;=SI(¥"), j=1,2,...
form a non-increasing sequence of closed subspaces of ¥". Suppose that no two of
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these spaces coincide. Then each is a proper subspace of its predecessor. Hence by
Lemma 5.4, there exists a sequence {y,}<7¥  such that y, € %®,, Il y,I=1 and
dist (y,, ®,,,)=>3 Thusif n>m,

Tym_Tynzym+(_yﬂ_Sym+Sy")
=yn.—y forsomeye#,, .

Hence ||Ty,,— Ty, =4 contrary to the compactness of 7. Consequently there
exists an integer k such that #,=#, for all j>k. Up to this point we have not
used the condition: 4 ={0}. Now let y be an arbitrary element of ¥" Then
Stye R, =R, ,, and so S*y=S5**!x for some x € ¥ Therefore S*(y—Sx)=0
and so y=Sx since §7¥0)=S"'(0)=0. Consequently #=%,=7 forallj. 0O

(4) If R=7", then /" ={0}. Consequently either case (i) or case (ii) holds.

Proof. This time we define a non-decreasing sequence of closed subspaces {4/}
by setting .A";=S57/(0). The closure of A i follows from the continuity of S. By
employing an analogous argument based on Lemma 5.4 to that used in step (3),
we obtain that 4 ;=4 for all j>some integer /. Then if #=7", any element
y € A satisfies y=S'x for some x € ¥". Consequently S?'x=0s0 that x € A,,= 4,
whence y=S'x=0. Step (4) is thus proved. 0O

The boundedness of the operator S™!=(/—7)"! in case (ii) follows from
step (1) with 4" ={0}. Note that a slight simplification could be achieved by taking
A" ={0} at the outset in steps (1) and (2) and that step (4) is independent of the
previous steps. Theorem 5.3 is thus completely proved. O

Certain aspects of the spectral behaviour of compact linear operators follow
from Theorem 5.3 and Lemma 5.4. A number 4 is called an eigenvalue of T if there
exists a non-zero element x in ¥ (called an eigenvector) satisfying Tx=Ax. It is
clear that eigenvectors belonging to different eigenvalues must be linearly inde-
pendent. Also the dimension of the null space of the operator S, =A/— T is called
the muldtiplicity of A. If A#0, € R is not an eigenvalue of T, it follows from Theorem
5.3 that the resolvent operator R;=(AI—T)"! is a well defined, bounded linear
mapping of ¥~ onto itself. From Lemma 5.4 we may deduce the following result.

Theorem 5.5. A compact linear mapping T of a normed linear space into itself pos-
sesses a countable set of eigenvalues having no limit points except possibly A=0. Each
non-zero eigenvalue has finite multiplicity.

Proof. Suppose that there exists a sequence {4,} of not necessarily distinct eigen-
values and a sequence of corresponding linearly independent eigenvectors {x,}
satisfying A, —» A#0. Let .#, be the closed subspace spanned by {x,,...x,}.
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By Lemma 5.4, there exists a sequence {y,} such that y,e .#,, | y,l=1 and
dist (y,, #,_,)=1,(n=2,3...). If n>m, we have

ATy = TV =Yt (= Y= A7 'Sy Yut 40 ' Si V)
=y,—z whereze #, _,.

For, if y,= ¥ B;x; then y,—4 'Ty,= Zl Bl—4,'A)x;e #,_, and similarly
j=1 i=

S..Vm€ A, Therefore we have
1A, ' Ty, = An ' Tyall 23

which contradicts the compactness of 7 combined with the hypothesis 1, — 4#0.
Hence our initial supposition is false and this implies the validity of the theorem. 0

5.4. Dual Spaces and Adjoints

For the sake of completeness we mention a few results here that will be proved and
applied in this book only in Hilbert spaces. Let ¥ be a normed linear space. A
functional on ¥~ is a mapping from ¥~ into R. The space of all bounded linear
functionals on ¥ is called the dual space of ¥~ and is denoted by ¥" *. It can be
shown easily that ¥" * is a Banach space under the norm:

(55 Ifly.=sup LN

x#0 lIxIl
Example. The dual space of R” is isomorphic to R" itself.

The dual space of ¥ *, denoted ¥ **, is called the second dual of ¥". Clearly the
mappingJ: ¥ — ¥ **given by Jx( f)=f(x)forfe ¥ *isanorm preserving, linear,
one-to-one mapping of ¥” into ¥ **. If J¥ =y ** then we call ¥ reflexive. Re-
flexive Banach spaces have certain properties that make them more amenable to
applications to differential equations than Banach spaces in general. The Sobolev
spaces W*P(Q) introduced in Chapter 7 are reflexive for p>1 but the Holder
spaces C**(Q) of Chapter 4 are nonreflexive.

