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Preface to the second
edition

Let me thank everyone who over the past decade has provided me with sugges-
tions and corrections for improving the first edition of this book. I am extraor-
dinarily grateful. Although I have not always followed these many pieces of
advice and criticism, I have thought carefully about them all. So many people
have helped me out that it is unfortunately no longer feasible to list all their
names. I have also received great help from everyone at the AMS, especially
Sergei Gelfand, Stephen Moye and Arlene O’Sean. The NSF has generously
supported my research during the writing of both the original edition of the
book and this revision. I will continue to maintain lists of errors on my home-
page, accessible through the math.berkeley.edu website.

When you write a big book on a big subject, the temptation is to include
everything. A critic famously once imagined Tolstoy during the writing ofWar
and Peace: “The book is long, but even if it were twice as long, if it were three
times as long, there would always be scenes that have been omitted, and these
Tolstoy, waking up in the middle of the night, must have regretted. There must
have been a night when it occurred to him that he had not included a yacht
race. . . ” (G. Moore, Avowals).

This image notwithstanding, I have tried to pack into this second edition
as many fascinating new topics in partial differential equations (PDE) as I
could manage, most notably in the new Chapter 12 on nonlinear wave equa-
tions. There are new sections on Noether’s Theorem and on local minimizers
in the calculus of variations, on the Radon transform, on Turing instabilities for

xi

https://math.berkeley.edu/


xii Preface to the second edition

reaction-diffusion systems, etc. I have rewritten and expanded the previous dis-
cussions on blow-up of solutions, on group and phase velocities, and on several
further subjects. I have also updated and greatly increased citations to books in
the bibliography and have moved references to research articles to within the
text. There are countless further minor modifications in notation and wording.
Most importantly, I have added about 80 new exercises, most quite interesting
and some rather elaborate. There are now over 200 in total.

And there is a yacht race among the problems for Chapter 10.

LCE
January, 2010

Berkeley
This third printing of the second edition corrects all known mistakes, as of

February, 2022.



Preface to the first
edition

I present in this book a wide-ranging survey of many important topics in the
theory of partial differential equations (PDE), with particular emphasis on var-
ious modern approaches. I have made a huge number of editorial decisions
about what to keep and what to toss out, and can only claim that this selection
seems to me about right. I of course include the usual formulas for solutions
of the usual linear PDE, but also devote large amounts of exposition to energy
methods within Sobolev spaces, to the calculus of variations, to conservation
laws, etc.

My general working principles in the writing have been these:
a. PDE theory is (mostly) not restricted to two independent variables.
Many texts describe PDE as if functions of the two variables (𝑥, 𝑦) or (𝑥, 𝑡)were
all that matter. This emphasis seems to me misleading, as modern discoveries
concerning many types of equations, both linear and nonlinear, have allowed
for the rigorous treatment of these in any number of dimensions. I also find it
unsatisfactory to “classify” partial differential equations: this is possible in two
variables, but creates the false impression that there is some kind of general
and useful classification scheme available in general.
b. Many interesting equations are nonlinear. My view is that overall we
know too much about linear PDE and too little about nonlinear PDE. I have
accordingly introduced nonlinear concepts early in the text and have tried hard
to emphasize everywhere nonlinear analogues of the linear theory.

xiii



xiv Preface to the first edition

c. Understanding generalized solutions is fundamental. Many of the
partial differential equations we study, especially nonlinear first-order equa-
tions, do not in general possess smooth solutions. It is therefore essential to
devise some kind of proper notion of generalized or weak solution. This is an
important but subtle undertaking, and much of the hardest material in this
book concerns the uniqueness of appropriately defined weak solutions.
d. PDE theory is not a branch of functional analysis. Whereas certain
classes of equations can profitably be viewed as generating abstract operators
between Banach spaces, the insistence on an overly abstract viewpoint, and
consequent ignoring of deep calculus and measure theoretic estimates, is ulti-
mately limiting.
e. Notation is a nightmare. I have really tried to introduce consistent no-
tation, which works for all the important classes of equations studied. This
attempt is sometimes at variance with notational conventions within a given
subarea.
f. Good theory is (almost) as useful as exact formulas. I incorporate this
principle into the overall organization of the text, which is subdivided into
three parts, roughly mimicking the historical development of PDE theory it-
self. Part I concerns the search for explicit formulas for solutions, and Part II
the abandoning of this quest in favor of general theory asserting the existence
and other properties of solutions for linear equations. Part III is the mostly
modern endeavor of fashioning general theory for important classes of nonlin-
ear PDE.

Let me also explicitly comment here that I intend the development within
each section to be rigorous and complete (exceptions being the frankly heuris-
tic treatment of asymptotics in §4.5 and an occasional reference to a research
paper). This means that even locally within each chapter the topics do not
necessarily progress logically from “easy” to “hard” concepts. There are many
difficult proofs and computations early on, but as compensation many easier
ideas later. The student should certainly omit on first reading some of the more
arcane proofs.

I wish next to emphasize that this is a textbook, and not a reference book. I
have tried everywhere to present the essential ideas in the clearest possible set-
tings, and therefore have almost never established sharp versions of any of the
theorems. Research articles and advanced monographs, many of them listed
in the Bibliography, provide such precision and generality. My goal has rather
been to explain, as best I can, the many fundamental ideas of the subject within
fairly simple contexts.



Preface to the first edition xv

I have greatly profited from the comments and thoughtful suggestions of
many of my colleagues, friends and students, in particular: S. Antman, J. Bang,
X. Chen, A. Chorin, M. Christ, J. Cima, P. Colella, J. Cooper, M. Crandall,
B. Driver, M. Feldman, M. Fitzpatrick, R. Gariepy, J. Goldstein, D. Gomes,
O. Hald, W. Han, W. Hrusa, T. Ilmanen, I. Ishii, I. Israel, R. Jerrard, C. Jones,
B. Kawohl, S. Koike, J. Lewis, T.-P. Liu, H. Lopes, J. McLaughlin, K. Miller,
J. Morford, J. Neu, M. Portilheiro, J. Ralston, F. Rezakhanlou, W. Schlag,
D. Serre, P. Souganidis, J. Strain, W. Strauss, M. Struwe, R. Temam, B. Tvedt,
J.-L. Vazquez, M. Weinstein, P. Wolfe, and Y. Zheng.

I especially thank Tai-Ping Liu for many years ago writing out for me the
first draft of what is now Chapter 11.

I am extremely grateful for the suggestions and lists of mistakes from earlier
drafts of this book sent to me by many readers, and I encourage others to send
me their comments, at evans@math.berkeley.edu. I have come to realize that
I must be more than slightly mad to try to write a book of this length and com-
plexity, but I am not yet crazy enough to think that I have made no mistakes. I
will thereforemaintain a listing of errors which come to light, andwill
make this accessible through the math.berkeley.edu homepage.

Faye Yeager at UC Berkeley has done a really magnificent job typing and
updating these notes, and Jaya Nagendra heroically typed an earlier version at
the University of Maryland. My deepest thanks to both.

I have been supported by the NSF during much of the writing, most re-
cently under grant DMS-9424342.

LCE
August, 1997

Berkeley

mailto:evans@math.berkeley.edu
https://math.berkeley.edu/~evans/errata.PDE.second.printing2.pdf
https://math.berkeley.edu/




Chapter 1

Introduction

This chapter surveys the principal theoretical issues concerning the solving of
partial differential equations.

To follow the subsequent discussion, the reader should first of all turn to
Appendix A and look over the notation presented there, particularly the mul-
tiindex notation for partial derivatives.

1.1. PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation (PDE) is an equation involving an unknown
function of two or more variables and certain of its partial derivatives.

Using the notation explained in Appendix A, we can write out symbolically
a typical PDE, as follows. Fix an integer 𝑘 ≥ 1 and let 𝑈 denote an open subset
of ℝ𝑛.

DEFINITION. An expression of the form

(1) 𝐹(𝐷𝑘𝑢(𝑥), 𝐷𝑘−1𝑢(𝑥), . . . , 𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥) = 0 (𝑥 ∈ 𝑈)

is called a 𝑘th-order partial differential equation, where

𝐹 ∶ ℝ𝑛𝑘 × ℝ𝑛𝑘−1 ×⋯ × ℝ𝑛 × ℝ × 𝑈 → ℝ

is given and
𝑢 ∶ 𝑈 → ℝ

is the unknown.

We solve the PDE if we find all 𝑢 verifying (1), possibly only among those
functions satisfying certain auxiliary boundary conditions on some part Γ of

1



2 1. Introduction

𝜕𝑈. By finding the solutions we mean, ideally, obtaining simple, explicit solu-
tions, or, failing that, deducing the existence and other properties of solutions.

DEFINITIONS.

(i) The partial differential equation (1) is called linear if it has the form

∑
|𝛼|≤𝑘

𝑎𝛼(𝑥)𝐷𝛼𝑢 = 𝑓(𝑥)

for given functions 𝑎𝛼 (|𝛼| ≤ 𝑘), 𝑓. This linear PDE is homogeneous if 𝑓 ≡ 0.
(ii) The PDE (1) is semilinear if it has the form

∑
|𝛼|=𝑘

𝑎𝛼(𝑥)𝐷𝛼𝑢 + 𝑎0(𝐷𝑘−1𝑢, . . . , 𝐷𝑢, 𝑢, 𝑥) = 0.

(iii) The PDE (1) is quasilinear if it has the form

∑
|𝛼|=𝑘

𝑎𝛼(𝐷𝑘−1𝑢, . . . , 𝐷𝑢, 𝑢, 𝑥)𝐷𝛼𝑢 + 𝑎0(𝐷𝑘−1𝑢, . . . , 𝐷𝑢, 𝑢, 𝑥) = 0.

(iv) The PDE (1) is fully nonlinear if it depends nonlinearly upon the high-
est order derivatives.

A system of partial differential equations is, informally speaking, a collec-
tion of several PDE for several unknown functions.

DEFINITION. Let 𝑘 be a positive integer. An expression of the form

(2) F(𝐷𝑘u(𝑥), 𝐷𝑘−1u(𝑥), . . . , 𝐷u(𝑥),u(𝑥), 𝑥) = 0 (𝑥 ∈ 𝑈)

is called a 𝑘th-order system of partial differential equations, where

F ∶ ℝ𝑚𝑛𝑘 × ℝ𝑚𝑛𝑘−1 ×⋯ × ℝ𝑚𝑛 × ℝ𝑚 × 𝑈 → ℝ𝑚

is given and
u ∶ 𝑈 → ℝ𝑚, u = (𝑢1, . . . , 𝑢𝑚)

is the unknown.

Here we are supposing that the system comprises the same number 𝑚 of
scalar equations as unknowns (𝑢1, . . . , 𝑢𝑚). This is the most common circum-
stance, although other systems may have fewer or more equations than un-
knowns. Systems are classified in the obvious way as being linear, semilinear,
etc.

NOTATION. We write “PDE” as an abbreviation for both the singular “partial
differential equation” and the plural “partial differential equations”.
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1.2. EXAMPLES

There is no general theory known concerning the solvability of all partial dif-
ferential equations. Such a theory is extremely unlikely to exist, given the rich
variety of physical, geometric, and probabilistic phenomena which can be mod-
eled by PDE. Instead, research focuses on various particular partial differential
equations that are important for applications within and outside of mathemat-
ics, with the hope that insight from the origins of these PDE can give clues as
to their solutions.

Following is a list of many specific partial differential equations of interest
in current research. This listing is intended merely to familiarize the reader
with the names and forms of various famous PDE. To display most clearly the
mathematical structure of these equations, we have mostly set relevant physical
constants to unity. We will later discuss the origin and interpretation of many
of these PDE.

Throughout 𝑥 ∈ 𝑈, where 𝑈 is an open subset of ℝ𝑛, and 𝑡 ≥ 0. Also
𝐷𝑢 = 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛) denotes the gradient of 𝑢 with respect to the spatial
variable 𝑥 = (𝑥1, . . . , 𝑥𝑛). The variable 𝑡 always denotes time.

1.2.1. Single partial differential equations.
a. Linear equations.

1. Laplace’s equation

Δ𝑢 =
𝑛
∑
𝑖=1

𝑢𝑥𝑖𝑥𝑖 = 0.

2. Helmholtz’s (or eigenvalue) equation
−Δ𝑢 = 𝜆𝑢.

3. Linear transport equation

𝑢𝑡 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 = 0.

4. Liouville’s equation

𝑢𝑡 +
𝑛
∑
𝑖=1
(𝑏𝑖𝑢)𝑥𝑖 = 0.

5. Heat (or diffusion) equation
𝑢𝑡 − Δ𝑢 = 0.

6. Schrödinger’s equation
𝑖𝑢𝑡 + Δ𝑢 = 0.
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7. Kolmogorov’s equation

𝑢𝑡 −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 = 0.

8. Fokker–Planck equation

𝑢𝑡 −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢)𝑥𝑖𝑥𝑗 −
𝑛
∑
𝑖=1
(𝑏𝑖𝑢)𝑥𝑖 = 0.

9. Wave equation
𝑢𝑡𝑡 − Δ𝑢 = 0.

10. Klein–Gordon equation

𝑢𝑡𝑡 − Δ𝑢 +𝑚2𝑢 = 0.
11. Telegraph equation

𝑢𝑡𝑡 + 2𝑑𝑢𝑡 − 𝑢𝑥𝑥 = 0.
12. General wave equation

𝑢𝑡𝑡 −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 = 0.

13. Airy’s equation
𝑢𝑡 + 𝑢𝑥𝑥𝑥 = 0.

14. Beam equation
𝑢𝑡𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0.

b. Nonlinear equations.
1. Eikonal equation

|𝐷𝑢| = 1.
2. Nonlinear Poisson equation

−Δ𝑢 = 𝑓(𝑢).
3. 𝑝-Laplacian equation

div(|𝐷𝑢|𝑝−2𝐷𝑢) = 0.
4. Minimal surface equation

div( 𝐷𝑢
(1 + |𝐷𝑢|2)1/2 ) = 0.

5. Monge–Ampère equation

det(𝐷2𝑢) = 𝑓.



1.2. Examples 5

6. Hamilton–Jacobi equation

𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0.

7. Scalar conservation law

𝑢𝑡 + divF(𝑢) = 0.

8. Inviscid Burgers’ equation

𝑢𝑡 + 𝑢𝑢𝑥 = 0.

9. Scalar reaction-diffusion equation

𝑢𝑡 − Δ𝑢 = 𝑓(𝑢).

10. Porous medium equation

𝑢𝑡 − Δ(𝑢𝛾) = 0.

11. Nonlinear wave equation

𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0.

12. Korteweg–deVries (KdV) equation

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0.

13. Nonlinear Schrödinger equation

𝑖𝑢𝑡 + Δ𝑢 = 𝑓(|𝑢|2)𝑢.

1.2.2. Systems of partial differential equations.
a. Linear systems.

1. Equilibrium equations of linear elasticity

𝜇Δu + (𝜆 + 𝜇)𝐷(divu) = 0.

2. Evolution equations of linear elasticity

u𝑡𝑡 − 𝜇Δu − (𝜆 + 𝜇)𝐷(divu) = 0.

3. Maxwell’s equations

⎧
⎨
⎩

E𝑡 = curlB
B𝑡 = −curlE
divB = divE = 0.
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b. Nonlinear systems.
1. System of conservation laws

u𝑡 + divF(u) = 0.
2. Reaction-diffusion system

u𝑡 − Δu = f(u).
3. Euler’s equations for incompressible, inviscid flow

{u𝑡 + u ⋅ 𝐷u = −𝐷𝑝
divu = 0.

4. Navier–Stokes equations for incompressible, viscous flow

{u𝑡 + u ⋅ 𝐷u − Δu = −𝐷𝑝
divu = 0.

See Zwillinger [Zw] for a much more extensive listing of interesting PDE.

1.3. STRATEGIES FOR STUDYING PDE

As explained in §1.1 our goal is the discovery of ways to solve partial differential
equations of various sorts, but—as should now be clear in view of the many
diverse examples set forth in §1.2—this is no easy task. And indeed the very
question of what it means to “solve” a given PDE can be subtle, depending in
large part on the particular structure of the problem at hand.

1.3.1. Well-posed problems, classical solutions. The informal notion of a
well-posed problem captures many of the desirable features of what it means
to solve a PDE. We say that a given problem for a partial differential equation
is well-posed if

(i) the problem in fact has a solution;
(ii) this solution is unique; and

(iii) the solution depends continuously on the data given in the problem.
The last condition is particularly important for problems arising from phys-

ical applications: we would prefer that our (unique) solution changes only a
little when the conditions specifying the problem change a little. (For many
problems, on the other hand, uniqueness is not to be expected. In these cases
the primary mathematical tasks are to classify and to characterize the solu-
tions.)

Now clearly it would be desirable to “solve” PDE in such a way that (i)–(iii)
hold. But notice that we still have not carefully defined what we mean by a
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“solution”. Should we ask, for example, that a “solution” 𝑢 must be real ana-
lytic or at least infinitely differentiable? This might be desirable, but perhaps
we are asking too much. Maybe it would be wiser to require a solution of a
PDE of order 𝑘 to be at least 𝑘 times continuously differentiable. Then at least
all the derivatives which appear in the statement of the PDE will exist and be
continuous, although maybe certain higher derivatives will not exist. Let us
informally call a solution with this much smoothness a classical solution of the
PDE: this is certainly the most obvious notion of solution.

So by solving a partial differential equation in the classical sense we mean
if possible to write down a formula for a classical solution satisfying (i)–(iii)
above, or at least to show such a solution exists, and to deduce various of its
properties.

1.3.2. Weak solutions and regularity. But can we achieve this? The answer
is that certain specific partial differential equations (e.g. Laplace’s equation)
can be solved in the classical sense, but many others, if not most others, cannot.
Consider for instance the scalar conservation law

𝑢𝑡 + 𝐹(𝑢)𝑥 = 0.
We will see in §3.4 that this PDE governs various one-dimensional phenomena
involving fluid dynamics, and in particular models the formation and propa-
gation of shock waves. Now a shock wave is a curve of discontinuity of the
solution 𝑢; and so if we wish to study conservation laws, and recover the under-
lying physics, we must surely allow for solutions 𝑢 which are not continuously
differentiable or even continuous. In general, as we shall see, the conservation
law has no classical solutions but is well-posed if we allow for properly defined
generalized or weak solutions.

This is all to say that we may be forced by the structure of the particular
equation to abandon the search for smooth, classical solutions. We must in-
stead, while still hoping to achieve the well-posedness conditions (i)–(iii), in-
vestigate a wider class of candidates for solutions. And in fact, even for those
PDE which turn out to be classically solvable, it is often most expedient initially
to search for some appropriate kind of weak solution.

The point is this: if from the outset we demand that our solutions be very
regular, say 𝑘-times continuously differentiable, then we are usually going to
have a really hard time finding them, as our proofs must then necessarily in-
clude possibly intricate demonstrations that the functions we are building are
in fact smooth enough. A far more reasonable strategy is to consider as separate
the existence and the smoothness (or regularity) problems. The idea is to define
for a given PDE a reasonably wide notion of a weak solution, with the expecta-
tion that since we are not asking too much by way of smoothness of this weak
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solution, it may be easier to establish its existence, uniqueness, and continuous
dependence on the given data. Thus, to repeat, it is often wise to aim at proving
well-posedness in some appropriate class of weak or generalized solutions.

Now, as noted above, for various partial differential equations this is the
best that can be done. For other equations we can hope that our weak solution
may turn out after all to be smooth enough to qualify as a classical solution.
This leads to the question of regularity of weak solutions. As we will see, it is
often the case that the existence of weak solutions depends upon rather simple
estimates plus ideas of functional analysis, whereas the regularity of the weak
solutions, when true, usually rests upon many intricate calculus estimates.

Let me explicitly note here that once we are past Part I (Chapters 2–4), our
efforts will be largely devoted to proving mathematically the existence of so-
lutions to various sorts of partial differential equations, and not so much to
deriving formulas for these solutions. This may seem wasted or misguided ef-
fort, but in fact mathematicians are like theologians: we regard existence as the
prime attribute of what we study. But unlike theologians, we need not always
rely upon faith alone.

1.3.3. Typical difficulties. Following are some vague but general principles,
which may be useful to keep in mind:

(i) Nonlinear equations are more difficult than linear equations; and,
indeed, the more the nonlinearity affects the higher derivatives, the
more difficult the PDE is.

(ii) Higher-order PDE are more difficult than lower-order PDE.
(iii) Systems are harder than single equations.
(iv) Partial differential equations entailing many independent variables

are harder than PDE entailing few independent variables.
(v) For most partial differential equations it is not possible to write out

explicit formulas for solutions.

None of these assertions is without important exceptions.

1.4. OVERVIEW

This textbook is divided into three major Parts.

Part I: RepresentationFormulas for Solutions. Here we identify those im-
portant partial differential equations for which in certain circumstances ex-
plicit or more-or-less explicit formulas can be had for solutions. The general
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progression of the exposition is from direct formulas for certain linear equa-
tions to far less concrete representation formulas, of a sort, for various nonlin-
ear PDE.

Chapter 2 is a detailed study of four exactly solvable partial differential
equations: the linear transport equation, Laplace’s equation, the heat equa-
tion, and the wave equation. These PDE, which serve as archetypes for the
more complicated equations introduced later, admit directly computable solu-
tions, at least in the case that there is no domain whose boundary geometry
complicates matters. The explicit formulas are augmented by various indirect,
but easy and attractive, “energy”-type arguments, which serve as motivation
for the developments in Chapters 6, 7 and thereafter.

Chapter 3 continues the theme of searching for explicit formulas, now for
general first-order nonlinear PDE. The key insight is that such PDE can, lo-
cally at least, be transformed into systems of ordinary differential equations
(ODE), the characteristic equations. We stipulate that once the problem be-
comes “only” the question of integrating a system of ODE, it is in principle
solved, sometimes quite explicitly. The derivation of the characteristic equa-
tions given in the text is very simple and does not require any geometric in-
sights. It is in truth so easy to derive the characteristic equations that no real
purpose is had by dealing with the quasilinear case first.

We introduce also the Hopf–Lax formula for Hamilton–Jacobi equations
(§3.3) and the Lax–Oleinik formula for scalar conservation laws (§3.4). (Some
knowledge of measure theory is useful here but is not essential.) These sec-
tions provide an early acquaintance with the global theory of these important
nonlinear PDE and so motivate the later Chapters 10 and 11.

Chapter 4 is a grab bag of techniques for explicitly (or kind of explic-
itly) solving various linear and nonlinear partial differential equations, and
the reader should study only whatever seems interesting. The section on the
Fourier transform is, however, essential. The Cauchy–Kovalevskaya Theorem
appears at the very end. Although this is basically the only general existence
theorem in the subject, and thus logically should perhaps be regarded as cen-
tral, in practice these power series methods are not so prevalent.

Part II: Theory for Linear Partial Differential Equations. Next we aban-
don the search for explicit formulas and instead rely on functional analysis and
relatively easy “energy” estimates to prove the existence of weak solutions to
various linear PDE. We investigate also the uniqueness and regularity of such
solutions and deduce various other properties.

Chapter 5 is an introduction to Sobolev spaces, the proper setting for the
study of many linear and nonlinear partial differential equations via energy
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methods. This is a hard chapter, the real worth of which is only later revealed,
and requires some basic knowledge of Lebesgue measure theory. However,
the requirements are not really so great, and the review in Appendix E should
suffice. In my opinion there is no particular advantage in considering only the
Sobolev spaces with exponent 𝑝 = 2, and indeed insisting upon this obscures
the two central inequalities, those of Gagliardo–Nirenberg–Sobolev (§5.6.1)
and of Morrey (§5.6.2).

In Chapter 6 we vastly generalize our knowledge of Laplace’s equation to
other second-order elliptic equations. Here we work through a rather complete
treatment of existence, uniqueness and regularity theory for solutions, includ-
ing the maximum principle, and also a reasonable introduction to the study of
eigenvalues, including a discussion of the principal eigenvalue for nonselfad-
joint operators.

Chapter 7 expands the energy methods to a variety of linear partial dif-
ferential equations characterizing evolutions in time. We broaden our earlier
investigation of the heat equation to general second-order parabolic PDE and
of the wave equation to general second-order hyperbolic PDE. We study as well
linear first-order hyperbolic systems, with the aim of motivating the develop-
ments concerning nonlinear systems of conservation laws in Chapter 11. The
concluding Section 7.4 presents the alternative functional analytic method of
semigroups for building solutions.

(Missing from this long Part II on linear partial differential equations is
any discussion of distribution theory or potential theory. These are important
topics, but for our purposes seem dispensable, even in a book of such length.
These omissions do not slow us up much and make room for more nonlinear
theory.)

Part III: Theory for Nonlinear Partial Differential Equations. This sec-
tion parallels for nonlinear PDE the development in Part II but is far less uni-
fied in its approach, as the various types of nonlinearity must be treated in quite
different ways.

Chapter 8 commences the general study of nonlinear partial differential
equations with an extensive discussion of the calculus of variations. Here we
set forth a careful derivation of the direct method for deducing the existence
of minimizers and discuss also a variety of variational systems and constrained
problems, as well as minimax methods. Variational theory is the most useful
and accessible of the methods for nonlinear PDE, and so this chapter is funda-
mental.
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Chapter 9 is, rather like Chapter 4 earlier, a gathering of assorted other
techniques of use for nonlinear elliptic and parabolic partial differential equa-
tions. We encounter here monotonicity and fixed point methods and a variety
of other devices, mostly involving the maximum principle. We study as well
certain nice aspects of nonlinear semigroup theory, to complement the linear
semigroup theory from Chapter 7.

Chapter 10 is an introduction to the modern theory of Hamilton–Jacobi
PDE and in particular to the notion of “viscosity solutions”. We encounter also
the connections with the optimal control of ODE, through dynamic program-
ming.

Chapter 11 picks up from Chapter 3 the discussion of conservation laws,
now systems of conservation laws. Unlike the general theoretical develop-
ments in Chapters 5–9, for which Sobolev spaces provide the proper abstract
framework, we are forced to employ here direct linear algebra and calculus
computations. We pay particular attention to the solution of Riemann’s prob-
lem and to entropy criteria.

Chapter 12, an introduction to nonlinear wave equations, is new with this
edition. We provide long time and short time existence theorems for certain
quasilinear wave equations and an in-depth examination of semilinear wave
equations, especially for subcritical and critical power nonlinearities in three
space dimensions. To complement these existence theorems, the final section
identifies various criteria ensuring nonexistence of solutions.

Appendices A–E provide for the reader’s convenience some background
material, with selected proofs, on inequalities, linear functional analysis, mea-
sure theory, etc.

The Bibliography is an updated and extensive listing of interesting PDE
books to consult for further information. Since this is a textbook and not a
reference monograph, I have mostly not attempted to track down and docu-
ment the original sources for the myriads of ideas and methods we will en-
counter. The mathematical literature for partial differential equations is truly
vast, but the books cited in the Bibliography should at least provide a starting
point for locating the primary sources. (Citations to selected research papers
appear throughout the text.)

1.5. PROBLEMS

1. Classify each of the partial differential equations in §1.2 as follows:
(a) Is the PDE linear, semilinear, quasilinear or fully nonlinear?
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(b) What is the order of the PDE?
2. Let 𝑘 be a positive integer. Show that a smooth function defined on ℝ𝑛 has

in general

(𝑛 + 𝑘 − 1
𝑘 ) = (𝑛 + 𝑘 − 1

𝑛 − 1 )

distinct partial derivatives of order 𝑘.
(Hint: This is the number of ways of inserting 𝑛 − 1 dividers | within a

row of 𝑘 symbols ∘: for example, ∘ ∘ ‖ ∘ ∘ ∘ | ∘ | ∘ ∘ ∘ ‖ ∘ ∘ ∘ ∘|. Explain why
each such pattern corresponds to precisely one of the partial derivatives of
order 𝑘.)

The next exercises provide some practice with the multiindex notation in-
troduced in Appendix A.

3. Prove the Multinomial Theorem:

(𝑥1 + . . . + 𝑥𝑛)𝑘 = ∑
|𝛼|=𝑘

(|𝛼|𝛼 )𝑥
𝛼,

where (|𝛼|𝛼 ) ≔
|𝛼|!
𝛼! , 𝛼!= 𝛼1! 𝛼2! . . . 𝛼𝑛!, and 𝑥𝛼 = 𝑥𝛼1

1 . . . 𝑥𝛼𝑛𝑛 . The sum is
taken over all multiindices 𝛼 = (𝛼1, . . . , 𝛼𝑛) with |𝛼| = 𝑘.

4. Prove Leibniz’s formula:

𝐷𝛼(𝑢𝑣) = ∑
𝛽≤𝛼

(𝛼𝛽)𝐷
𝛽𝑢𝐷𝛼−𝛽𝑣,

where 𝑢, 𝑣 ∶ ℝ𝑛 → ℝ are smooth, (𝛼𝛽) ≔
𝛼!

𝛽!(𝛼−𝛽)! , and 𝛽 ≤ 𝛼 means 𝛽𝑖 ≤ 𝛼𝑖
(𝑖 = 1, . . . , 𝑛).

5. Assume that 𝑓 ∶ ℝ𝑛 → ℝ is smooth. Prove

𝑓(𝑥) = ∑
|𝛼|≤𝑘

1
𝛼!𝐷

𝛼𝑓(0)𝑥𝛼 + 𝑂(|𝑥|𝑘+1) as 𝑥 → 0

for each 𝑘 = 1, 2, . . . . This is Taylor’s formula in multiindex notation.
(Hint: Fix 𝑥 ∈ ℝ𝑛 and consider the function of one variable 𝑔(𝑡) ≔

𝑓(𝑡𝑥).)

1.6. REFERENCES

Klainerman’s article [Kl] is a nice modern overview of the field of partial dif-
ferential equations.

Good general texts and monographs on PDE include Arnold [Ar2],
Courant–Hilbert [C-H], Craig [Cr], DiBenedetto [DB1], Folland [F1], Fried-
man [Fr2], Garabedian [G], John [J2], Jost [Jo], Levy–Shearer [L-S] McOwen
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[MO], Mikhailov [M], Olver [O2] Petrovsky [Py], Rauch [R1], Renardy–Rogers
[R-R], Showalter [Sh], Smirnov [Sm], Smoller [S], Strauss [St2], Taylor [Ta],
Thoe–Zachmanoglou [T-Z], Vasy [Vy], Zauderer [Za], and many others. The
prefaces to Arnold [Ar2] and to Bernstein [Bt] are particularly interesting read-
ing. Zwillinger’s handbook [Zw] on differential equations is a useful com-
pendium of methods for PDE.





Part I

Representation
Formulas for Solutions





Chapter 2

Four Important Linear
Partial Differential
Equations

In this chapter we introduce four fundamental linear partial differential equa-
tions for which various explicit formulas for solutions are available. These are

the transport equation 𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 = 0 (§2.1),
Laplace’s equation Δ𝑢 = 0 (§2.2),
the heat equation 𝑢𝑡 − Δ𝑢 = 0 (§2.3),
the wave equation 𝑢𝑡𝑡 − Δ𝑢 = 0 (§2.4).

Before going further, the reader should review the discussions of inequali-
ties, integration by parts, Green’s formulas, convolutions, etc., in Appendices B
and C and later refer back to these as necessary.

2.1. TRANSPORT EQUATION

One of the simplest partial differential equations is the transport equationwith
constant coefficients. This is the PDE

(1) 𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 = 0 in ℝ𝑛 × (0,∞),
where 𝑏 is a fixed vector in ℝ𝑛, 𝑏 = (𝑏1, . . . , 𝑏𝑛), and 𝑢 ∶ ℝ𝑛 × [0,∞) → ℝ is
the unknown, 𝑢 = 𝑢(𝑥, 𝑡). Here 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛 denotes a typical point
in space, and 𝑡 ≥ 0 denotes a typical time. We write 𝐷𝑢 = 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛)
for the gradient of 𝑢 with respect to the spatial variables 𝑥.

17
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Which functions 𝑢 solve (1)? To answer, let us suppose for the moment
we are given some smooth solution 𝑢 and try to compute it. To do so, we first
must recognize that the partial differential equation (1) asserts that a particular
directional derivative of 𝑢 vanishes. We exploit this insight by fixing any point
(𝑥, 𝑡) ∈ ℝ𝑛 × (0,∞) and defining

𝑧(𝑠) ≔ 𝑢(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) (𝑠 ∈ ℝ).

We then calculate

̇𝑧(𝑠) = 𝐷𝑢(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) ⋅ 𝑏 + 𝑢𝑡(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) = 0 ( ̇ = 𝑑
𝑑𝑠) ,

the second equality holding owing to (1). Thus 𝑧(⋅) is a constant function of 𝑠,
and consequently for each point (𝑥, 𝑡), 𝑢 is constant on the line through (𝑥, 𝑡)
with the direction (𝑏, 1) ∈ ℝ𝑛+1. Hence if we know the value of 𝑢 at any point
on each such line, we know its value everywhere in ℝ𝑛 × (0,∞).

2.1.1. Initial-value problem. For definiteness therefore, let us consider the
initial-value problem

(2) {𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

Here 𝑏 ∈ ℝ𝑛 and 𝑔 ∶ ℝ𝑛 → ℝ are known, and the problem is to compute 𝑢.
Given (𝑥, 𝑡) as above, the line through (𝑥, 𝑡) with direction (𝑏, 1) is represented
parametrically by (𝑥 + 𝑠𝑏, 𝑡 + 𝑠) (𝑠 ∈ ℝ). This line hits the plane Γ ≔ ℝ𝑛 × {𝑡 =
0} when 𝑠 = −𝑡, at the point (𝑥 − 𝑡𝑏, 0). Since 𝑢 is constant on the line and
𝑢(𝑥 − 𝑡𝑏, 0) = 𝑔(𝑥 − 𝑡𝑏), we deduce

(3) 𝑢(𝑥, 𝑡) = 𝑔(𝑥 − 𝑡𝑏) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

So, if (2) has a sufficiently regular solution 𝑢, it must certainly be given by (3).
And conversely, it is easy to check directly that if 𝑔 is 𝐶1, then 𝑢 defined by (3)
is indeed a solution of (2).

Weak solutions. If 𝑔 is not 𝐶1, then there is obviously no 𝐶1 solution of (2).
But even in this case formula (3) certainly provides a strong, and in fact the only
reasonable, candidate for a solution. We may thus informally declare 𝑢(𝑥, 𝑡) =
𝑔(𝑥 − 𝑡𝑏) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0) to be a weak solution of (2), even should 𝑔 not be 𝐶1.
This all makes sense even if 𝑔 and thus 𝑢 are discontinuous. Such a notion, that
a nonsmooth or even discontinuous function may sometimes solve a PDE, will
come up again later when we study nonlinear transport phenomena in §3.4.
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2.1.2. Nonhomogeneous problem. Next let us look at the associated non-
homogeneous problem

(4) {
𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 = 𝑓 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
Fix as before (𝑥, 𝑡) ∈ ℝ𝑛 × (0,∞) and, inspired by the calculation above, set
𝑧(𝑠) ≔ 𝑢(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) for 𝑠 ∈ ℝ. Then

̇𝑧(𝑠) = 𝐷𝑢(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) ⋅ 𝑏 + 𝑢𝑡(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) = 𝑓(𝑥 + 𝑠𝑏, 𝑡 + 𝑠).
Consequently

𝑢(𝑥, 𝑡) − 𝑔(𝑥 − 𝑡𝑏) = 𝑧(0) − 𝑧(−𝑡) = ∫
0

−𝑡
̇𝑧(𝑠) 𝑑𝑠

= ∫
0

−𝑡
𝑓(𝑥 + 𝑠𝑏, 𝑡 + 𝑠) 𝑑𝑠

= ∫
𝑡

0
𝑓(𝑥 + (𝑠 − 𝑡)𝑏, 𝑠) 𝑑𝑠,

and so

(5) 𝑢(𝑥, 𝑡) = 𝑔(𝑥 − 𝑡𝑏) +∫
𝑡

0
𝑓(𝑥 + (𝑠 − 𝑡)𝑏, 𝑠) 𝑑𝑠 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0)

solves the initial-value problem (4).
We will later employ this formula to solve the one-dimensional wave equa-

tion, in §2.4.1.

Remark. Observe that we have derived our solutions (3), (5) by in effect con-
verting the partial differential equations into ordinary differential equations.
This procedure is a special case of themethod of characteristics, developed later
in §3.2.

2.2. LAPLACE’S EQUATION

Among the most important of all partial differential equations are undoubtedly
Laplace’s equation

(1) Δ𝑢 = 0
and Poisson’s equation∗

(2) −Δ𝑢 = 𝑓.
∗I prefer to write (2) with the minus sign, to be consistent with the notation for general second-order

elliptic operators in Chapter 6.
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In both (1) and (2), 𝑥 ∈ 𝑈 and the unknown is 𝑢 ∶ 𝑈̄ → ℝ, 𝑢 = 𝑢(𝑥),
where 𝑈 ⊂ ℝ𝑛 is a given open set. In (2) the function 𝑓 ∶ 𝑈 → ℝ is also given.
Remember from §A.3 that the Laplacian of 𝑢 is

Δ𝑢 ≔
𝑛
∑
𝑖=1

𝑢𝑥𝑖𝑥𝑖 .

DEFINITION. A 𝐶2 function 𝑢 satisfying (1) is called a harmonic function.

Physical interpretation. Laplace’s equation comes up in a wide variety of
physical contexts. In a typical interpretation 𝑢 denotes the density of some
quantity (e.g. a chemical concentration) in equilibrium. Then if 𝑉 is any
smooth subregion within 𝑈, the net flux of 𝑢 through 𝜕𝑉 is zero:

∫
𝜕𝑉

F ⋅ 𝝂 𝑑𝑆 = 0,

F denoting the flux density and 𝝂 the unit outer normal field. In view of the
Gauss–Green Theorem (§C.2), we have

∫
𝑉
divF𝑑𝑥 = ∫

𝜕𝑉
F ⋅ 𝝂 𝑑𝑆 = 0,

and so

(3) divF = 0 in 𝑈,
since 𝑉 was arbitrary. In many instances it is physically reasonable to assume
the fluxF is proportional to the gradient𝐷𝑢 but points in the opposite direction
(since the flow is from regions of higher to lower concentration). Thus

(4) F = −𝑎𝐷𝑢 (𝑎 > 0).
Substituting into (3), we obtain Laplace’s equation

div(𝐷𝑢) = Δ𝑢 = 0.
If 𝑢 denotes the

⎧
⎨
⎩

chemical concentration
temperature
electrostatic potential,

equation (4) is

⎧
⎨
⎩

Fick’s law of diffusion
Fourier’s law of heat conduction
Ohm’s law of electrical conduction.

See Feynman–Leighton–Sands [F-L-S, Chapter 12] for a discussion of the ubiq-
uity of Laplace’s equation in mathematical physics. Laplace’s equation arises
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as well in the study of analytic functions and the probabilistic investigation of
Brownian motion.