Let 7 be a bounded linear mapping between two Banach spaces £, and 4,.
The adjoint of T, denoted T*, is a bounded linear mapping between 4% and #%
defined by

(5.6) (T*g)x)=g(Tx) forge B%, xe AB,.
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Letting A", #, & *, #* denote the null spaces and ranges of 7, T* respectively,
the following relations hold provided & is closed,

R=N*={yeB,lg(y)=0 forallge & *},
R*=N*={fe B} fix)=0 forall xe A}

Also the compactness of T implies the compactness of 7*. These two results are
proved for example in [ YO]. Consequently we see that if case (i) of the Fredholm
alternative holds for a Banach space &, then the equation x — Tx=y is solvable
for x € # if and only if g( y)=0 for all g € #* satisfying T*g=g. This last result
will be established directly in Hilbert spaces.

5.5. Hilbert Spaces

We develop here the Hilbert space theory required for our treatment of linear
elliptic operators in Chapter 8. A scalar (or inner) product on a linear space ¥
is a mapping ¢: ¥ x ¥ — R (henceforth we write g(x, y)=(x, y) or (x, y),,
x, y € ¥) satisfying

(i) (x,y)=(y,x)forall x,ye v,
(1) (Ayx,+4,%,, ¥)=A,(x,, ¥)+A,(x,, y)forall A, L, e R, x|, x,,ye ¥,
(i) (x, x)>0forall x#0,e¥"

A linear space ¥~ equipped with an inner product is called an inner product space or
a pre-Hilbert space. Writing | x| =(x, x)'/?> for x € ¥, we have the following
inequalities:

Schwarz inequality

(5.7) e, I X Iyl

Triangle inequality

(5.8) Ix+yl<lxll+1 i

Parallelogram law

(5.9) x4+ pI2 +11x =yl 2 = 2(1x )2 + 1| y11%).

In particular an inner product space ¥ is a normed linear space. A Hilbert space
is defined to be a complete inner product space.
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Examples. (1) Euclidean space R" is a Hilbert space under the inner product

(. P)=Y X, yie X=(Xp,... X)) Y=(P1,. .. V)

(ii) The Sobolev spaces W* 2(Q); (see Chapter 7).

5.6. The Projection Theorem

Two elements x and y in an inner product space are called orthogonal (or perpen-
dicular) if (x, y)=0. Given a subset .# of an inner product space we denote by .#*
the set of elements orthogonal to every element of .# . The following theorem asserts
the existence of an orthogonal projection of any element in a Hilbert space onto a
closed subspace.

Theorem 5.6. Let # be a closed subspace of a Hilbert space # . Then for every
X € X we have x=y+z whereye M andze M*.

Proof. If xe #, we set y=x, z=0. Hence we may assume .# # ¥ and x ¢ /.
Define

d=dist (x, # )= inf |x—yp||>0

ye M

andlet { y,} < .# beaminimizing sequence, thatis | x —y,| — d. Using the parallelo-
gram law we obtain

41X =2 ¥ Y7+ Y=Yl > =201 % =yl + x = 301D
so that, since (), +),) € #, also we have ||y, —y,| — 0 as m, n— oo; that
is the sequence { y,} converges since # is complete. Also, since .# is closed,
y=1limy, e # and | x—y||=d.
Now write x=y+z where z=x—y. To complete the proof we must show
ze #*. Foranyy e .# and « € R we have y+ay’ € 4 and so
<Llix—y-—ay'P=C-ay, z—ay)

=|z)|®=2a(y’, z)+a?| y'2|.

Therefore, since | z|| =d, we obtain for all >0
o
o)< 5 Iy
I(y' 2l 3 Iyl

so that (y’, z)=0forall y'e #. Hence ze #*. O
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The element y is called the orthogonal projection of x on .#. Theorem 5.6 also
shows that any closed proper subspace of ) is orthogonal to some element of #.

5.7. The Riesz Representation Theorem

The Riesz representation theorem provides an extremely useful characterization
of the bounded linear functionals on a Hilbert space as inner products.