2.2.1. Fundamental solution.
a. Derivation of fundamental solution. One good strategy for investigat-
ing any partial differential equation is first to identify some explicit solutions
and then, provided the PDE is linear, to assemble more complicated solutions
out of the specific ones previously noted. Furthermore, in looking for explicit
solutions, it is often wise to restrict attention to classes of functions with cer-
tain symmetry properties. Since Laplace’s equation is invariant under rotations
(Problem 2), it consequently seems advisable to search first for radial solutions,
that is, functions of 𝑟 = |𝑥|.

Let us therefore attempt to find a solution 𝑢 of Laplace’s equation (1) in
𝑈 = ℝ𝑛, having the form

𝑢(𝑥) = 𝑣(𝑟),
where 𝑟 = |𝑥| = (𝑥21 + ⋯ + 𝑥2𝑛)1/2 and 𝑣 is to be selected (if possible) so that
Δ𝑢 = 0 holds. First note for 𝑖 = 1, . . . , 𝑛 that

𝜕𝑟
𝜕𝑥𝑖

= 1
2 (𝑥

2
1 +⋯+ 𝑥2𝑛)

−1/2 2𝑥𝑖 =
𝑥𝑖
𝑟 (𝑥 ≠ 0).

We thus have

𝑢𝑥𝑖 = 𝑣′(𝑟)𝑥𝑖𝑟 , 𝑢𝑥𝑖𝑥𝑖 = 𝑣″(𝑟)𝑥
2
𝑖
𝑟2 + 𝑣′(𝑟) (1𝑟 −

𝑥2𝑖
𝑟3 )

for 𝑖 = 1, . . . , 𝑛, and so

Δ𝑢 = 𝑣″(𝑟) + 𝑛 − 1
𝑟 𝑣′(𝑟).

Hence Δ𝑢 = 0 if and only if

(5) 𝑣″ + 𝑛 − 1
𝑟 𝑣′ = 0.

If 𝑣′ ≠ 0, we deduce

log(|𝑣′|)′ = 𝑣″
𝑣′ =

1 − 𝑛
𝑟 ,

and hence 𝑣′(𝑟) = 𝑎
𝑟𝑛−1 for some constant 𝑎. Consequently if 𝑟 > 0, we have

𝑣(𝑟) = {𝑏 log 𝑟 + 𝑐 (𝑛 = 2)
𝑏

𝑟𝑛−2 + 𝑐 (𝑛 ≥ 3),

where 𝑏 and 𝑐 are constants.
These considerations motivate the following
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DEFINITION. The function

(6) Φ(𝑥) ≔ {
− 1
2𝜋 log |𝑥| (𝑛 = 2)

1
𝑛(𝑛−2)𝛼(𝑛)

1
|𝑥|𝑛−2 (𝑛 ≥ 3),

defined for 𝑥 ∈ ℝ𝑛, 𝑥 ≠ 0, is the fundamental solution of Laplace’s equation.

The reason for the particular choices of the constants in (6) will be apparent
in a moment. (Recall from §A.2 that 𝛼(𝑛) denotes the volume of the unit ball
in ℝ𝑛.)

We will sometimes slightly abuse notation and write Φ(𝑥) = Φ(|𝑥|) to em-
phasize that the fundamental solution is radial. Observe also that we have the
estimates

(7) |𝐷Φ(𝑥)| ≤ 𝐶
|𝑥|𝑛−1 , |𝐷

2Φ(𝑥)| ≤ 𝐶
|𝑥|𝑛 (𝑥 ≠ 0)

for some constant 𝐶 > 0.
b. Poisson’s equation. By construction the function 𝑥 ↦ Φ(𝑥) is harmonic
for 𝑥 ≠ 0. If we shift the origin to a new point 𝑦, the PDE (1) is unchanged; and
so 𝑥 ↦ Φ(𝑥 − 𝑦) is also harmonic as a function of 𝑥, 𝑥 ≠ 𝑦. Let us now take
𝑓 ∶ ℝ𝑛 → ℝ and note that the mapping 𝑥 ↦ Φ(𝑥− 𝑦)𝑓(𝑦) (𝑥 ≠ 𝑦) is harmonic
for each point 𝑦 ∈ ℝ𝑛, and thus so is the sum of finitely many such expressions
built for different points 𝑦.

This reasoning might suggest that the convolution

(8)

𝑢(𝑥) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦

= {
− 1
2𝜋 ∫ℝ2 log(|𝑥 − 𝑦|)𝑓(𝑦) 𝑑𝑦 (𝑛 = 2)

1
𝑛(𝑛−2)𝛼(𝑛) ∫ℝ𝑛

𝑓(𝑦)
|𝑥−𝑦|𝑛−2 𝑑𝑦 (𝑛 ≥ 3)

will solve Laplace’s equation (1). However, this is wrong. Indeed, as intimated
by estimate (7), 𝐷2Φ(𝑥 − 𝑦) is not summable near the singularity at 𝑦 = 𝑥, and
so naive differentiation through the integral sign is unjustified (and incorrect).
We must proceed more carefully in calculating Δ𝑢.

Let us for simplicity now assume 𝑓 ∈ 𝐶2
𝑐 (ℝ𝑛); that is, 𝑓 is twice continu-

ously differentiable, with compact support.
THEOREM 1 (Solving Poisson’s equation). Define 𝑢 by (8). Then

(i) 𝑢 ∈ 𝐶2(ℝ𝑛), and
(ii) −Δ𝑢 = 𝑓 in ℝ𝑛.

We consequently see that (8) provides us with a formula for a solution of
Poisson’s equation (2) in ℝ𝑛.



2.2. Laplace’s Equation 23

Proof.
1. We have

(9) 𝑢(𝑥) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 = ∫

ℝ𝑛
Φ(𝑦)𝑓(𝑥 − 𝑦) 𝑑𝑦;

hence
𝑢(𝑥 + ℎ𝑒𝑖) − 𝑢(𝑥)

ℎ = ∫
ℝ𝑛
Φ(𝑦) [𝑓(𝑥 + ℎ𝑒𝑖 − 𝑦) − 𝑓(𝑥 − 𝑦)

ℎ ] 𝑑𝑦,

where ℎ ≠ 0 and 𝑒𝑖 = (0, . . . , 1, . . . , 0), the 1 in the 𝑖th-slot. But
𝑓(𝑥 + ℎ𝑒𝑖 − 𝑦) − 𝑓(𝑥 − 𝑦)

ℎ → 𝑓𝑥𝑖(𝑥 − 𝑦)

uniformly on ℝ𝑛 as ℎ → 0, and thus

𝑢𝑥𝑖(𝑥) = ∫
ℝ𝑛
Φ(𝑦)𝑓𝑥𝑖(𝑥 − 𝑦) 𝑑𝑦 (𝑖 = 1, . . . , 𝑛).

Similarly

(10) 𝑢𝑥𝑖𝑥𝑗 (𝑥) = ∫
ℝ𝑛
Φ(𝑦)𝑓𝑥𝑖𝑥𝑗 (𝑥 − 𝑦) 𝑑𝑦 (𝑖, 𝑗 = 1, . . . , 𝑛).

As the expression on the right-hand side of (10) is continuous in the variable
𝑥, we see 𝑢 ∈ 𝐶2(ℝ𝑛).

2. SinceΦ blows up at 0, we will need for subsequent calculations to isolate
this singularity inside a small ball. So fix 𝜀 > 0. Then

(11)
Δ𝑢(𝑥) = ∫

𝐵(0,𝜀)
Φ(𝑦)Δ𝑥𝑓(𝑥 − 𝑦) 𝑑𝑦 +∫

ℝ𝑛−𝐵(0,𝜀)
Φ(𝑦)Δ𝑥𝑓(𝑥 − 𝑦) 𝑑𝑦

≕ 𝐼𝜀 + 𝐽𝜀.
Now

(12) |𝐼𝜀| ≤ 𝐶‖𝐷2𝑓‖𝐿∞(ℝ𝑛)∫
𝐵(0,𝜀)

|Φ(𝑦)| 𝑑𝑦 ≤ {𝐶𝜀
2| log 𝜀| (𝑛 = 2)

𝐶𝜀2 (𝑛 ≥ 3).
An integration by parts (see §C.2) yields

(13)

𝐽𝜀 = ∫
ℝ𝑛−𝐵(0,𝜀)

Φ(𝑦)Δ𝑦𝑓(𝑥 − 𝑦) 𝑑𝑦

= −∫
ℝ𝑛−𝐵(0,𝜀)

𝐷Φ(𝑦) ⋅ 𝐷𝑦𝑓(𝑥 − 𝑦) 𝑑𝑦

+∫
𝜕𝐵(0,𝜀)

Φ(𝑦)𝜕𝑓𝜕𝜈 (𝑥 − 𝑦) 𝑑𝑆(𝑦)

≕ 𝐾𝜀 + 𝐿𝜀,
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𝝂 denoting the inward pointing unit normal along 𝜕𝐵(0, 𝜀). We readily check

(14) |𝐿𝜀| ≤ ‖𝐷𝑓‖𝐿∞(ℝ𝑛)∫
𝜕𝐵(0,𝜀)

|Φ(𝑦)| 𝑑𝑆(𝑦) ≤ {𝐶𝜀| log 𝜀| (𝑛 = 2)
𝐶𝜀 (𝑛 ≥ 3).

3. We continue by integrating by parts once again in the term 𝐾𝜀, to dis-
cover

𝐾𝜀 = ∫
ℝ𝑛−𝐵(0,𝜀)

ΔΦ(𝑦)𝑓(𝑥 − 𝑦) 𝑑𝑦 −∫
𝜕𝐵(0,𝜀)

𝜕Φ
𝜕𝜈 (𝑦)𝑓(𝑥 − 𝑦) 𝑑𝑆(𝑦)

= −∫
𝜕𝐵(0,𝜀)

𝜕Φ
𝜕𝜈 (𝑦)𝑓(𝑥 − 𝑦) 𝑑𝑆(𝑦),

since Φ is harmonic away from the origin. Now 𝐷Φ(𝑦) = −1
𝑛𝛼(𝑛)

𝑦
|𝑦|𝑛 (𝑦 ≠ 0) and

𝝂 = −𝑦
|𝑦| = −𝑦

𝜀 on 𝜕𝐵(0, 𝜀). Consequently 𝜕Φ
𝜕𝜈 (𝑦) = 𝝂 ⋅ 𝐷Φ(𝑦) = 1

𝑛𝛼(𝑛)𝜀𝑛−1 on
𝜕𝐵(0, 𝜀). Since 𝑛𝛼(𝑛)𝜀𝑛−1 is the surface area of the sphere 𝜕𝐵(0, 𝜀), we have

(15)
𝐾𝜀 = − 1

𝑛𝛼(𝑛)𝜀𝑛−1 ∫𝜕𝐵(0,𝜀)
𝑓(𝑥 − 𝑦) 𝑑𝑆(𝑦)

= −⨍
𝜕𝐵(𝑥,𝜀)

𝑓(𝑦) 𝑑𝑆(𝑦) → −𝑓(𝑥) as 𝜀 → 0.

(Remember from §A.3 that a slash through an integral sign denotes an average.)
4. Combining now (11)–(15) and letting 𝜀 → 0, we find −Δ𝑢(𝑥) = 𝑓(𝑥), as

asserted. □

Theorem 1 is in fact valid under far less stringent smoothness requirements
for 𝑓: see Gilbarg–Trudinger [G-T].
Interpretation of fundamental solution. We sometimes write

−ΔΦ = 𝛿0 in ℝ𝑛,

𝛿0 denoting the Dirac measure onℝ𝑛 giving unit mass to the point 0. Adopting
this notation, we may formally compute

−Δ𝑢(𝑥) = ∫
ℝ𝑛
−Δ𝑥Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦

= ∫
ℝ𝑛
𝛿𝑥𝑓(𝑦) 𝑑𝑦 = 𝑓(𝑥) (𝑥 ∈ ℝ𝑛),

in accordance with Theorem 1.
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2.2.2. Mean-value formulas. Consider now an open set 𝑈 ⊂ ℝ𝑛 and sup-
pose 𝑢 is a harmonic function within 𝑈. We next derive the important mean-
value formulas, which declare that 𝑢(𝑥) equals both the average of 𝑢 over
the sphere 𝜕𝐵(𝑥, 𝑟) and the average of 𝑢 over the entire ball 𝐵(𝑥, 𝑟), provided
𝐵(𝑥, 𝑟) ⊂ 𝑈. These implicit formulas involving 𝑢 generate a remarkable num-
ber of consequences, as we will momentarily see.

THEOREM 2 (Mean-value formulas for Laplace’s equation). If 𝑢 ∈ 𝐶2(𝑈) is
harmonic, then

(16) 𝑢(𝑥) = ⨍
𝜕𝐵(𝑥,𝑟)

𝑢𝑑𝑆 = ⨍
𝐵(𝑥,𝑟)

𝑢𝑑𝑦

for each ball 𝐵(𝑥, 𝑟) ⊂ 𝑈.

Proof.
1. Set

𝜙(𝑟) ≔ ⨍
𝜕𝐵(𝑥,𝑟)

𝑢(𝑦) 𝑑𝑆(𝑦) = ⨍
𝜕𝐵(0,1)

𝑢(𝑥 + 𝑟𝑧) 𝑑𝑆(𝑧).

Then

𝜙′(𝑟) = ⨍
𝜕𝐵(0,1)

𝐷𝑢(𝑥 + 𝑟𝑧) ⋅ 𝑧 𝑑𝑆(𝑧),

and consequently, using Green’s formulas from §C.2, we compute

𝜙′(𝑟) = ⨍
𝜕𝐵(𝑥,𝑟)

𝐷𝑢(𝑦) ⋅ 𝑦 − 𝑥
𝑟 𝑑𝑆(𝑦)

= ⨍
𝜕𝐵(𝑥,𝑟)

𝜕𝑢
𝜕𝜈 𝑑𝑆(𝑦)

= 𝑟
𝑛 ⨍𝐵(𝑥,𝑟)

Δ𝑢(𝑦) 𝑑𝑦 = 0.

Hence 𝜙 is constant, and so

𝜙(𝑟) = lim
𝑡→0

𝜙(𝑡) = lim
𝑡→0

⨍
𝜕𝐵(𝑥,𝑡)

𝑢(𝑦) 𝑑𝑆(𝑦) = 𝑢(𝑥).

2. Observe next that our employing polar coordinates, as in §C.3, gives

∫
𝐵(𝑥,𝑟)

𝑢𝑑𝑦 = ∫
𝑟

0
(∫

𝜕𝐵(𝑥,𝑠)
𝑢𝑑𝑆) 𝑑𝑠

= 𝑢(𝑥)∫
𝑟

0
𝑛𝛼(𝑛)𝑠𝑛−1𝑑𝑠 = 𝛼(𝑛)𝑟𝑛𝑢(𝑥). □
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THEOREM 3 (Converse to mean-value property). If 𝑢 ∈ 𝐶2(𝑈) satisfies

𝑢(𝑥) = ⨍
𝜕𝐵(𝑥,𝑟)

𝑢𝑑𝑆

for each ball 𝐵(𝑥, 𝑟) ⊂ 𝑈, then 𝑢 is harmonic.

Proof. If Δ𝑢 ≢ 0, there exists some ball 𝐵(𝑥, 𝑟) ⊂ 𝑈 such that, say, Δ𝑢 > 0
within 𝐵(𝑥, 𝑟). But then for 𝜙 as above,

0 = 𝜙′(𝑟) = 𝑟
𝑛 ⨍𝐵(𝑥,𝑟)

Δ𝑢(𝑦) 𝑑𝑦 > 0,

a contradiction. □

2.2.3. Properties of harmonic functions. We now present a sequence of
interesting deductions about harmonic functions, all based upon the mean-
value formulas. Assume for the following that 𝑈 ⊂ ℝ𝑛 is open and bounded.
a. Strong maximum principle, uniqueness. We begin with the assertion
that a harmonic function must attain its maximum on the boundary and cannot
attain its maximum in the interior of a connected region unless it is constant.

THEOREM 4 (Strong maximum principle). Suppose 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄) is
harmonic within 𝑈.

(i) Then
max
𝑈̄

𝑢 = max
𝜕𝑈

𝑢.

(ii) Furthermore, if𝑈 is connected and there exists a point 𝑥0 ∈ 𝑈 such that
𝑢(𝑥0) = max

𝑈̄
𝑢,

then
𝑢 is constant within 𝑈.

Assertion (i) is themaximum principle for Laplace’s equation and (ii) is the
strong maximum principle. Replacing 𝑢 by −𝑢, we recover also similar asser-
tions with “min” replacing “max”.

Proof. Suppose there exists a point 𝑥0 ∈ 𝑈 with 𝑢(𝑥0) = 𝑀 ≔ max𝑈̄ 𝑢. Then
for 0 < 𝑟 < dist(𝑥0, 𝜕𝑈), the mean-value property asserts

𝑀 = 𝑢(𝑥0) = ⨍
𝐵(𝑥0,𝑟)

𝑢𝑑𝑦 ≤ 𝑀.

As equality holds only if 𝑢 ≡ 𝑀 within 𝐵(𝑥0, 𝑟), we see 𝑢(𝑦) = 𝑀 for all 𝑦 ∈
𝐵(𝑥0, 𝑟). Hence the set { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) = 𝑀 } is both open and relatively closed
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in𝑈 and thus equals𝑈 if𝑈 is connected. This proves assertion (ii), from which
(i) follows. □

Positivity. The strong maximum principle asserts in particular that if 𝑈 is
connected and 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄) satisfies

{
Δ𝑢 = 0 in 𝑈
𝑢 = 𝑔 on 𝜕𝑈,

where 𝑔 ≥ 0, then 𝑢 is positive everywhere in𝑈 if 𝑔 is positive somewhere on 𝜕𝑈.
An important application of the maximum principle is establishing the

uniqueness of solutions to certain boundary-value problems for Poisson’s equa-
tion.

THEOREM 5 (Uniqueness). Let 𝑔 ∈ 𝐶(𝜕𝑈), 𝑓 ∈ 𝐶(𝑈). Then there exists at
most one solution 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄) of the boundary-value problem

(17) {
−Δ𝑢 = 𝑓 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈.

Proof. If 𝑢 and 𝑢̃ both satisfy (17), apply Theorem 4 to the harmonic functions
𝑤 ≔ ±(𝑢 − 𝑢̃). □

b. Regularity. Next we prove that if 𝑢 ∈ 𝐶2 is harmonic, then necessarily
𝑢 ∈ 𝐶∞. Thus harmonic functions are automatically infinitely differentiable.
This sort of assertion is called a regularity theorem. The interesting point is
that the algebraic structure of Laplace’s equation Δ𝑢 = ∑𝑛

𝑖=1 𝑢𝑥𝑖𝑥𝑖 = 0 leads
to the analytic deduction that all the partial derivatives of 𝑢 exist, even those
which do not appear in the PDE.

THEOREM6 (Smoothness). If 𝑢 ∈ 𝐶(𝑈) satisfies themean-value property (16)
for each ball 𝐵(𝑥, 𝑟) ⊂ 𝑈, then

𝑢 ∈ 𝐶∞(𝑈).

Note carefully that 𝑢 may not be smooth, or even continuous, up to 𝜕𝑈.

Proof. Let 𝜂 be a standard mollifier, as described in §C.5, and recall that 𝜂 is a
radial function. Set 𝑢𝜀 ≔ 𝜂𝜀 ∗ 𝑢 in 𝑈𝜀 = { 𝑥 ∈ 𝑈 ∣ dist(𝑥, 𝜕𝑈) > 𝜀 }. As shown
in §C.5, 𝑢𝜀 ∈ 𝐶∞(𝑈𝜀).
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We will prove 𝑢 is smooth by demonstrating that in fact 𝑢 ≡ 𝑢𝜀 on 𝑈𝜀.
Indeed if 𝑥 ∈ 𝑈𝜀, then

𝑢𝜀(𝑥) = ∫
𝑈
𝜂𝜀(𝑥 − 𝑦)𝑢(𝑦) 𝑑𝑦

= 1
𝜀𝑛 ∫𝐵(𝑥,𝜀)

𝜂 (|𝑥 − 𝑦|
𝜀 ) 𝑢(𝑦) 𝑑𝑦

= 1
𝜀𝑛 ∫

𝜀

0
𝜂 (𝑟𝜀) (∫𝜕𝐵(𝑥,𝑟)

𝑢𝑑𝑆) 𝑑𝑟

= 1
𝜀𝑛𝑢(𝑥)∫

𝜀

0
𝜂 (𝑟𝜀) 𝑛𝛼(𝑛)𝑟

𝑛−1𝑑𝑟 by (16)

= 𝑢(𝑥)∫
𝐵(0,𝜀)

𝜂𝜀 𝑑𝑦 = 𝑢(𝑥).

Thus 𝑢𝜀 ≡ 𝑢 in 𝑈𝜀, and so 𝑢 ∈ 𝐶∞(𝑈𝜀) for each 𝜀 > 0. □

c. Local estimates for harmonic functions. Now we employ the mean-
value formulas to derive careful estimates on the various partial derivatives of
a harmonic function. The precise structure of these estimates will be needed
below, when we prove analyticity.

THEOREM 7 (Estimates on derivatives). Assume 𝑢 is harmonic in 𝑈. Then

(18) |𝐷𝛼𝑢(𝑥0)| ≤
𝐶𝑘
𝑟𝑛+𝑘 ‖𝑢‖𝐿1(𝐵(𝑥0,𝑟))

for each ball 𝐵(𝑥0, 𝑟) ⊂ 𝑈 and each multiindex 𝛼 of order |𝛼| = 𝑘.
Here

(19) 𝐶0 =
1

𝛼(𝑛) , 𝐶𝑘 =
(2𝑛+1𝑛𝑘)𝑘
𝛼(𝑛) (𝑘 = 1, . . . ).

Proof.
1. We establish (18), (19) by induction on 𝑘, the case 𝑘 = 0 being immediate

from the mean-value formula (16). For 𝑘 = 1, we note upon differentiating
Laplace’s equation that 𝑢𝑥𝑖 (𝑖 = 1, . . . , 𝑛) is harmonic. Consequently

(20)

|𝑢𝑥𝑖(𝑥0)| = ||⨍
𝐵(𝑥0,𝑟/2)

𝑢𝑥𝑖 𝑑𝑥||

= || 2𝑛
𝛼(𝑛)𝑟𝑛 ∫𝜕𝐵(𝑥0,𝑟/2)

𝑢𝜈𝑖 𝑑𝑆||

≤ 2𝑛
𝑟 ‖𝑢‖𝐿∞(𝜕𝐵(𝑥0, 𝑟2 )).
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Now if 𝑥 ∈ 𝜕𝐵(𝑥0, 𝑟/2), then 𝐵(𝑥, 𝑟/2) ⊂ 𝐵(𝑥0, 𝑟) ⊂ 𝑈, and so

|𝑢(𝑥)| ≤ 1
𝛼(𝑛) (

2
𝑟 )

𝑛
‖𝑢‖𝐿1(𝐵(𝑥0,𝑟))

by (18), (19) for 𝑘 = 0. Combining the inequalities above, we deduce

|𝐷𝛼𝑢(𝑥0)| ≤
2𝑛+1𝑛
𝛼(𝑛)

1
𝑟𝑛+1 ‖𝑢‖𝐿1(𝐵(𝑥0,𝑟))

if |𝛼| = 1. This verifies (18), (19) for 𝑘 = 1.
2. Assume now 𝑘 ≥ 2 and (18), (19) are valid for all balls in 𝑈 and each

multiindex of order less than or equal to 𝑘 − 1. Fix 𝐵(𝑥0, 𝑟) ⊂ 𝑈 and let 𝛼
be a multiindex with |𝛼| = 𝑘. Then 𝐷𝛼𝑢 = (𝐷𝛽𝑢)𝑥𝑖 for some 𝑖 ∈ {1, . . . , 𝑛},
|𝛽| = 𝑘 − 1. By calculations similar to those in (20), we establish that

|𝐷𝛼𝑢(𝑥0)| ≤
𝑛𝑘
𝑟 ‖𝐷

𝛽𝑢‖𝐿∞(𝜕𝐵(𝑥0, 𝑟𝑘 )).

If 𝑥 ∈ 𝜕𝐵(𝑥0, 𝑟𝑘 ), then 𝐵(𝑥, 𝑘−1𝑘 𝑟) ⊂ 𝐵(𝑥0, 𝑟) ⊂ 𝑈. Thus (18), (19) for 𝑘−1 imply

|𝐷𝛽𝑢(𝑥)| ≤ (2𝑛+1𝑛(𝑘 − 1))𝑘−1

𝛼(𝑛) (𝑘−1𝑘 𝑟)
𝑛+𝑘−1 ‖𝑢‖𝐿1(𝐵(𝑥0,𝑟)).

Combining the two previous estimates yields the bound

(21) |𝐷𝛼𝑢(𝑥0)| ≤
(2𝑛+1𝑛𝑘)𝑘
𝛼(𝑛)𝑟𝑛+𝑘 ‖𝑢‖𝐿1(𝐵(𝑥0,𝑟)).

This confirms (18), (19) for |𝛼| = 𝑘. □

d. Liouville’s Theorem. We assert now that there are no nontrivial bounded
harmonic functions on all of ℝ𝑛.

THEOREM 8 (Liouville’s Theorem). Suppose 𝑢 ∶ ℝ𝑛 → ℝ is harmonic and
bounded. Then 𝑢 is constant.

Proof. Fix 𝑥0 ∈ ℝ𝑛, 𝑟 > 0, and apply Theorem 7 on 𝐵(𝑥0, 𝑟):

|𝐷𝑢(𝑥0)| ≤
√𝑛𝐶1
𝑟𝑛+1 ‖𝑢‖𝐿1(𝐵(𝑥0,𝑟))

≤ √𝑛𝐶1𝛼(𝑛)
𝑟 ‖𝑢‖𝐿∞(ℝ𝑛) → 0,

as 𝑟 → ∞. Thus 𝐷𝑢 ≡ 0, and so 𝑢 is constant. □

THEOREM 9 (Representation formula). Let 𝑓 ∈ 𝐶2
𝑐 (ℝ𝑛), 𝑛 ≥ 3. Then any

bounded solution of
−Δ𝑢 = 𝑓 in ℝ𝑛



30 2. Four Important Linear Partial Differential Equations

has the form

𝑢(𝑥) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 + 𝐶 (𝑥 ∈ ℝ𝑛)

for some constant 𝐶.

Proof. Since Φ(𝑥) → 0 as |𝑥| → ∞ for 𝑛 ≥ 3, 𝑢̃(𝑥) ≔ ∫ℝ𝑛 Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 is
a bounded solution of −Δ𝑢 = 𝑓 in ℝ𝑛. If 𝑢 is another solution, 𝑤 ≔ 𝑢 − 𝑢̃ is
constant, according to Liouville’s Theorem. □

Remark. If 𝑛 = 2, Φ(𝑥) = − 1
2𝜋 log |𝑥| is unbounded as |𝑥| → ∞ and so may

be ∫ℝ2 Φ(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦.

e. Analyticity. We refine Theorem 6:

THEOREM 10 (Analyticity). Assume 𝑢 is harmonic in𝑈. Then 𝑢 is analytic in
𝑈.

Proof.
1. Fix any point 𝑥0 ∈ 𝑈. We must show 𝑢 can be represented by a conver-

gent power series in some neighborhood of 𝑥0.
Let 𝑟 ≔ 1

4 dist(𝑥0, 𝜕𝑈). Then 𝑀 ≔ 1
𝛼(𝑛)𝑟𝑛 ‖𝑢‖𝐿1(𝐵(𝑥0,2𝑟)) < ∞.

2. Since 𝐵(𝑥, 𝑟) ⊂ 𝐵(𝑥0, 2𝑟) ⊂ 𝑈 for each 𝑥 ∈ 𝐵(𝑥0, 𝑟), Theorem 7 provides
the bound

‖𝐷𝛼𝑢‖𝐿∞(𝐵(𝑥0,𝑟)) ≤ 𝑀 (2
𝑛+1𝑛
𝑟 )

|𝛼|
|𝛼||𝛼|.

Now 𝑘𝑘
𝑘! < 𝑒𝑘 for all positive integers 𝑘, and hence

|𝛼||𝛼| ≤ 𝑒|𝛼||𝛼|!
for all multiindices 𝛼. Furthermore, the Multinomial Theorem (§1.5) implies

𝑛𝑘 = (1 +⋯+ 1)𝑘 = ∑
|𝛼|=𝑘

|𝛼|!
𝛼! ,

whence
|𝛼|! ≤ 𝑛|𝛼|𝛼! .

Combining the previous inequalities yields the estimate

(22) ‖𝐷𝛼𝑢‖𝐿∞(𝐵(𝑥0,𝑟)) ≤ 𝑀 (2
𝑛+1𝑛2𝑒
𝑟 )

|𝛼|
𝛼! .

3. The Taylor series for 𝑢 at 𝑥0 is

∑
𝛼

𝐷𝛼𝑢(𝑥0)
𝛼! (𝑥 − 𝑥0)𝛼,



2.2. Laplace’s Equation 31

the sum taken over all multiindices. We assert this power series converges,
provided

(23) |𝑥 − 𝑥0| <
𝑟

2𝑛+2𝑛3𝑒 .

To verify this, let us compute for each 𝑁 the remainder term:

𝑅𝑁(𝑥) ≔ 𝑢(𝑥) −
𝑁−1
∑
𝑘=0

∑
|𝛼|=𝑘

𝐷𝛼𝑢(𝑥0)(𝑥 − 𝑥0)𝛼
𝛼!

= ∑
|𝛼|=𝑁

𝐷𝛼𝑢(𝑥0 + 𝑡(𝑥 − 𝑥0))(𝑥 − 𝑥0)𝛼
𝛼!

for some 0 ≤ 𝑡 ≤ 1, 𝑡 depending on 𝑥. We establish this formula by writing out
the first 𝑁 terms and the error in the Taylor expansion about 0 for the function
of one variable 𝑔(𝑡) ≔ 𝑢(𝑥0 + 𝑡(𝑥 − 𝑥0)), at 𝑡 = 1. Employing (22), (23), we can
estimate

|𝑅𝑁(𝑥)| ≤ 𝑀 ∑
|𝛼|=𝑁

(2
𝑛+1𝑛2𝑒
𝑟 )

𝑁
( 𝑟
2𝑛+2𝑛3𝑒)

𝑁

≤ 𝑀𝑛𝑁 1
(2𝑛)𝑁 = 𝑀

2𝑁 → 0 as 𝑁 → ∞. □

See §4.6.2 for more on analytic functions and partial differential equations.
f. Harnack’s inequality. Recall from §A.2 that we write 𝑉 ⊂⊂ 𝑈 to mean
𝑉 ⊂ ̄𝑉 ⊂ 𝑈 and ̄𝑉 is compact.

THEOREM 11 (Harnack’s inequality). For each connected open set 𝑉 ⊂⊂ 𝑈,
there exists a positive constant 𝐶, depending only on 𝑉 , such that

sup
𝑉

𝑢 ≤ 𝐶 inf
𝑉
𝑢

for all nonnegative harmonic functions 𝑢 in 𝑈.

Thus in particular
1
𝐶𝑢(𝑦) ≤ 𝑢(𝑥) ≤ 𝐶𝑢(𝑦)

for all points 𝑥, 𝑦 ∈ 𝑉 . These inequalities assert that the values of a nonnegative
harmonic function within 𝑉 are all comparable: 𝑢 cannot be very small (or very
large) at any point of 𝑉 unless 𝑢 is very small (or very large) everywhere in 𝑉 .
The intuitive idea is that since 𝑉 is a positive distance away from 𝜕𝑈, there is
“room for the averaging effects of Laplace’s equation to occur”.
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Proof. Let 𝑟 ≔ 1
4 dist(𝑉, 𝜕𝑈). Choose 𝑥, 𝑦 ∈ 𝑉 , |𝑥 − 𝑦| ≤ 𝑟. Then

𝑢(𝑥) = ⨍
𝐵(𝑥,2𝑟)

𝑢𝑑𝑧 ≥ 1
𝛼(𝑛)2𝑛𝑟𝑛 ∫𝐵(𝑦,𝑟)

𝑢𝑑𝑧

= 1
2𝑛 ⨍𝐵(𝑦,𝑟)

𝑢𝑑𝑧 = 1
2𝑛𝑢(𝑦).

Thus 2𝑛𝑢(𝑦) ≥ 𝑢(𝑥) ≥ 1
2𝑛𝑢(𝑦) if 𝑥, 𝑦 ∈ 𝑉 , |𝑥 − 𝑦| ≤ 𝑟.

Since𝑉 is connected and ̄𝑉 is compact, we can cover ̄𝑉 by a chain of finitely
many balls {𝐵𝑖}𝑁𝑖=1, each of which has radius 𝑟

2 and 𝐵𝑖∩𝐵𝑖−1 ≠ ∅ for 𝑖 = 2, . . . , 𝑁.
Then

𝑢(𝑥) ≥ 1
2𝑛(𝑁+1)𝑢(𝑦)

for all 𝑥, 𝑦 ∈ 𝑉 . □

2.2.4. Green’s function. Assume now 𝑈 ⊂ ℝ𝑛 is open, bounded, and 𝜕𝑈 is
𝐶1. We propose next to obtain a general representation formula for the solution
of Poisson’s equation

−Δ𝑢 = 𝑓 in 𝑈,
subject to the prescribed boundary condition

𝑢 = 𝑔 on 𝜕𝑈.

a. Derivation of Green’s function. Suppose 𝑢 ∈ 𝐶2(𝑈̄) is an arbitrary func-
tion. Fix 𝑥 ∈ 𝑈, choose 𝜀 > 0 so small that 𝐵(𝑥, 𝜀) ⊂ 𝑈, and apply Green’s
formula from §C.2 on the region 𝑉𝜀 ≔ 𝑈 − 𝐵(𝑥, 𝜀) to 𝑢(𝑦) and Φ(𝑦 − 𝑥). We
thereby compute

(24)
∫
𝑉𝜀

𝑢(𝑦)ΔΦ(𝑦 − 𝑥) − Φ(𝑦 − 𝑥)Δ𝑢(𝑦) 𝑑𝑦

= ∫
𝜕𝑉𝜀

𝑢(𝑦)𝜕Φ𝜕𝜈 (𝑦 − 𝑥) − Φ(𝑦 − 𝑥)𝜕𝑢𝜕𝜈 (𝑦) 𝑑𝑆(𝑦),

𝝂 denoting the outer unit normal vector on 𝜕𝑉𝜀. Recall next ΔΦ(𝑥 − 𝑦) = 0 for
𝑥 ≠ 𝑦. We observe also

||∫
𝜕𝐵(𝑥,𝜀)

Φ(𝑦 − 𝑥)𝜕𝑢𝜕𝜈 (𝑦) 𝑑𝑆(𝑦)|| ≤ 𝐶𝜀𝑛−1 max
𝜕𝐵(0,𝜀)

|Φ| = 𝑜(1)

as 𝜀 → 0. Furthermore the calculations in the proof of Theorem 1 show

∫
𝜕𝐵(𝑥,𝜀)

𝑢(𝑦)𝜕Φ𝜕𝜈 (𝑦 − 𝑥) 𝑑𝑆(𝑦) = ⨍
𝜕𝐵(𝑥,𝜀)

𝑢(𝑦) 𝑑𝑆(𝑦) → 𝑢(𝑥)
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as 𝜀 → 0. Hence our sending 𝜀 → 0 in (24) yields the formula

(25)
𝑢(𝑥) = ∫

𝜕𝑈
Φ(𝑦 − 𝑥)𝜕𝑢𝜕𝜈 (𝑦) − 𝑢(𝑦)𝜕Φ𝜕𝜈 (𝑦 − 𝑥) 𝑑𝑆(𝑦)

−∫
𝑈
Φ(𝑦 − 𝑥)Δ𝑢(𝑦) 𝑑𝑦.

This identity is valid for any point 𝑥 ∈ 𝑈 and any function 𝑢 ∈ 𝐶2(𝑈̄).
Now formula (25) would permit us to solve for𝑢(𝑥) if we knew the values of

Δ𝑢within𝑈 and the values of 𝑢, 𝜕𝑢/𝜕𝜈 along 𝜕𝑈. However, for our application
to Poisson’s equation with prescribed boundary values for 𝑢, the normal deriv-
ative 𝜕𝑢/𝜕𝜈 along 𝜕𝑈 is unknown to us. We must therefore somehow modify
(25) to remove this term.

The idea is now to introduce for fixed 𝑥 a corrector function 𝜙𝑥 = 𝜙𝑥(𝑦),
solving the boundary-value problem

(26) {
Δ𝜙𝑥 = 0 in 𝑈
𝜙𝑥 = Φ(𝑦 − 𝑥) on 𝜕𝑈.

Let us apply Green’s formula once more, to compute

(27)
−∫

𝑈
𝜙𝑥(𝑦)Δ𝑢(𝑦) 𝑑𝑦 = ∫

𝜕𝑈
𝑢(𝑦)𝜕𝜙

𝑥

𝜕𝜈 (𝑦) − 𝜙𝑥(𝑦)𝜕𝑢𝜕𝜈 (𝑦) 𝑑𝑆(𝑦)

= ∫
𝜕𝑈

𝑢(𝑦)𝜕𝜙
𝑥

𝜕𝜈 (𝑦) − Φ(𝑦 − 𝑥)𝜕𝑢𝜕𝜈 (𝑦) 𝑑𝑆(𝑦).

We introduce next this

DEFINITION. Green’s function for the region 𝑈 is

𝐺(𝑥, 𝑦) ≔ Φ(𝑦 − 𝑥) − 𝜙𝑥(𝑦) (𝑥, 𝑦 ∈ 𝑈, 𝑥 ≠ 𝑦).

Adopting this terminology and adding (27) to (25), we find

(28) 𝑢(𝑥) = −∫
𝜕𝑈

𝑢(𝑦)𝜕𝐺𝜕𝜈 (𝑥, 𝑦) 𝑑𝑆(𝑦) −∫
𝑈
𝐺(𝑥, 𝑦)Δ𝑢(𝑦) 𝑑𝑦 (𝑥 ∈ 𝑈),

where
𝜕𝐺
𝜕𝜈 (𝑥, 𝑦) = 𝐷𝑦𝐺(𝑥, 𝑦) ⋅ 𝝂(𝑦)

is the outer normal derivative of 𝐺 with respect to the variable 𝑦. Observe that
the term 𝜕𝑢/𝜕𝜈 does not appear in equation (28): we introduced the corrector
𝜙𝑥 precisely to achieve this.

Suppose now 𝑢 ∈ 𝐶2(𝑈̄) solves the boundary-value problem

(29) {
−Δ𝑢 = 𝑓 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈,



34 2. Four Important Linear Partial Differential Equations

for given continuous functions 𝑓, 𝑔. Plugging into (28), we obtain

THEOREM12 (Representation formula using Green’s function). If𝑢 ∈ 𝐶2(𝑈̄)
solves problem (29), then

(30) 𝑢(𝑥) = −∫
𝜕𝑈

𝑔(𝑦)𝜕𝐺𝜕𝜈 (𝑥, 𝑦) 𝑑𝑆(𝑦) +∫
𝑈
𝑓(𝑦)𝐺(𝑥, 𝑦) 𝑑𝑦 (𝑥 ∈ 𝑈).

Here we have a formula for the solution of the boundary-value problem
(29), provided we can construct Green’s function 𝐺 for the given domain 𝑈.
This is in general a difficult matter and can be done only when 𝑈 has simple
geometry. Subsequent subsections identify some special cases for which an
explicit calculation of 𝐺 is possible.
Interpreting Green’s function. Fix 𝑥 ∈ 𝑈. Then regarding 𝐺 as a function
of 𝑦, we may symbolically write

{
−Δ𝐺 = 𝛿𝑥 in 𝑈

𝐺 = 0 on 𝜕𝑈,
𝛿𝑥 denoting the Dirac measure giving unit mass to the point 𝑥.

Before moving on to specific examples, let us record the general assertion
that 𝐺 is symmetric in the variables 𝑥 and 𝑦:

THEOREM 13 (Symmetry of Green’s function). For all 𝑥, 𝑦 ∈ 𝑈, 𝑥 ≠ 𝑦, we
have

𝐺(𝑦, 𝑥) = 𝐺(𝑥, 𝑦).

Proof. Fix 𝑥, 𝑦 ∈ 𝑈, 𝑥 ≠ 𝑦. Write

𝑣(𝑧) ≔ 𝐺(𝑥, 𝑧), 𝑤(𝑧) ≔ 𝐺(𝑦, 𝑧) (𝑧 ∈ 𝑈).
Then Δ𝑣(𝑧) = 0 (𝑧 ≠ 𝑥), Δ𝑤(𝑧) = 0 (𝑧 ≠ 𝑦) and 𝑤 = 𝑣 = 0 on 𝜕𝑈. Thus our
applying Green’s identity on 𝑉 ≔ 𝑈 − [𝐵(𝑥, 𝜀) ∪ 𝐵(𝑦, 𝜀)] for sufficiently small
𝜀 > 0 yields

(31) ∫
𝜕𝐵(𝑥,𝜀)

𝜕𝑣
𝜕𝜈𝑤 − 𝜕𝑤

𝜕𝜈 𝑣 𝑑𝑆(𝑧) = ∫
𝜕𝐵(𝑦,𝜀)

𝜕𝑤
𝜕𝜈 𝑣 −

𝜕𝑣
𝜕𝜈𝑤 𝑑𝑆(𝑧),

𝝂 denoting the inward pointing unit vector field on 𝜕𝐵(𝑥, 𝜀) ∪ 𝜕𝐵(𝑦, 𝜀). Now 𝑤
is smooth near 𝑥, whence

||∫
𝜕𝐵(𝑥,𝜀)

𝜕𝑤
𝜕𝜈 𝑣 𝑑𝑆|| ≤ 𝐶𝜀𝑛−1 sup

𝜕𝐵(𝑥,𝜀)
|𝑣| = 𝑜(1) as 𝜀 → 0.

On the other hand, 𝑣(𝑧) = Φ(𝑧 − 𝑥) − 𝜙𝑥(𝑧), where 𝜙𝑥 is smooth in 𝑈. Thus

lim
𝜀→0

∫
𝜕𝐵(𝑥,𝜀)

𝜕𝑣
𝜕𝜈𝑤 𝑑𝑆 = lim

𝜀→0
∫
𝜕𝐵(𝑥,𝜀)

𝜕Φ
𝜕𝜈 (𝑥 − 𝑧)𝑤(𝑧) 𝑑𝑆 = 𝑤(𝑥),
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by calculations as in the proof of Theorem 1. Thus the left-hand side of (31)
converges to 𝑤(𝑥) as 𝜀 → 0. Likewise the right-hand side converges to 𝑣(𝑦).
Consequently

𝐺(𝑦, 𝑥) = 𝑤(𝑥) = 𝑣(𝑦) = 𝐺(𝑥, 𝑦). □

b. Green’s function for a half-space. In this and the next subsection we
will build Green’s functions for two regions with simple geometry, namely the
half-spaceℝ𝑛

+ and the unit ball 𝐵(0, 1). Everything depends upon our explicitly
solving the corrector problem (26) in these regions, and this in turn depends
upon some clever geometric reflection tricks.

First let us consider the half-space

ℝ𝑛
+ = { 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛 ∣ 𝑥𝑛 > 0 }.

Although this region is unbounded, and so the calculations in the previous sec-
tion do not directly apply, we will attempt nevertheless to build Green’s func-
tion using the ideas developed earlier. Later of course we must check directly
that the corresponding representation formula is valid.

DEFINITION. If 𝑥 = (𝑥1, . . . , 𝑥𝑛−1, 𝑥𝑛) ∈ ℝ𝑛
+, its reflection in the plane 𝜕ℝ𝑛

+
is the point

̃𝑥 = (𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛).

We will solve problem (26) for the half-space by setting

𝜙𝑥(𝑦) ≔ Φ(𝑦 − ̃𝑥) = Φ(𝑦1 − 𝑥1, . . . , 𝑦𝑛−1 − 𝑥𝑛−1, 𝑦𝑛 + 𝑥𝑛) (𝑥, 𝑦 ∈ ℝ𝑛
+).

The idea is that the corrector 𝜙𝑥 is built from Φ by “reflecting the singularity”
from 𝑥 ∈ ℝ𝑛

+ to ̃𝑥 ∉ ℝ𝑛
+. We note

𝜙𝑥(𝑦) = Φ(𝑦 − 𝑥) if 𝑦 ∈ 𝜕ℝ𝑛
+,

and thus

{
Δ𝜙𝑥 = 0 in ℝ𝑛

+

𝜙𝑥 = Φ(𝑦 − 𝑥) on 𝜕ℝ𝑛
+,

as required.

DEFINITION. Green’s function for the half-space ℝ𝑛
+ is

𝐺(𝑥, 𝑦) ≔ Φ(𝑦 − 𝑥) − Φ(𝑦 − ̃𝑥) (𝑥, 𝑦 ∈ ℝ𝑛
+, 𝑥 ≠ 𝑦).

Then

𝐺𝑦𝑛(𝑥, 𝑦) = Φ𝑦𝑛(𝑦 − 𝑥) − Φ𝑦𝑛(𝑦 − ̃𝑥)

= −1
𝑛𝛼(𝑛) [

𝑦𝑛 − 𝑥𝑛
|𝑦 − 𝑥|𝑛 −

𝑦𝑛 + 𝑥𝑛
|𝑦 − ̃𝑥|𝑛 ] .
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Consequently if 𝑦 ∈ 𝜕ℝ𝑛
+,

𝜕𝐺
𝜕𝜈 (𝑥, 𝑦) = −𝐺𝑦𝑛(𝑥, 𝑦) = − 2𝑥𝑛

𝑛𝛼(𝑛)
1

|𝑥 − 𝑦|𝑛 .

Suppose now 𝑢 solves the boundary-value problem

(32) {
Δ𝑢 = 0 in ℝ𝑛

+

𝑢 = 𝑔 on 𝜕ℝ𝑛
+.

Then from (30) we expect

(33) 𝑢(𝑥) = 2𝑥𝑛
𝑛𝛼(𝑛) ∫𝜕ℝ𝑛

+

𝑔(𝑦)
|𝑥 − 𝑦|𝑛 𝑑𝑦 (𝑥 ∈ ℝ𝑛

+)

to be a representation formula for our solution. The function

𝐾(𝑥, 𝑦) ≔ 2𝑥𝑛
𝑛𝛼(𝑛)

1
|𝑥 − 𝑦|𝑛 (𝑥 ∈ ℝ𝑛

+, 𝑦 ∈ 𝜕ℝ𝑛
+)

is Poisson’s kernel for ℝ𝑛
+, and (33) is Poisson’s formula.

We must now check directly that formula (33) does indeed provide us with
a solution of the boundary-value problem (32).

THEOREM 14 (Poisson’s formula for half-space). Assume 𝑔 ∈ 𝐶(ℝ𝑛−1) ∩
𝐿∞(ℝ𝑛−1), and define 𝑢 by (33). Then

(i) 𝑢 ∈ 𝐶∞(ℝ𝑛
+) ∩ 𝐿∞(ℝ𝑛

+),
(ii) Δ𝑢 = 0 in ℝ𝑛

+, and
(iii) lim

𝑥→𝑥0
𝑥∈ℝ𝑛

+

𝑢(𝑥) = 𝑔(𝑥0) for each point 𝑥0 ∈ 𝜕ℝ𝑛
+.

Proof.

1. For each fixed 𝑥, the mapping 𝑦 ↦ 𝐺(𝑥, 𝑦) is harmonic, except for 𝑦 = 𝑥.
As 𝐺(𝑥, 𝑦) = 𝐺(𝑦, 𝑥), 𝑥 ↦ 𝐺(𝑥, 𝑦) is harmonic, except for 𝑥 = 𝑦. Thus 𝑥 ↦
− 𝜕𝐺
𝜕𝑦𝑛

(𝑥, 𝑦) = 𝐾(𝑥, 𝑦) is harmonic for 𝑥 ∈ ℝ𝑛
+, 𝑦 ∈ 𝜕ℝ𝑛

+.
2. A direct calculation, the details of which we omit, verifies

(34) 1 = ∫
𝜕ℝ𝑛

+

𝐾(𝑥, 𝑦) 𝑑𝑦

for each 𝑥 ∈ ℝ𝑛
+. As 𝑔 is bounded, 𝑢 defined by (33) is likewise bounded. Since

𝑥 ↦ 𝐾(𝑥, 𝑦) is smooth for 𝑥 ≠ 𝑦, we easily verify as well 𝑢 ∈ 𝐶∞(ℝ𝑛
+), with

Δ𝑢(𝑥) = ∫
𝜕ℝ𝑛

+

Δ𝑥𝐾(𝑥, 𝑦)𝑔(𝑦) 𝑑𝑦 = 0 (𝑥 ∈ ℝ𝑛
+).
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3. Now fix 𝑥0 ∈ 𝜕ℝ𝑛
+, 𝜀 > 0. Choose 𝛿 > 0 so small that

(35) |𝑔(𝑦) − 𝑔(𝑥0)| < 𝜀 if |𝑦 − 𝑥0| < 𝛿, 𝑦 ∈ 𝜕ℝ𝑛
+.

Then if |𝑥 − 𝑥0| < 𝛿
2 , 𝑥 ∈ ℝ𝑛

+,

(36)

|𝑢(𝑥) − 𝑔(𝑥0)| = |||∫𝜕ℝ𝑛
+

𝐾(𝑥, 𝑦)[𝑔(𝑦) − 𝑔(𝑥0)] 𝑑𝑦|||

≤ ∫
𝜕ℝ𝑛

+∩𝐵(𝑥0,𝛿)
𝐾(𝑥, 𝑦)|𝑔(𝑦) − 𝑔(𝑥0)| 𝑑𝑦

+∫
𝜕ℝ𝑛

+−𝐵(𝑥0,𝛿)
𝐾(𝑥, 𝑦)|𝑔(𝑦) − 𝑔(𝑥0)| 𝑑𝑦

≕ 𝐼 + 𝐽.

Now (34), (35) imply

𝐼 ≤ 𝜀∫
𝜕ℝ𝑛

+

𝐾(𝑥, 𝑦) 𝑑𝑦 = 𝜀.

Furthermore if |𝑥 − 𝑥0| ≤ 𝛿
2 and |𝑦 − 𝑥0| ≥ 𝛿, we have

|𝑦 − 𝑥0| ≤ |𝑦 − 𝑥| + 𝛿
2 ≤ |𝑦 − 𝑥| + 1

2|𝑦 − 𝑥0|;

and so |𝑦 − 𝑥| ≥ 1
2 |𝑦 − 𝑥0|. Thus

𝐽 ≤ 2‖𝑔‖𝐿∞ ∫
𝜕ℝ𝑛

+−𝐵(𝑥0,𝛿)
𝐾(𝑥, 𝑦) 𝑑𝑦

≤ 2𝑛+2‖𝑔‖𝐿∞𝑥𝑛
𝑛𝛼(𝑛) ∫

𝜕ℝ𝑛
+−𝐵(𝑥0,𝛿)

|𝑦 − 𝑥0|−𝑛 𝑑𝑦

→ 0 as 𝑥𝑛 → 0+.

Combining this calculation with estimate (36), we deduce |𝑢(𝑥) − 𝑔(𝑥0)| ≤ 2𝜀,
provided |𝑥 − 𝑥0| is sufficiently small. □

c. Green’s function for a ball. To construct Green’s function for the unit ball
𝐵(0, 1), we will again employ a kind of reflection, this time through the sphere
𝜕𝐵(0, 1).

DEFINITION. If 𝑥 ∈ ℝ𝑛 − {0}, the point

̃𝑥 = 𝑥
|𝑥|2

is called the point dual to 𝑥 with respect to 𝜕𝐵(0, 1). The mapping 𝑥 ↦ ̃𝑥 is
inversion through the unit sphere 𝜕𝐵(0, 1).
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We now employ inversion through the sphere to compute Green’s function
for the unit ball 𝑈 = 𝐵0(0, 1). Fix 𝑥 ∈ 𝐵0(0, 1). Remember that we must find a
corrector function 𝜙𝑥 = 𝜙𝑥(𝑦) solving

(37) {
Δ𝜙𝑥 = 0 in 𝐵0(0, 1)
𝜙𝑥 = Φ(𝑦 − 𝑥) on 𝜕𝐵(0, 1);

then Green’s function will be

(38) 𝐺(𝑥, 𝑦) = Φ(𝑦 − 𝑥) − 𝜙𝑥(𝑦).

The idea now is to “invert the singularity” from 𝑥 ∈ 𝐵0(0, 1) to ̃𝑥 ∉ 𝐵(0, 1).
Assume for the moment 𝑛 ≥ 3. Now the mapping 𝑦 ↦ Φ(𝑦 − ̃𝑥) is harmonic
for 𝑦 ≠ ̃𝑥. Thus 𝑦 ↦ |𝑥|2−𝑛Φ(𝑦 − ̃𝑥) is harmonic for 𝑦 ≠ ̃𝑥, and so

(39) 𝜙𝑥(𝑦) ≔ Φ(|𝑥|(𝑦 − ̃𝑥))
is harmonic in 𝑈. Furthermore, if 𝑦 ∈ 𝜕𝐵(0, 1) and 𝑥 ≠ 0,

|𝑥|2|𝑦 − ̃𝑥|2 = |𝑥|2 (|𝑦|2 − 2𝑦 ⋅ 𝑥
|𝑥|2 + 1

|𝑥|2 )

= |𝑥|2 − 2𝑦 ⋅ 𝑥 + 1 = |𝑥 − 𝑦|2.

Thus (|𝑥||𝑦 − ̃𝑥|)−(𝑛−2) = |𝑥 − 𝑦|−(𝑛−2). Consequently

(40) 𝜙𝑥(𝑦) = Φ(𝑦 − 𝑥) (𝑦 ∈ 𝜕𝐵(0, 1)),
as required.

DEFINITION. Green’s function for the unit ball is

(41) 𝐺(𝑥, 𝑦) ≔ Φ(𝑦 − 𝑥) − Φ(|𝑥|(𝑦 − ̃𝑥)) (𝑥, 𝑦 ∈ 𝐵(0, 1), 𝑥 ≠ 𝑦).

The same formula is valid for 𝑛 = 2 as well.
Assume now 𝑢 solves the boundary-value problem

(42) {
Δ𝑢 = 0 in 𝐵0(0, 1)
𝑢 = 𝑔 on 𝜕𝐵(0, 1).

Then using (30), we see

(43) 𝑢(𝑥) = −∫
𝜕𝐵(0,1)

𝑔(𝑦)𝜕𝐺𝜕𝜈 (𝑥, 𝑦) 𝑑𝑆(𝑦).

According to formula (41),

𝐺𝑦𝑖(𝑥, 𝑦) = Φ𝑦𝑖(𝑦 − 𝑥) − Φ(|𝑥|(𝑦 − ̃𝑥))𝑦𝑖 .
But

Φ𝑦𝑖(𝑦 − 𝑥) = 1
𝑛𝛼(𝑛)

𝑥𝑖 − 𝑦𝑖
|𝑥 − 𝑦|𝑛 ,



2.2. Laplace’s Equation 39

and furthermore

Φ(|𝑥|(𝑦 − ̃𝑥))𝑦𝑖 . =
−1

𝑛𝛼(𝑛)
𝑦𝑖|𝑥|2 − 𝑥𝑖
(|𝑥||𝑦 − ̃𝑥|)𝑛 = − 1

𝑛𝛼(𝑛)
𝑦𝑖|𝑥|2 − 𝑥𝑖
|𝑥 − 𝑦|𝑛

if 𝑦 ∈ 𝜕𝐵(0, 1). Accordingly

𝜕𝐺
𝜕𝜈 (𝑥, 𝑦) =

𝑛
∑
𝑖=1

𝑦𝑖𝐺𝑦𝑖(𝑥, 𝑦)

= −1
𝑛𝛼(𝑛)

1
|𝑥 − 𝑦|𝑛

𝑛
∑
𝑖=1

𝑦𝑖((𝑦𝑖 − 𝑥𝑖) − 𝑦𝑖|𝑥|2 + 𝑥𝑖)

= −1
𝑛𝛼(𝑛)

1 − |𝑥|2
|𝑥 − 𝑦|𝑛 .

Hence formula (43) yields the representation formula

𝑢(𝑥) = 1 − |𝑥|2
𝑛𝛼(𝑛) ∫

𝜕𝐵(0,1)

𝑔(𝑦)
|𝑥 − 𝑦|𝑛 𝑑𝑆(𝑦).

Suppose now instead of (42) 𝑢 solves the boundary-value problem

(44) {
Δ𝑢 = 0 in 𝐵0(0, 𝑟)
𝑢 = 𝑔 on 𝜕𝐵(0, 𝑟)

for 𝑟 > 0. Then 𝑢̃(𝑥) = 𝑢(𝑟𝑥) solves (42), with ̃𝑔(𝑥) = 𝑔(𝑟𝑥) replacing 𝑔. We
change variables to obtain Poisson’s formula

(45) 𝑢(𝑥) = 𝑟2 − |𝑥|2
𝑛𝛼(𝑛)𝑟 ∫

𝜕𝐵(0,𝑟)

𝑔(𝑦)
|𝑥 − 𝑦|𝑛 𝑑𝑆(𝑦) (𝑥 ∈ 𝐵0(0, 𝑟)).

The function

𝐾(𝑥, 𝑦) ≔ 𝑟2 − |𝑥|2
𝑛𝛼(𝑛)𝑟

1
|𝑥 − 𝑦|𝑛 (𝑥 ∈ 𝐵0(0, 𝑟), 𝑦 ∈ 𝜕𝐵(0, 𝑟))

is Poisson’s kernel for the ball 𝐵(0, 𝑟).
We have established (45) under the assumption that a smooth solution of

(44) exists. We next assert that this formula in fact gives a solution:

THEOREM15 (Poisson’s formula for ball). Assume 𝑔 ∈ 𝐶(𝜕𝐵(0, 𝑟)) and define
𝑢 by (45). Then

(i) 𝑢 ∈ 𝐶∞(𝐵0(0, 𝑟)),
(ii) Δ𝑢 = 0 in 𝐵0(0, 𝑟), and

(iii) lim
𝑥→𝑥0

𝑥∈𝐵0(0,𝑟)

𝑢(𝑥) = 𝑔(𝑥0) for each point 𝑥0 ∈ 𝜕𝐵(0, 𝑟).

The proof is similar to that for Theorem 14 and is left as an exercise.
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2.2.5. Energy methods. Most of our analysis of harmonic functions thus far
has depended upon fairly explicit representation formulas entailing the fun-
damental solution, Green’s functions, etc. In this concluding subsection we
illustrate some “energy” methods, which is to say techniques involving the 𝐿2-
norms of various expressions. These ideas foreshadow later theoretical devel-
opments in Parts II and III.
a. Uniqueness. Consider first the boundary-value problem

(46) {
−Δ𝑢 = 𝑓 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈.

We have already employed the maximum principle in §2.2.3 to show unique-
ness, but now we set forth a simple alternative proof. Assume 𝑈 is open,
bounded, and 𝜕𝑈 is 𝐶1.

THEOREM 16 (Uniqueness). There exists at most one solution 𝑢 ∈ 𝐶2(𝑈̄) of
(46).

Proof. Assume 𝑢̃ is another solution and set 𝑤 ≔ 𝑢 − 𝑢̃. Then Δ𝑤 = 0 in 𝑈,
and so an integration by parts shows

0 = −∫
𝑈
𝑤Δ𝑤𝑑𝑥 = ∫

𝑈
|𝐷𝑤|2 𝑑𝑥.

Thus𝐷𝑤 ≡ 0 in𝑈, and, since𝑤 = 0 on 𝜕𝑈, we deduce𝑤 = 𝑢−𝑢̃ ≡ 0 in𝑈. □

b. Dirichlet’s principle. Next let us demonstrate that a solution of the
boundary-value problem (46) for Poisson’s equation can be characterized as
the minimizer of an appropriate functional. For this, we define the energy func-
tional

𝐼[𝑤] ≔ ∫
𝑈

1
2|𝐷𝑤|

2 − 𝑤𝑓 𝑑𝑥,

𝑤 belonging to the admissible set

𝒜 ≔ {𝑤 ∈ 𝐶2(𝑈̄) ∣ 𝑤 = 𝑔 on 𝜕𝑈 }.

THEOREM 17 (Dirichlet’s principle). Assume 𝑢 ∈ 𝐶2(𝑈̄) solves (46). Then

(47) 𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Conversely, if 𝑢 ∈ 𝒜 satisfies (47), then 𝑢 solves the boundary-value problem (46).

In other words if 𝑢 ∈ 𝒜, the PDE −Δ𝑢 = 𝑓 is equivalent to the statement
that 𝑢 minimizes the energy 𝐼[ ⋅ ] among functions in 𝒜.
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Proof.
1. Choose 𝑤 ∈ 𝒜. Then (46) implies

0 = ∫
𝑈
(−Δ𝑢 − 𝑓)(𝑢 − 𝑤) 𝑑𝑥.

An integration by parts yields

0 = ∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑢 − 𝑤) − 𝑓(𝑢 − 𝑤) 𝑑𝑥,

and there is no boundary term since 𝑢 − 𝑤 = 𝑔 − 𝑔 ≡ 0 on 𝜕𝑈. Hence

∫
𝑈
|𝐷𝑢|2 − 𝑢𝑓 𝑑𝑥 = ∫

𝑈
𝐷𝑢 ⋅ 𝐷𝑤 − 𝑤𝑓 𝑑𝑥

≤ ∫
𝑈

1
2|𝐷𝑢|

2 𝑑𝑥 +∫
𝑈

1
2|𝐷𝑤|

2 − 𝑤𝑓 𝑑𝑥,

where we employed the estimates

|𝐷𝑢 ⋅ 𝐷𝑤| ≤ |𝐷𝑢||𝐷𝑤| ≤ 1
2|𝐷𝑢|

2 + 1
2|𝐷𝑤|

2,

following from the Cauchy–Schwarz and Cauchy inequalities (§B.2). Rearrang-
ing, we conclude

(48) 𝐼[𝑢] ≤ 𝐼[𝑤] (𝑤 ∈ 𝒜).
Since 𝑢 ∈ 𝒜, (47) follows from (48).

2. Now, conversely, suppose (47) holds. Fix any 𝑣 ∈ 𝐶∞
𝑐 (𝑈) and write

𝑖(𝜏) ≔ 𝐼[𝑢 + 𝜏𝑣] (𝜏 ∈ ℝ).
Since 𝑢 + 𝜏𝑣 ∈ 𝒜 for each 𝜏, the scalar function 𝑖(⋅) has a minimum at zero,
and thus

𝑖′(0) = 0 (′ = 𝑑
𝑑𝜏) ,

provided this derivative exists. But

𝑖(𝜏) = ∫
𝑈

1
2|𝐷𝑢 + 𝜏𝐷𝑣|2 − (𝑢 + 𝜏𝑣)𝑓 𝑑𝑥

= ∫
𝑈

1
2|𝐷𝑢|

2 + 𝜏𝐷𝑢 ⋅ 𝐷𝑣 + 𝜏2
2 |𝐷𝑣|

2 − (𝑢 + 𝜏𝑣)𝑓 𝑑𝑥.

Consequently

0 = 𝑖′(0) = ∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 − 𝑣𝑓 𝑑𝑥 = ∫

𝑈
(−Δ𝑢 − 𝑓)𝑣 𝑑𝑥.

This identity is valid for each function 𝑣 ∈ 𝐶∞
𝑐 (𝑈) and so −Δ𝑢 = 𝑓 in 𝑈. □
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Dirichlet’s principle is an instance of the calculus of variations applied to
Laplace’s equation. See Chapter 8 for more.

2.3. HEAT EQUATION

Next we study the heat equation

(1) 𝑢𝑡 − Δ𝑢 = 0

and the nonhomogeneous heat equation

(2) 𝑢𝑡 − Δ𝑢 = 𝑓,

subject to appropriate initial and boundary conditions. Here 𝑡 > 0 and 𝑥 ∈ 𝑈,
where 𝑈 ⊆ ℝ𝑛 is open. The unknown is 𝑢 ∶ 𝑈̄ × [0,∞) → ℝ, 𝑢 = 𝑢(𝑥, 𝑡), and
the Laplacian Δ is taken with respect to the spatial variables 𝑥 = (𝑥1, . . . , 𝑥𝑛):
Δ𝑢 = Δ𝑥𝑢 = ∑𝑛

𝑖=1 𝑢𝑥𝑖𝑥𝑖 . In (2) the function 𝑓 ∶ 𝑈 × [0,∞) → ℝ is given.
A guiding principle is that any assertion about harmonic functions yields

an analogous (but more complicated) statement about solutions of the heat
equation. Accordingly our development will largely parallel the corresponding
theory for Laplace’s equation.
Physical interpretation. The heat equation, also known as the diffusion
equation, describes in typical applications the evolution in time of the density
𝑢 of some quantity such as heat, chemical concentration, etc. If 𝑉 ⊂ 𝑈 is any
smooth subregion, the rate of change of the total quantity within 𝑉 equals the
negative of the net flux through 𝜕𝑉 :

𝑑
𝑑𝑡 ∫𝑉

𝑢𝑑𝑥 = −∫
𝜕𝑉

F ⋅ 𝝂 𝑑𝑆,

F being the flux density. Thus

(3) 𝑢𝑡 = −divF,

as 𝑉 was arbitrary. In many situations F is proportional to the gradient of 𝑢
but points in the opposite direction (since the flow is from regions of higher to
lower concentration):

F = −𝑎𝐷𝑢 (𝑎 > 0).
Substituting into (3), we obtain the PDE

𝑢𝑡 = 𝑎div(𝐷𝑢) = 𝑎Δ𝑢,

which for 𝑎 = 1 is the heat equation.
The heat equation appears as well in the study of Brownian motion.
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2.3.1. Fundamental solution.
a. Derivation of the fundamental solution. As noted in §2.2.1 an impor-
tant first step in studying any PDE is often to come up with some specific solu-
tions.

We observe that the heat equation involves one derivative with respect to
the time variable 𝑡, but two derivatives with respect to the space variables 𝑥𝑖
(𝑖 = 1, . . . , 𝑛). Consequently we see that if 𝑢 solves (1), then so does 𝑢(𝜆𝑥, 𝜆2𝑡)
for 𝜆 ∈ ℝ. This scaling indicates the ratio 𝑟2

𝑡 (𝑟 = |𝑥|) is important for the
heat equation and suggests that we search for a solution of (1) having the form
𝑢(𝑥, 𝑡) = 𝑣( 𝑟

2

𝑡 ) = 𝑣( |𝑥|
2

𝑡 ) (𝑡 > 0, 𝑥 ∈ ℝ𝑛), for some function 𝑣 as yet undeter-
mined.

Although this approach eventually leads to what we want (see Problem 13),
it is quicker to seek a solution 𝑢 having the special structure

(4) 𝑢(𝑥, 𝑡) = 1
𝑡𝛼 𝑣 (

𝑥
𝑡𝛽 ) (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

where the constants 𝛼, 𝛽 and the function 𝑣 ∶ ℝ𝑛 → ℝ must be found. We
come to (4) if we look for a solution 𝑢 of the heat equation invariant under the
dilation scaling

𝑢(𝑥, 𝑡) ↦ 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡).
That is, we ask that

𝑢(𝑥, 𝑡) = 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡)
for all 𝜆 > 0, 𝑥 ∈ ℝ𝑛, 𝑡 > 0. Setting 𝜆 = 𝑡−1, we derive (4) for 𝑣(𝑦) ≔ 𝑢(𝑦, 1).

Let us insert (4) into (1) and thereafter compute

(5) 𝛼𝑡−(𝛼+1)𝑣(𝑦) + 𝛽𝑡−(𝛼+1)𝑦 ⋅ 𝐷𝑣(𝑦) + 𝑡−(𝛼+2𝛽)Δ𝑣(𝑦) = 0

for 𝑦 ≔ 𝑡−𝛽𝑥. In order to transform (5) into an expression involving the variable
𝑦 alone, we take 𝛽 = 1

2 . Then the terms with 𝑡 are identical, and so (5) reduces
to

(6) 𝛼𝑣 + 1
2𝑦 ⋅ 𝐷𝑣 + Δ𝑣 = 0.

We simplify further by guessing 𝑣 to be radial; that is, 𝑣(𝑦) = 𝑤(|𝑦|) for some
𝑤 ∶ ℝ → ℝ. Thereupon (6) becomes

𝛼𝑤 + 1
2𝑟𝑤

′ + 𝑤″ + 𝑛 − 1
𝑟 𝑤′ = 0,

for 𝑟 = |𝑦|, ′ = 𝑑
𝑑𝑟 . Now if we set 𝛼 = 𝑛

2 , this simplifies to read

(𝑟𝑛−1𝑤′)′ + 1
2(𝑟

𝑛𝑤)′ = 0.
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Thus
𝑟𝑛−1𝑤′ + 1

2𝑟
𝑛𝑤 = 𝑎

for some constant 𝑎. Assuming 𝑤,𝑤′ → 0 fast enough as 𝑟 → ∞, we conclude
𝑎 = 0; whence

𝑤′ = −12𝑟𝑤.

But then for some constant 𝑏

(7) 𝑤 = 𝑏𝑒−
𝑟2
4 .

Combining (4), (7) and our choices for 𝛼, 𝛽, we conclude that 𝑏
𝑡𝑛/2 𝑒

− |𝑥|2
4𝑡 solves

the heat equation (1).
This computation motivates the following

DEFINITION. The function

Φ(𝑥, 𝑡) ≔ {
1

(4𝜋𝑡)𝑛/2 𝑒
− |𝑥|2

4𝑡 (𝑥 ∈ ℝ𝑛, 𝑡 > 0)
0 (𝑥 ∈ ℝ𝑛, 𝑡 < 0)

is called the fundamental solution of the heat equation.

Notice that Φ is singular at the point (0, 0). We will sometimes write
Φ(𝑥, 𝑡) = Φ(|𝑥|, 𝑡) to emphasize that the fundamental solution is radial in the
variable 𝑥. The choice of the normalizing constant (4𝜋)−𝑛/2 is dictated by the
following

LEMMA (Integral of fundamental solution). For each time 𝑡 > 0,

∫
ℝ𝑛
Φ(𝑥, 𝑡) 𝑑𝑥 = 1.

Proof. We calculate

∫
ℝ𝑛
Φ(𝑥, 𝑡) 𝑑𝑥 = 1

(4𝜋𝑡)𝑛/2 ∫ℝ𝑛
𝑒−

|𝑥|2
4𝑡 𝑑𝑥

= 1
𝜋𝑛/2 ∫ℝ𝑛

𝑒−|𝑧|2 𝑑𝑧

= 1
𝜋𝑛/2

𝑛
∏
𝑖=1

∫
∞

−∞
𝑒−𝑧2𝑖 𝑑𝑧𝑖 = 1. □

A different derivation of the fundamental solution of the heat equation ap-
pears in §4.3.1.
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b. Initial-value problem. We now employ Φ to fashion a solution to the
initial-value (or Cauchy) problem

(8) {
𝑢𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

Let us note that the function (𝑥, 𝑡) ↦ Φ(𝑥, 𝑡) solves the heat equation away
from the singularity at (0, 0), and thus so does (𝑥, 𝑡) ↦ Φ(𝑥 − 𝑦, 𝑡) for each
fixed 𝑦 ∈ ℝ𝑛. Consequently the convolution

(9)
𝑢(𝑥, 𝑡) = ∫

ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡)𝑔(𝑦) 𝑑𝑦

= 1
(4𝜋𝑡)𝑛/2 ∫ℝ𝑛

𝑒−
|𝑥−𝑦|2
4𝑡 𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 > 0)

should also be a solution.

THEOREM1 (Solution of initial-value problem). Assume 𝑔 ∈ 𝐶(ℝ𝑛)∩𝐿∞(ℝ𝑛),
and define 𝑢 by (9). Then

(i) 𝑢 ∈ 𝐶∞(ℝ𝑛 × (0,∞)),
(ii) 𝑢𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = 0 (𝑥 ∈ ℝ𝑛, 𝑡 > 0), and

(iii) lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢(𝑥, 𝑡) = 𝑔(𝑥0) for each point 𝑥0 ∈ ℝ𝑛.

Proof.

1. Since the function 1
𝑡𝑛/2 𝑒

− |𝑥|2
4𝑡 is infinitely differentiable, with uniformly

bounded derivatives of all orders, on ℝ𝑛 × [𝛿,∞) for each 𝛿 > 0, we see that
𝑢 ∈ 𝐶∞(ℝ𝑛 × (0,∞)). Furthermore

(10)
𝑢𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = ∫

ℝ𝑛
[(Φ𝑡 − Δ𝑥Φ)(𝑥 − 𝑦, 𝑡)]𝑔(𝑦) 𝑑𝑦

= 0 (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

since Φ itself solves the heat equation.
2. Fix 𝑥0 ∈ ℝ𝑛, 𝜀 > 0. Choose 𝛿 > 0 such that

(11) |𝑔(𝑦) − 𝑔(𝑥0)| < 𝜀 if |𝑦 − 𝑥0| < 𝛿, 𝑦 ∈ ℝ𝑛.
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Then if |𝑥 − 𝑥0| < 𝛿
2 , we have, according to the Lemma,

|𝑢(𝑥, 𝑡) − 𝑔(𝑥0)| = ||∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡)[𝑔(𝑦) − 𝑔(𝑥0)] 𝑑𝑦||

≤ ∫
𝐵(𝑥0,𝛿)

Φ(𝑥 − 𝑦, 𝑡)|𝑔(𝑦) − 𝑔(𝑥0)| 𝑑𝑦

+∫
ℝ𝑛−𝐵(𝑥0,𝛿)

Φ(𝑥 − 𝑦, 𝑡)|𝑔(𝑦) − 𝑔(𝑥0)| 𝑑𝑦

≕ 𝐼 + 𝐽.
Now

𝐼 ≤ 𝜀∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡) 𝑑𝑦 = 𝜀,

owing to (11) and the Lemma. Furthermore, if |𝑥 − 𝑥0| ≤ 𝛿
2 and |𝑦 − 𝑥0| ≥ 𝛿,

then
|𝑦 − 𝑥0| ≤ |𝑦 − 𝑥| + 𝛿

2 ≤ |𝑦 − 𝑥| + 1
2|𝑦 − 𝑥0|.

Thus |𝑦 − 𝑥| ≥ 1
2 |𝑦 − 𝑥0|. Consequently

𝐽 ≤ 2‖𝑔‖𝐿∞ ∫
ℝ𝑛−𝐵(𝑥0,𝛿)

Φ(𝑥 − 𝑦, 𝑡) 𝑑𝑦

≤ 𝐶
𝑡𝑛/2 ∫ℝ𝑛−𝐵(𝑥0,𝛿)

𝑒−
|𝑥−𝑦|2
4𝑡 𝑑𝑦

≤ 𝐶
𝑡𝑛/2 ∫ℝ𝑛−𝐵(𝑥0,𝛿)

𝑒−
|𝑦−𝑥0|2
16𝑡 𝑑𝑦

= 𝐶∫
ℝ𝑛−𝐵(0,𝛿/√𝑡)

𝑒−
|𝑧|2
16 𝑑𝑧 → 0 as 𝑡 → 0+.

Hence if |𝑥 − 𝑥0| < 𝛿
2 and 𝑡 > 0 is small enough, |𝑢(𝑥, 𝑡) − 𝑔(𝑥0)| < 2𝜀. □

Interpretation of fundamental solution. In view of Theorem 1 we some-
times write

{
Φ𝑡 − ΔΦ = 0 in ℝ𝑛 × (0,∞)

Φ = 𝛿0 on ℝ𝑛 × {𝑡 = 0},
𝛿0 denoting the Dirac measure on ℝ𝑛 giving unit mass to the point 0.
Infinite propagation speed. Notice that if 𝑔 is bounded, continuous, 𝑔 ≥ 0,
𝑔 ≢ 0, then

𝑢(𝑥, 𝑡) = 1
(4𝜋𝑡)𝑛/2 ∫ℝ𝑛

𝑒−
|𝑥−𝑦|2
4𝑡 𝑔(𝑦) 𝑑𝑦

is in fact positive for all points 𝑥 ∈ ℝ𝑛 and times 𝑡 > 0. We interpret this
observation by saying the heat equation forces infinite propagation speed for
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disturbances. If the initial temperature is nonnegative and is positive some-
where, the temperature at any later time (no matter how small) is everywhere
positive. (We will learn in §2.4.3 that the wave equation in contrast supports
finite propagation speed for disturbances.)
c. Nonhomogeneous problem. Now let us turn our attention to the nonho-
mogeneous initial-value problem

(12) {
𝑢𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0,∞)

𝑢 = 0 on ℝ𝑛 × {𝑡 = 0}.
How can we produce a formula for the solution? If we recall the motivation
leading up to (9), we should note further that the mapping (𝑥, 𝑡) ↦ Φ(𝑥−𝑦, 𝑡−𝑠)
is a solution of the heat equation (for given 𝑦 ∈ ℝ𝑛, 0 < 𝑠 < 𝑡). Now for fixed
𝑠, the function

𝑢 = 𝑢(𝑥, 𝑡; 𝑠) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡 − 𝑠)𝑓(𝑦, 𝑠) 𝑑𝑦

solves

(12𝑠) {
𝑢𝑡(⋅; 𝑠) − Δ𝑢(⋅; 𝑠) = 0 in ℝ𝑛 × (𝑠,∞)

𝑢(⋅; 𝑠) = 𝑓(⋅, 𝑠) on ℝ𝑛 × {𝑡 = 𝑠},
which is just an initial-value problem of the form (8), with the starting time
𝑡 = 0 replaced by 𝑡 = 𝑠 and 𝑔 replaced by 𝑓(⋅, 𝑠). Thus 𝑢(⋅; 𝑠) is certainly not a
solution of (12).