Theorem 5.7. For every bounded linear functional F on a Hilbert space . there
is a uniquely determined element f € H such that F(x)=(x, f) for all x € # and

IEI=1/1-

Proof. Let A"={x|F(x)=0} be the null space of F. If /"= ¢, the result is proved
by taking f=0. Otherwise, since 4" is a closed subspace of #, there exists by
Theorem 5.6 an element z#0, € ) such that (x, z)=0 for all x e A" Hence
F(z)#0 and moreover for any x € J#,

F(x) F(x)
Flx——— F(x)——— F(2)=
( F2) > (x) F2) (2)=

F(x)

F(x) _
(X—F(—)Z Z>—0,

that is, that

2
(x, 2)= F( ) Il I

and hence F(x)=(f, x) where f=zF(z)/||z||*>. The uniqueness of f is easily proved
and is left to the reader. To show that [|F||=] f||, we have first, by the Schwarz
inequality,

up SN o 1L

=
xx0 Xl ceo  lIxl

IFll=

=15
and secondly,

112 =L =FNO<LIFI LI
so that | /| <|FIl, and hence |F||=] fI|. O

Theorem 5.7 shows that the dual space of a Hilbert space may be identified with
the space itself and consequently that Hilbert spaces are reflexive.
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5.8. The Lax-Milgram Theorem

The Riesz representation theorem suffices for the treatment of linear elliptic equa-
tions that are variational, that is, they are the Euler-Lagrange equations of certain
multiple integrals. For general divergence structure equations we will require a
slight extension of Theorem 5.7 due to Lax and Milgram. A bilinear form B on a
Hilbert space J¢ is called bounded if there exists a constant K such that

(5.10) IB(x, MI<K|x| [yl forallx,yeH
and coercive if there exists a number v >0 such that
(5.11) B(x, x)=v|x||? forall xe .

A particular example of a bounded, coercive bilinear form is the inner product
itself.

Theorem 5.8. Let B be a bounded, coercive bilinear form on a Hilbert space ¥ .
Then for every bounded linear functional F e X#'*, there exists a unique element
f € F such that

B(x,f)=F(x) forallxe .

Proof. By virtue of Theorem 5.7, there exists a linear mapping 7: ) — ¥
defined by B(x, f)=(x, Tf) for all x € #. Furthermore ||7f | <K]| f| by (5.10)
so that 7 is bounded. By (5.11) we obtain v|| f||2<B(f, f)=(f. TO<I S 1T,
so that

VISISITAI<KI S| forallfe s

This estimate implies that 7 is one-to-one, has closed range (see Problem 5.3) and
that 7~ ! isbounded. Suppose that T'isnot onto 5. Then there existsan element z# 0
satisfying (z, Tf)=0 for all f€ . Choosing f=z, we obtain (z, Tz)=B(z, z)=0
implying z=0 by (5.11). Consequently 7~ ' is a bounded linear mapping on 5.
We then have F(x)=(x, g)=B(x, T™!g) for all x e # and some unique g € #
and the result is proved with f=7T""'g. 0

5.9. The Fredholm Alternative in Hilbert Spaces

Theorems 5.3 and 5.5 are of course applicable to compact operators in Hilbert
spaces. Let us derive now for Hilbert spaces our earlier remarks concerning adjoints
in Banach spaces. In light of Theorem 5.7, we define the adjoint slightly differently.
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If T is a bounded linear operator in a Hilbert space S, its adjoint T* is also a
bounded linear mapping in ¥ defined by

(5.12) (T*y, x)=(y, Tx) forall x, ye .

Clearly |7*||=|T|, where | T| = sup || Tx|/|x}.

x*0

Lemma 5.9. If T is compact, then T* is also compact.

Proof. Let {x,} be a sequence in S satisfying |x,| <M.
Then

IT*x, 17 =(T*x,, T*x,)=(x,, TT*x,)
<lx,l 17T *x, |
<SM|T| | T*x,,

so that |[7*x,||<M | T|; that is, the sequence {7*x,} is also bounded. Hence,
since T is compact, by passing to a subsequence if necessary, we may assume that
the sequence {7T*x,} converges. But then

1T7*(x, — x ) =(T*(x,—x,,), T*(x,—x,,))
=(X,— X, TT*(x,—Xx,,))

L2M | TT*(x,—x,)| = 0 asm,n— co.

Since 5 is complete, the sequence { T*x,} is convergent and hence T* is compact.[]

Lemma 5.10. The closure of the range of T is the orthogonal complement of the null
space of T*.

Proof. Let #=the range of 7, & *=the null space of T*. If y=Tx, we have
(3, f)=(Tx, f)=(x, T*/)=0 for all fe A * so that #<.# ** and since &/ ** is
closed, # < 4 **. Now suppose that y ¢ #. By the projection theorem, Theorem
57,y=y,+y,wherey, € ®,y, € #* — {0}. Consequently ( y,, Tx)=(T*y,, x)=0
for all x € &, so that y, € 4 *. Therefore (y,, )=(y,, ¥;,)+1l y,I1*=| »,/* and
hence y¢ # *t. O

Note that Lemma 5.10 is valid whether or not 7 is compact. By combining
Lemmas 5.9 and 5.10 with Theorems 5.3 and 5.5, we then obtain the following
Fredholm alternative for compact operators in Hilbert spaces.

Theorem 5.11. Let 3¢ be a Hilbert space and T a compact mapping of ¥ into itself.
Then there exists a countable set A<= R having no limit points except possibly A=0,

such that if A#0, A ¢ A the equations

(5.13) Ax—Tx=y, Ax—T*x=y
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have uniquely determined solutions x € S for every y € #, and the inverse mappings
(AI = T)™',(AI — T*)" ' arebounded. If A € A, the null spaces of the mappings Al — T,
Al — T* have positive finite dimension and the equations (5.13) are solvable if and
only if y is orthogonal to the null space of Al — T* in the first case and A — T in
the other.

5.10. Weak Compactness

Let ¥ be a normed linear space. A sequence {x,} converges weakly to an element
x € ¥ if f(x,) — f(x) for all fin the dual space ¥ *. By the Riesz representation
theorem, Theorem 5.7, a sequence {x,} in a Hilbert space 5# will converge weakly
to x e K if (x,, y) — (x, y) for all y e #. The following result is useful in the
Hilbert space approach to differential equations.

Theorem 5.12. A bounded sequence in a Hilbert space contains a weakly convergent
subsequence.

Proof. Let us assume initially that # is separable and suppose that the sequence
{x,} = F satisfies ||x,[|<M. Let {y,} be a dense subset of »#. By the Cantor
diagonal process we obtain a subsequence {x,, } of our original sequence satisfying
(Xp+ V) = %, € Rask — co. The mapping/: { y,,} — Rdefined by f( y,,) = a,, may
consequently be extended to a bounded linear functional f on s and hence by the
Riesz representation theorem, there exists an element x € 5 satisfying (x,, , y) —
f(y)=(x, y) as k — oo, for all y e #. Hence the subsequence {x, } converges
weakly to x.

To extend the result to an arbitrary Hilbert space J#, we let 3¢, be the closure of
the linear hull of the sequence {x,}. Then by our previous argument there exists a
subsequence {x, | < #, and an element x € & satisfying (x,, , y) — (x, y) for all
y € J,. But by Theorem 5.5, we have for arbitrary y e #, y=y,+»,, where
Vo € Ho ¥, € Hy. Hence (x, , ¥)=(x, . o) = (x, yo)=(x, y) for all ye # so
that {x, } converges weakly to x, as required. 0

The first part of the proof of Theorem 5.12 extends automatically to reflexive

Banach spaces with separable dual spaces (see Problem 5.4). The result is true
however for arbitrary reflexive Banach spaces (see [YO]).

Notes

The material in this chapter is standard and can be found in texts on functional
analysis such as [DS], [EW] and [YO].
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Problems

5.1. Prove that the Holder spaces C**(Q), introduced in Chapter 4, are Banach
spaces under either of the equivalent norms (4.6) or (4.6)".

5.2. Prove that the interior Holder spaces C : *(Q) defined by
CiHD={ue C* Q) lulf . o<
are Banach spaces under the interior norms given by (4.17).

5.3. Let # be a Banach space and 7 be a bounded linear mapping of 4 into itself
satisfying

IxI<K|Tx| forallxe®,
for some K € R. Prove that the range of T is closed.

5.4. Prove that a bounded sequence in a separable, reflexive Banach space con-
tains a weakly convergent subsequence.



Chapter 6

Classical Solutions; the Schauder Approach

This chapter develops a theory of second order linear elliptic equations that is
essentially an extension of potential theory. It is based on the fundamental observa-
tion that equations with Holder continuous coefficients can be treated locally as a
perturbation of constant coefficient equations. From this fact Schauder [SC 4, 5]
was able to construct a global theory, an extension of which is presented here. Basic
to this approach are apriori estimates of solutions, extending those of potential
theory to equations with Holder continuous coefficients. These estimates provide
compactness results that are essential for the existence and regularity theory, and
since they apply to classical solutions under relatively weak hypotheses on the
coeflicients, they play an important part in the subsequent nonlinear theory.

Throughout this chapter we shall denote by Lu = f the equation
6.1) Lu=a"(x)D,u+b'(x)Du+c(x)u=f(x), a’=a"

where the coefficients and f are defined in an open set Q< R" and, unless other-
wise stated, the operator L is strictly elliptic; that is,

(6.2) a“(x)E & =A%, VxeQ, ¢ e R,

for some positive constant A.