However Duhamel’s principle∗ asserts that we can build a solution of (12)
out of the solutions of (12𝑠), by integrating with respect to 𝑠. The idea is to
consider

𝑢(𝑥, 𝑡) = ∫
𝑡

0
𝑢(𝑥, 𝑡; 𝑠) 𝑑𝑠 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

Rewriting, we have

(13)
𝑢(𝑥, 𝑡) = ∫

𝑡

0
∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡 − 𝑠)𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠

= ∫
𝑡

0

1
(4𝜋(𝑡 − 𝑠))𝑛/2 ∫ℝ𝑛

𝑒−
|𝑥−𝑦|2
4(𝑡−𝑠)𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠,

for 𝑥 ∈ ℝ𝑛, 𝑡 > 0.
To confirm that formula (13) works, let us for simplicity assume 𝑓 ∈

𝐶2
1 (ℝ𝑛 × [0,∞)) and 𝑓 has compact support in the variable 𝑥.

∗Duhamel’s principle has wide applicability to linear ODE and PDE and does not depend on the spe-
cific structure of the heat equation. It yields, for example, the solution of the nonhomogeneous transport
equation, obtained by different means in §2.1.2. We will invoke Duhamel’s principle for the wave equation
in §2.4.2.
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THEOREM2 (Solution of nonhomogeneous problem). Define 𝑢 by (13). Then
(i) 𝑢 ∈ 𝐶2

1 (ℝ𝑛 × (0,∞)),
(ii) 𝑢𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = 𝑓(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 > 0), and

(iii) lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢(𝑥, 𝑡) = 0 for each point 𝑥0 ∈ ℝ𝑛.

Proof.
1. Since Φ has a singularity at (0, 0), we cannot directly justify differenti-

ating under the integral sign. We instead proceed somewhat as in the proof of
Theorem 1 in §2.2.1.

First we change variables, to write

𝑢(𝑥, 𝑡) = ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑦, 𝑠)𝑓(𝑥 − 𝑦, 𝑡 − 𝑠) 𝑑𝑦𝑑𝑠.

As 𝑓 ∈ 𝐶2
1 (ℝ𝑛 × [0,∞)) has compact support and Φ = Φ(𝑦, 𝑠) is smooth near

𝑠 = 𝑡 > 0, we compute

𝑢𝑡(𝑥, 𝑡) = ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑦, 𝑠)𝑓𝑡(𝑥 − 𝑦, 𝑡 − 𝑠) 𝑑𝑦𝑑𝑠

+∫
ℝ𝑛
Φ(𝑦, 𝑡)𝑓(𝑥 − 𝑦, 0) 𝑑𝑦

and

𝑢𝑥𝑖𝑥𝑗 (𝑥, 𝑡) = ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑦, 𝑠)𝑓𝑥𝑖𝑥𝑗 (𝑥 − 𝑦, 𝑡 − 𝑠) 𝑑𝑦𝑑𝑠 (𝑖, 𝑗 = 1, . . . , 𝑛).

Thus 𝑢𝑡, 𝐷2
𝑥𝑢, and likewise 𝑢, 𝐷𝑥𝑢, belong to 𝐶(ℝ𝑛 × (0,∞)).

2. We then calculate

(14)

𝑢𝑡(𝑥, 𝑡)−Δ𝑢(𝑥, 𝑡) = ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑦, 𝑠)[( 𝜕𝜕𝑡 −Δ𝑥)𝑓(𝑥−𝑦, 𝑡−𝑠)] 𝑑𝑦𝑑𝑠

+∫
ℝ𝑛
Φ(𝑦, 𝑡)𝑓(𝑥−𝑦, 0) 𝑑𝑦

= ∫
𝑡

𝜀
∫
ℝ𝑛
Φ(𝑦, 𝑠)[(−𝜕𝜕𝑠−Δ𝑦)𝑓(𝑥−𝑦, 𝑡−𝑠)] 𝑑𝑦𝑑𝑠

+∫
𝜀

0
∫
ℝ𝑛
Φ(𝑦, 𝑠)[(−𝜕𝜕𝑠−Δ𝑦)𝑓(𝑥−𝑦, 𝑡−𝑠)] 𝑑𝑦𝑑𝑠

+∫
ℝ𝑛
Φ(𝑦, 𝑡)𝑓(𝑥−𝑦, 0) 𝑑𝑦.

≕ 𝐼𝜀 + 𝐽𝜀 + 𝐾.
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Now

(15) |𝐽𝜀| ≤ (‖𝑓𝑡‖𝐿∞ + ‖𝐷2𝑓‖𝐿∞)∫
𝜀

0
∫
ℝ𝑛
Φ(𝑦, 𝑠) 𝑑𝑦𝑑𝑠 ≤ 𝜀𝐶,

by the Lemma. Integrating by parts, we also find

(16)

𝐼𝜀 = ∫
𝑡

𝜀
∫
ℝ𝑛
[( 𝜕𝜕𝑠 − Δ𝑦)Φ(𝑦, 𝑠)]𝑓(𝑥 − 𝑦, 𝑡 − 𝑠) 𝑑𝑦𝑑𝑠

+∫
ℝ𝑛
Φ(𝑦, 𝜀)𝑓(𝑥 − 𝑦, 𝑡 − 𝜀) 𝑑𝑦

−∫
ℝ𝑛
Φ(𝑦, 𝑡)𝑓(𝑥 − 𝑦, 0) 𝑑𝑦

= ∫
ℝ𝑛
Φ(𝑦, 𝜀)𝑓(𝑥 − 𝑦, 𝑡 − 𝜀) 𝑑𝑦 − 𝐾,

since Φ solves the heat equation. Combining (14)–(16), we ascertain

𝑢𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = lim
𝜀→0

∫
ℝ𝑛
Φ(𝑦, 𝜀)𝑓(𝑥 − 𝑦, 𝑡 − 𝜀) 𝑑𝑦

= 𝑓(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 > 0),
the limit as 𝜀 → 0 being computed as in the proof of Theorem 1. Finally note
‖𝑢(⋅, 𝑡)‖𝐿∞ ≤ 𝑡‖𝑓‖𝐿∞ → 0. □

Solution of nonhomogeneous problemwith general initial data. We can
of course combine Theorems 1 and 2 to discover that

(17) 𝑢(𝑥, 𝑡) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡)𝑔(𝑦) 𝑑𝑦 +∫

𝑡

0
∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡 − 𝑠)𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠

is, under the hypotheses on 𝑔 and 𝑓 as above, a solution of

(18) {
𝑢𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

2.3.2. Mean-value formula. First we recall some useful notation from §A.2.
Assume 𝑈 ⊂ ℝ𝑛 is open and bounded, and fix a time 𝑇 > 0.

DEFINITIONS.
(i) We define the parabolic cylinder

𝑈𝑇 ≔ 𝑈 × (0, 𝑇].
(ii) The parabolic boundary of 𝑈𝑇 is

Γ𝑇 ≔ 𝑈̄𝑇 − 𝑈𝑇 .
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We interpret 𝑈𝑇 as being the parabolic interior of 𝑈̄ × [0, 𝑇]: note carefully
that𝑈𝑇 includes the top𝑈 ×{𝑡 = 𝑇}. The parabolic boundary Γ𝑇 comprises the
bottom and vertical sides of 𝑈 × [0, 𝑇], but not the top.

The region U𝑇

We want next to derive a kind of analogue to the mean-value property for
harmonic functions, as discussed in §2.2.2. There is no such simple formula.
However let us observe that for fixed 𝑥 the spheres 𝜕𝐵(𝑥, 𝑟) are level sets of
the fundamental solution Φ(𝑥 − 𝑦) for Laplace’s equation. This suggests that
perhaps for fixed (𝑥, 𝑡) the level sets of fundamental solution Φ(𝑥− 𝑦, 𝑡 − 𝑠) for
the heat equation may be relevant.

DEFINITION. For fixed 𝑥 ∈ ℝ𝑛, 𝑡 ∈ ℝ, 𝑟 > 0, we define

𝐸(𝑥, 𝑡; 𝑟) ≔ { (𝑦, 𝑠) ∈ ℝ𝑛+1 ∣ 𝑠 ≤ 𝑡, Φ(𝑥 − 𝑦, 𝑡 − 𝑠) ≥ 1
𝑟𝑛 } .

This is a region in space-time, the boundary of which is a level set of
Φ(𝑥 − 𝑦, 𝑡 − 𝑠). Note that the point (𝑥, 𝑡) is at the center of the top. 𝐸(𝑥, 𝑡; 𝑟) is
sometimes called a “heat ball”.

THEOREM 3 (A mean-value property for the heat equation). Let 𝑢 ∈ 𝐶2
1 (𝑈𝑇)

solve the heat equation. Then

(19) 𝑢(𝑥, 𝑡) = 1
4𝑟𝑛 ∬𝐸(𝑥,𝑡; 𝑟)

𝑢(𝑦, 𝑠) |𝑥 − 𝑦|2
(𝑡 − 𝑠)2 𝑑𝑦𝑑𝑠

for each 𝐸(𝑥, 𝑡; 𝑟) ⊂ 𝑈𝑇 .
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A “heat ball”

Formula (19) is a sort of analogue for the heat equation of the mean-value
formulas for Laplace’s equation. Observe that the right-hand side involves only
𝑢(𝑦, 𝑠) for times 𝑠 ≤ 𝑡. This is reasonable, as the value 𝑢(𝑥, 𝑡) should not depend
upon future times.

Proof. Shift the space and time coordinates so that 𝑥 = 0 and 𝑡 = 0. Upon
mollifying if necessary, we may assume 𝑢 is smooth. Write 𝐸(𝑟) = 𝐸(0, 0; 𝑟)
and set

(20)
𝜙(𝑟) ≔ 1

𝑟𝑛 ∬𝐸(𝑟)
𝑢(𝑦, 𝑠) |𝑦|

2

𝑠2 𝑑𝑦𝑑𝑠

=∬
𝐸(1)

𝑢(𝑟𝑦, 𝑟2𝑠) |𝑦|
2

𝑠2 𝑑𝑦𝑑𝑠.

We compute

𝜙′(𝑟) =∬
𝐸(1)

𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖
|𝑦|2
𝑠2 + 2𝑟𝑢𝑠

|𝑦|2
𝑠 𝑑𝑦𝑑𝑠

= 1
𝑟𝑛+1 ∬𝐸(𝑟)

𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖
|𝑦|2
𝑠2 + 2𝑢𝑠

|𝑦|2
𝑠 𝑑𝑦𝑑𝑠

≕ 𝐴 + 𝐵.
Also, let us introduce the useful function

(21) 𝜓 ≔ −𝑛2 log(−4𝜋𝑠) +
|𝑦|2
4𝑠 + 𝑛 log 𝑟

and observe 𝜓 = 0 on 𝜕𝐸(𝑟)−{(0, 0)}, sinceΦ(𝑦, −𝑠) = 𝑟−𝑛 on 𝜕𝐸(𝑟). We utilize
(21) to write

𝐵 = 1
𝑟𝑛+1 ∬𝐸(𝑟)

4𝑢𝑠
𝑛
∑
𝑖=1

𝑦𝑖𝜓𝑦𝑖 𝑑𝑦𝑑𝑠

= − 1
𝑟𝑛+1 ∬𝐸(𝑟)

4𝑛𝑢𝑠𝜓 + 4
𝑛
∑
𝑖=1

𝑢𝑠𝑦𝑖𝑦𝑖𝜓𝑑𝑦𝑑𝑠;
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there is no boundary term since 𝜓 = 0 on 𝜕𝐸(𝑟) − {(0, 0)}. Integrating by parts
with respect to 𝑠, we discover

𝐵 = 1
𝑟𝑛+1 ∬𝐸(𝑟)

−4𝑛𝑢𝑠𝜓 + 4
𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖𝜓𝑠 𝑑𝑦𝑑𝑠

= 1
𝑟𝑛+1 ∬𝐸(𝑟)

−4𝑛𝑢𝑠𝜓 + 4
𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖 (−
𝑛
2𝑠 −

|𝑦|2
4𝑠2 ) 𝑑𝑦𝑑𝑠

= 1
𝑟𝑛+1 ∬𝐸(𝑟)

−4𝑛𝑢𝑠𝜓 −
2𝑛
𝑠

𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖 𝑑𝑦𝑑𝑠 − 𝐴.

Consequently, since 𝑢 solves the heat equation,
𝜙′(𝑟) = 𝐴 + 𝐵

= 1
𝑟𝑛+1 ∬𝐸(𝑟)

−4𝑛Δ𝑢𝜓 − 2𝑛
𝑠

𝑛
∑
𝑖=1

𝑢𝑦𝑖𝑦𝑖 𝑑𝑦𝑑𝑠

=
𝑛
∑
𝑖=1

1
𝑟𝑛+1 ∬𝐸(𝑟)

4𝑛𝑢𝑦𝑖𝜓𝑦𝑖 −
2𝑛
𝑠 𝑢𝑦𝑖𝑦𝑖 𝑑𝑦𝑑𝑠

= 0, according to (21).
Thus 𝜙 is constant, and therefore

𝜙(𝑟) = lim
𝑡→0

𝜙(𝑡) = 𝑢(0, 0)(lim
𝑡→0

1
𝑡𝑛 ∬𝐸(𝑡)

|𝑦|2
𝑠2 𝑑𝑦𝑑𝑠) = 4𝑢(0, 0),

as
1
𝑡𝑛 ∬𝐸(𝑡)

|𝑦|2
𝑠2 𝑑𝑦𝑑𝑠 =∬

𝐸(1)

|𝑦|2
𝑠2 𝑑𝑦𝑑𝑠 = 4.

We omit the details of this last computation. □

2.3.3. Properties of solutions.
a. Strong maximum principle, uniqueness. First we employ the mean-
value property to give a quick proof of the strong maximum principle.

THEOREM4 (Strong maximum principle for the heat equation). Assume 𝑢 ∈
𝐶2
1 (𝑈𝑇) ∩ 𝐶(𝑈̄𝑇) solves the heat equation in 𝑈𝑇 .

(i) Then
max
𝑈̄𝑇

𝑢 = max
Γ𝑇

𝑢.

(ii) Furthermore, if 𝑈 is connected and there exists a point (𝑥0, 𝑡0) ∈ 𝑈𝑇
such that

𝑢(𝑥0, 𝑡0) = max
𝑈̄𝑇

𝑢,
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Strong maximum principle for the heat equation

then

𝑢 is constant in 𝑈̄𝑡0 .

Assertion (i) is the maximum principle for the heat equation and (ii) is the
strong maximum principle. Similar assertions are valid with “min” replacing
“max”.
Interpretation. So if𝑢 attains itsmaximum (orminimum) at an interior point,
then 𝑢 is constant at all earlier times. This accords with our strong intuitive
understanding of the variable 𝑡 as denoting time: the solution will be constant
on the time interval [0, 𝑡0] provided the initial and boundary conditions are
constant. However, the solution may change at times 𝑡 > 𝑡0, provided the
boundary conditions alter after 𝑡0. The solution will however not respond to
changes in boundary conditions until these changes happen.

Take note that whereas all this is obvious on intuitive, physical grounds,
such insights do not constitute a proof. The task is to deduce such behavior
from the PDE.

Proof.

1. Suppose there exists a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 with 𝑢(𝑥0, 𝑡0) = 𝑀 ≔
max𝑈̄𝑇 𝑢. Then for all sufficiently small 𝑟 > 0, 𝐸(𝑥0, 𝑡0; 𝑟) ⊂ 𝑈𝑇 ; and we employ
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the mean-value property to deduce

𝑀 = 𝑢(𝑥0, 𝑡0) =
1
4𝑟𝑛 ∬𝐸(𝑥0,𝑡0; 𝑟)

𝑢(𝑦, 𝑠) |𝑥0 − 𝑦|2
(𝑡0 − 𝑠)2 𝑑𝑦𝑑𝑠 ≤ 𝑀,

since

1 = 1
4𝑟𝑛 ∬𝐸(𝑥0,𝑡0;𝑟)

|𝑥0 − 𝑦|2
(𝑡0 − 𝑠)2 𝑑𝑦𝑑𝑠.

Equality holds only if 𝑢 is identically equal to 𝑀 within 𝐸(𝑥0, 𝑡0; 𝑟). Conse-
quently

𝑢(𝑦, 𝑠) = 𝑀 for all (𝑦, 𝑠) ∈ 𝐸(𝑥0, 𝑡0; 𝑟).

Draw any line segment 𝐿 in 𝑈𝑇 connecting (𝑥0, 𝑡0) with some other point
(𝑦0, 𝑠0) ∈ 𝑈𝑇 , with 𝑠0 < 𝑡0. Consider

𝑟0 ≔ min{ 𝑠 ≥ 𝑠0 ∣ 𝑢(𝑥, 𝑡) = 𝑀 for all points (𝑥, 𝑡) ∈ 𝐿, 𝑠 ≤ 𝑡 ≤ 𝑡0 }.

Since 𝑢 is continuous, the minimum is attained. Assume 𝑟0 > 𝑠0. Then
𝑢(𝑧0, 𝑟0) = 𝑀 for some point (𝑧0, 𝑟0) on 𝐿 ∩ 𝑈𝑇 and so 𝑢 ≡ 𝑀 on 𝐸(𝑧0, 𝑟0; 𝑟)
for all sufficiently small 𝑟 > 0. Since 𝐸(𝑧0, 𝑟0; 𝑟) contains 𝐿 ∩ {𝑟0 − 𝜎 ≤ 𝑡 ≤ 𝑟0}
for some small 𝜎 > 0, we have a contradiction. Thus 𝑟0 = 𝑠0, and hence 𝑢 ≡ 𝑀
on 𝐿.

2. Now fix any point 𝑥 ∈ 𝑈 and any time 0 ≤ 𝑡 < 𝑡0. There exist points
{𝑥0, 𝑥1, . . . , 𝑥𝑚 = 𝑥} such that the line segments in ℝ𝑛 connecting 𝑥𝑖−1 to 𝑥𝑖 lie
in 𝑈 for 𝑖 = 1, . . . , 𝑚. (This follows since the set of points in 𝑈 which can be
so connected to 𝑥0 by a polygonal path is nonempty, open and relatively closed
in 𝑈.) Select times 𝑡0 > 𝑡1 > ⋯ > 𝑡𝑚 = 𝑡. Then the line segments in ℝ𝑛+1

connecting (𝑥𝑖−1, 𝑡𝑖−1) to (𝑥𝑖, 𝑡𝑖) (𝑖 = 1, . . . , 𝑚) lie in 𝑈𝑇 . According to step 1,
𝑢 ≡ 𝑀 on each such segment and so 𝑢(𝑥, 𝑡) = 𝑀. □

Infinite propagation speed again. The strong maximum principle implies
that if 𝑈 is connected and 𝑢 ∈ 𝐶2

1 (𝑈𝑇) ∩ 𝐶(𝑈̄𝑇) satisfies

⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}

where 𝑔 ≥ 0, then 𝑢 is positive everywhere within 𝑈𝑇 if 𝑔 is positive somewhere
on𝑈. This is another illustration of infinite propagation speed for disturbances.

An important application of the maximum principle is the following
uniqueness assertion.
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THEOREM 5 (Uniqueness on bounded domains). Let 𝑔 ∈ 𝐶(Γ𝑇), 𝑓 ∈ 𝐶(𝑈𝑇).
Then there exists atmost one solution𝑢∈𝐶2

1 (𝑈𝑇)∩𝐶(𝑈̄𝑇) of the initial/boundary-
value problem

(22) {
𝑢𝑡 − Δ𝑢 = 𝑓 in 𝑈𝑇

𝑢 = 𝑔 on Γ𝑇 .

Proof. If 𝑢 and 𝑢̃ are two solutions of (22), apply Theorem 4 to 𝑤 ≔ ±(𝑢 −
𝑢̃). □

We next extend our uniqueness assertion to theCauchy problem, that is, the
initial-value problem for 𝑈 = ℝ𝑛. As we are no longer on a bounded region,
we must introduce some control on the behavior of solutions for large |𝑥|.

THEOREM 6 (Maximum principle for the Cauchy problem). Suppose 𝑢 ∈
𝐶2
1 (ℝ𝑛 × (0, 𝑇]) ∩ 𝐶(ℝ𝑛 × [0, 𝑇]) solves

(23) {
𝑢𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0, 𝑇)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}
and satisfies the growth estimate

(24) 𝑢(𝑥, 𝑡) ≤ 𝐴𝑒𝑎|𝑥|2 (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇)
for constants 𝐴, 𝑎 > 0. Then

sup
ℝ𝑛×[0,𝑇]

𝑢 = sup
ℝ𝑛

𝑔.

Proof.
1. First assume

(25) 4𝑎𝑇 < 1,
in which case

(26) 4𝑎(𝑇 + 𝜀) < 1
for some 𝜀 > 0. Fix 𝑦 ∈ ℝ𝑛, 𝜇 > 0, and define

𝑣(𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑡) − 𝜇
(𝑇 + 𝜀 − 𝑡)𝑛/2 𝑒

|𝑥−𝑦|2
4(𝑇+𝜀−𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 > 0).

A direct calculation (cf. §2.3.1) shows

𝑣𝑡 − Δ𝑣 = 0 in ℝ𝑛 × (0, 𝑇].
Fix 𝑟 > 0 and set 𝑈 ≔ 𝐵0(𝑦, 𝑟), 𝑈𝑇 = 𝐵0(𝑦, 𝑟) × (0, 𝑇]. Then according to
Theorem 4,

(27) max
𝑈̄𝑇

𝑣 = max
Γ𝑇

𝑣
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where Γ𝑇 is the parabolic boundary of 𝑈𝑇 .
2. Now if 𝑥 ∈ ℝ𝑛,

(28)
𝑣(𝑥, 0) = 𝑢(𝑥, 0) − 𝜇

(𝑇 + 𝜀)𝑛/2 𝑒
|𝑥−𝑦|2
4(𝑇+𝜀)

≤ 𝑢(𝑥, 0) = 𝑔(𝑥);

and if |𝑥 − 𝑦| = 𝑟, 0 ≤ 𝑡 ≤ 𝑇, then

𝑣(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) − 𝜇
(𝑇 + 𝜀 − 𝑡)𝑛/2 𝑒

𝑟2
4(𝑇+𝜀−𝑡)

≤ 𝐴𝑒𝑎|𝑥|2 − 𝜇
(𝑇 + 𝜀 − 𝑡)𝑛/2 𝑒

𝑟2
4(𝑇+𝜀−𝑡) by (24)

≤ 𝐴𝑒𝑎(|𝑦|+𝑟)2 − 𝜇
(𝑇 + 𝜀)𝑛/2 𝑒

𝑟2
4(𝑇+𝜀) .

Now according to (26), 1
4(𝑇+𝜀) = 𝑎 + 𝛾 for some 𝛾 > 0. Thus we may continue

the calculation above to find

(29) 𝑣(𝑥, 𝑡) ≤ 𝐴𝑒𝑎(|𝑦|+𝑟)2 − 𝜇(4(𝑎 + 𝛾))𝑛/2𝑒(𝑎+𝛾)𝑟2 ≤ sup
ℝ𝑛

𝑔,

for 𝑟 selected sufficiently large. Thus (27)–(29) imply

𝑣(𝑦, 𝑡) ≤ sup
ℝ𝑛

𝑔

for all 𝑦 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇, provided (25) is valid. Let 𝜇 → 0.
3. In the general case that (25) fails, we repeatedly apply the result above

on the time intervals [0, 𝑇1], [𝑇1, 2𝑇1], etc., for 𝑇1 = 1
8𝑎 . □

THEOREM 7 (Uniqueness for Cauchy problem). Let 𝑔 ∈ 𝐶(ℝ𝑛), 𝑓 ∈ 𝐶(ℝ𝑛 ×
[0, 𝑇]). Then there exists atmost one solution 𝑢 ∈ 𝐶2

1 (ℝ𝑛×(0, 𝑇])∩𝐶(ℝ𝑛×[0, 𝑇])
of the initial-value problem

(30) {
𝑢𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0, 𝑇)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}

satisfying the growth estimate

(31) |𝑢(𝑥, 𝑡)| ≤ 𝐴𝑒𝑎|𝑥|2 (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇)

for constants 𝐴, 𝑎 > 0.

Proof. If 𝑢 and 𝑢̃ both satisfy (30), (31), we apply Theorem 6 to 𝑤 ≔ ±(𝑢 −
𝑢̃). □
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Nonphysical solutions. There are in fact infinitely many solutions of

(32) {
𝑢𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0, 𝑇)

𝑢 = 0 on ℝ𝑛 × {𝑡 = 0};
see for instance John [J2, Chapter 7]. Each of these solutions besides 𝑢 ≡ 0
grows very rapidly as |𝑥| → ∞.

There is an interesting point here: although 𝑢 ≡ 0 is certainly the “phys-
ically correct” solution of (32), this initial-value problem in fact admits other,
“nonphysical”, solutions. Theorem 7 provides a criterion which excludes the
“wrong” solutions. We will encounter somewhat analogous situations in our
study of Hamilton–Jacobi equations and conservation laws, in Chapters 3, 10
and 11.
b. Regularity. We next demonstrate that solutions of the heat equation are
automatically smooth.

THEOREM 8 (Smoothness). Suppose 𝑢 ∈ 𝐶2
1 (𝑈𝑇) solves the heat equation in

𝑈𝑇 . Then
𝑢 ∈ 𝐶∞(𝑈𝑇).

This regularity assertion is valid even if 𝑢 attains nonsmooth boundary val-
ues on Γ𝑇 .

Proof.
1. Recall from §A.2 that we write

𝐶(𝑥, 𝑡; 𝑟) = { (𝑦, 𝑠) ∣ |𝑥 − 𝑦| ≤ 𝑟, 𝑡 − 𝑟2 ≤ 𝑠 ≤ 𝑡 }
to denote the closed circular cylinder of radius 𝑟, height 𝑟2, and top center point
(𝑥, 𝑡).

Fix (𝑥0, 𝑡0) ∈ 𝑈𝑇 and choose 𝑟 > 0 so small that 𝐶 ≔ 𝐶(𝑥0, 𝑡0; 𝑟) ⊂ 𝑈𝑇 .
Define also the smaller cylinders 𝐶′ ≔ 𝐶(𝑥0, 𝑡0; 34𝑟), 𝐶

″ ≔ 𝐶(𝑥0, 𝑡0; 12𝑟), which
have the same top center point (𝑥0, 𝑡0).

Choose a smooth cutoff function 𝜁 = 𝜁(𝑥, 𝑡) such that

{0 ≤ 𝜁 ≤ 1, 𝜁 ≡ 1 on 𝐶′,
𝜁 ≡ 0 near the parabolic boundary of 𝐶.

Extend 𝜁 ≡ 0 in (ℝ𝑛 × [0, 𝑡0]) − 𝐶.
2. Assume temporarily that 𝑢 ∈ 𝐶∞(𝑈𝑇) and set

𝑣(𝑥, 𝑡) ≔ 𝜁(𝑥, 𝑡)𝑢(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑡0).
Then

𝑣𝑡 = 𝜁𝑢𝑡 + 𝜁𝑡𝑢, Δ𝑣 = 𝜁Δ𝑢 + 2𝐷𝜁 ⋅ 𝐷𝑢 + 𝑢Δ𝜁.
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Consequently

(33) 𝑣 = 0 on ℝ𝑛 × {𝑡 = 0},

and

(34) 𝑣𝑡 − Δ𝑣 = 𝜁𝑡𝑢 − 2𝐷𝜁 ⋅ 𝐷𝑢 − 𝑢Δ𝜁 ≕ ̃𝑓

in ℝ𝑛 × (0, 𝑡0). Now set

̃𝑣(𝑥, 𝑡) ≔ ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡 − 𝑠) ̃𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠.

According to Theorem 2

(35) {
̃𝑣𝑡 − Δ ̃𝑣 = ̃𝑓 in ℝ𝑛 × (0, 𝑡0)

̃𝑣 = 0 on ℝ𝑛 × {𝑡 = 0}.

Since |𝑣|, | ̃𝑣| ≤ 𝐴 for some constant 𝐴, Theorem 7 implies 𝑣 ≡ ̃𝑣; that is,

(36) 𝑣(𝑥, 𝑡) = ∫
𝑡

0
∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡 − 𝑠) ̃𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠.

Now suppose (𝑥, 𝑡) ∈ 𝐶″. As 𝜁 ≡ 0 off the cylinder 𝐶, (34) and (36) imply

𝑢(𝑥, 𝑡) =∬
𝐶
Φ(𝑥 − 𝑦, 𝑡 − 𝑠)[(𝜁𝑠(𝑦, 𝑠) − Δ𝜁(𝑦, 𝑠))𝑢(𝑦, 𝑠)

− 2𝐷𝜁(𝑦, 𝑠) ⋅ 𝐷𝑢(𝑦, 𝑠)] 𝑑𝑦𝑑𝑠.

Note in this equation that the expression in the square brackets vanishes in
some region near the singularity of Φ. Integrate the last term by parts:

(37)
𝑢(𝑥, 𝑡) =∬

𝐶
[Φ(𝑥 − 𝑦, 𝑡 − 𝑠)(𝜁𝑠(𝑦, 𝑠) + Δ𝜁(𝑦, 𝑠))

+ 2𝐷𝑦Φ(𝑥 − 𝑦, 𝑡 − 𝑠) ⋅ 𝐷𝜁(𝑦, 𝑠)]𝑢(𝑦, 𝑠) 𝑑𝑦𝑑𝑠.
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We have proved this formula assuming 𝑢 ∈ 𝐶∞. If 𝑢 satisfies only the hypothe-
ses of the theorem, we derive (37) with 𝑢𝜀 = 𝜂𝜀 ∗ 𝑢 replacing 𝑢, 𝜂𝜀 being the
standard mollifier in the variables 𝑥 and 𝑡, and let 𝜀 → 0.

3. Formula (37) has the form

(38) 𝑢(𝑥, 𝑡) =∬
𝐶
𝐾(𝑥, 𝑡, 𝑦, 𝑠)𝑢(𝑦, 𝑠) 𝑑𝑦𝑑𝑠 ((𝑥, 𝑡) ∈ 𝐶″),

where
𝐾(𝑥, 𝑡, 𝑦, 𝑠) = 0 for all points (𝑦, 𝑠) ∈ 𝐶′,

since 𝜁 ≡ 1 on 𝐶′. Note also 𝐾 is smooth on 𝐶 −𝐶′. In view of expression (38),
we see 𝑢 is 𝐶∞ within 𝐶″ = 𝐶(𝑥0, 𝑡0; 12𝑟). □

c. Local estimates for solutions of the heat equation. Let us now record
some estimates on the derivatives of solutions to the heat equation, paying at-
tention to the differences between derivatives with respect to 𝑥𝑖 (𝑖 = 1, . . . , 𝑛)
and with respect to 𝑡.

THEOREM 9 (Estimates on derivatives). There exists for each pair of integers
𝑘, 𝑙 = 0, 1, . . . a constant 𝐶𝑘,𝑙 such that

max
𝐶(𝑥,𝑡; 𝑟/2)

|𝐷𝑘
𝑥𝐷𝑙

𝑡𝑢| ≤
𝐶𝑘𝑙

𝑟𝑘+2𝑙+𝑛+2 ‖𝑢‖𝐿1(𝐶(𝑥,𝑡;𝑟))

for all cylinders 𝐶(𝑥, 𝑡; 𝑟/2) ⊂ 𝐶(𝑥, 𝑡; 𝑟) ⊂ 𝑈𝑇 and all solutions 𝑢 of the heat
equation in 𝑈𝑇 .

Proof.
1. Fix some point in 𝑈𝑇 . Upon shifting the coordinates, we may as well

assume the point is (0, 0). Suppose first that the cylinder 𝐶(1) ≔ 𝐶(0, 0; 1) lies
in 𝑈𝑇 . Let 𝐶 ( 12) ≔ 𝐶 (0, 0; 12). Then, as in the proof of Theorem 8,

𝑢(𝑥, 𝑡) =∬
𝐶(1)

𝐾(𝑥, 𝑡, 𝑦, 𝑠)𝑢(𝑦, 𝑠) 𝑑𝑦𝑑𝑠 ((𝑥, 𝑡) ∈ 𝐶( 12 ))

for some smooth function 𝐾. Consequently

(39)
|𝐷𝑘

𝑥𝐷𝑙
𝑡𝑢(𝑥, 𝑡)| ≤∬

𝐶(1)
|𝐷𝑙

𝑡𝐷𝑘
𝑥𝐾(𝑥, 𝑡, 𝑦, 𝑠)||𝑢(𝑦, 𝑠)| 𝑑𝑦𝑑𝑠

≤ 𝐶𝑘𝑙‖𝑢‖𝐿1(𝐶(1))
for some constant 𝐶𝑘𝑙.

2. Now suppose the cylinder 𝐶(𝑟) ≔ 𝐶(0, 0; 𝑟) lies in 𝑈𝑇 . Let 𝐶(𝑟/2) =
𝐶(0, 0; 𝑟/2). We rescale by defining

𝑣(𝑥, 𝑡) ≔ 𝑢(𝑟𝑥, 𝑟2𝑡).
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Then 𝑣𝑡 − Δ𝑣 = 0 in the cylinder 𝐶(1). According to (39),

|𝐷𝑘
𝑥𝐷𝑙

𝑡𝑣(𝑥, 𝑡)| ≤ 𝐶𝑘𝑙‖𝑣‖𝐿1(𝐶(1)) ((𝑥, 𝑡) ∈ 𝐶( 12 )).

But 𝐷𝑘
𝑥𝐷𝑙

𝑡𝑣(𝑥, 𝑡)= 𝑟2𝑙+𝑘𝐷𝑘
𝑥𝐷𝑙

𝑡𝑢(𝑟𝑥, 𝑟2𝑡) and ‖𝑣‖𝐿1(𝐶(1))= 1
𝑟𝑛+2 ‖𝑢‖𝐿1(𝐶(𝑟)). There-

fore
max
𝐶(𝑟/2)

|𝐷𝑘
𝑥𝐷𝑙

𝑡𝑢| ≤
𝐶𝑘𝑙

𝑟2𝑙+𝑘+𝑛+2 ‖𝑢‖𝐿1(𝐶(𝑟)). □

If 𝑢 solves the heat equation within 𝑈𝑇 , then for each time 0 < 𝑡 ≤ 𝑇, the
mapping 𝑥 ↦ 𝑢(𝑥, 𝑡) is analytic. (See Mikhailov [M].) However the mapping
𝑡 ↦ 𝑢(𝑥, 𝑡) is not in general analytic.

2.3.4. Energy methods.
a. Uniqueness. We investigate again the initial/boundary-value problem

(40) {
𝑢𝑡 − Δ𝑢 = 𝑓 in 𝑈𝑇

𝑢 = 𝑔 on Γ𝑇 .
We earlier invoked the maximum principle to show uniqueness and now—by
analogy with §2.2.5—provide an alternative argument based upon integration
by parts. We assume as usual that 𝑈 ⊂ ℝ𝑛 is open and bounded and that 𝜕𝑈 is
𝐶1. The terminal time 𝑇 > 0 is given.

THEOREM 10 (Uniqueness). There exists only one solution 𝑢 ∈ 𝐶2
1 (𝑈̄𝑇) of the

initial/ boundary-value problem (40).

Proof.
1. If 𝑢̃ is another solution, 𝑤 ≔ 𝑢 − 𝑢̃ solves

(41) {
𝑤𝑡 − Δ𝑤 = 0 in 𝑈𝑇

𝑤 = 0 on Γ𝑇 .
2. Set

𝑒(𝑡) ≔ ∫
𝑈
𝑤2(𝑥, 𝑡) 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑇).

Then

̇𝑒(𝑡) = 2∫
𝑈
𝑤𝑤𝑡 𝑑𝑥 ( ̇ = 𝑑

𝑑𝑡)

= 2∫
𝑈
𝑤Δ𝑤𝑑𝑥

= −2∫
𝑈
|𝐷𝑤|2 𝑑𝑥 ≤ 0,

and so
𝑒(𝑡) ≤ 𝑒(0) = 0 (0 ≤ 𝑡 ≤ 𝑇).
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Consequently 𝑤 = 𝑢 − 𝑢̃ ≡ 0 in 𝑈𝑇 . □

Observe that the foregoing is a time-dependent variant of the proof of The-
orem 16 in §2.2.5.
b. Backwards uniqueness. A rather more subtle question asks about
uniqueness backwards in time for the heat equation. For this, suppose 𝑢 and 𝑢̃
are both smooth solutions of the heat equation in 𝑈𝑇 , with the same boundary
conditions on 𝜕𝑈:

(42) {
𝑢𝑡 − Δ𝑢 = 0 in 𝑈𝑇

𝑢 = 𝑔 on 𝜕𝑈 × [0, 𝑇],

(43) {
𝑢̃𝑡 − Δ𝑢̃ = 0 in 𝑈𝑇

𝑢̃ = 𝑔 on 𝜕𝑈 × [0, 𝑇],

for some function 𝑔. Note carefully that we are not supposing 𝑢 = 𝑢̃ at time
𝑡 = 0.

THEOREM 11 (Backwards uniqueness). Suppose 𝑢, 𝑢̃ ∈ 𝐶2(𝑈̄𝑇) solve (42),
(43). If

𝑢(𝑥, 𝑇) = 𝑢̃(𝑥, 𝑇) (𝑥 ∈ 𝑈),

then

𝑢 ≡ 𝑢̃ within 𝑈𝑇 .

In other words, if two temperature distributions on 𝑈 agree at some time
𝑇 > 0 and have had the same boundary values for times 0 ≤ 𝑡 ≤ 𝑇, then these
temperatures must have been identically equal within 𝑈 at all earlier times.
This is not at all obvious.

Proof.

1. Write 𝑤 ≔ 𝑢 − 𝑢̃ and, as in the proof of Theorem 10, set

𝑒(𝑡) ≔ ∫
𝑈
𝑤2(𝑥, 𝑡) 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑇).

As before

(44) ̇𝑒(𝑡) = −2∫
𝑈
|𝐷𝑤|2 𝑑𝑥 ( ̇ = 𝑑

𝑑𝑡) .
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Furthermore

(45)

̈𝑒(𝑡) = −4∫
𝑈
𝐷𝑤 ⋅ 𝐷𝑤𝑡 𝑑𝑥

= 4∫
𝑈
Δ𝑤𝑤𝑡 𝑑𝑥

= 4∫
𝑈
(Δ𝑤)2 𝑑𝑥 by (41).

Now since 𝑤 = 0 on 𝜕𝑈,

∫
𝑈
|𝐷𝑤|2 𝑑𝑥 = −∫

𝑈
𝑤Δ𝑤𝑑𝑥

≤ (∫
𝑈
𝑤2 𝑑𝑥)

1/2
(∫

𝑈
(Δ𝑤)2 𝑑𝑥)

1/2
.