Equations with constant coefficients. Before treating equation (6.1) with variable
coefficients, we establish a necessary preliminary result that extends Theorems 4.8
and 4.12 from Poisson’s equation to other elliptic equations with constant coef-
ficients. We state these extensions in the following lemma, recalling the interior and
partially interior norms defined in (4.17), (4.18) and (4.29). Here and throughout

this chapter all Holder exponents will be assumed to lie in (0, 1) unless otherwise
stated.

Lemma 6.1. In the equation

(6.3) L0u=AijDUu=f(x), A= A47%,
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let [A7] be a constant matrix such that
NP < ATEE <AE?, VEe R
Jor positive constants A, A.
(@) Let ue C*(Q), fe CXQ) satisfy Lyu=f in an open set Q of R". Then
(6.4) U} . < Clllo, o +1 /15 )
where C=C(n, a, A, A).

(b) Let Q be an open subset of R", with a boundary portion T on x,=0, and let
UeC() N CYAQUT), feCHQ U T) satisfy Lou=fin Q, u=0 on T. Then

(6.5) Iulz @ nuT\C(Iqu n+|fl(2) aut)
where C=C(n, a, A, A).

Proof. Let P be a constant matrix which defines a nonsingular linear transforma-
tion y=xP from R" onto R". Letting »(x) — () under this transformation one
verifies easily that

AYD, M(x)= A”Duu( )

where A=P‘AP (P' =P transpose). For a suitable orthogonal matrix P, A is a
diagonal matrix whose diagonal elements are the eigenvalues 4,, ..., 4, of A. If,
further, Q=PD, where D is the diagonal matrix [1 '/?§, ;], then the transforma-
tion y=xQ takes Lju=f(x) into the Poisson equation Ai(y)=f(y), where
u(x) — (), f(x) — f(») under the transformation. By a further rotation we may
assume that Q takes the half-space x,>0 onto the half-space y,>0.

Since the orthogonal matrix P preserves length, we have

ATPx < IxQ <A™ x].

It follows that if Q — @, v(x) — #(y) under the transformation y=xQ then the
norms (4.17), (4.18) defined on Q and (2 are related by the inequalities

C-llvll?,a;n < '5“:(1;5 S C|U|l’:a;n,
(6.6) k=01,2..., 0<a<l,
¢ 0180 < 101 < clol,

where c=c(k, n, A, A).

Similarly if £ is an open subset of R, with a boundary portion 7 on x,=0
which is taken by y = xQ into the set Qin R” with boundary portion T, the norms
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(4.29) in © and @ satisfy the inequalities

_.1 ~
¢ Ivl:.a;ﬂu’rslvllta;ﬁu7’<C|v|l’:a;nuT*
(6.7)

-1 k ~1(k k
4 Ivl(().)a;ﬂuT<lvl((),)a;ﬁui‘sclvlto.)a;nuT*

where ¢ is the same constant as in (6.6).

To prove part (a) of the lemma we apply Theorem 4.8 in Q and the inequalities
(6.6) to obtain

]“';.a;ngC|a|;.a;?}<c(|a|o;5+|f g’mﬁ)sc(lmo;nﬂf (Oz.’n )

which is the desired conclusion (6.4). (Here we have used the same letter C to de-
note constants depending on n, o, 4, A.)

Part (b) of the lemma is proved in the same way, using Theorem 4.12 and the
inequalities (6.7). 0O

Lemma 6.1 provides an immediate extension of the estimates on balls in
Theorems 4.6 and 4.11 from Poisson s equation to the more general equation with
constant coefficients (6.3). Of course in the latter case the constant C depends on
A, A as well as n, a.

6.1. The Schauder Interior Estimates

Our first objective in the study of the equation Lu = fis the derivation of the Schauder
interior estimates, which play an essential part in the ensuing treatment of the
existence and regularity theory. These estimates are based on the same kind of
result already obtained in (6.4) for solutions of Lyu=/.

To obtain estimates for the interior norm [u|} .. , of solutions of Lu=fin €,
it suffices to bound only |u|,. , and the seminorm [u]} .., (defined in (4.17)). That
this is so is a consequence of the following interpolation inequalities.

Let ue C*%Q), where Q is an open subset of R". Then for any ¢>0 there is a
constant C= C(¢) such that

(6.8) (] 5. o < Clulg, o+ e[} . 0
j=0,1,2; 0<a B<]1,j+pf<24a;
(69) |H|zﬂ; Q<C|u|0:ﬂ+ﬁ[u]§_mg.

These inequalities are proved in Lemma 6.32 of Appendix | to this chapter.
In order to state the Schauder estimates in a sharp form, and also for subse-
quent applications, we introduce the following additional interior seminorms and
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