Thus (44) and (45) imply

( ̇𝑒(𝑡))2 = 4 (∫
𝑈
|𝐷𝑤|2 𝑑𝑥)

2

≤ (∫
𝑈
𝑤2 𝑑𝑥) (4∫

𝑈
(Δ𝑤)2 𝑑𝑥)

= 𝑒(𝑡) ̈𝑒(𝑡).
Hence
(46) ̈𝑒(𝑡)𝑒(𝑡) ≥ ( ̇𝑒(𝑡))2 (0 ≤ 𝑡 ≤ 𝑇).

2. Now if 𝑒(𝑡) = 0 for all 0 ≤ 𝑡 ≤ 𝑇, we are done. Otherwise there exists an
interval [𝑡1, 𝑡2] ⊂ [0, 𝑇], with
(47) 𝑒(𝑡) > 0 for 𝑡1 ≤ 𝑡 < 𝑡2, 𝑒(𝑡2) = 0.

3. Write
(48) 𝑓(𝑡) ≔ log 𝑒(𝑡) (𝑡1 ≤ 𝑡 < 𝑡2).
Then

̈𝑓(𝑡) = ̈𝑒(𝑡)
𝑒(𝑡) −

̇𝑒(𝑡)2
𝑒(𝑡)2 ≥ 0 by (46),

and so 𝑓 is convex on the interval (𝑡1, 𝑡2). Consequently if 0 < 𝜏 < 1, 𝑡1 < 𝑡 < 𝑡2,
we have

𝑓((1 − 𝜏)𝑡1 + 𝜏𝑡) ≤ (1 − 𝜏)𝑓(𝑡1) + 𝜏𝑓(𝑡).
Recalling (48), we deduce

𝑒((1 − 𝜏)𝑡1 + 𝜏𝑡) ≤ 𝑒(𝑡1)1−𝜏𝑒(𝑡)𝜏,
and so

0 ≤ 𝑒((1 − 𝜏)𝑡1 + 𝜏𝑡2) ≤ 𝑒(𝑡1)1−𝜏𝑒(𝑡2)𝜏 (0 < 𝜏 < 1).
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But in view of (47) this inequality implies 𝑒(𝑡) = 0 for all times 𝑡1 ≤ 𝑡 ≤ 𝑡2, a
contradiction. □

2.4. WAVE EQUATION

In this section we investigate the wave equation

(1) 𝑢𝑡𝑡 − Δ𝑢 = 0
and the nonhomogeneous wave equation

(2) 𝑢𝑡𝑡 − Δ𝑢 = 𝑓,

subject to appropriate initial and boundary conditions. Here 𝑡 > 0 and 𝑥 ∈ 𝑈,
where 𝑈 ⊂ ℝ𝑛 is open. The unknown is 𝑢 ∶ 𝑈̄ × [0,∞) → ℝ, 𝑢 = 𝑢(𝑥, 𝑡), and
the Laplacian Δ is taken with respect to the spatial variables 𝑥 = (𝑥1, . . . , 𝑥𝑛).
In (2) the function 𝑓 ∶ 𝑈 × [0,∞) → ℝ is given. A common abbreviation is to
write

□𝑢 ≔ 𝑢𝑡𝑡 − Δ𝑢.

We shall discover that solutions of the wave equation behave quite differ-
ently than solutions of Laplace’s equation or the heat equation. For example,
these solutions are generally not 𝐶∞, exhibit finite speed of propagation, etc.
Physical interpretation. The wave equation is a simplified model for a vi-
brating string (𝑛 = 1), membrane (𝑛 = 2), or elastic solid (𝑛 = 3). In these
physical interpretations 𝑢(𝑥, 𝑡) represents the displacement in some direction
of the point 𝑥 at time 𝑡 ≥ 0.

Let 𝑉 represent any smooth subregion of 𝑈. The acceleration within 𝑉 is
then

𝑑2
𝑑𝑡2 ∫𝑉

𝑢𝑑𝑥 = ∫
𝑉
𝑢𝑡𝑡 𝑑𝑥

and the net contact force is

−∫
𝜕𝑉

F ⋅ 𝝂 𝑑𝑆,

whereF denotes the force acting on𝑉 through 𝜕𝑉 and the mass density is taken
to be unity. Newton’s law asserts that the mass times the acceleration equals
the net force:

∫
𝑉
𝑢𝑡𝑡 𝑑𝑥 = −∫

𝜕𝑉
F ⋅ 𝝂 𝑑𝑆.

This identity obtains for each subregion 𝑉 and so

𝑢𝑡𝑡 = −divF.
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For elastic bodies, F is a function of the displacement gradient 𝐷𝑢, whence

𝑢𝑡𝑡 + divF(𝐷𝑢) = 0.

For small 𝐷𝑢, the linearization F(𝐷𝑢) ≈ −𝑎𝐷𝑢 is often appropriate; and so

𝑢𝑡𝑡 − 𝑎Δ𝑢 = 0.

This is the wave equation if 𝑎 = 1.
This physical interpretation strongly suggests it will be mathematically ap-

propriate to specify two initial conditions, on the displacement 𝑢 and the velocity
𝑢𝑡, at time 𝑡 = 0.

2.4.1. Solution by spherical means. We began §§2.2.1 and 2.3.1 by search-
ing for certain scaling invariant solutions of Laplace’s equation and the heat
equation. For the wave equation however we will instead present the (reason-
ably) elegant method of solving (1) first for 𝑛 = 1 directly and then for 𝑛 ≥ 2
by the method of spherical means.
a. Solution for n = 1, d’Alembert’s formula. We first focus our attention
on the initial-value problem for the one-dimensional wave equation in all ofℝ:

(3) {
𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0 in ℝ × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ × {𝑡 = 0},

where 𝑔, ℎ are given. We desire to derive a formula for 𝑢 in terms of 𝑔 and ℎ.
Let us first note that the PDE in (3) can be “factored”, to read

(4) ( 𝜕𝜕𝑡 +
𝜕
𝜕𝑥) (

𝜕
𝜕𝑡 −

𝜕
𝜕𝑥) 𝑢 = 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0.

Write

(5) 𝑣(𝑥, 𝑡) ≔ ( 𝜕𝜕𝑡 −
𝜕
𝜕𝑥) 𝑢(𝑥, 𝑡).

Then (4) says
𝑣𝑡(𝑥, 𝑡) + 𝑣𝑥(𝑥, 𝑡) = 0 (𝑥 ∈ ℝ, 𝑡 > 0).

This is a transport equation with constant coefficients. Applying formula (3)
from §2.1.1 (with 𝑛 = 1, 𝑏 = 1), we find

(6) 𝑣(𝑥, 𝑡) = 𝑎(𝑥 − 𝑡)

for 𝑎(𝑥) ≔ 𝑣(𝑥, 0). Combining now (4)–(6), we obtain

𝑢𝑡(𝑥, 𝑡) − 𝑢𝑥(𝑥, 𝑡) = 𝑎(𝑥 − 𝑡) in ℝ × (0,∞).
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This is a nonhomogeneous transport equation; and so formula (5) from §2.1.2
(with 𝑛 = 1, 𝑏 = −1, 𝑓(𝑥, 𝑡) = 𝑎(𝑥 − 𝑡)) implies for 𝑏(𝑥) ≔ 𝑢(𝑥, 0) that

(7)
𝑢(𝑥, 𝑡) = ∫

𝑡

0
𝑎(𝑥 + (𝑡 − 𝑠) − 𝑠) 𝑑𝑠 + 𝑏(𝑥 + 𝑡)

= 1
2 ∫

𝑥+𝑡

𝑥−𝑡
𝑎(𝑦) 𝑑𝑦 + 𝑏(𝑥 + 𝑡).

We lastly invoke the initial conditions in (3) to compute 𝑎 and 𝑏. The first initial
condition in (3) gives

𝑏(𝑥) = 𝑔(𝑥) (𝑥 ∈ ℝ),
whereas the second initial condition and (5) imply

𝑎(𝑥) = 𝑣(𝑥, 0) = 𝑢𝑡(𝑥, 0) − 𝑢𝑥(𝑥, 0) = ℎ(𝑥) − 𝑔′(𝑥) (𝑥 ∈ ℝ).

Our substituting into (7) now yields

𝑢(𝑥, 𝑡) = 1
2 ∫

𝑥+𝑡

𝑥−𝑡
ℎ(𝑦) − 𝑔′(𝑦) 𝑑𝑦 + 𝑔(𝑥 + 𝑡).

Hence

(8) 𝑢(𝑥, 𝑡) = 1
2[𝑔(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡)] + 1

2 ∫
𝑥+𝑡

𝑥−𝑡
ℎ(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ, 𝑡 ≥ 0).

This is d’Alembert’s formula.
We have derived formula (8) assuming 𝑢 is a (sufficiently smooth) solution

of (3). We need to check that this really is a solution.

THEOREM 1 (Solution of wave equation, 𝑛 = 1). Assume 𝑔 ∈ 𝐶2(ℝ), ℎ ∈
𝐶1(ℝ), and define 𝑢 by d’Alembert’s formula (8). Then

(i) 𝑢 ∈ 𝐶2(ℝ × [0,∞)),
(ii) 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0 in ℝ × (0,∞),

(iii) lim
(𝑥,𝑡)→(𝑥0,0)

𝑡>0

𝑢(𝑥, 𝑡) = 𝑔(𝑥0), lim
(𝑥,𝑡)→(𝑥0,0)

𝑡>0

𝑢𝑡(𝑥, 𝑡) = ℎ(𝑥0) for each point

𝑥0 ∈ ℝ.

The proof is a straightforward calculation.

Remarks.

(i) In view of (8), our solution 𝑢 has the form

𝑢(𝑥, 𝑡) = 𝐹(𝑥 + 𝑡) + 𝐺(𝑥 − 𝑡)
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for appropriate functions 𝐹 and 𝐺. Conversely any function of this form solves
𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0. Hence the general solution of the one-dimensional wave equa-
tion is a sum of the general solution of 𝑢𝑡 − 𝑢𝑥 = 0 and the general solution of
𝑢𝑡 + 𝑢𝑥 = 0. This is a consequence of the factorization (4). See Problem 19.

(ii) We see from (8) that if 𝑔 ∈ 𝐶𝑘 and ℎ ∈ 𝐶𝑘−1, then 𝑢 ∈ 𝐶𝑘 but is not
in general smoother. Thus the wave equation does not cause instantaneous
smoothing of the initial data, as does the heat equation.

A reflection method. To illustrate a further application of d’Alembert’s for-
mula, let us next consider this initial/boundary-value problem on the half-line
ℝ+ = {𝑥 > 0}:

(9)
⎧
⎨
⎩

𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0 in ℝ+ × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ+ × {𝑡 = 0}
𝑢 = 0 on {𝑥 = 0} × (0,∞),

where 𝑔, ℎ are given, with 𝑔(0) = ℎ(0) = 0.
We convert (9) into the form (3) by extending 𝑢, 𝑔, ℎ to all of ℝ by odd

reflection. That is, we set

𝑢̃(𝑥, 𝑡) ≔ {𝑢(𝑥, 𝑡) (𝑥 ≥ 0, 𝑡 ≥ 0)
−𝑢(−𝑥, 𝑡) (𝑥 ≤ 0, 𝑡 ≥ 0),

̃𝑔(𝑥) ≔ {𝑔(𝑥) (𝑥 ≥ 0)
−𝑔(−𝑥) (𝑥 ≤ 0),

̃ℎ(𝑥) ≔ {ℎ(𝑥) (𝑥 ≥ 0)
−ℎ(−𝑥) (𝑥 ≤ 0).

Then (9) becomes

{𝑢̃𝑡𝑡 = 𝑢̃𝑥𝑥 in ℝ × (0,∞)
𝑢̃ = ̃𝑔, 𝑢̃𝑡 = ̃ℎ on ℝ × {𝑡 = 0}.

Hence d’Alembert’s formula (8) implies

𝑢̃(𝑥, 𝑡) = 1
2[ ̃𝑔(𝑥 + 𝑡) + ̃𝑔(𝑥 − 𝑡)] + 1

2 ∫
𝑥+𝑡

𝑥−𝑡
̃ℎ(𝑦) 𝑑𝑦.

Recalling the definitions of 𝑢̃, ̃𝑔, ̃ℎ above, we can transform this expression to
read for 𝑥 ≥ 0, 𝑡 ≥ 0:

(10) 𝑢(𝑥, 𝑡) = {
1
2 [𝑔(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡)] + 1

2 ∫
𝑥+𝑡
𝑥−𝑡 ℎ(𝑦) 𝑑𝑦 if 𝑥 ≥ 𝑡 ≥ 0

1
2 [𝑔(𝑥 + 𝑡) − 𝑔(𝑡 − 𝑥)] + 1

2 ∫
𝑥+𝑡
−𝑥+𝑡 ℎ(𝑦) 𝑑𝑦 if 0 ≤ 𝑥 ≤ 𝑡.

If ℎ ≡ 0, we can understand formula (10) as saying that an initial displace-
ment 𝑔 splits into two parts, one moving to the right with speed one and the
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other to the left with speed one. The latter then reflects off the point 𝑥 = 0,
where the vibrating string is held fixed.

Note that our solution does not belong to 𝐶2, unless 𝑔″(0) = 0.
b. Spherical means. Now suppose 𝑛 ≥ 2, 𝑚 ≥ 2, and 𝑢 ∈ 𝐶𝑚(ℝ𝑛 × [0,∞))
solves the initial-value problem

(11) {𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

We intend to derive an explicit formula for 𝑢 in terms of 𝑔, ℎ. The plan will be
to study first the average of 𝑢 over certain spheres. These averages, taken as
functions of the time 𝑡 and the radius 𝑟, turn out to solve the Euler–Poisson–
Darboux equation, a PDE which we can for odd𝑛 convert into the ordinary one-
dimensional wave equation. Applying d’Alembert’s formula, or more precisely
its variant (10), eventually leads us to a formula for the solution.

NOTATION.

(i) Let 𝑥 ∈ ℝ𝑛, 𝑡 > 0, 𝑟 > 0. Define

(12) 𝑈(𝑥; 𝑟, 𝑡) ≔ ⨍
𝜕𝐵(𝑥,𝑟)

𝑢(𝑦, 𝑡) 𝑑𝑆(𝑦),

the average of 𝑢(⋅, 𝑡) over the sphere 𝜕𝐵(𝑥, 𝑟).
(ii) Similarly,

(13) {𝐺(𝑥; 𝑟) ≔ ⨍𝜕𝐵(𝑥,𝑟) 𝑔(𝑦) 𝑑𝑆(𝑦)
𝐻(𝑥; 𝑟) ≔ ⨍𝜕𝐵(𝑥,𝑟) ℎ(𝑦) 𝑑𝑆(𝑦).

For fixed 𝑥, we hereafter regard 𝑈 as a function of 𝑟 and 𝑡 and discover a
partial differential equation that 𝑈 solves:

LEMMA 1 (Euler–Poisson–Darboux equation). Fix 𝑥 ∈ ℝ𝑛, and let 𝑢 satisfy
(11). Then 𝑈 ∈ 𝐶𝑚(ℝ̄+ × [0,∞)) and

(14) {
𝑈𝑡𝑡 − 𝑈𝑟𝑟 − 𝑛−1

𝑟 𝑈𝑟 = 0 in ℝ+ × (0,∞)
𝑈 = 𝐺, 𝑈𝑡 = 𝐻 on ℝ+ × {𝑡 = 0}.

The partial differential equation in (14) is theEuler–Poisson–Darboux equa-
tion. (Note that the term 𝑈𝑟𝑟 + 𝑛−1

𝑟 𝑈𝑟 is the radial part of the Laplacian Δ in
polar coordinates.)
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Proof.
1. As in the proof of Theorem 2 in §2.2.2 we compute for 𝑟 > 0

(15) 𝑈𝑟(𝑥; 𝑟, 𝑡) =
𝑟
𝑛 ⨍𝐵(𝑥,𝑟)

Δ𝑢(𝑦, 𝑡) 𝑑𝑦.

From this equality we deduce lim𝑟→0+ 𝑈𝑟(𝑥; 𝑟, 𝑡) = 0. We next differentiate
(15), to discover after some computations that

(16) 𝑈𝑟𝑟(𝑥; 𝑟, 𝑡) = ⨍
𝜕𝐵(𝑥,𝑟)

Δ𝑢𝑑𝑆 + (1𝑛 − 1)⨍
𝐵(𝑥,𝑟)

Δ𝑢𝑑𝑦.

Thus lim𝑟→0+ 𝑈𝑟𝑟(𝑥; 𝑟, 𝑡) = 1
𝑛Δ𝑢(𝑥, 𝑡). Using formula (16), we can similarly

compute 𝑈𝑟𝑟𝑟, etc., and so verify that 𝑈 ∈ 𝐶𝑚(ℝ̄+ × [0,∞)).
2. Continuing the calculation above, we see from (15) that

𝑈𝑟 =
𝑟
𝑛 ⨍𝐵(𝑥,𝑟)

𝑢𝑡𝑡 𝑑𝑦 by (11)

= 1
𝑛𝛼(𝑛)

1
𝑟𝑛−1 ∫𝐵(𝑥,𝑟)

𝑢𝑡𝑡 𝑑𝑦.

Thus
𝑟𝑛−1𝑈𝑟 =

1
𝑛𝛼(𝑛) ∫𝐵(𝑥,𝑟)

𝑢𝑡𝑡 𝑑𝑦,

and so

(𝑟𝑛−1𝑈𝑟)𝑟 =
1

𝑛𝛼(𝑛) ∫𝜕𝐵(𝑥,𝑟)
𝑢𝑡𝑡 𝑑𝑆

= 𝑟𝑛−1⨍
𝜕𝐵(𝑥,𝑟)

𝑢𝑡𝑡 𝑑𝑆 = 𝑟𝑛−1𝑈𝑡𝑡. □

c. Solution for n = 3, 2, Kirchhoff’s and Poisson’s formulas. The plan in
the ensuing subsections will be to transform the Euler–Poisson–Darboux equa-
tion (14) into the usual one-dimensional wave equation. As the full procedure
is rather complicated, we pause here to handle the simpler cases 𝑛 = 3, 2, in
that order.
Solution for n = 3. Let us therefore hereafter take 𝑛 = 3, and suppose 𝑢 ∈
𝐶2(ℝ3 × [0,∞)) solves the initial-value problem (11). We recall the definitions
(12), (13) of 𝑈, 𝐺, 𝐻 and then set

(17) 𝑈̃ ≔ 𝑟𝑈,

(18) ̃𝐺 ≔ 𝑟𝐺, 𝐻̃ ≔ 𝑟𝐻.
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We now assert that 𝑈̃ solves

(19)
⎧
⎨
⎩

𝑈̃𝑡𝑡 − 𝑈̃𝑟𝑟 = 0 in ℝ+ × (0,∞)
𝑈̃ = ̃𝐺, 𝑈̃𝑡 = 𝐻̃ on ℝ+ × {𝑡 = 0}

𝑈̃ = 0 on {𝑟 = 0} × (0,∞).
Indeed

𝑈̃𝑡𝑡 = 𝑟𝑈𝑡𝑡

= 𝑟 [𝑈𝑟𝑟 +
2
𝑟𝑈𝑟] by (14), with 𝑛 = 3

= 𝑟𝑈𝑟𝑟 + 2𝑈𝑟 = (𝑈 + 𝑟𝑈𝑟)𝑟 = 𝑈̃𝑟𝑟.
Notice also that ̃𝐺𝑟𝑟(0) = 0. Applying formula (10) to (19), we find for 0 ≤ 𝑟 ≤ 𝑡

(20) 𝑈̃(𝑥; 𝑟, 𝑡) = 1
2[

̃𝐺(𝑟 + 𝑡) − ̃𝐺(𝑡 − 𝑟)] + 1
2 ∫

𝑟+𝑡

−𝑟+𝑡
𝐻̃(𝑦) 𝑑𝑦.

Since (12) implies 𝑢(𝑥, 𝑡) = lim𝑟→0+ 𝑈(𝑥; 𝑟, 𝑡), we conclude from (17), (18), (20)
that

𝑢(𝑥, 𝑡) = lim
𝑟→0+

𝑈̃(𝑥; 𝑟, 𝑡)
𝑟

= lim
𝑟→0+

[
̃𝐺(𝑡 + 𝑟) − ̃𝐺(𝑡 − 𝑟)

2𝑟 + 1
2𝑟 ∫

𝑡+𝑟

𝑡−𝑟
𝐻̃(𝑦) 𝑑𝑦]

= ̃𝐺′(𝑡) + 𝐻̃(𝑡).
Owing then to (13), we deduce

(21) 𝑢(𝑥, 𝑡) = 𝜕
𝜕𝑡 (𝑡⨍𝜕𝐵(𝑥,𝑡)

𝑔 𝑑𝑆) + 𝑡⨍
𝜕𝐵(𝑥,𝑡)

ℎ 𝑑𝑆.

But
⨍
𝜕𝐵(𝑥,𝑡)

𝑔(𝑦) 𝑑𝑆(𝑦) = ⨍
𝜕𝐵(0,1)

𝑔(𝑥 + 𝑡𝑧) 𝑑𝑆(𝑧);

and so
𝜕
𝜕𝑡 (⨍𝜕𝐵(𝑥,𝑡)

𝑔 𝑑𝑆) = ⨍
𝜕𝐵(0,1)

𝐷𝑔(𝑥 + 𝑡𝑧) ⋅ 𝑧 𝑑𝑆(𝑧)

= ⨍
𝜕𝐵(𝑥,𝑡)

𝐷𝑔(𝑦) ⋅ (𝑦 − 𝑥
𝑡 ) 𝑑𝑆(𝑦).

Returning to (21), we therefore conclude

(22) 𝑢(𝑥, 𝑡) = ⨍
𝜕𝐵(𝑥,𝑡)

𝑡ℎ(𝑦) + 𝑔(𝑦) + 𝐷𝑔(𝑦) ⋅ (𝑦 − 𝑥) 𝑑𝑆(𝑦) (𝑥 ∈ ℝ3, 𝑡 > 0).

This is Kirchhoff’s formula for the solution of the initial-value problem (11) in
three dimensions.
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Solution for n = 2. No transformation like (17) works to convert the Euler–
Poisson–Darboux equation into the one-dimensional wave equation when 𝑛 =
2. Instead we will take the initial-value problem (11) for 𝑛 = 2 and simply
regard it as a problem for 𝑛 = 3, in which the third spatial variable 𝑥3 does not
appear.

Indeed, assuming 𝑢 ∈ 𝐶2(ℝ2 × [0,∞)) solves (11) for 𝑛 = 2, let us write

(23) 𝑢̄(𝑥1, 𝑥2, 𝑥3, 𝑡) ≔ 𝑢(𝑥1, 𝑥2, 𝑡).

Then (11) implies

(24) {
𝑢̄𝑡𝑡 − Δ𝑢̄ = 0 in ℝ3 × (0,∞)
𝑢̄ = ̄𝑔, 𝑢̄𝑡 = ̄ℎ on ℝ3 × {𝑡 = 0},

for

̄𝑔(𝑥1, 𝑥2, 𝑥3) ≔ 𝑔(𝑥1, 𝑥2), ̄ℎ(𝑥1, 𝑥2, 𝑥3) ≔ ℎ(𝑥1, 𝑥2).

If we write𝑥 = (𝑥1, 𝑥2) ∈ ℝ2 and ̄𝑥 = (𝑥1, 𝑥2, 0) ∈ ℝ3, then (24) and Kirchhoff’s
formula (in the form (21)) imply

(25)
𝑢(𝑥, 𝑡) = 𝑢̄( ̄𝑥, 𝑡)

= 𝜕
𝜕𝑡 (𝑡⨍𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆) + 𝑡⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄ℎ 𝑑 ̄𝑆,

where ̄𝐵( ̄𝑥, 𝑡) denotes the ball in ℝ3 with center ̄𝑥, radius 𝑡 > 0 and where
𝑑 ̄𝑆 denotes two-dimensional surface measure on 𝜕 ̄𝐵( ̄𝑥, 𝑡). We simplify (25) by
observing

⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆 = 1
4𝜋𝑡2 ∫𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆

= 2
4𝜋𝑡2 ∫𝐵(𝑥,𝑡)

𝑔(𝑦)(1 + |𝐷𝛾(𝑦)|2)1/2 𝑑𝑦,

where 𝛾(𝑦) = (𝑡2−|𝑦−𝑥|2)1/2 for 𝑦 ∈ 𝐵(𝑥, 𝑡). The factor “2” enters since 𝜕 ̄𝐵( ̄𝑥, 𝑡)
consists of two hemispheres. Observe that (1 + |𝐷𝛾|2)1/2 = 𝑡(𝑡2 − |𝑦 − 𝑥|2)−1/2.
Therefore

⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆 = 1
2𝜋𝑡 ∫𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦

= 𝑡
2 ⨍𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦.
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Consequently formula (25) becomes

(26)
𝑢(𝑥, 𝑡) = 1

2
𝜕
𝜕𝑡 (𝑡

2⨍
𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)

+ 𝑡2
2 ⨍𝐵(𝑥,𝑡)

ℎ(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦.

But
𝑡2⨍

𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦 = 𝑡⨍

𝐵(0,1)

𝑔(𝑥 + 𝑡𝑧)
(1 − |𝑧|2)1/2 𝑑𝑧,

and so
𝜕
𝜕𝑡 (𝑡

2⨍
𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)

= ⨍
𝐵(0,1)

𝑔(𝑥 + 𝑡𝑧)
(1 − |𝑧|2)1/2 𝑑𝑧 + 𝑡⨍

𝐵(0,1)

𝐷𝑔(𝑥 + 𝑡𝑧) ⋅ 𝑧
(1 − |𝑧|2)1/2 𝑑𝑧

= 𝑡⨍
𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦 + 𝑡⨍

𝐵(𝑥,𝑡)

𝐷𝑔(𝑦) ⋅ (𝑦 − 𝑥)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦.

Hence we can rewrite (26) and obtain the relation

(27) 𝑢(𝑥, 𝑡) = 1
2 ⨍𝐵(𝑥,𝑡)

𝑡𝑔(𝑦) + 𝑡2ℎ(𝑦) + 𝑡𝐷𝑔(𝑦) ⋅ (𝑦 − 𝑥)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦

for 𝑥 ∈ ℝ2, 𝑡 > 0. This is Poisson’s formula for the solution of the initial-value
problem (11) in two dimensions.

The trick of solving the problem for 𝑛 = 3 first and then dropping to 𝑛 = 2
is the method of descent.
d. Solution for odd n. In this subsection we solve the Euler–Poisson– Dar-
boux PDE for odd 𝑛 ≥ 3. We first record some technical facts.

LEMMA 2 (Some useful identities). Let 𝜙 ∶ ℝ → ℝ be 𝐶𝑘+1. Then for 𝑘 = 1,
2, . . .

(i) ( 𝑑2
𝑑𝑟2 ) (

1
𝑟
𝑑
𝑑𝑟)

𝑘−1
(𝑟2𝑘−1𝜙(𝑟)) = ( 1𝑟

𝑑
𝑑𝑟)

𝑘
(𝑟2𝑘 𝑑𝜙𝑑𝑟 (𝑟)),

(ii) ( 1𝑟
𝑑
𝑑𝑟)

𝑘−1
(𝑟2𝑘−1𝜙(𝑟))=∑𝑘−1

𝑗=0 𝛽𝑘𝑗 𝑟𝑗+1
𝑑𝑗𝜙
𝑑𝑟𝑗 (𝑟), where the constants𝛽

𝑘
𝑗 (𝑗 =

0, . . . , 𝑘 − 1) are independent of 𝜙.
Furthermore,
(iii) 𝛽𝑘0 = 1 ⋅ 3 ⋅ 5⋯ (2𝑘 − 1).

The proof by induction is left as an exercise.
Now assume

𝑛 ≥ 3 is an odd integer
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and set
𝑛 = 2𝑘 + 1 (𝑘 ≥ 1).

Henceforth suppose 𝑢 ∈ 𝐶𝑘+1(ℝ𝑛 × [0,∞)) solves the initial-value problem
(11). Then the function 𝑈 defined by (12) is 𝐶𝑘+1.
NOTATION. We write

(28)
⎧⎪
⎨⎪
⎩

𝑈̃(𝑟, 𝑡) ≔ ( 1𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝑈(𝑥; 𝑟, 𝑡))

̃𝐺(𝑟) ≔ ( 1𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝐺(𝑥; 𝑟))

𝐻̃(𝑟) ≔ ( 1𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝐻(𝑥; 𝑟))

(𝑟 > 0, 𝑡 ≥ 0).

Then
(29) 𝑈̃(𝑟, 0) = ̃𝐺(𝑟), 𝑈̃𝑡(𝑟, 0) = 𝐻̃(𝑟).

Next we combine Lemma 1 and the identities provided by Lemma 2 to
demonstrate that the transformation (28) of 𝑈 into 𝑈̃ in effect converts the
Euler–Poisson–Darboux equation into the wave equation.
LEMMA 3 (𝑈̃ solves the one-dimensional wave equation). We have

⎧
⎨
⎩

𝑈̃𝑡𝑡 − 𝑈̃𝑟𝑟 = 0 in ℝ+ × (0,∞)
𝑈̃ = ̃𝐺, 𝑈̃𝑡 = 𝐻̃ on ℝ+ × {𝑡 = 0}

𝑈̃ = 0 on {𝑟 = 0} × (0,∞).

Proof. If 𝑟 > 0,

𝑈̃𝑟𝑟 = ( 𝜕
2

𝜕𝑟2 ) (
1
𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝑈)

= (1𝑟
𝜕
𝜕𝑟)

𝑘
(𝑟2𝑘𝑈𝑟) by Lemma 2(i)

= (1𝑟
𝜕
𝜕𝑟)

𝑘−1
[𝑟2𝑘−1𝑈𝑟𝑟 + 2𝑘𝑟2𝑘−2𝑈𝑟]

= (1𝑟
𝜕
𝜕𝑟)

𝑘−1
[𝑟2𝑘−1 (𝑈𝑟𝑟 +

𝑛 − 1
𝑟 𝑈𝑟)] (𝑛 = 2𝑘 + 1)

= (1𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝑈𝑡𝑡) = 𝑈̃𝑡𝑡,

the next-to-last equality holding according to (14). Using Lemma 2(ii) we con-
clude as well that 𝑈̃ = 0 on {𝑟 = 0}. □

In view of Lemma 3, (29), and formula (10), we conclude for 0 ≤ 𝑟 ≤ 𝑡 that

(30) 𝑈̃(𝑟, 𝑡) = 1
2[

̃𝐺(𝑟 + 𝑡) − ̃𝐺(𝑡 − 𝑟)] + 1
2 ∫

𝑡+𝑟

𝑡−𝑟
𝐻̃(𝑦) 𝑑𝑦.
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But recall 𝑢(𝑥, 𝑡) = lim𝑟→0𝑈(𝑥; 𝑟, 𝑡). Furthermore Lemma 2(ii) asserts

𝑈̃(𝑟, 𝑡) = (1𝑟
𝜕
𝜕𝑟)

𝑘−1
(𝑟2𝑘−1𝑈(𝑥; 𝑟, 𝑡))

=
𝑘−1
∑
𝑗=0

𝛽𝑘𝑗 𝑟𝑗+1
𝜕𝑗
𝜕𝑟𝑗𝑈(𝑥; 𝑟, 𝑡),

and so

lim
𝑟→0

𝑈̃(𝑟, 𝑡)
𝛽𝑘0𝑟

= lim
𝑟→0

𝑈(𝑥; 𝑟, 𝑡) = 𝑢(𝑥, 𝑡).

Thus (30) implies

𝑢(𝑥, 𝑡) = 1
𝛽𝑘0

lim
𝑟→0

[
̃𝐺(𝑡 + 𝑟) − ̃𝐺(𝑡 − 𝑟)

2𝑟 + 1
2𝑟 ∫

𝑡+𝑟

𝑡−𝑟
𝐻̃(𝑦) 𝑑𝑦]

= 1
𝛽𝑘0
[ ̃𝐺′(𝑡) + 𝐻̃(𝑡)].

Finally then, since 𝑛 = 2𝑘+ 1, (30) and Lemma 2(iii) yield this representa-
tion formula:

(31)

⎧
⎪⎪⎪
⎨
⎪⎪⎪
⎩

𝑢(𝑥, 𝑡) = 1
𝛾𝑛

[( 𝜕𝜕𝑡) (
1
𝑡
𝜕
𝜕𝑡)

𝑛−3
2
(𝑡𝑛−2⨍

𝜕𝐵(𝑥,𝑡)
𝑔 𝑑𝑆)

+ (1𝑡
𝜕
𝜕𝑡)

𝑛−3
2
(𝑡𝑛−2⨍

𝜕𝐵(𝑥,𝑡)
ℎ 𝑑𝑆)]

where 𝑛 is odd and 𝛾𝑛 = 1 ⋅ 3 ⋅ 5⋯ (𝑛 − 2),

for 𝑥 ∈ ℝ𝑛, 𝑡 > 0.
We note that 𝛾3 = 1, and so (31) agrees for 𝑛 = 3 with (21) and thus with

Kirchhoff’s formula (22).
It remains to check that formula (31) really provides a solution of (11).

THEOREM 2 (Solution of wave equation in odd dimensions). Assume 𝑛 is an
odd integer, 𝑛 ≥ 3, and suppose also 𝑔 ∈ 𝐶𝑚+1(ℝ𝑛), ℎ ∈ 𝐶𝑚(ℝ𝑛), for𝑚 = 𝑛+1

2 .
Define 𝑢 by (31). Then

(i) 𝑢 ∈ 𝐶2(ℝ𝑛 × [0,∞)),
(ii) 𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞), and

(iii) lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢(𝑥, 𝑡) = 𝑔(𝑥0), lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢𝑡(𝑥, 𝑡) = ℎ(𝑥0) for each point

𝑥0 ∈ ℝ𝑛.
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Proof.
1. Suppose first 𝑔 ≡ 0, so that

(32) 𝑢(𝑥, 𝑡) = 1
𝛾𝑛

(1𝑡
𝜕
𝜕𝑡)

𝑛−3
2
(𝑡𝑛−2𝐻(𝑥; 𝑡)) .

Then Lemma 2(i) lets us compute

𝑢𝑡𝑡 =
1
𝛾𝑛

(1𝑡
𝜕
𝜕𝑡)

𝑛−1
2
(𝑡𝑛−1𝐻𝑡) .

From the calculation in the proof of Theorem 2 in §2.2.2, we see as well that

𝐻𝑡 =
𝑡
𝑛 ⨍𝐵(𝑥,𝑡)

Δℎ 𝑑𝑦.

Consequently

𝑢𝑡𝑡 =
1

𝑛𝛼(𝑛)𝛾𝑛
(1𝑡

𝜕
𝜕𝑡)

𝑛−1
2
(∫

𝐵(𝑥,𝑡)
Δℎ 𝑑𝑦)

= 1
𝑛𝛼(𝑛)𝛾𝑛

(1𝑡
𝜕
𝜕𝑡)

𝑛−3
2
(1𝑡 ∫𝜕𝐵(𝑥,𝑡)

Δℎ 𝑑𝑆) .

On the other hand,

Δ𝐻(𝑥; 𝑡) = Δ𝑥⨍
𝜕𝐵(0,𝑡)

ℎ(𝑥 + 𝑦) 𝑑𝑆(𝑦) = ⨍
𝜕𝐵(𝑥,𝑡)

Δℎ 𝑑𝑆.

Consequently (32) and the calculations above imply 𝑢𝑡𝑡 = Δ𝑢 in ℝ𝑛 × (0,∞).
A similar computation works if ℎ ≡ 0.
2. We leave it as an exercise to confirm, using Lemma 2(ii)–(iii), that𝑢 takes

on the correct initial conditions. □

Remarks.
(i) Notice that to compute 𝑢(𝑥, 𝑡) we need only have information on 𝑔, ℎ

and their derivatives on the sphere 𝜕𝐵(𝑥, 𝑡), and not on the entire ball 𝐵(𝑥, 𝑡).
(ii) Comparing formula (31) with d’Alembert’s formula (8) (𝑛 = 1), we

observe that the latter does not involve the derivatives of 𝑔. This suggests that
for 𝑛 > 1, a solution of the wave equation (11) need not for times 𝑡 > 0 be as
smooth as its initial value 𝑔: irregularities in 𝑔may focus at times 𝑡 > 0, thereby
causing 𝑢 to be less regular. (We will see later in §2.4.3 that the “energy norm”
of 𝑢 does not deteriorate for 𝑡 > 0.)

(iii) Once again (as in the case 𝑛 = 1) we see the phenomenon of finite
propagation speed of the initial disturbance.
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(iv) A completely different derivation of formula (31) (using the heat equa-
tion!) is in §4.3.3.

e. Solution for even n. Assume now

𝑛 is an even integer.

Suppose 𝑢 is a 𝐶𝑚 solution of (11), 𝑚 = 𝑛+2
2 . We want to fashion a representa-

tion formula like (31) for 𝑢. The trick, as above for 𝑛 = 2, is to note that

(33) 𝑢̄(𝑥1, . . . , 𝑥𝑛+1, 𝑡) ≔ 𝑢(𝑥1, . . . , 𝑥𝑛, 𝑡)

solves the wave equation in ℝ𝑛+1 × (0,∞), with the initial conditions

𝑢̄ = ̄𝑔, 𝑢̄𝑡 = ̄ℎ on ℝ𝑛+1 × {𝑡 = 0},

where

(34) { ̄𝑔(𝑥1, . . . , 𝑥𝑛+1) ≔ 𝑔(𝑥1, . . . , 𝑥𝑛)
̄ℎ(𝑥1, . . . , 𝑥𝑛+1) ≔ ℎ(𝑥1, . . . , 𝑥𝑛).

As 𝑛+ 1 is odd, we may employ (31) (with 𝑛+ 1 replacing 𝑛) to secure a repre-
sentation formula for 𝑢̄ in terms of ̄𝑔, ̄ℎ. But then (33) and (34) yield at once a
formula for 𝑢 in terms of 𝑔, ℎ. This is again the method of descent.

To carry out the details, let us fix 𝑥 ∈ ℝ𝑛, 𝑡 > 0, and write ̄𝑥 =
(𝑥1, . . . , 𝑥𝑛, 0) ∈ ℝ𝑛+1. Then (31), with 𝑛 + 1 replacing 𝑛, gives

(35)
𝑢(𝑥, 𝑡) = 1

𝛾𝑛+1
[ 𝜕𝜕𝑡 (

1
𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛−1⨍

𝜕𝐵̄(𝑥̄,𝑡)
̄𝑔 𝑑 ̄𝑆)

+ (1𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛−1⨍

𝜕𝐵̄(𝑥̄,𝑡)
̄ℎ 𝑑 ̄𝑆)] ,

̄𝐵( ̄𝑥, 𝑡) denoting the ball in ℝ𝑛+1 with center ̄𝑥 and radius 𝑡 and 𝑑 ̄𝑆 denoting
𝑛-dimensional surface measure on 𝜕 ̄𝐵( ̄𝑥, 𝑡). Now

(36) ⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆 = 1
(𝑛 + 1)𝛼(𝑛 + 1)𝑡𝑛 ∫𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆.

Note that 𝜕 ̄𝐵(𝑥, 𝑡)∩{𝑦𝑛+1 ≥ 0} is the graph of the function 𝛾(𝑦) ≔ (𝑡2−|𝑦−𝑥|2)1/2
for 𝑦 ∈ 𝐵(𝑥, 𝑡) ⊂ ℝ𝑛. Likewise 𝜕 ̄𝐵(𝑥, 𝑡) ∩ {𝑦𝑛+1 ≤ 0} is the graph of −𝛾. Thus
(36) implies

(37) ⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆 = 2
(𝑛 + 1)𝛼(𝑛 + 1)𝑡𝑛 ∫𝐵(𝑥,𝑡)

𝑔(𝑦)(1 + |𝐷𝛾(𝑦)|2)1/2 𝑑𝑦,
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the factor “2” entering because 𝜕 ̄𝐵( ̄𝑥, 𝑡) comprises two hemispheres. Note that
(1 + |𝐷𝛾(𝑦)|2)1/2 = 𝑡(𝑡2 − |𝑦 − 𝑥|2)−1/2. Our substituting this into (37) yields

⨍
𝜕𝐵̄(𝑥̄,𝑡)

̄𝑔 𝑑 ̄𝑆 = 2
(𝑛 + 1)𝛼(𝑛 + 1)𝑡𝑛−1 ∫𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦

= 2𝑡𝛼(𝑛)
(𝑛 + 1)𝛼(𝑛 + 1) ⨍𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦.

We insert this formula and the similar one with ℎ in place of 𝑔 into (35) and
find

𝑢(𝑥, 𝑡)= 1
𝛾𝑛+1

2𝛼(𝑛)
(𝑛 + 1)𝛼(𝑛 + 1) [

𝜕
𝜕𝑡 (

1
𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛⨍

𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)

+ (1𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛⨍

𝐵(𝑥,𝑡)

ℎ(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)] .

Since 𝛾𝑛+1 = 1 ⋅ 3 ⋅ 5⋯ (𝑛 − 1) and 𝛼(𝑛) = 𝜋𝑛/2

Γ( 𝑛+22 )
, we may compute 𝛾𝑛 =

2 ⋅ 4⋯ (𝑛 − 2) ⋅ 𝑛.
Hence the resulting representation formula for even 𝑛 is

(38)

⎧
⎪⎪⎪
⎨
⎪⎪⎪
⎩

𝑢(𝑥, 𝑡) = 1
𝛾𝑛

[( 𝜕𝜕𝑡) (
1
𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛⨍

𝐵(𝑥,𝑡)

𝑔(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)

+ (1𝑡
𝜕
𝜕𝑡)

𝑛−2
2
(𝑡𝑛⨍

𝐵(𝑥,𝑡)

ℎ(𝑦)
(𝑡2 − |𝑦 − 𝑥|2)1/2 𝑑𝑦)] ,

where 𝑛 is even and 𝛾𝑛 = 2 ⋅ 4⋯ (𝑛 − 2) ⋅ 𝑛,

for 𝑥 ∈ ℝ𝑛, 𝑡 > 0.
Since 𝛾2 = 2, this agrees with Poisson’s formula (27) if 𝑛 = 2.

THEOREM3 (Solution of wave equation in even dimensions). Assume 𝑛 is an
even integer, 𝑛 ≥ 2, and suppose also 𝑔 ∈ 𝐶𝑚+1(ℝ𝑛), ℎ ∈ 𝐶𝑚(ℝ𝑛), for𝑚 = 𝑛+2

2 .
Define 𝑢 by (38). Then

(i) 𝑢 ∈ 𝐶2(ℝ𝑛 × [0,∞)),
(ii) 𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞), and

(iii) lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢(𝑥, 𝑡) = 𝑔(𝑥0), lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢𝑡(𝑥, 𝑡) = ℎ(𝑥0) for each point

𝑥0 ∈ ℝ𝑛.
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This follows from Theorem 2. Observe, in contrast to formula (31), that to
compute 𝑢(𝑥, 𝑡) for even 𝑛 we need information on 𝑢 = 𝑔, 𝑢𝑡 = ℎ on all of
𝐵(𝑥, 𝑡) and not just on 𝜕𝐵(𝑥, 𝑡).

Huygens’ principle. Comparing (31) and (38), we observe that if 𝑛 is odd and
𝑛 ≥ 3, the data 𝑔 and ℎ at a given point 𝑥 ∈ ℝ𝑛 affect the solution 𝑢 only on
the boundary { (𝑦, 𝑡) ∣ 𝑡 > 0, |𝑥 − 𝑦| = 𝑡 } of the cone 𝐶 = { (𝑦, 𝑡) ∣ 𝑡 > 0,
|𝑥 − 𝑦| < 𝑡 }. On the other hand, if 𝑛 is even, the data 𝑔 and ℎ affect 𝑢 within all
of 𝐶. In other words, a “disturbance” originating at 𝑥 propagates along a sharp
wavefront in odd dimensions, but in even dimensions it continues to have effects
even after the leading edge of the wavefront passes. This is Huygens’ principle.

2.4.2. Nonhomogeneous problem. We next investigate the initial-value
problem for the nonhomogeneous wave equation

(39) {𝑢𝑡𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0,∞)
𝑢 = 0, 𝑢𝑡 = 0 on ℝ𝑛 × {𝑡 = 0}.

Motivated by Duhamel’s principle (introduced earlier in §2.3.1), we define 𝑢 =
𝑢(𝑥, 𝑡; 𝑠) to be the solution of

(40𝑠) {
𝑢𝑡𝑡(⋅; 𝑠) − Δ𝑢(⋅; 𝑠) = 0 in ℝ𝑛 × (𝑠,∞)
𝑢(⋅; 𝑠) = 0, 𝑢𝑡(⋅; 𝑠) = 𝑓(⋅, 𝑠) on ℝ𝑛 × {𝑡 = 𝑠}.

Now set

(41) 𝑢(𝑥, 𝑡) ≔ ∫
𝑡

0
𝑢(𝑥, 𝑡; 𝑠) 𝑑𝑠 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

Duhamel’s principle asserts this is a solution of

(42) {
𝑢𝑡𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0,∞)
𝑢 = 0, 𝑢𝑡 = 0 on ℝ𝑛 × {𝑡 = 0}.

THEOREM4 (Solution of nonhomogeneous wave equation). Assume that𝑛 ≥
2 and 𝑓 ∈ 𝐶[𝑛/2]+1(ℝ𝑛 × [0,∞)). Define 𝑢 by (41). Then

(i) 𝑢 ∈ 𝐶2(ℝ𝑛 × [0,∞)),
(ii) 𝑢𝑡𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0,∞), and

(iii) lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢(𝑥, 𝑡) = 0, lim
(𝑥,𝑡)→(𝑥0,0)
𝑥∈ℝ𝑛, 𝑡>0

𝑢𝑡(𝑥, 𝑡) = 0 for each point 𝑥0 ∈ ℝ𝑛.

Proof.
1. If 𝑛 is odd, [𝑛2 ] + 1 = 𝑛+1

2 . According to Theorem 2, we have 𝑢(⋅, ⋅; 𝑠) ∈
𝐶2(ℝ𝑛 × [𝑠,∞)) for each 𝑠 ≥ 0, and so 𝑢 ∈ 𝐶2(ℝ𝑛 × [0,∞)). If 𝑛 is even,
[𝑛2 ] + 1 = 𝑛+2

2 . Hence 𝑢 ∈ 𝐶2(ℝ𝑛 × [0,∞)), according to Theorem 3.
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2. We then compute

𝑢𝑡(𝑥, 𝑡) = 𝑢(𝑥, 𝑡; 𝑡) +∫
𝑡

0
𝑢𝑡(𝑥, 𝑡; 𝑠) 𝑑𝑠 = ∫

𝑡

0
𝑢𝑡(𝑥, 𝑡; 𝑠) 𝑑𝑠,

𝑢𝑡𝑡(𝑥, 𝑡) = 𝑢𝑡(𝑥, 𝑡; 𝑡) +∫
𝑡

0
𝑢𝑡𝑡(𝑥, 𝑡; 𝑠) 𝑑𝑠 = 𝑓(𝑥, 𝑡) +∫

𝑡

0
𝑢𝑡𝑡(𝑥, 𝑡; 𝑠) 𝑑𝑠.

Furthermore

Δ𝑢(𝑥, 𝑡) = ∫
𝑡

0
Δ𝑢(𝑥, 𝑡; 𝑠) 𝑑𝑠 = ∫

𝑡

0
𝑢𝑡𝑡(𝑥, 𝑡; 𝑠) 𝑑𝑠.

Thus
𝑢𝑡𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = 𝑓(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

and clearly 𝑢(𝑥, 0) = 𝑢𝑡(𝑥, 0) = 0 for 𝑥 ∈ ℝ𝑛. □

The solution of the general nonhomogeneous problem is consequently the
sum of the solution of (11) (given by formulas (8), (31) or (38)) and the solution
of (42) (given by (41)).

Examples.
(i) Let us work out explicitly how to solve (42) for 𝑛 = 1. In this case

d’Alembert’s formula (8) gives

𝑢(𝑥, 𝑡; 𝑠) = 1
2 ∫

𝑥+𝑡−𝑠

𝑥−𝑡+𝑠
𝑓(𝑦, 𝑠) 𝑑𝑦, 𝑢(𝑥, 𝑡) = 1

2 ∫
𝑡

0
∫

𝑥+𝑡−𝑠

𝑥−𝑡+𝑠
𝑓(𝑦, 𝑠) 𝑑𝑦𝑑𝑠.

That is,

(43) 𝑢(𝑥, 𝑡) = 1
2 ∫

𝑡

0
∫

𝑥+𝑠

𝑥−𝑠
𝑓(𝑦, 𝑡 − 𝑠) 𝑑𝑦𝑑𝑠 (𝑥 ∈ ℝ, 𝑡 ≥ 0).

(ii) For 𝑛 = 3, Kirchhoff’s formula (22) implies

𝑢(𝑥, 𝑡; 𝑠) = (𝑡 − 𝑠)⨍
𝜕𝐵(𝑥,𝑡−𝑠)

𝑓(𝑦, 𝑠) 𝑑𝑆,

so that

𝑢(𝑥, 𝑡) = ∫
𝑡

0
(𝑡 − 𝑠) (⨍

𝜕𝐵(𝑥,𝑡−𝑠)
𝑓(𝑦, 𝑠) 𝑑𝑆) 𝑑𝑠

= 1
4𝜋 ∫

𝑡

0
∫
𝜕𝐵(𝑥,𝑡−𝑠)

𝑓(𝑦, 𝑠)
(𝑡 − 𝑠) 𝑑𝑆𝑑𝑠

= 1
4𝜋 ∫

𝑡

0
∫
𝜕𝐵(𝑥,𝑟)

𝑓(𝑦, 𝑡 − 𝑟)
𝑟 𝑑𝑆𝑑𝑟.
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Therefore

(44) 𝑢(𝑥, 𝑡) = 1
4𝜋 ∫

𝐵(𝑥,𝑡)

𝑓(𝑦, 𝑡 − |𝑦 − 𝑥|)
|𝑦 − 𝑥| 𝑑𝑦 (𝑥 ∈ ℝ3, 𝑡 ≥ 0)

solves (42) for 𝑛 = 3. The integrand on the right is called a retarded potential.

2.4.3. Energymethods. The explicit formulas (31) and (38) demonstrate the
necessity of making more and more smoothness assumptions upon the data 𝑔
and ℎ to ensure the existence of a 𝐶2 solution of the wave equation for larger
and larger 𝑛. This suggests that perhaps some other way of measuring the size
and smoothness of functions may be more appropriate. Indeed we will see in
this subsection that the wave equation is nicely behaved (for all 𝑛) with respect
to certain integral “energy” norms.
a. Uniqueness. Let 𝑈 ⊂ ℝ𝑛 be a bounded, open set with a smooth boundary
𝜕𝑈, and as usual set 𝑈𝑇 = 𝑈 × (0, 𝑇], Γ𝑇 = 𝑈̄𝑇 − 𝑈𝑇 , where 𝑇 > 0.

We are interested in the initial/boundary-value problem

(45)
⎧
⎨
⎩

𝑢𝑡𝑡 − Δ𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 𝑔 on Γ𝑇
𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0}.

THEOREM 5 (Uniqueness for wave equation). There exists at most one func-
tion 𝑢 ∈ 𝐶2(𝑈̄𝑇) solving (45).

Proof. If 𝑢̃ is another such solution, then 𝑤 ≔ 𝑢 − 𝑢̃ solves

⎧
⎨
⎩

𝑤𝑡𝑡 − Δ𝑤 = 0 in 𝑈𝑇
𝑤 = 0 on Γ𝑇
𝑤𝑡 = 0 on 𝑈 × {𝑡 = 0}.

Define the “energy”

𝐸(𝑡) ≔ 1
2 ∫𝑈

𝑤2
𝑡 (𝑥, 𝑡) + |𝐷𝑤(𝑥, 𝑡)|2 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑇).

We compute

̇𝐸(𝑡) = ∫
𝑈
𝑤𝑡𝑤𝑡𝑡 + 𝐷𝑤 ⋅ 𝐷𝑤𝑡 𝑑𝑥 ( ̇ = 𝑑

𝑑𝑡)

= ∫
𝑈
𝑤𝑡(𝑤𝑡𝑡 − Δ𝑤) 𝑑𝑥 = 0.

There is no boundary term since𝑤 = 0, and hence𝑤𝑡 = 0, on 𝜕𝑈×[0, 𝑇]. Thus
for all 0 ≤ 𝑡 ≤ 𝑇, 𝐸(𝑡) = 𝐸(0) = 0, and so 𝑤𝑡, 𝐷𝑤 ≡ 0 within 𝑈𝑇 . Since 𝑤 ≡ 0
on 𝑈 × {𝑡 = 0}, we conclude 𝑤 = 𝑢 − 𝑢̃ ≡ 0 in 𝑈𝑇 . □
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Cone of dependence

b. Domain of dependence. As another illustration of energy methods, let us
examine again the domain of dependence of solutions to the wave equation in
all of space. For this, suppose 𝑢 ∈ 𝐶2 solves

𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞).

Fix 𝑥0 ∈ ℝ𝑛, 𝑡0 > 0 and consider the backwards wave cone with apex (𝑥0, 𝑡0)

𝐾(𝑥0, 𝑡0) ≔ { (𝑥, 𝑡) ∣ 0 ≤ 𝑡 ≤ 𝑡0, |𝑥 − 𝑥0| ≤ 𝑡0 − 𝑡 }.

THEOREM 6 (Finite propagation speed). If 𝑢 ≡ 𝑢𝑡 ≡ 0 on 𝐵(𝑥0, 𝑡0) × {𝑡 = 0},
then 𝑢 ≡ 0 within the cone 𝐾(𝑥0, 𝑡0).

In particular, we see that any “disturbance” originating outside 𝐵(𝑥0, 𝑡0)
has no effect on the solution within 𝐾(𝑥0, 𝑡0) and consequently has finite prop-
agation speed. We already know this from the representation formulas (31)
and (38), at least assuming 𝑔 = 𝑢 and ℎ = 𝑢𝑡 on ℝ𝑛 × {𝑡 = 0} are sufficiently
smooth. The point is that energy methods provide a much simpler proof.

Proof. Define the local energy

𝑒(𝑡) ≔ 1
2 ∫𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 (𝑥, 𝑡) + |𝐷𝑢(𝑥, 𝑡)|2 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑡0).
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Then

(46)

̇𝑒(𝑡) = ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡𝑢𝑡𝑡 + 𝐷𝑢 ⋅ 𝐷𝑢𝑡 𝑑𝑥 −
1
2 ∫𝜕𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑆

= ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡(𝑢𝑡𝑡 − Δ𝑢) 𝑑𝑥

+∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

𝜕𝑢
𝜕𝜈𝑢𝑡 𝑑𝑆 −

1
2 ∫𝜕𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑆

= ∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

𝜕𝑢
𝜕𝜈𝑢𝑡 −

1
2𝑢

2
𝑡 −

1
2|𝐷𝑢|

2 𝑑𝑆.

Now

(47) |||
𝜕𝑢
𝜕𝜈𝑢𝑡

||| ≤ |𝑢𝑡||𝐷𝑢| ≤
1
2𝑢

2
𝑡 +

1
2|𝐷𝑢|

2,

by the Cauchy–Schwarz and Cauchy inequalities (§B.2). Inserting (47) into
(46), we find ̇𝑒(𝑡) ≤ 0; and so 𝑒(𝑡) ≤ 𝑒(0) = 0 for all 0 ≤ 𝑡 ≤ 𝑡0. Thus 𝑢𝑡,𝐷𝑢 ≡ 0,
and consequently 𝑢 ≡ 0 within the cone 𝐾(𝑥0, 𝑡0). □

A generalization of this proof to more complicated geometry appears later,
in §7.2.4. See also §12.1 for a similar calculation for a nonlinear wave equation.

2.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless oth-
erwise stated.

1. Write down an explicit formula for a function 𝑢 solving the initial-value
problem

{
𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 + 𝑐𝑢 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
Here 𝑐 ∈ ℝ and 𝑏 ∈ ℝ𝑛 are constants.

2. Prove that Laplace’s equation Δ𝑢 = 0 is rotation invariant; that is, if 𝑂 is
an orthogonal 𝑛 × 𝑛 matrix and we define

𝑣(𝑥) ≔ 𝑢(𝑂𝑥) (𝑥 ∈ ℝ𝑛),
then Δ𝑣 = 0.

3. Modify the proof of the mean-value formulas to show for 𝑛 ≥ 3 that

𝑢(0) = ⨍
𝜕𝐵(0,𝑟)

𝑔 𝑑𝑆 + 1
𝑛(𝑛 − 2)𝛼(𝑛) ∫𝐵(0,𝑟)

( 1
|𝑥|𝑛−2 −

1
𝑟𝑛−2 ) 𝑓 𝑑𝑥,
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provided

{
−Δ𝑢 = 𝑓 in 𝐵0(0, 𝑟)

𝑢 = 𝑔 on 𝜕𝐵(0, 𝑟).

4. Give a direct proof that if 𝑢 ∈ 𝐶2(𝑈)∩𝐶(𝑈̄) is harmonic within a bounded
open set 𝑈, then

max
𝑈̄

𝑢 = max
𝜕𝑈

𝑢.

(Hint: Define 𝑢𝜀 ≔ 𝑢 + 𝜀|𝑥|2 for 𝜀 > 0, and show 𝑢𝜀 cannot attain its
maximum over 𝑈̄ at an interior point.)

5. We say 𝑣 ∈ 𝐶2(𝑈̄) is subharmonic if
−Δ𝑣 ≤ 0 in 𝑈.

(a) Prove for a subharmonic function 𝑣 that

𝑣(𝑥) ≤ ⨍
𝐵(𝑥,𝑟)

𝑣 𝑑𝑦 for all 𝐵(𝑥, 𝑟) ⊂ 𝑈.

(b) Prove that therefore max𝑈̄ 𝑣 = max𝜕𝑈 𝑣 if 𝑈 is bounded.
(c) Let 𝜙 ∶ ℝ → ℝ be smooth and convex. Assume 𝑢 is harmonic and

𝑣 ≔ 𝜙(𝑢). Prove 𝑣 is subharmonic.
(d) Prove 𝑣 ≔ |𝐷𝑢|2 is subharmonic, whenever 𝑢 is harmonic.

6. Let 𝑈 be a bounded, open subset of ℝ𝑛. Prove that there exists a constant
𝐶, depending only on 𝑈, such that

max
𝑈̄

|𝑢| ≤ 𝐶(max
𝜕𝑈

|𝑔| + max
𝑈̄

|𝑓|)

whenever 𝑢 is a smooth solution of

{
−Δ𝑢 = 𝑓 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈.

(Hint: −Δ(𝑢 + |𝑥|2
2𝑛 𝜆) ≤ 0, for 𝜆 ≔ max𝑈̄ |𝑓|.)

7. Use Poisson’s formula for the ball to prove

𝑟𝑛−2 𝑟 − |𝑥|
(𝑟 + |𝑥|)𝑛−1𝑢(0) ≤ 𝑢(𝑥) ≤ 𝑟𝑛−2 𝑟 + |𝑥|

(𝑟 − |𝑥|)𝑛−1𝑢(0)

whenever 𝑢 is positive and harmonic in 𝐵0(0, 𝑟). This is an explicit form of
Harnack’s inequality.

8. Prove Theorem 15 in §2.2.4. (Hint: Since 𝑢 ≡ 1 solves (44) for 𝑔 ≡ 1, the
theory automatically implies

∫
𝜕𝐵(0,1)

𝐾(𝑥, 𝑦) 𝑑𝑆(𝑦) = 1

for each 𝑥 ∈ 𝐵0(0, 1).)
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9. Let 𝑢 be the solution of

{
Δ𝑢 = 0 in ℝ𝑛

+

𝑢 = 𝑔 on 𝜕ℝ𝑛
+

given by Poisson’s formula for the half-space. Assume 𝑔 is bounded and
𝑔(𝑥) = |𝑥| for 𝑥 ∈ 𝜕ℝ𝑛

+, |𝑥| ≤ 1. Show 𝐷𝑢 is not bounded near 𝑥 = 0.
(Hint: Estimate ᵆ(𝜆𝑒𝑛)−ᵆ(0)

𝜆 .)
10. (Reflection principle)

(a) Let 𝑈+ denote the open half-ball { 𝑥 ∈ ℝ𝑛 ∣ |𝑥| < 1, 𝑥𝑛 > 0 }. Assume
𝑢 ∈ 𝐶2(𝑈+) is harmonic in 𝑈+, with 𝑢 = 0 on 𝜕𝑈+ ∩ {𝑥𝑛 = 0}. Set

𝑣(𝑥) ≔ {𝑢(𝑥) if 𝑥𝑛 ≥ 0
−𝑢(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛) if 𝑥𝑛 < 0

for 𝑥∈𝑈=𝐵0(0, 1). Prove 𝑣∈𝐶2(𝑈) and thus 𝑣 is harmonic within 𝑈.
(b) Now assume only that 𝑢 ∈ 𝐶2(𝑈+) ∩𝐶(𝑈+). Show that 𝑣 is harmonic

within 𝑈. (Hint: Use Poisson’s formula for the ball.)
11. (Kelvin transform for Laplace’s equation) The Kelvin transform𝒦𝑢 = 𝑢̄ of

a function 𝑢 ∶ ℝ𝑛 → ℝ is

𝑢̄(𝑥) ≔ 𝑢( ̄𝑥)| ̄𝑥|𝑛−2 = 𝑢(𝑥/|𝑥|2)|𝑥|2−𝑛 (𝑥 ≠ 0),

where ̄𝑥 = 𝑥/|𝑥|2. Show that if 𝑢 is harmonic, then so is 𝑢̄.
(Hint: First show that 𝐷𝑥 ̄𝑥(𝐷𝑥 ̄𝑥)𝑇 = | ̄𝑥|4𝐼. The mapping 𝑥 → ̄𝑥 is

conformal, meaning angle preserving.)
12. Suppose 𝑢 is smooth and solves 𝑢𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞).

(a) Show 𝑢𝜆(𝑥, 𝑡) ≔ 𝑢(𝜆𝑥, 𝜆2𝑡) also solves the heat equation for each 𝜆 ∈
ℝ.

(b) Use (a) to show 𝑣(𝑥, 𝑡) ≔ 𝑥 ⋅ 𝐷𝑢(𝑥, 𝑡) + 2𝑡𝑢𝑡(𝑥, 𝑡) solves the heat equa-
tion as well.

13. Assume 𝑛 = 1 and 𝑢(𝑥, 𝑡) = 𝑣( 𝑥√𝑡 ).
(a) Show

𝑢𝑡 = 𝑢𝑥𝑥
if and only if

(∗) 𝑣″ + 𝑧
2𝑣

′ = 0.

Show that the general solution of (∗) is

𝑣(𝑧) = 𝑐∫
𝑧

0
𝑒−𝑠2/4 𝑑𝑠 + 𝑑.
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(b) Differentiate 𝑢(𝑥, 𝑡) = 𝑣( 𝑥√𝑡 ) with respect to 𝑥 and select the constant
𝑐 properly, to obtain the fundamental solution Φ for 𝑛 = 1. Explain
why this procedure produces the fundamental solution. (Hint: What
is the initial condition for 𝑢?)

14. Write down an explicit formula for a solution of

{
𝑢𝑡 − Δ𝑢 + 𝑐𝑢 = 𝑓 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0},

where 𝑐 ∈ ℝ.
15. Given 𝑔 ∶ [0,∞) → ℝ, with 𝑔(0) = 0, derive the formula

𝑢(𝑥, 𝑡) = 𝑥
√4𝜋

∫
𝑡

0

1
(𝑡 − 𝑠)3/2 𝑒

−𝑥2
4(𝑡−𝑠) 𝑔(𝑠) 𝑑𝑠

for a solution of the initial/boundary-value problem

⎧
⎨
⎩

𝑢𝑡 − 𝑢𝑥𝑥 = 0 in ℝ+ × (0,∞)
𝑢 = 0 on ℝ+ × {𝑡 = 0}
𝑢 = 𝑔 on {𝑥 = 0} × [0,∞).

(Hint: Let 𝑣(𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑡)−𝑔(𝑡) and extend 𝑣 to {𝑥 < 0} by odd reflection.)
16. Give a direct proof that if𝑈 is bounded and 𝑢 ∈ 𝐶2

1 (𝑈𝑇)∩𝐶(𝑈̄𝑇) solves the
heat equation, then

max
𝑈̄𝑇

𝑢 = max
Γ𝑇

𝑢.

(Hint: Define 𝑢𝜀 ≔ 𝑢−𝜀𝑡 for 𝜀 > 0, and show 𝑢𝜀 cannot attain its maximum
over 𝑈̄𝑇 at a point in 𝑈𝑇 .)

17. We say 𝑣 ∈ 𝐶2
1 (𝑈𝑇) is a subsolution of the heat equation if

𝑣𝑡 − Δ𝑣 ≤ 0 in 𝑈𝑇 .

(a) Prove for a subsolution 𝑣 that

𝑣(𝑥, 𝑡) ≤ 1
4𝑟𝑛 ∬𝐸(𝑥,𝑡;𝑟)

𝑣(𝑦, 𝑠) |𝑥 − 𝑦|2
(𝑡 − 𝑠)2 𝑑𝑦𝑑𝑠

for all 𝐸(𝑥, 𝑡; 𝑟) ⊂ 𝑈𝑇 .
(b) Prove that therefore max𝑈̄𝑇 𝑣 = maxΓ𝑇 𝑣.
(c) Let 𝜙 ∶ ℝ → ℝ be smooth and convex. Assume 𝑢 solves the heat

equation and 𝑣 ≔ 𝜙(𝑢). Prove 𝑣 is a subsolution.
(d) Prove 𝑣 ≔ |𝐷𝑢|2 + 𝑢2𝑡 is a subsolution, whenever 𝑢 solves the heat

equation.
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18. Assume 𝑢 solves the initial-value problem

{ 𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 0, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

Show that 𝑣 ≔ 𝑢𝑡 solves

{ 𝑣𝑡𝑡 − Δ𝑣 = 0 in ℝ𝑛 × (0,∞)
𝑣 = ℎ, 𝑣𝑡 = 0 on ℝ𝑛 × {𝑡 = 0}.

This is Stokes’ rule.
19. (a) Show the general solution of the PDE 𝑢𝑥𝑦 = 0 is

𝑢(𝑥, 𝑦) = 𝐹(𝑥) + 𝐺(𝑦)
for arbitrary functions 𝐹, 𝐺.

(b) Using the change of variables 𝜉 = 𝑥+ 𝑡, 𝜂 = 𝑥− 𝑡, show 𝑢𝑡𝑡−𝑢𝑥𝑥 = 0
if and only if 𝑢𝜉𝜂 = 0.

(c) Use (a) and (b) to rederive d’Alembert’s formula.
(d) Under what conditions on the initial data 𝑔, ℎ is the solution 𝑢 a right-

moving wave? A left-moving wave?
20. Assume that for some attenuation function 𝛼 = 𝛼(𝑟) and delay function

𝛽 = 𝛽(𝑟) ≥ 0, there exist for all profiles 𝜙 solutions of the wave equation in
(ℝ𝑛 − {0}) × ℝ having the form

𝑢(𝑥, 𝑡) = 𝛼(𝑟)𝜙(𝑡 − 𝛽(𝑟)).
Here 𝑟 = |𝑥| and we assume 𝛽(0) = 0.

Show that this is possible only if 𝑛 = 1 or 3, and compute the form of
the functions 𝛼, 𝛽.

(T. Morley, SIAM Review 27 (1985), 69–71)
21. (a) Assume E = (𝐸1, 𝐸2, 𝐸3) and B = (𝐵1, 𝐵2, 𝐵3) solve Maxwell’s equa-

tions
⎧
⎨
⎩

E𝑡 = curlB,
B𝑡 = −curlE
divB = divE = 0.

Show
E𝑡𝑡 − ΔE = 0, B𝑡𝑡 − ΔB = 0.

(b) Assume that u = (𝑢1, 𝑢2, 𝑢3) solves the evolution equations of linear
elasticity

u𝑡𝑡 − 𝜇Δu − (𝜆 + 𝜇)𝐷(divu) = 0 in ℝ3 × (0,∞).
Show 𝑤 ≔ divu and w ≔ curlu each solve wave equations, but with
differing speeds of propagation.
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22. Let 𝑢 denote the density of particles moving to the right with speed one
along the real line and let 𝑣 denote the density of particles moving to the left
with speed one. If at rate 𝑑 > 0 right-moving particles randomly become
left-moving, and vice versa, we have the system of PDE

{𝑢𝑡 + 𝑢𝑥 = 𝑑(𝑣 − 𝑢)
𝑣𝑡 − 𝑣𝑥 = 𝑑(𝑢 − 𝑣).

Show that both 𝑤 ≔ 𝑢 and 𝑤 ≔ 𝑣 solve the telegraph equation

𝑤𝑡𝑡 + 2𝑑𝑤𝑡 − 𝑤𝑥𝑥 = 0.
23. Let 𝑆 denote the square lying inℝ×(0,∞)with corners at the points (0, 1),

(1, 2), (0, 3), (−1, 2). Define

𝑓(𝑥, 𝑡) ≔
⎧
⎨
⎩

−1 for (𝑥, 𝑡) ∈ 𝑆 ∩ {𝑡 > 𝑥 + 2}
1 for (𝑥, 𝑡) ∈ 𝑆 ∩ {𝑡 < 𝑥 + 2}
0 otherwise.

Assume 𝑢 solves

{𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 𝑓 in ℝ × (0,∞)
𝑢 = 0, 𝑢𝑡 = 0 on ℝ × {𝑡 = 0}.

Describe the shape of 𝑢 for times 𝑡 > 3.
(J. G. Kingston, SIAM Review 30 (1988), 645–649)

24. (Equipartition of energy) Let 𝑢 solve the initial-value problem for the wave
equation in one dimension:

{𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0 in ℝ × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ × {𝑡 = 0}.

Suppose 𝑔, ℎ have compact support. The kinetic energy is 𝑘(𝑡) ≔
1
2 ∫

∞
−∞ 𝑢2𝑡 (𝑥, 𝑡) 𝑑𝑥 and the potential energy is𝑝(𝑡) ≔ 1

2 ∫
∞
−∞ 𝑢2𝑥(𝑥, 𝑡) 𝑑𝑥. Prove

(a) 𝑘(𝑡) + 𝑝(𝑡) is constant in 𝑡,
(b) 𝑘(𝑡) = 𝑝(𝑡) for all large enough times 𝑡.

2.6. REFERENCES

Section 2.2: A good source for more on Laplace’s and Poisson’s equations is
Gilbarg–Trudinger [G-T, Chapters 2-4]. The proof of analyticity is
from Mikhailov [M]. J. Cooper helped me with Green’s functions.

Section 2.3: See John [J2, Chapter 7] or Friedman [Fr1] for further informa-
tion concerning the heat equation. Theorem 3 is due to N. Watson
(Proc. London Math. Society 26 (1973), 385–417), as is the proof of
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Theorem 4. Theorem 6 is taken from John [J2], and Theorem 8 fol-
lows Mikhailov [M]. Theorem 11 is from Payne [Pa, §2.3].

Section 2.4: See Antman (Amer. Math. Monthly 87 (1980), 359–370) for a
careful derivation of the one-dimensional wave equation as a model
for a vibrating string. The solution of the wave equation presented
here follows Folland [F1], Strauss [St2].

Section 2.5: J. Goldstein contributed Problem 24.





Chapter 3

Nonlinear First-Order
PDE

In this chapter we investigate general nonlinear first-order partial differential
equations of the form

𝐹(𝐷𝑢, 𝑢, 𝑥) = 0,
where 𝑥 ∈ 𝑈 and 𝑈 is an open subset of ℝ𝑛. Here

𝐹 ∶ ℝ𝑛 × ℝ × 𝑈̄ → ℝ
is given, and 𝑢 ∶ 𝑈̄ → ℝ is the unknown, 𝑢 = 𝑢(𝑥).

NOTATION. Let us write

𝐹 = 𝐹(𝑝, 𝑧, 𝑥) = 𝐹(𝑝1, . . . , 𝑝𝑛, 𝑧, 𝑥1, . . . , 𝑥𝑛)
for 𝑝 ∈ ℝ𝑛, 𝑧 ∈ ℝ, 𝑥 ∈ 𝑈. Thus “𝑝” is the name of the variable for which we
substitute the gradient 𝐷𝑢(𝑥), and “𝑧” is the variable for which we substitute
𝑢(𝑥). We also assume hereafter that 𝐹 is smooth and set

{𝐷𝑝𝐹 = (𝐹𝑝1 , . . . , 𝐹𝑝𝑛)
𝐷𝑥𝐹 = (𝐹𝑥1 , . . . , 𝐹𝑥𝑛).

We are concerned with discovering solutions 𝑢 of the PDE 𝐹(𝐷𝑢, 𝑢, 𝑥) = 0
in 𝑈, usually subject to the boundary condition

𝑢 = 𝑔 on Γ,
where Γ is some given subset of 𝜕𝑈 and 𝑔 ∶ Γ → ℝ is prescribed.

Nonlinear first-order partial differential equations arise in a variety of phys-
ical theories, primarily in dynamics (to generate canonical transformations),

89
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continuum mechanics (to record conservation of mass, momentum, energy,
etc.) and optics (to describe wavefronts). Although the strong nonlinearity
generally precludes our deriving any simple formulas for solutions, we can,
remarkably, often employ calculus to glean fairly detailed information about
solutions. Such techniques, discussed in §§3.1 and 3.2, are typically only local.
In §§3.3 and 3.4 we will for the important cases of Hamilton–Jacobi equations
and conservation laws derive certain global representation formulas for appro-
priately defined weak solutions.

3.1. COMPLETE INTEGRALS, ENVELOPES

3.1.1. Complete integrals. We begin our analysis of the nonlinear first-order
PDE
(1) 𝐹(𝐷𝑢, 𝑢, 𝑥) = 0
by describing some simple classes of solutions and then learning how to build
from them more complicated solutions.

Suppose first 𝐴 ⊂ ℝ𝑛 is an open set. Assume for each parameter 𝑎 =
(𝑎1, . . . , 𝑎𝑛) ∈ 𝐴 we have a 𝐶2 solution 𝑢 = 𝑢(𝑥; 𝑎) of the PDE (1).

NOTATION. We write

(2) (𝐷𝑎𝑢,𝐷2
𝑥𝑎𝑢) ≔ (

𝑢𝑎1 𝑢𝑥1𝑎1 . . . 𝑢𝑥𝑛𝑎1
⋮ ⋮ ⋱ ⋮
𝑢𝑎𝑛 𝑢𝑥1𝑎𝑛 . . . 𝑢𝑥𝑛𝑎𝑛

)
𝑛×(𝑛+1)

.

DEFINITION. A 𝐶2 function 𝑢 = 𝑢(𝑥; 𝑎) is called a complete integral in𝑈×𝐴
provided
(i) 𝑢(𝑥; 𝑎) solves the PDE (1) for each 𝑎 ∈ 𝐴
and
(ii) rank(𝐷𝑎𝑢,𝐷2

𝑥𝑎𝑢) = 𝑛 (𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴).

Interpretation. Condition (ii) ensures 𝑢(𝑥; 𝑎) “depends on all the 𝑛 indepen-
dent parameters 𝑎1, . . . , 𝑎𝑛”. To see this, suppose 𝐵 ⊂ ℝ𝑛−1 is open, and for
each 𝑏 ∈ 𝐵 assume 𝑣 = 𝑣(𝑥; 𝑏) (𝑥 ∈ 𝑈) is a solution of (1). Suppose also there
exists a 𝐶1 mapping 𝝍 ∶ 𝐴 → 𝐵, 𝝍 = (𝜓1, . . . , 𝜓𝑛−1), such that
(3) 𝑢(𝑥; 𝑎) = 𝑣(𝑥; 𝝍(𝑎)) (𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴).
That is, we are supposing the function 𝑢(𝑥; 𝑎) “really depends only on the 𝑛−1
parameters 𝑏1, . . . , 𝑏𝑛−1”. But then

𝑢𝑥𝑖𝑎𝑗 (𝑥; 𝑎) =
𝑛−1
∑
𝑘=1

𝑣𝑥𝑖𝑏𝑘(𝑥; 𝝍(𝑎))𝜓𝑘𝑎𝑗 (𝑎) (𝑖, 𝑗 = 1, . . . , 𝑛).
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Consequently

det(𝐷2
𝑥𝑎𝑢) =

𝑛−1
∑

𝑘1,. . .,𝑘𝑛=1
𝑣𝑥1𝑏𝑘1 . . . 𝑣𝑥𝑛𝑏𝑘𝑛 det (

𝜓𝑘1𝑎1 . . . 𝜓𝑘1𝑎𝑛
⋱

𝜓𝑘𝑛𝑎1 . . . 𝜓𝑘𝑛𝑎𝑛
) = 0,

since for each choice of 𝑘1, . . . , 𝑘𝑛 ∈ {1, . . . , 𝑛 − 1}, at least two rows in the
corresponding matrix are equal. As

𝑢𝑎𝑗 (𝑥; 𝑎) =
𝑛−1
∑
𝑘=1

𝑣𝑏𝑘(𝑥; 𝝍(𝑎))𝜓𝑘𝑎𝑗 (𝑎) (𝑗 = 1, . . . , 𝑛),

a similar argument shows that the determinant of each 𝑛 × 𝑛 submatrix of
(𝐷𝑎𝑢,𝐷2

𝑥𝑎𝑢) equals zero, and thus this matrix has rank strictly less than 𝑛.

Example 1. Clairaut’s equation from differential geometry is the PDE

(4) 𝑥 ⋅ 𝐷𝑢 + 𝑓(𝐷𝑢) = 𝑢,

where 𝑓 ∶ ℝ𝑛 → ℝ is given. A complete integral is

(5) 𝑢(𝑥; 𝑎) = 𝑎 ⋅ 𝑥 + 𝑓(𝑎) (𝑥 ∈ 𝑈)

for 𝑎 ∈ ℝ𝑛.

Example 2. The eikonal∗ equation from geometric optics is the PDE

(6) |𝐷𝑢| = 1.

A complete integral is

(7) 𝑢(𝑥; 𝑎, 𝑏) = 𝑎 ⋅ 𝑥 + 𝑏 (𝑥 ∈ 𝑈)

for 𝑥 ∈ 𝑈, 𝑎 ∈ 𝜕𝐵(0, 1), 𝑏 ∈ ℝ.

Example 3. The Hamilton–Jacobi equation from mechanics is in its simplest
form the partial differential equation

(8) 𝑢𝑡 + 𝐻(𝐷𝑢) = 0,

where 𝐻 ∶ ℝ𝑛 → ℝ. Here 𝑢 depends on 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛 and 𝑡 ∈ ℝ.
As before we have set 𝑡 = 𝑥𝑛+1 and written 𝐷𝑢 = 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛). A
complete integral is

(9) 𝑢(𝑥, 𝑡; 𝑎, 𝑏) = 𝑎 ⋅ 𝑥 − 𝑡𝐻(𝑎) + 𝑏 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0)

where 𝑎 ∈ ℝ𝑛, 𝑏 ∈ ℝ.

∗εἰκών = image (Greek).
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3.1.2. New solutions from envelopes. We next demonstrate how to build
more complicated solutions of our nonlinear first-order PDE (1), solutions
which depend on an arbitrary function of 𝑛 − 1 variables and not just on 𝑛
parameters. We will construct these new solutions as envelopes of complete
integrals or, more generally, of other 𝑚-parameter families of solutions.

DEFINITION. Let 𝑢 = 𝑢(𝑥; 𝑎) be a 𝐶1 function of 𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴, where
𝑈 ⊂ ℝ𝑛 and 𝐴 ⊂ ℝ𝑚 are open sets. Consider the vector equation

(10) 𝐷𝑎𝑢(𝑥; 𝑎) = 0 (𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴).

Suppose that we can solve (10) for the parameter 𝑎 as a 𝐶1 function of 𝑥,

(11) 𝑎 = 𝝓(𝑥);

thus

(12) 𝐷𝑎𝑢(𝑥; 𝝓(𝑥)) = 0 (𝑥 ∈ 𝑈).

We then call

(13) 𝑣(𝑥) ≔ 𝑢(𝑥; 𝝓(𝑥)) (𝑥 ∈ 𝑈)

the envelope of the functions {𝑢(⋅ ; 𝑎)}𝑎∈𝐴.

By forming envelopes, we can build new solutions of our nonlinear first-
order partial differential equation:

THEOREM 1 (Construction of new solutions). Suppose for each 𝑎 ∈ 𝐴 as
above that 𝑢 = 𝑢(⋅; 𝑎) solves the partial differential equation (1). Assume further
that the envelope 𝑣, defined by (12) and (13) above, exists and is a 𝐶1 function.
Then 𝑣 solves (1) as well.

The envelope 𝑣 defined above is sometimes called a singular integral of (1).

Proof. We have 𝑣(𝑥) = 𝑢(𝑥; 𝝓(𝑥)); and so for 𝑖 = 1, . . . , 𝑛

𝑣𝑥𝑖(𝑥) = 𝑢𝑥𝑖(𝑥; 𝝓(𝑥)) +
𝑚
∑
𝑗=1

𝑢𝑎𝑗 (𝑥, 𝝓(𝑥))𝜙
𝑗
𝑥𝑖(𝑥)

= 𝑢𝑥𝑖(𝑥; 𝝓(𝑥)), according to (12).

Hence for each 𝑥 ∈ 𝑈,

𝐹(𝐷𝑣(𝑥), 𝑣(𝑥), 𝑥) = 𝐹(𝐷𝑢(𝑥; 𝝓(𝑥)), 𝑢(𝑥; 𝝓(𝑥)), 𝑥) = 0. □

The geometric meaning is that for each 𝑥 ∈ 𝑈, the graph of 𝑣 is tangent to
the graph of 𝑢(⋅; 𝑎) for 𝑎 = 𝝓(𝑥). Thus 𝐷𝑣 = 𝐷𝑥𝑢(⋅; 𝑎) at 𝑥, for 𝑎 = 𝝓(𝑥).
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Example 4. Consider the PDE
(14) 𝑢2(1 + |𝐷𝑢|2) = 1.
A complete integral is

𝑢(𝑥, 𝑎) = ±(1 − |𝑥 − 𝑎|2)1/2 (|𝑥 − 𝑎| < 1).
We compute

𝐷𝑎𝑢 =
∓(𝑥 − 𝑎)

(1 − |𝑥 − 𝑎|2)1/2 = 0

provided 𝑎 = 𝝓(𝑥) = 𝑥. Thus 𝑣 ≡ ±1 are singular integrals of (14).

To generate still more solutions of the PDE (1) from a complete integral,
we vary the above construction. Choose any open set 𝐴′ ⊂ ℝ𝑛−1 and any 𝐶1

function ℎ ∶ 𝐴′ → ℝ, so that the graph of ℎ lies within 𝐴. Let us write
𝑎 = (𝑎1, . . . , 𝑎𝑛) = (𝑎′, 𝑎𝑛) for 𝑎′ = (𝑎1, . . . , 𝑎𝑛−1) ∈ ℝ𝑛−1.

DEFINITION. The general integral (depending on ℎ) is the envelope 𝑣′ =
𝑣′(𝑥) of the functions

𝑢′(𝑥; 𝑎′) = 𝑢(𝑥; 𝑎′, ℎ(𝑎′)) (𝑥 ∈ 𝑈, 𝑎′ ∈ 𝐴′),
provided this envelope exists and is 𝐶1.

In other words, in computing the envelope we are now restricting only to
parameters𝑎 of the form𝑎 = (𝑎′, ℎ(𝑎′)), for some explicit choice of the function
ℎ. Thus from a complete integral, which depends upon 𝑛 arbitrary constants
𝑎1, . . . , 𝑎𝑛, we build (whenever the foregoing construction works) a solution
depending on an arbitrary function ℎ of 𝑛 − 1 variables.

Example 5. Let 𝐻(𝑝) = |𝑝|2, ℎ ≡ 0 in Example 3 above. Then
𝑢′(𝑥, 𝑡; 𝑎) = 𝑥 ⋅ 𝑎 − 𝑡|𝑎|2.

We calculate the envelope by setting 𝐷𝑎𝑢′ = 𝑥−2𝑡𝑎 = 0. Hence 𝑎 = 𝑥
2𝑡 , and so

𝑣′(𝑥, 𝑡) = 𝑥 ⋅ 𝑥2𝑡 − 𝑡 ||
𝑥
2𝑡
||
2
= |𝑥|2

4𝑡 (𝑥 ∈ ℝ𝑛, 𝑡 > 0)

solves the Hamilton–Jacobi equation 𝑣′𝑡 + |𝐷𝑣′|2 = 0.

Remark. It is tempting to believe that once we can find as above a solution
of (1) depending on an arbitrary function ℎ, we have found all the solutions of
(1). But this need not be so. Suppose our PDE has the structure

𝐹(𝐷𝑢, 𝑢, 𝑥) = 𝐹1(𝐷𝑢, 𝑢, 𝑥)𝐹2(𝐷𝑢, 𝑢, 𝑥) = 0.
If 𝑢1(𝑥, 𝑎) is a complete integral of the PDE 𝐹1(𝐷𝑢, 𝑢, 𝑥) = 0 and we succeed
in finding a general integral corresponding to any function ℎ, we will still have
missed all the solutions of the PDE 𝐹2(𝐷𝑢, 𝑢, 𝑥) = 0.
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3.2. CHARACTERISTICS

3.2.1. Derivation of characteristic ODE. We return to our basic nonlinear
first-order PDE
(1) 𝐹(𝐷𝑢, 𝑢, 𝑥) = 0 in 𝑈,
subject now to the boundary condition
(2) 𝑢 = 𝑔 on Γ,
where Γ ⊆ 𝜕𝑈 and 𝑔 ∶ Γ → ℝ are given. We hereafter suppose that 𝐹, 𝑔 are
smooth functions.

We develop next the method of characteristics, which solves (1), (2) by con-
verting the PDE into an appropriate system of ODE. This is the plan. Suppose
𝑢 solves (1), (2) and fix any point 𝑥 ∈ 𝑈. We would like to calculate 𝑢(𝑥) by
finding some curve lying within𝑈, connecting 𝑥with a point 𝑥0 ∈ Γ and along
which we can compute 𝑢. Since (2) says 𝑢 = 𝑔 on Γ, we know the value of 𝑢 at
the one end 𝑥0. We hope then to be able to calculate 𝑢 all along the curve, and
so in particular at 𝑥.

Finding the characteristic ODE. How can we choose a path in 𝑈 so all this
will work? Let us suppose the curve is described parametrically by the func-
tion x(𝑠) = (𝑥1(𝑠), . . . , 𝑥𝑛(𝑠)), the parameter 𝑠 lying in some subinterval 𝐼 ⊆ ℝ.
Assuming 𝑢 is a 𝐶2 solution of (1), we define also
(3) 𝑧(𝑠) ≔ 𝑢(x(𝑠)).
In addition, set
(4) p(𝑠) ≔ 𝐷𝑢(x(𝑠));
that is, p(𝑠) = (𝑝1(𝑠), . . . , 𝑝𝑛(𝑠)), where
(5) 𝑝𝑖(𝑠) = 𝑢𝑥𝑖(x(𝑠)) (𝑖 = 1, . . . , 𝑛).
So 𝑧(⋅) gives the values of 𝑢 along the curve and p(⋅) records the values of the
gradient𝐷𝑢. Wemust choose the function x(⋅) in such away that we can compute
𝑧(⋅) and p(⋅).

For this, first differentiate (5):

(6) ̇𝑝𝑖(𝑠) =
𝑛
∑
𝑗=1

𝑢𝑥𝑖𝑥𝑗 (x(𝑠)) ̇𝑥𝑗(𝑠) ( ̇ = 𝑑
𝑑𝑠) .

This expression is not too promising, since it involves the second derivatives of
𝑢. On the other hand, we can also differentiate the PDE (1) with respect to 𝑥𝑖:

(7)
𝑛
∑
𝑗=1

𝐹𝑝𝑗 (𝐷𝑢, 𝑢, 𝑥)𝑢𝑥𝑗𝑥𝑖 + 𝐹𝑧(𝐷𝑢, 𝑢, 𝑥)𝑢𝑥𝑖 + 𝐹𝑥𝑖(𝐷𝑢, 𝑢, 𝑥) = 0.
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We are able to employ this identity to get rid of the second derivative terms in
(6), provided we first set

(8) ̇𝑥𝑗(𝑠) = 𝐹𝑝𝑗 (p(𝑠), 𝑧(𝑠), x(𝑠)) (𝑗 = 1, . . . , 𝑛).
Assuming now (8) holds, we evaluate (7) at 𝑥 = x(𝑠), obtaining thereby from
(3), (4) the identity:

𝑛
∑
𝑗=1

𝐹𝑝𝑗 (p(𝑠), 𝑧(𝑠), x(𝑠))𝑢𝑥𝑖𝑥𝑗 (x(𝑠))

+ 𝐹𝑧(p(𝑠), 𝑧(𝑠), x(𝑠))𝑝𝑖(𝑠) + 𝐹𝑥𝑖(p(𝑠), 𝑧(𝑠), x(𝑠)) = 0.
Substitute this expression and (8) into (6):

(9)
̇𝑝𝑖(𝑠) = −𝐹𝑥𝑖(p(𝑠), 𝑧(𝑠), x(𝑠))

− 𝐹𝑧(p(𝑠), 𝑧(𝑠), x(𝑠))𝑝𝑖(𝑠) (𝑖 = 1, . . . , 𝑛).
Finally we differentiate (3):

(10) ̇𝑧(𝑠) =
𝑛
∑
𝑗=1

𝑢𝑥𝑗 (x(𝑠)) ̇𝑥𝑗(𝑠) =
𝑛
∑
𝑗=1

𝑝𝑗(𝑠)𝐹𝑝𝑗 (p(𝑠), 𝑧(𝑠), x(𝑠)),

the second equality holding by (5) and (8).

The characteristic equations. We summarize by rewriting equations (8)–
(10) in vector notation:

(11)
⎧
⎨
⎩

(a) ṗ(𝑠) = −𝐷𝑥𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)) − 𝐹𝑧(p(𝑠), 𝑧(𝑠), x(𝑠))p(𝑠)
(b) ̇𝑧(𝑠) = 𝐷𝑝𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)) ⋅ p(𝑠)
(c) ẋ(𝑠) = 𝐷𝑝𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)).

Furthermore,

(12) 𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)) ≡ 0.
These identities hold for 𝑠 ∈ 𝐼.

The important system (11) of 2𝑛 + 1 first-order ODE comprises the char-
acteristic equations of the nonlinear first-order PDE (1). The functions p(⋅) =
(𝑝1(⋅), . . . , 𝑝𝑛(⋅)), 𝑧(⋅), x(⋅) = (𝑥1(⋅), . . . , 𝑥𝑛(⋅)) are called the characteristics. We
will sometimes refer to x(⋅) as the projected characteristic: it is the projection
of the full characteristics (p(⋅), 𝑧(⋅), x(⋅)) ⊂ ℝ2𝑛+1 onto the physical region
𝑈 ⊂ ℝ𝑛.

We have proved:

THEOREM 1 (Structure of characteristic ODE). Let 𝑢 ∈ 𝐶2(𝑈) solve the non-
linear, first-order partial differential equation (1) in 𝑈. Assume x(⋅) solves the
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ODE (11)(c), where p(⋅) = 𝐷𝑢(x(⋅)), 𝑧(⋅) = 𝑢(x(⋅)). Then p(⋅) solves the ODE
(11)(a) and 𝑧(⋅) solves the ODE (11)(b), for those 𝑠 such that x(𝑠) ∈ 𝑈.

We still need to discover appropriate initial conditions for the system of
ODE (11), in order that this theorem be useful. We accomplish this in §3.2.3
below.

Remark. The characteristic ODE are truly remarkable in that they form an
exact system of equations for x(⋅), 𝑧(⋅) = 𝑢(x(⋅)), and p(⋅) = 𝐷𝑢(x(⋅)), when-
ever 𝑢 is a smooth solution of the general nonlinear PDE (1). The key step in
the derivation is our setting ẋ = 𝐷𝑝𝐹, so that—as explained above—the terms
involving second derivatives drop out. We thereby obtain closure and in par-
ticular are not forced to introduce ODE for the second and higher derivatives
of 𝑢.

3.2.2. Examples. Before continuing our investigation of the characteristic
equations (11), we pause to consider some special cases for which the struc-
ture of these equations is especially simple. We illustrate as well how we can
sometimes actually solve the characteristic ODE and thereby explicitly com-
pute solutions of certain first-order PDE, subject to appropriate boundary con-
ditions.
a. F linear. Consider first the situation that our PDE (1) is linear and homo-
geneous and thus has the form

(13) 𝐹(𝐷𝑢, 𝑢, 𝑥) = b(𝑥) ⋅ 𝐷𝑢(𝑥) + 𝑐(𝑥)𝑢(𝑥) = 0 (𝑥 ∈ 𝑈).
Then 𝐹(𝑝, 𝑧, 𝑥) = b(𝑥) ⋅ 𝑝 + 𝑐(𝑥)𝑧, and so

𝐷𝑝𝐹 = b(𝑥).
In this circumstance equation (11)(c) becomes

(14) ẋ(𝑠) = b(x(𝑠)),
an ODE involving only the function x(⋅). Furthermore equation (11)(b) be-
comes

(15) ̇𝑧(𝑠) = b(x(𝑠)) ⋅ p(𝑠).
Then equation (12) simplifies (15), yielding

(16) ̇𝑧(𝑠) = −𝑐(x(𝑠))𝑧(𝑠).
This ODE is linear in 𝑧(⋅), once we know the function x(⋅) by solving (14). In
summary,

(17) {
(a) ẋ(𝑠) = b(x(𝑠))
(b) ̇𝑧(𝑠) = −𝑐(x(𝑠))𝑧(𝑠)
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comprise the characteristic equations for the linear, first-order PDE (13). (We
will see later that the equation for p(⋅) is not needed.)

Example 1. We demonstrate the utility of equations (17) by explicitly solving
the problem

(18) {
𝑥1𝑢𝑥2 − 𝑥2𝑢𝑥1 = 𝑢 in 𝑈

𝑢 = 𝑔 on Γ,
where 𝑈 is the quadrant {𝑥1 > 0, 𝑥2 > 0} and Γ = {𝑥1 > 0, 𝑥2 = 0} ⊆ 𝜕𝑈.
The PDE in (18) is of the form (12), for b = (−𝑥2, 𝑥1) and 𝑐 = −1. Thus the
equations (17) read

(19) {
̇𝑥1 = −𝑥2, ̇𝑥2 = 𝑥1

̇𝑧 = 𝑧.
Accordingly we have

{
𝑥1(𝑠) = 𝑥0 cos 𝑠, 𝑥2(𝑠) = 𝑥0 sin 𝑠
𝑧(𝑠) = 𝑧0𝑒𝑠 = 𝑔(𝑥0)𝑒𝑠,

where 𝑥0 ≥ 0, 0 ≤ 𝑠 ≤ 𝜋
2 . Fix a point (𝑥1, 𝑥2) ∈ 𝑈. We select 𝑠 > 0, 𝑥0 > 0 so

that (𝑥1, 𝑥2) = (𝑥1(𝑠), 𝑥2(𝑠)) = (𝑥0 cos 𝑠, 𝑥0 sin 𝑠). That is, 𝑥0 = (𝑥21+𝑥22)1/2, 𝑠 =
arctan(𝑥2𝑥1 ). Therefore

𝑢(𝑥) = 𝑢(𝑥1(𝑠), 𝑥2(𝑠)) = 𝑧(𝑠) = 𝑔(𝑥0)𝑒𝑠 = 𝑔((𝑥21 + 𝑥22)1/2)𝑒
arctan( 𝑥2𝑥1 ).

b. F quasilinear. The partial differential equation (1) is quasilinear should it
have the form
(20) 𝐹(𝐷𝑢, 𝑢, 𝑥) = b(𝑥, 𝑢(𝑥)) ⋅ 𝐷𝑢(𝑥) + 𝑐(𝑥, 𝑢(𝑥)) = 0.
In this circumstance 𝐹(𝑝, 𝑧, 𝑥) = b(𝑥, 𝑧) ⋅ 𝑝 + 𝑐(𝑥, 𝑧), whence

𝐷𝑝𝐹 = b(𝑥, 𝑧).
Hence equation (11)(c) reads

ẋ(𝑠) = b(x(𝑠), 𝑧(𝑠)),
and (11)(b) becomes

̇𝑧(𝑠) = b(x(𝑠), 𝑧(𝑠)) ⋅ p(𝑠) = −𝑐(x(𝑠), 𝑧(𝑠)), by (12).
Consequently

(21) {
(a) ẋ(𝑠) = b(x(𝑠), 𝑧(𝑠))
(b) ̇𝑧(𝑠) = −𝑐(x(𝑠), 𝑧(𝑠))

are the characteristic equations for the quasilinear first-order PDE (20). (Once
again we do not require the equation for p(⋅).)
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Example 2. The characteristic ODE (21) are in general difficult to solve, and
so we work out in this example the simpler case of a boundary-value problem
for a semilinear PDE:

(22) {
𝑢𝑥1 + 𝑢𝑥2 = 𝑢2 in 𝑈

𝑢 = 𝑔 on Γ.

Now 𝑈 is the half-space {𝑥2 > 0} and Γ = {𝑥2 = 0} = 𝜕𝑈. Here b = (1, 1) and
𝑐 = −𝑧2. Then (21) becomes

{
̇𝑥1 = 1, ̇𝑥2 = 1
̇𝑧 = 𝑧2.

Consequently

{
𝑥1(𝑠) = 𝑥0 + 𝑠, 𝑥2(𝑠) = 𝑠

𝑧(𝑠) = 𝑧0
1 − 𝑠𝑧0 =

𝑔(𝑥0)
1 − 𝑠𝑔(𝑥0) ,

where 𝑥0 ∈ ℝ, 𝑠 ≥ 0, provided the denominator is not zero.
Fix a point (𝑥1, 𝑥2) ∈ 𝑈. We select 𝑠 > 0 and 𝑥0 ∈ ℝ so that (𝑥1, 𝑥2) =

(𝑥1(𝑠), 𝑥2(𝑠)) = (𝑥0 + 𝑠, 𝑠); that is, 𝑥0 = 𝑥1 − 𝑥2, 𝑠 = 𝑥2. Then

𝑢(𝑥) = 𝑢(𝑥1(𝑠), 𝑥2(𝑠)) = 𝑧(𝑠) = 𝑔(𝑥0)
1 − 𝑠𝑔(𝑥0) =

𝑔(𝑥1 − 𝑥2)
1 − 𝑥2𝑔(𝑥1 − 𝑥2)

.

This solution of course makes sense only if 1 − 𝑥2𝑔(𝑥1 − 𝑥2) ≠ 0.

c. F fully nonlinear. In the general case, we must integrate the full charac-
teristic equations (11), if possible.

Example 3. Consider the fully nonlinear problem

(23) {
𝑢𝑥1𝑢𝑥2 = 𝑢 in 𝑈

𝑢 = 𝑥22 on Γ,

where𝑈 = {𝑥1 > 0}, Γ = {𝑥1 = 0} = 𝜕𝑈. Here 𝐹(𝑝, 𝑧, 𝑥) = 𝑝1𝑝2−𝑧, and hence
the characteristic ODE (11) become

⎧
⎨
⎩

̇𝑝1 = 𝑝1, ̇𝑝2 = 𝑝2

̇𝑧 = 2𝑝1𝑝2

̇𝑥1 = 𝑝2, ̇𝑥2 = 𝑝1.
We integrate these equations to find

⎧
⎨
⎩

𝑥1(𝑠) = 𝑝02(𝑒𝑠 − 1), 𝑥2(𝑠) = 𝑥0 + 𝑝01(𝑒𝑠 − 1)
𝑧(𝑠) = 𝑧0 + 𝑝01𝑝02(𝑒2𝑠 − 1)
𝑝1(𝑠) = 𝑝01𝑒𝑠, 𝑝2(𝑠) = 𝑝02𝑒𝑠,
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where 𝑥0 ∈ ℝ, 𝑠 ∈ ℝ, and 𝑧0 = (𝑥0)2.
We must determine 𝑝0 = (𝑝01 , 𝑝02). Since 𝑢 = 𝑥22 on Γ, 𝑝02 = 𝑢𝑥2(0, 𝑥0) =

2𝑥0. Furthermore the PDE 𝑢𝑥1𝑢𝑥2 = 𝑢 itself implies 𝑝01𝑝02 = 𝑧0 = (𝑥0)2, and so
𝑝01 =

𝑥0
2 . Consequently the formulas above become

⎧⎪
⎨⎪
⎩

𝑥1(𝑠) = 2𝑥0(𝑒𝑠 − 1), 𝑥2(𝑠) = 𝑥0
2 (𝑒

𝑠 + 1)
𝑧(𝑠) = (𝑥0)2𝑒2𝑠

𝑝1(𝑠) = 𝑥0
2 𝑒𝑠, 𝑝2(𝑠) = 2𝑥0𝑒𝑠.

Fix a point (𝑥1, 𝑥2) ∈ 𝑈. Select 𝑠 and 𝑥0 so that (𝑥1, 𝑥2) = (𝑥1(𝑠), 𝑥2(𝑠)) =
(2𝑥0(𝑒𝑠−1), 𝑥

0

2 (𝑒
𝑠+1)). This equality implies 𝑥0 = 4𝑥2−𝑥1

4 , 𝑒𝑠 = 𝑥1+4𝑥2
4𝑥2−𝑥1

; and so

𝑢(𝑥) = 𝑢(𝑥1(𝑠), 𝑥2(𝑠)) = 𝑧(𝑠) = (𝑥0)2𝑒2𝑠 = (𝑥1 + 4𝑥2)2
16 .

3.2.3. Boundary conditions. We return now to developing the general the-
ory and intend in the section following to invoke the characteristic ODE (11)
actually to solve the boundary-value problem (1), (2), at least in a small region
near an appropriate portion Γ of 𝜕𝑈.
a. Straightening the boundary. To simplify subsequent calculations, it is
convenient first to change variables, so as to “flatten out” part of the boundary
𝜕𝑈. To accomplish this, we first fix any point 𝑥0 ∈ 𝜕𝑈. Then utilizing the
notation from §C.1, we find smooth mappings 𝚽,𝚿 ∶ ℝ𝑛 → ℝ𝑛 such that
𝚿 = 𝚽−1 and 𝚽 straightens out 𝜕𝑈 near 𝑥0. (See the illustration in §C.1.)

Given any function 𝑢 ∶ 𝑈 → ℝ, let us write 𝑉 ≔ 𝚽(𝑈) and set
(24) 𝑣(𝑦) ≔ 𝑢(𝚿(𝑦)) (𝑦 ∈ 𝑉).
Then
(25) 𝑢(𝑥) = 𝑣(𝚽(𝑥)) (𝑥 ∈ 𝑈).
Now suppose that 𝑢 is a 𝐶1 solution of our boundary-value problem (1), (2) in
𝑈. What PDE does 𝑣 then satisfy in 𝑉?

According to (25), we see

𝑢𝑥𝑖(𝑥) =
𝑛
∑
𝑘=1

𝑣𝑦𝑘(𝚽(𝑥))Φ𝑘
𝑥𝑖(𝑥) (𝑖 = 1, . . . , 𝑛);

that is,
𝐷𝑢(𝑥) = 𝐷𝑣(𝑦)𝐷𝚽(𝑥).

Thus (1) implies
(26) 𝐹(𝐷𝑣(𝑦)𝐷𝚽(𝚿(𝑦)), 𝑣(𝑦),𝚿(𝑦)) = 𝐹(𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥) = 0.
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This is an expression having the form
𝐺(𝐷𝑣(𝑦), 𝑣(𝑦), 𝑦) = 0 in 𝑉.

In addition 𝑣 = ℎ on Δ, where Δ ≔ 𝚽(Γ) and ℎ(𝑦) ≔ 𝑔(𝚿(𝑦)).
In summary, our problem (1), (2) transforms to read

(27) {
𝐺(𝐷𝑣, 𝑣, 𝑦) = 0 in 𝑉

𝑣 = ℎ on Δ,
for 𝐺, ℎ as above. The point is that if we change variables to straighten out the
boundary near 𝑥0, the boundary-value problem (1), (2) converts into a problem
having the same form.
b. Compatibility conditions on boundary data. In view of the foregoing
computations, if we are given a point 𝑥0 ∈ Γ, we may as well assume from the
outset that Γ is flat near 𝑥0, lying in the plane {𝑥𝑛 = 0}.

We intend now to utilize the characteristic ODE to construct a solution (1),
(2), at least near 𝑥0, and for this we must discover appropriate initial conditions
(28) p(0) = 𝑝0, 𝑧(0) = 𝑧0, x(0) = 𝑥0.
Now clearly if the curve x(⋅) passes through 𝑥0, we should insist that
(29) 𝑧0 = 𝑔(𝑥0).
What should we require concerning p(0) = 𝑝0? Since (2) implies 𝑢(𝑥1, . . . ,
𝑥𝑛−1, 0) = 𝑔(𝑥1, . . . , 𝑥𝑛−1) near 𝑥0, we may differentiate to find

𝑢𝑥𝑖(𝑥0) = 𝑔𝑥𝑖(𝑥0) (𝑖 = 1, . . . , 𝑛 − 1).
As we also want the PDE (1) to hold, we should therefore insist𝑝0=(𝑝01 , . . . , 𝑝0𝑛)
satisfies these relations:

(30) {
𝑝0𝑖 = 𝑔𝑥𝑖(𝑥0) (𝑖 = 1, . . . , 𝑛 − 1)

𝐹(𝑝0, 𝑧0, 𝑥0) = 0.
These identities provide 𝑛 equations for the 𝑛 quantities 𝑝0 = (𝑝01 , . . . , 𝑝0𝑛).

We call (29) and (30) the compatibility conditions. A triple (𝑝0, 𝑧0, 𝑥0) ∈
ℝ2𝑛+1 verifying (29), (30) is admissible. Note 𝑧0 is uniquely determined by the
boundary condition and our choice of the point 𝑥0, but a vector 𝑝0 satisfying
(30) may not exist or may not be unique.
c. Noncharacteristic boundary data. So now assume as above that 𝑥0 ∈ Γ,
that Γ near 𝑥0 lies in the plane {𝑥𝑛 = 0}, and that the triple (𝑝0, 𝑧0, 𝑥0) is ad-
missible. We are planning to construct a solution 𝑢 of (1), (2) in 𝑈 near 𝑥0 by
integrating the characteristic ODE (11). So far we have ascertained x(0) = 𝑥0,
𝑧(0) = 𝑧0, p(0) = 𝑝0 are appropriate boundary conditions for the characteris-
tic ODE, with x(⋅) intersecting Γ at 𝑥0. But we will need in fact to solve these
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ODE for nearby initial points as well and must consequently now ask if we can
somehow appropriately perturb (𝑝0, 𝑧0, 𝑥0), keeping the compatibility condi-
tions.

In other words, given a point 𝑦 = (𝑦1, . . . , 𝑦𝑛−1, 0) ∈ Γ, with 𝑦 close to 𝑥0,
we intend to solve the characteristic ODE

(31)
⎧⎪
⎨⎪
⎩

(a) ṗ(𝑠) = −𝐷𝑥𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)) − 𝐹𝑧(p(𝑠), 𝑧(𝑠), x(𝑠))p(𝑠)
(b) ̇𝑧(𝑠) = 𝐷𝑝𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)) ⋅ p(𝑠)
(c) ẋ(𝑠) = 𝐷𝑝𝐹(p(𝑠), 𝑧(𝑠), x(𝑠)),

with the initial conditions

(32) p(0) = q(𝑦), 𝑧(0) = 𝑔(𝑦), x(0) = 𝑦.
Our task then is to find a function q(⋅) = (𝑞1(⋅), . . . , 𝑞𝑛(⋅)), so that

(33) q(𝑥0) = 𝑝0

and (q(𝑦), 𝑔(𝑦), 𝑦) is admissible; that is, the compatibility conditions

(34) {
𝑞𝑖(𝑦) = 𝑔𝑥𝑖(𝑦) (𝑖 = 1, . . . , 𝑛 − 1)

𝐹(q(𝑦), 𝑔(𝑦), 𝑦) = 0

hold for all 𝑦 ∈ Γ close to 𝑥0.

LEMMA 1 (Noncharacteristic boundary conditions). There exists a unique so-
lution q(⋅) of (33), (34) for all 𝑦 ∈ Γ sufficiently close to 𝑥0, provided
(35) 𝐹𝑝𝑛(𝑝0, 𝑧0, 𝑥0) ≠ 0.

We say the admissible triple (𝑝0, 𝑧0, 𝑥0) is noncharacteristic if (35) holds.
We henceforth assume this condition.

Proof. Our problem is to find 𝑞𝑛(𝑦) so that

𝐹(q(𝑦), 𝑔(𝑦), 𝑦) = 0,
where 𝑞𝑖(𝑦) = 𝑔𝑥𝑖(𝑦) for 𝑖 = 1, . . . , 𝑛 − 1. Since 𝐹(𝑝0, 𝑧0, 𝑥0) = 0, the Implicit
Function Theorem (§C.7) implies we can indeed locally and uniquely solve for
𝑞𝑛(𝑦), provided that the noncharacteristic condition (35) is valid. □

General noncharacteristic condition. If Γ is not flat near 𝑥0, the condition
that Γ be noncharacteristic reads

(36) 𝐷𝑝𝐹(𝑝0, 𝑧0, 𝑥0) ⋅ 𝝂(𝑥0) ≠ 0,

𝝂(𝑥0) denoting the outward unit normal to 𝜕𝑈 at 𝑥0. See Problem 7.
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3.2.4. Local solution. Remember that our aim is to use the characteristic
ODE to build a solution 𝑢 of (1), (2), at least near Γ. So as before we select
a point 𝑥0 ∈ Γ and, as shown in §3.2.3, may as well assume that near 𝑥0 the
surface Γ is flat, lying in the plane {𝑥𝑛 = 0}. Suppose further that (𝑝0, 𝑧0, 𝑥0) is
an admissible triple of boundary data, which is noncharacteristic. According to
Lemma 1 there is a function q(⋅) so that 𝑝0 = q(𝑥0) and the triple (q(𝑦), 𝑔(𝑦), 𝑦)
is admissible, for all 𝑦 sufficiently close to 𝑥0.

Given any such point 𝑦 = (𝑦1, . . . , 𝑦𝑛−1, 0), we solve the characteristic ODE
(31), subject to initial conditions (32).

NOTATION. Let us write

⎧
⎨
⎩

p(𝑠) = p(𝑦, 𝑠) = p(𝑦1, . . . , 𝑦𝑛−1, 𝑠)
𝑧(𝑠) = 𝑧(𝑦, 𝑠) = 𝑧(𝑦1, . . . , 𝑦𝑛−1, 𝑠)
x(𝑠) = x(𝑦, 𝑠) = x(𝑦1, . . . , 𝑦𝑛−1, 𝑠)

to display the dependence of the solution of (31), (32) on 𝑠 and 𝑦. Also, we will
henceforth when convenient regard 𝑥0 as lying in ℝ𝑛−1.

LEMMA 2 (Local invertibility). Assume we have the noncharacteristic condi-
tion 𝐹𝑝𝑛(𝑝0, 𝑧0, 𝑥0) ≠ 0. Then there exist an open interval 𝐼 ⊆ ℝ containing 0,
a neighborhood𝑊 of 𝑥0 in Γ ⊂ ℝ𝑛−1, and a neighborhood 𝑉 of 𝑥0 in ℝ𝑛, such
that for each 𝑥 ∈ 𝑉 there exist unique 𝑠 ∈ 𝐼, 𝑦 ∈ 𝑊 such that

𝑥 = x(𝑦, 𝑠).
The mappings 𝑥 ↦ 𝑠, 𝑦 are 𝐶2.

Proof. We have x(𝑥0, 0) = 𝑥0. Consequently the Inverse Function Theorem
(§C.6) gives the result, provided det𝐷x(𝑥0, 0) ≠ 0. Now

x(𝑦, 0) = (𝑦, 0) (𝑦 ∈ Γ);
and so if 𝑖 = 1, . . . , 𝑛 − 1,

𝑥𝑗𝑦𝑖(𝑥0, 0) = {𝛿𝑖𝑗 (𝑗 = 1, . . . , 𝑛 − 1)
0 (𝑗 = 𝑛).

Furthermore equation (31)(c) implies

𝑥𝑗𝑠(𝑥0, 0) = 𝐹𝑝𝑗 (𝑝0, 𝑧0, 𝑥0).
Thus

𝐷x(𝑥0, 0) =
⎛
⎜
⎜
⎝

1 0 𝐹𝑝1(𝑝0, 𝑧0, 𝑥0)
⋱ ⋮

0 1 ⋮
0 ⋯ 0 𝐹𝑝𝑛(𝑝0, 𝑧0, 𝑥0)

⎞
⎟
⎟
⎠𝑛×𝑛

,
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whence det𝐷x(𝑥0, 0) ≠ 0 follows from the noncharacteristic condition (35).
□

In view of Lemma 2 for each 𝑥 ∈ 𝑉 , we can locally uniquely solve the
equation

(37) {𝑥 = x(𝑦, 𝑠),
for 𝑦 = y(𝑥), 𝑠 = 𝑠(𝑥).

Finally, let us define

(38) {
𝑢(𝑥) ≔ 𝑧(y(𝑥), 𝑠(𝑥))
p(𝑥) ≔ p(y(𝑥), 𝑠(𝑥))

for 𝑥 ∈ 𝑉 and 𝑠, 𝑦 as in (37).
We come finally to our principal assertion, namely, that we can locally

weave together the solutions of the characteristic ODE into a solution of the
PDE.

THEOREM 2 (Local Existence Theorem). The function 𝑢 defined above is 𝐶2

and solves the PDE
𝐹(𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥) = 0 (𝑥 ∈ 𝑉),

with the boundary condition
𝑢(𝑥) = 𝑔(𝑥) (𝑥 ∈ Γ ∩ 𝑉).

Proof.
1. First of all, fix 𝑦 ∈ Γ close to 𝑥0 and, as above, solve the characteristic

ODE (31), (32) for p(𝑠) = p(𝑦, 𝑠), 𝑧(𝑠) = 𝑧(𝑦, 𝑠), and x(𝑠) = x(𝑦, 𝑠).
2. We assert that if 𝑦 ∈ Γ is sufficiently close to 𝑥0, then

(39) 𝑓(𝑦, 𝑠) ≔ 𝐹(p(𝑦, 𝑠), 𝑧(𝑦, 𝑠), x(𝑦, 𝑠)) = 0 (𝑠 ∈ 𝐼).
To see this, note
(40) 𝑓(𝑦, 0) = 𝐹(p(𝑦, 0), 𝑧(𝑦, 0), x(𝑦, 0)) = 𝐹(q(𝑦), 𝑔(𝑦), 𝑦) = 0,
by the compatibility condition (34). Furthermore

𝑓𝑠(𝑦, 𝑠) =
𝑛
∑
𝑗=1

𝐹𝑝𝑗 ̇𝑝𝑗 + 𝐹𝑧 ̇𝑧 +
𝑛
∑
𝑗=1

𝐹𝑥𝑗 ̇𝑥𝑗

=
𝑛
∑
𝑗=1

𝐹𝑝𝑗 (−𝐹𝑥𝑗 − 𝐹𝑧𝑝𝑗) + 𝐹𝑧(
𝑛
∑
𝑗=1

𝐹𝑝𝑗𝑝𝑗)

+
𝑛
∑
𝑗=1

𝐹𝑥𝑗𝐹𝑝𝑗 according to (31)

= 0.
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This calculation and (40) prove (39).
3. In view of Lemma 2 and (37)–(39), we have

𝐹(p(𝑥), 𝑢(𝑥), 𝑥) = 0 (𝑥 ∈ 𝑉).
To conclude, we must therefore show

(41) p(𝑥) = 𝐷𝑢(𝑥) (𝑥 ∈ 𝑉).
In order to prove (41), let us first demonstrate for 𝑠 ∈ 𝐼, 𝑦 ∈ 𝑊 that

(42) 𝑧𝑠(𝑦, 𝑠) =
𝑛
∑
𝑗=1

𝑝𝑗(𝑦, 𝑠)𝑥𝑗𝑠(𝑦, 𝑠)

and

(43) 𝑧𝑦𝑖(𝑦, 𝑠) =
𝑛
∑
𝑗=1

𝑝𝑗(𝑦, 𝑠)𝑥𝑗𝑦𝑖(𝑦, 𝑠) (𝑖 = 1, . . . , 𝑛 − 1).

These formulas are obviously consistent with the equality (41) and will later
help us prove it. The identity (42) results at once from the characteristic ODE
(31)(b),(c). To establish (43), fix 𝑦 ∈ Γ, 𝑖 ∈ {1, . . . , 𝑛 − 1}, and set

(44) 𝑟𝑖(𝑠) ≔ 𝑧𝑦𝑖(𝑦, 𝑠) −
𝑛
∑
𝑗=1

𝑝𝑗(𝑦, 𝑠)𝑥𝑗𝑦𝑖(𝑦, 𝑠).

We first note 𝑟𝑖(0) = 𝑔𝑥𝑖(𝑦)−𝑞𝑖(𝑦) = 0 according to the compatibility condition
(34). In addition, we can compute

(45) ̇𝑟𝑖(𝑠) = 𝑧𝑦𝑖𝑠 −
𝑛
∑
𝑗=1

𝑝𝑗𝑠𝑥𝑗𝑦𝑖 + 𝑝𝑗𝑥𝑗𝑦𝑖𝑠.

To simplify this expression, let us first differentiate the identity (42) with re-
spect to 𝑦𝑖:

(46) 𝑧𝑠𝑦𝑖 =
𝑛
∑
𝑗=1

𝑝𝑗𝑦𝑖𝑥
𝑗
𝑠 + 𝑝𝑗𝑥𝑗𝑠𝑦𝑖 .

Substituting (46) into (45), we discover

(47) ̇𝑟𝑖(𝑠) =
𝑛
∑
𝑗=1

𝑝𝑗𝑦𝑖𝑥
𝑗
𝑠 − 𝑝𝑗𝑠𝑥𝑗𝑦𝑖 =

𝑛
∑
𝑗=1

𝑝𝑗𝑦𝑖𝐹𝑝𝑗 − (−𝐹𝑥𝑗 − 𝐹𝑧𝑝𝑗)𝑥𝑗𝑦𝑖 ,

according to (31)(a). Now differentiate (39) with respect to 𝑦𝑖:
𝑛
∑
𝑗=1

𝐹𝑝𝑗𝑝
𝑗
𝑦𝑖 + 𝐹𝑧𝑧𝑦𝑖 +

𝑛
∑
𝑗=1

𝐹𝑥𝑗𝑥
𝑗
𝑦𝑖 = 0.
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We employ this identity in (47), thereby obtaining

(48) ̇𝑟𝑖(𝑠) = 𝐹𝑧(
𝑛
∑
𝑗=1

𝑝𝑗𝑥𝑗𝑦𝑖 − 𝑧𝑦𝑖) = −𝐹𝑧𝑟𝑖(𝑠).

Hence 𝑟𝑖(⋅) solves the linear ODE (48), with the initial condition 𝑟𝑖(0) = 0.
Consequently 𝑟𝑖(𝑠) = 0 (𝑠 ∈ 𝐼, 𝑖 = 1, . . . , 𝑛 − 1), and so identity (43) is verified.

4. We finally employ (42), (43) in proving (41). Indeed, if 𝑗 = 1, . . . , 𝑛,

𝑢𝑥𝑗 = 𝑧𝑠𝑠𝑥𝑗 +
𝑛−1
∑
𝑖=1

𝑧𝑦𝑖𝑦𝑖𝑥𝑗 by (38)

=
𝑛
∑
𝑘=1

𝑝𝑘𝑥𝑘𝑠 𝑠𝑥𝑗 +
𝑛−1
∑
𝑖=1

𝑛
∑
𝑘=1

𝑝𝑘𝑥𝑘𝑦𝑖𝑦𝑖𝑥𝑗 by (42), (43)

=
𝑛
∑
𝑘=1

𝑝𝑘(𝑥𝑘𝑠 𝑠𝑥𝑗 +
𝑛−1
∑
𝑖=1

𝑥𝑘𝑦𝑖𝑦𝑖𝑥𝑗)

=
𝑛
∑
𝑘=1

𝑝𝑘𝑥𝑘𝑥𝑗 =
𝑛
∑
𝑘=1

𝑝𝑘𝛿𝑗𝑘 = 𝑝𝑗.

This assertion at last establishes (41) and so finishes up the proof. □

3.2.5. Applications. We turn now to various special cases, to see how the lo-
cal existence theory simplifies in these circumstances.
a. F linear. Recall that a linear, homogeneous, first-order PDE has the form

(49) 𝐹(𝐷𝑢, 𝑢, 𝑥) = b(𝑥) ⋅ 𝐷𝑢(𝑥) + 𝑐(𝑥)𝑢(𝑥) = 0 (𝑥 ∈ 𝑈).
Our noncharacteristic assumption (36) at a point 𝑥0 ∈ Γ as above becomes

(50) b(𝑥0) ⋅ 𝝂(𝑥0) ≠ 0
and thus does not involve 𝑧0 or 𝑝0 at all. Furthermore if we specify the bound-
ary condition

(51) 𝑢 = 𝑔 on Γ,
we can uniquely solve equation (34) for q(𝑦) if 𝑦 ∈ Γ is near 𝑥0. Thus we can
apply the Local Existence Theorem 2 to construct a unique solution of (49),
(51) in some neighborhood 𝑉 containing 𝑥0. Note carefully that although we
have utilized the full characteristic equations (31) in the proof of Theorem 2,
once we know the solution exists, we can use the reduced equations (17) (which
do not involve p(⋅)) to compute the solution. Observe also that the projected
characteristics x(⋅) emanating from distinct points on Γ cannot cross, owing to
uniqueness of solutions of the initial-value problem for the ODE (17)(a).
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Example 4. Suppose the trajectories of the ODE
(52) ẋ(𝑠) = b(x(𝑠))
are as drawn for Case 1. We are thus assuming the vector fieldb vanishes within
𝑈 only at one point, which we will take to be the origin 0, and b ⋅ 𝝂 < 0 on
Γ ≔ 𝜕𝑈.

Case 1: flow to an attracting point

Can we solve the linear boundary-value problem

(53) {
b ⋅ 𝐷𝑢 = 0 in 𝑈

𝑢 = 𝑔 on Γ ?
Invoking Theorem 2, we see that there exists a unique solution 𝑢 defined near
Γ and indeed that 𝑢(x(𝑠)) ≡ 𝑢(x(0)) = 𝑔(𝑥0) for each solution of the ODE (52),
with the initial condition x(0) = 𝑥0 ∈ Γ. However, this solution cannot be
smoothly continued to all of 𝑈 (unless 𝑔 is constant): any smooth solution of
(53) is constant on trajectories of (52) and thus takes on different values near
𝑥 = 0.

But now suppose the trajectories of the ODE (52) look like the illustration
for Case 2. We are assuming that each trajectory of the ODE (except those
through the characteristic points 𝐴, 𝐵) enters 𝑈 precisely once, somewhere
through the set

Γ ≔ { 𝑥 ∈ 𝜕𝑈 ∣ b(𝑥) ⋅ 𝝂(𝑥) < 0 },
and exits𝑈 precisely once. In this circumstance we can find a smooth solution
of (53) by setting 𝑢 to be constant along each flow line.

Assume finally the flow looks like Case 3. We can now define 𝑢 to be con-
stant along trajectories, but then 𝑢 will be discontinuous (unless 𝑔(𝐵) = 𝑔(𝐷)).
Note that the point 𝐷 is characteristic and that the local existence theory fails
near 𝐷.
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Case 2: flow across a domain

Case 3: flow with characteristic points

b. F quasilinear. Should 𝐹 be quasilinear, the PDE (1) is

(54) 𝐹(𝐷𝑢, 𝑢, 𝑥) = b(𝑥, 𝑢) ⋅ 𝐷𝑢 + 𝑐(𝑥, 𝑢) = 0.

The noncharacteristic assumption (36) at a point 𝑥0 ∈ Γ reads b(𝑥0, 𝑧0) ⋅
𝝂(𝑥0) ≠ 0, where 𝑧0 = 𝑔(𝑥0). As in the preceding example, if we specify the
boundary condition

(55) 𝑢 = 𝑔 on Γ,
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we can uniquely solve the equations (34) for q(𝑦) if 𝑦 ∈ Γ near 𝑥0. Thus Theo-
rem 2 yields the existence of a unique solution of (54), (55) in some neighbor-
hood 𝑉 of 𝑥0. We can compute this solution in 𝑉 using the reduced character-
istic equations (21), which do not explicitly involve p(⋅).

In contrast to the linear case, however, it is possible that the projected char-
acteristics emanating from distinct points in Γ may intersect outside 𝑉 ; such an
occurrence usually signals the failure of our local solution to exist within all of
𝑈.

Example 5 (Characteristics for conservation laws). As an instance of a quasi-
linear first-order PDE, we turn now to the scalar conservation law

(56)
𝐺(𝐷𝑢, 𝑢𝑡, 𝑢, 𝑥, 𝑡) = 𝑢𝑡 + divF(𝑢)

= 𝑢𝑡 + F ′(𝑢) ⋅ 𝐷𝑢 = 0
in 𝑈 = ℝ𝑛 × (0,∞), subject to the initial condition

(57) 𝑢 = 𝑔 on Γ = ℝ𝑛 × {𝑡 = 0}.
Here F ∶ ℝ → ℝ𝑛, F = (𝐹1, . . . , 𝐹𝑛), and, as usual, we have set 𝑡 = 𝑥𝑛+1. Also,
“div” denotes the divergence with respect to the spatial variables (𝑥1, . . . , 𝑥𝑛),
and 𝐷𝑢 = 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛).

Since the direction 𝑡 = 𝑥𝑛+1 plays a special role, we appropriately modify
our notation. Writing now 𝑞 = (𝑝, 𝑝𝑛+1) and 𝑦 = (𝑥, 𝑡), we have

𝐺(𝑞, 𝑧, 𝑦) = 𝑝𝑛+1 + F′(𝑧) ⋅ 𝑝,
and consequently

𝐷𝑞𝐺 = (F ′(𝑧), 1), 𝐷𝑦𝐺 = 0, 𝐺𝑧 = F″(𝑧) ⋅ 𝑝.
Clearly the noncharacteristic condition (35) is satisfied at each point 𝑦0 =
(𝑥0, 0) ∈ Γ. Furthermore equation (21)(a) becomes

(58) {
̇𝑥𝑖(𝑠) = 𝐹𝑖 ′(𝑧(𝑠)) (𝑖 = 1, . . . , 𝑛)

̇𝑥𝑛+1(𝑠) = 1.
Hence 𝑥𝑛+1(𝑠) = 𝑠, in agreement with our having written 𝑥𝑛+1 = 𝑡 above. In
other words, we can identify the parameter 𝑠 with the time 𝑡.

Equation (21)(b) reads ̇𝑧(𝑠) = 0. Consequently

(59) 𝑧(𝑠) = 𝑧0 = 𝑔(𝑥0);
and (58) implies

(60) x(𝑠) = F′(𝑔(𝑥0))𝑠 + 𝑥0.
Thus the projected characteristic y(𝑠) = (x(𝑠), 𝑠) = (F′(𝑔(𝑥0))𝑠 + 𝑥0, 𝑠) (𝑠 ≥ 0)
is a straight line, along which 𝑢 is constant.
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Crossing characteristics. But suppose now we apply the same reasoning to
a different initial point 𝑧0 ∈ Γ, where 𝑔(𝑥0) ≠ 𝑔(𝑧0). The projected charac-
teristics may possibly then intersect at some time 𝑡 > 0. Since Theorem 1 tells
us 𝑢 ≡ 𝑔(𝑥0) on the projected characteristic through 𝑥0 and 𝑢 ≡ 𝑔(𝑧0) on
the projected characteristic through 𝑧0, an apparent contradiction arises. The
resolution is that the initial-value problem (56), (57) does not in general have a
smooth solution, existing for all times 𝑡 > 0.

We will discuss in §3.4 the interesting possibility of extending the local so-
lution (guaranteed to exist for short times by Theorem 2) to all times 𝑡 > 0, as
a kind of “weak” or “generalized” solution.

An implicit formula. We can eliminate 𝑠 from equations (59), (60) to derive
an implicit formula for 𝑢. Indeed given 𝑥 ∈ ℝ𝑛 and 𝑡 > 0, we see that since
𝑠 = 𝑡,

𝑢(x(𝑡), 𝑡) = 𝑧(𝑡) = 𝑔(x(𝑡) − 𝑡F ′(𝑧0)) = 𝑔(x(𝑡) − 𝑡F ′(𝑢(x(𝑡), 𝑡))).
Hence

(61) 𝑢 = 𝑔(𝑥 − 𝑡F ′(𝑢)).
This implicit formula for 𝑢 as a function of 𝑥 and 𝑡 is a nonlinear analogue of
equation (3) in §2.1. It is easy to check that (61) does indeed give a solution,
provided

1 + 𝑡𝐷𝑔(𝑥 − 𝑡F ′(𝑢)) ⋅ F ″(𝑢) ≠ 0.
In particular if 𝑛 = 1, we require

1 + 𝑡𝑔′(𝑥 − 𝑡𝐹′(𝑢))𝐹″(𝑢) ≠ 0.
Note that if 𝐹″ > 0, but 𝑔′ < 0, then this will definitely be false at some time
𝑡 > 0. This failure of the implicit formula (61) reflects also the failure of the
characteristic method.
c. F fully nonlinear. The full characteristic equations can be quite compli-
cated for fully nonlinear first-order PDE, but sometimes a remarkable mathe-
matical structure emerges.

Example 6 (Characteristics for the Hamilton–Jacobi equation). We look now
at the general Hamilton–Jacobi PDE

(62) 𝐺(𝐷𝑢, 𝑢𝑡, 𝑢, 𝑥, 𝑡) = 𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0,
where 𝐷𝑢 = 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛). Then writing 𝑞 = (𝑝, 𝑝𝑛+1), 𝑦 = (𝑥, 𝑡), we
have

𝐺(𝑞, 𝑧, 𝑦) = 𝑝𝑛+1 + 𝐻(𝑝, 𝑥);
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and so
𝐷𝑞𝐺 = (𝐷𝑝𝐻(𝑝, 𝑥), 1), 𝐷𝑦𝐺 = (𝐷𝑥𝐻(𝑝, 𝑥), 0), 𝐺𝑧 = 0.

Thus equation (11)(c) becomes

(63) {
̇𝑥𝑖(𝑠) = 𝐻𝑝𝑖(p(𝑠), x(𝑠)) (𝑖 = 1, . . . , 𝑛)

̇𝑥𝑛+1(𝑠) = 1.
In particular we can identify the parameter 𝑠 with the time 𝑡. Equation (11)(a)
for the case at hand reads

{
̇𝑝𝑖(𝑠) = −𝐻𝑥𝑖(p(𝑠), x(𝑠)) (𝑖 = 1, . . . , 𝑛)

̇𝑝𝑛+1(𝑠) = 0;
the equation (11)(b) is

̇𝑧(𝑠) = 𝐷𝑝𝐻(p(𝑠), x(𝑠)) ⋅ p(𝑠) + 𝑝𝑛+1(𝑠)
= 𝐷𝑝𝐻(p(𝑠), x(𝑠)) ⋅ p(𝑠) − 𝐻(p(𝑠), x(𝑠)).

In summary, the characteristic equations for the Hamilton–Jacobi equation are

(64)
⎧
⎨
⎩

(a) ṗ(𝑠) = −𝐷𝑥𝐻(p(𝑠), x(𝑠))
(b) ̇𝑧(𝑠) = 𝐷𝑝𝐻(p(𝑠), x(𝑠)) ⋅ p(𝑠) − 𝐻(p(𝑠), x(𝑠))
(c) ẋ(𝑠) = 𝐷𝑝𝐻(p(𝑠), x(𝑠))

for p(⋅) = (𝑝1(⋅), . . . , 𝑝𝑛(⋅)), 𝑧(⋅), and x(⋅) = (𝑥1(⋅), . . . , 𝑥𝑛(⋅)).
The first and third of these equalities,

(65) {ẋ = 𝐷𝑝𝐻(p, x)
ṗ = −𝐷𝑥𝐻(p, x),

are called Hamilton’s equations. We will discuss these ODE and their relation-
ship to the Hamilton–Jacobi equation in much more detail, just below in §3.3.
Observe that the equation for 𝑧(⋅) is trivial, once x(⋅) and p(⋅) have been found
by solving Hamilton’s equations.

As for conservation laws (Example 5), the initial-value problem for the
Hamilton–Jacobi equation does not in general have a smooth solution 𝑢 lasting
for all times 𝑡 > 0.

3.3. INTRODUCTION TOHAMILTON–JACOBI EQUATIONS

In this section we study in some detail the initial-value problem for the
Hamilton–Jacobi equation:

(1) {
𝑢𝑡 + 𝐻(𝐷𝑢) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
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Here 𝑢 ∶ ℝ𝑛 × [0,∞) → ℝ is the unknown, 𝑢 = 𝑢(𝑥, 𝑡), and 𝐷𝑢 = 𝐷𝑥𝑢 =
(𝑢𝑥1 , . . . , 𝑢𝑥𝑛). We are given the Hamiltonian 𝐻 ∶ ℝ𝑛 → ℝ and the initial
function 𝑔 ∶ ℝ𝑛 → ℝ.

Our goal is to find a formula for an appropriate weak or generalized solu-
tion, existing for all times 𝑡 > 0, even after the method of characteristics has
failed.

3.3.1. Calculus of variations, Hamilton’s ODE. Remember from §3.2.5
that two of the characteristic equations associated with the Hamilton–Jacobi
PDE

𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0
are Hamilton’s ODE

{ẋ = 𝐷𝑝𝐻(p, x)
ṗ = −𝐷𝑥𝐻(p, x),

which arise in the classical calculus of variations and in mechanics. (Note the
𝑥-dependence in𝐻 here.) In this section we recall the derivation of these ODE
from a variational principle. We will then discover in §3.3.2 that this discussion
contains a clue as to how to build a weak solution of the initial-value problem
(1).
a. The calculus of variations. Assume that 𝐿 ∶ ℝ𝑛 × ℝ𝑛 → ℝ is a given
smooth function, hereafter called the Lagrangian.

NOTATION. We write
𝐿 = 𝐿(𝑣, 𝑥) = 𝐿(𝑣1, . . . , 𝑣𝑛, 𝑥1, . . . , 𝑥𝑛) (𝑣, 𝑥 ∈ ℝ𝑛)

and

{𝐷𝑣𝐿 = (𝐿𝑣1 ⋯𝐿𝑣𝑛)
𝐷𝑥𝐿 = (𝐿𝑥1 ⋯𝐿𝑥𝑛).

Thus in the formula (2) below “𝑣” is the name of the variable for which we
substitute ẇ(𝑠), and “𝑥” is the variable for which we substitute w(𝑠).

Now fix two points 𝑥, 𝑦 ∈ ℝ𝑛 and a time 𝑡 > 0. We introduce then the
action functional

(2) 𝐼[w(⋅)] ≔ ∫
𝑡

0
𝐿(ẇ(𝑠),w(𝑠)) 𝑑𝑠 (⋅ = 𝑑

𝑑𝑠) ,

defined for functions w(⋅) = (𝑤1(⋅), 𝑤2(⋅), . . . , 𝑤𝑛(⋅)) belonging to the admissi-
ble class

𝒜 ≔ {w ∈ 𝐶2([0, 𝑡]; ℝ𝑛) ∣ w(0) = 𝑦,w(𝑡) = 𝑥 }.
Thus a 𝐶2 curve w(⋅) lies in 𝒜 if it starts at the point 𝑦 at time 0 and reaches
the point 𝑥 at time 𝑡.
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A problem in the calculus of variations

A basic problem in the calculus of variations is to find a curve x(⋅) ∈ 𝒜
satisfying

(3) 𝐼[x(⋅)] = min
w(⋅)∈𝒜

𝐼[w(⋅)].

That is, we are asking for a function x(⋅) which minimizes the functional 𝐼[⋅]
among all admissible candidates w(⋅) ∈ 𝒜.

We assume next that there in fact exists a function x(⋅) ∈ 𝒜 satisfying our
calculus of variations problem and will deduce some of its properties.

THEOREM 1 (Euler–Lagrange equations). The function x(⋅) solves the system
of Euler–Lagrange equations

(4) − 𝑑
𝑑𝑠 (𝐷𝑣𝐿(ẋ(𝑠), x(𝑠))) + 𝐷𝑥𝐿(ẋ(𝑠), x(𝑠)) = 0 (0 ≤ 𝑠 ≤ 𝑡).

This is a vector equation, consisting of 𝑛 coupled second-order equations.

Proof.
1. Choose a smooth function y ∶ [0, 𝑡] → ℝ𝑛, y(⋅) = (𝑦1(⋅), . . . , 𝑦𝑛(⋅)),

satisfying

(5) y(0) = y(𝑡) = 0,
and define for 𝜏 ∈ ℝ
(6) w(⋅) ≔ x(⋅) + 𝜏y(⋅).
Then w(⋅) ∈ 𝒜 and so

𝐼[x(⋅)] ≤ 𝐼[w(⋅)].
Thus the real-valued function

𝑖(𝜏) ≔ 𝐼[x(⋅) + 𝜏y(⋅)]
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has a minimum at 𝜏 = 0, and consequently

(7) 𝑖′(0) = 0 (′ = 𝑑
𝑑𝜏) ,

provided 𝑖′(0) exists.
2. We explicitly compute this derivative. Observe

𝑖(𝜏) = ∫
𝑡

0
𝐿(ẋ(𝑠) + 𝜏ẏ(𝑠), x(𝑠) + 𝜏y(𝑠)) 𝑑𝑠,

and so

𝑖′(𝜏) = ∫
𝑡

0

𝑛
∑
𝑖=1

𝐿𝑣𝑖(ẋ + 𝜏ẏ, 𝑥 + 𝜏y) ̇𝑦𝑖 + 𝐿𝑥𝑖(ẋ + 𝜏ẏ, 𝑥 + 𝜏y)𝑦𝑖 𝑑𝑠.

Set 𝜏 = 0 and remember (7):

0 = 𝑖′(0) = ∫
𝑡

0

𝑛
∑
𝑖=1

𝐿𝑣𝑖(ẋ, x) ̇𝑦𝑖 + 𝐿𝑥𝑖(ẋ, x)𝑦𝑖 𝑑𝑠.

We recall (5) and then integrate by parts in the first term inside the integral, to
discover

0 =
𝑛
∑
𝑖=1

∫
𝑡

0
[− 𝑑

𝑑𝑠 (𝐿𝑣𝑖(ẋ, x)) + 𝐿𝑥𝑖(ẋ, x)] 𝑦𝑖 𝑑𝑠.

This identity is valid for all smooth functions y(⋅) = (𝑦1(⋅), . . . , 𝑦𝑛(⋅)) satisfying
the boundary conditions (5), and so for 0 ≤ 𝑠 ≤ 𝑡

− 𝑑
𝑑𝑠 (𝐿𝑣𝑖(ẋ, x)) + 𝐿𝑥𝑖(ẋ, x) = 0 (𝑖 = 1, . . . , 𝑛). □

Critical points. We have just demonstrated that any minimizer x(⋅) ∈ 𝒜 of
𝐼[⋅] solves the Euler–Lagrange system of ODE. It is of course possible that a
curve x(⋅) ∈ 𝒜 may solve the Euler–Lagrange equations without necessarily
being a minimizer: in this case we say x(⋅) is a critical point of 𝐼[⋅]. So every
minimizer is a critical point, but a critical point need not be a minimizer.

Example. If 𝐿(𝑣, 𝑥) = 1
2𝑚|𝑣|

2 − 𝜙(𝑥), where 𝑚 > 0, the corresponding Euler–
Lagrange equation is

𝑚ẍ(𝑠) = f(x(𝑠))
for f ≔ −𝐷𝜙. This is Newton’s law for the motion of a particle of mass 𝑚 mov-
ing in the force field f generated by the potential 𝜙. (See Feynman–Leighton–
Sands [F-L-S, Chapter 19].)
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b. Hamilton’s equations. We now transform the Euler–Lagrange equations,
a system of𝑛 second-order ODE, into Hamilton’s equations, a system of 2𝑛first-
order ODE. We hereafter assume the 𝐶2 function x(⋅) is a critical point of the
action functional and thus solves the Euler–Lagrange equations (4).

First we set

(8) p(𝑠) ≔ 𝐷𝑣𝐿(ẋ(𝑠), x(𝑠)) (0 ≤ 𝑠 ≤ 𝑡);
p(⋅) is called the generalized momentum corresponding to the position x(⋅) and
velocity ẋ(⋅). We next make this important hypothesis:

(9)

⎧
⎪
⎨
⎪
⎩

Suppose for all 𝑥, 𝑝 ∈ ℝ𝑛 that the equation
𝑝 = 𝐷𝑣𝐿(𝑣, 𝑥)

can be uniquely solved for 𝑣 as a smooth
function of 𝑝 and 𝑥, 𝑣 = v(𝑝, 𝑥).

We will examine this assumption in more detail later: see §3.3.2.

DEFINITION. The Hamiltonian 𝐻 associated with the Lagrangian 𝐿 is

𝐻(𝑝, 𝑥) ≔ 𝑝 ⋅ v(𝑝, 𝑥) − 𝐿(v(𝑝, 𝑥), 𝑥) (𝑝, 𝑥 ∈ ℝ𝑛),
where the function v(⋅) is defined implicitly by (9).

Example (continued). The Hamiltonian corresponding to the Lagrangian
𝐿(𝑣, 𝑥) = 1

2𝑚|𝑣|
2 − 𝜙(𝑥) is

𝐻(𝑝, 𝑥) = 1
2𝑚|𝑝|2 + 𝜙(𝑥).

The Hamiltonian is thus the total energy, the sum of the kinetic and poten-
tial energies (whereas the Lagrangian is the difference between the kinetic and
potential energies).

Next we rewrite the Euler–Lagrange equations in terms of p(⋅), x(⋅):

THEOREM2 (Derivation of Hamilton’s ODE). The functions x(⋅) and p(⋅) sat-
isfy Hamilton’s equations:

(10) {ẋ(𝑠) = 𝐷𝑝𝐻(p(𝑠), x(𝑠))
ṗ(𝑠) = −𝐷𝑥𝐻(p(𝑠), x(𝑠))

for 0 ≤ 𝑠 ≤ 𝑡. Furthermore,
the mapping 𝑠 ↦ 𝐻(p(𝑠), x(𝑠)) is constant.

The equations (10) comprise a coupled system of 2𝑛 first-order ODE for
x(⋅) = (𝑥1(⋅), . . . , 𝑥𝑛(⋅)) and p(⋅) = (𝑝1(⋅), . . . , 𝑝𝑛(⋅)) (defined by (8)).
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Proof. First note from (8) and (9) that ẋ(𝑠) = v(p(𝑠), x(𝑠)).
Let us hereafter write v(⋅) = (𝑣1(⋅), . . . , 𝑣𝑛(⋅)). We compute for 𝑖 = 1, . . . , 𝑛

that

𝐻𝑥𝑖(𝑝, 𝑥) =
𝑛
∑
𝑘=1

𝑝𝑘𝑣𝑘𝑥𝑖(𝑝, 𝑥) − 𝐿𝑣𝑘(v(𝑝, 𝑥), 𝑥)𝑣𝑘𝑥𝑖(𝑝, 𝑥) − 𝐿𝑥𝑖(v(𝑝, 𝑥), 𝑥)

= −𝐿𝑥𝑖(v(𝑝, 𝑥), 𝑥) according to (9)

and

𝐻𝑝𝑖(𝑝, 𝑥) = 𝑣𝑖(𝑝, 𝑥) +
𝑛
∑
𝑘=1

𝑝𝑘𝑣𝑘𝑝𝑖(𝑝, 𝑥) − 𝐿𝑣𝑘(v(𝑝, 𝑥), 𝑥)𝑣𝑘𝑝𝑖(𝑝, 𝑥)

= 𝑣𝑖(𝑝, 𝑥), again by (9).

Thus

𝐻𝑝𝑖(p(𝑠), x(𝑠)) = 𝑣𝑖(p(𝑠), x(𝑠)) = ̇𝑥𝑖(𝑠),

and likewise

𝐻𝑥𝑖(p(𝑠), x(𝑠)) = −𝐿𝑥𝑖(v(p(𝑠), x(𝑠)), x(𝑠)) = −𝐿𝑥𝑖(ẋ(𝑠), x(𝑠))

= − 𝑑
𝑑𝑠(𝐿𝑣𝑖(ẋ(𝑠), x(𝑠))) according to (4)

= − ̇𝑝𝑖(𝑠).

Finally, observe

𝑑
𝑑𝑠𝐻(p, x) =

𝑛
∑
𝑖=1

𝐻𝑝𝑖(p, x) ̇𝑝𝑖 + 𝐻𝑥𝑖(p, x) ̇𝑥𝑖

=
𝑛
∑
𝑖=1

𝐻𝑝𝑖(p, x)(−𝐻𝑥𝑖(p, x)) + 𝐻𝑥𝑖(p, x)𝐻𝑝𝑖(p, x) = 0. □

See Arnold [Ar1, Chapter 9] for more on Hamilton’s ODE and Hamilton–
Jacobi PDE in classical mechanics. We are employing here different notation
than is customary in mechanics: our notation is better overall for PDE theory.

3.3.2. Legendre transform, Hopf–Lax formula. Now let us try to find a
connection between the Hamilton–Jacobi PDE and the calculus of variations
problem (2)–(4). To simplify further, we also drop the 𝑥-dependence in the
Hamiltonian, so that afterwards 𝐻 = 𝐻(𝑝). We start by reexamining the defi-
nition of the Hamiltonian in §3.3.1.
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a. Legendre transform. We hereafter suppose the Lagrangian 𝐿 ∶ ℝ𝑛 → ℝ
satisfies these conditions:

(11) the mapping 𝑣 ↦ 𝐿(𝑣) is convex

and

(12) lim
|𝑣|→∞

𝐿(𝑣)
|𝑣| = +∞.

The convexity implies 𝐿 is continuous.

DEFINITION. The Legendre transform of 𝐿 is

(13) 𝐿∗(𝑝) ≔ sup
𝑣∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐿(𝑣)} (𝑝 ∈ ℝ𝑛).

This is also referred to as the Fenchel transform.
Motivation for Legendre transform. Why do we make this definition? For
some insight let us note in view of (12) that the “sup” in (13) is really a “max”;
that is, there exists some 𝑣∗ ∈ ℝ𝑛 for which

𝐿∗(𝑝) = 𝑝 ⋅ 𝑣∗ − 𝐿(𝑣∗)
and the mapping 𝑣 ↦ 𝑝 ⋅ 𝑣 − 𝐿(𝑣) has a maximum at 𝑣 = 𝑣∗. But then
𝑝 = 𝐷𝐿(𝑣∗), provided 𝐿 is differentiable at 𝑣∗. Hence the equation 𝑝 = 𝐷𝐿(𝑣)
is solvable (although perhaps not uniquely) for 𝑣 in terms of 𝑝, 𝑣∗ = v(𝑝).
Therefore

𝐿∗(𝑝) = 𝑝 ⋅ v(𝑝) − 𝐿(v(𝑝)).
However, this is almost exactly the definition of the Hamiltonian 𝐻 associated
with 𝐿 in §3.3.1 (where, recall, we are now assuming the variable 𝑥 does not
appear). We consequently henceforth write

(14) 𝐻 = 𝐿∗.
Thus (13) tells us how to obtain the Hamiltonian 𝐻 from the Lagrangian 𝐿.
Now we ask the converse question: given 𝐻, how do we compute 𝐿?

THEOREM3 (Convex duality of Hamiltonian and Lagrangian). Assume 𝐿 sat-
isfies (11), (12) and define𝐻 by (13), (14).

(i) Then
the mapping 𝑝 ↦ 𝐻(𝑝) is convex

and
lim
|𝑝|→∞

𝐻(𝑝)
|𝑝| = +∞.

(ii) Furthermore

(15) 𝐿 = 𝐻∗.
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Thus 𝐻 is the Legendre transform of 𝐿, and vice versa:

𝐿 = 𝐻∗, 𝐻 = 𝐿∗.

We say 𝐻 and 𝐿 are dual convex functions. The identity (15) implies that the
three statements

(16)
⎧
⎨
⎩

𝑝 ⋅ 𝑣 = 𝐿(𝑣) + 𝐻(𝑝)
𝑝 = 𝐷𝐿(𝑣)
𝑣 = 𝐷𝐻(𝑝)

are equivalent provided 𝐻 is differentiable at 𝑝 and 𝐿 is differentiable at 𝑣: see
Problem 11.

Proof.

1. For each fixed 𝑣, the function 𝑝 ↦ 𝑝⋅𝑣−𝐿(𝑣) is linear; and consequently
the mapping

𝑝 ↦ 𝐻(𝑝) = 𝐿∗(𝑝) = sup
𝑣∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐿(𝑣)}

is convex. Indeed, if 0 ≤ 𝜏 ≤ 1, 𝑝, ̂𝑝 ∈ ℝ𝑛, we have

𝐻(𝜏𝑝 + (1 − 𝜏) ̂𝑝) = sup
𝑣
{(𝜏𝑝 + (1 − 𝜏) ̂𝑝) ⋅ 𝑣 − 𝐿(𝑣)}

≤ 𝜏 sup
𝑣
{𝑝 ⋅ 𝑣 − 𝐿(𝑣)}

+ (1 − 𝜏) sup
𝑣
{ ̂𝑝 ⋅ 𝑣 − 𝐿(𝑣)}

= 𝜏𝐻(𝑝) + (1 − 𝜏)𝐻( ̂𝑝).

2. Fix any 𝜆 > 0, 𝑝 ≠ 0. Then

𝐻(𝑝) = sup
𝑣∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐿(𝑣)}

≥ 𝜆|𝑝| − 𝐿(𝜆 𝑝|𝑝|) (𝑣 = 𝜆 𝑝|𝑝|)

≥ 𝜆|𝑝| − max
𝐵(0,𝜆)

𝐿.

Thus lim inf|𝑝|→∞
𝐻(𝑝)
|𝑝| ≥ 𝜆 for all 𝜆 > 0.

3. In view of (14)
𝐻(𝑝) + 𝐿(𝑣) ≥ 𝑝 ⋅ 𝑣

for all 𝑝, 𝑣 ∈ ℝ𝑛, and consequently

𝐿(𝑣) ≥ sup
𝑝∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐻(𝑝)} = 𝐻∗(𝑣).
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On the other hand
𝐻∗(𝑣) = sup

𝑝∈ℝ𝑛
{𝑝 ⋅ 𝑣 − sup

𝑟∈ℝ𝑛
{𝑝 ⋅ 𝑟 − 𝐿(𝑟)}}

= sup
𝑝∈ℝ𝑛

inf
𝑟∈ℝ𝑛

{𝑝 ⋅ (𝑣 − 𝑟) + 𝐿(𝑟)}.

Now since 𝑣 ↦ 𝐿(𝑣) is convex, according to §B.1 there exists 𝑠 ∈ ℝ𝑛 such that

𝐿(𝑟) ≥ 𝐿(𝑣) + 𝑠 ⋅ (𝑟 − 𝑣) (𝑟 ∈ ℝ𝑛).
(If 𝐿 is differentiable at 𝑞, take 𝑠 = 𝐷𝐿(𝑣).) Putting 𝑝 = 𝑠 above, we compute

𝐻∗(𝑣) ≥ inf
𝑟∈ℝ𝑛

{𝑠 ⋅ (𝑣 − 𝑟) + 𝐿(𝑟)} = 𝐿(𝑣). □

b. Hopf–Lax formula. Let us now return to the initial-value problem (1) for
the Hamilton–Jacobi equation and recall from (64) in §3.2.5 that the corre-
sponding characteristic equations are

⎧⎪
⎨⎪
⎩

ṗ = 0

̇𝑧 = 𝐷𝐻(p) ⋅ p − 𝐻(p)

ẋ = 𝐷𝐻(p).
The first and third of these are Hamilton’s ODE, which we in §3.3.1 derived
from a minimization problem for associated Lagrangian 𝐿 = 𝐻∗. Remember-
ing (16), we can therefore understand the second of the characteristic equations
as asserting

̇𝑧 = 𝐷𝐻(p) ⋅ p − 𝐻(p) = 𝐿(ẋ).
But at least for such short times that (1) has a smooth solution 𝑢, we have 𝑧(𝑡) =
𝑢(x(𝑡), 𝑡) and consequently

𝑢(𝑥, 𝑡) = ∫
𝑡

0
𝐿(ẋ(𝑠)) 𝑑𝑠 + 𝑔(x(0)).

Our intention is to modify this expression, to make sense even for large times
𝑡 > 0 when (1) does not have a smooth solution. The variational principle for
the action discussed in §3.3.1 provides the clue. Given 𝑥 ∈ ℝ𝑛 and 𝑡 > 0,
we therefore propose to minimize among curves w(⋅) satisfying w(𝑡) = 𝑥 the
expression

∫
𝑡

0
𝐿(ẇ(𝑠)) 𝑑𝑠 + 𝑔(w(0)),

which is the action augmented with the value of the initial data. We accord-
ingly now define

(17) 𝑢(𝑥, 𝑡) ≔ inf{∫
𝑡

0
𝐿(ẇ(𝑠)) 𝑑𝑠 + 𝑔(w(0)) ∣ w(𝑡) = 𝑥 } ,
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the infimum taken over all𝐶1 functionsw(⋅). (Better justification for this guess
will be provided much later, in Chapter 10.)

We must investigate the sense in which the function𝑢 given by (17) actually
solves the initial-value problem for the Hamilton–Jacobi PDE:

(18) {
𝑢𝑡 + 𝐻(𝐷𝑢) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
Recall we are assuming 𝐻 is smooth,

(19) {
𝐻 is convex and
lim
|𝑝|→∞

𝐻(𝑝)
|𝑝| = +∞.

We henceforth suppose also
(20) 𝑔 ∶ ℝ𝑛 → ℝ is Lipschitz continuous;

this means Lip(𝑔) ≔ sup𝑥,𝑦∈ℝ𝑛

𝑥≠𝑦
{ |𝑔(𝑥)−𝑔(𝑦)||𝑥−𝑦| } < ∞.

First we note that formula (17) can be simplified:

THEOREM 4 (Hopf–Lax formula). If 𝑥 ∈ ℝ𝑛 and 𝑡 > 0, then the solution
𝑢 = 𝑢(𝑥, 𝑡) of the minimization problem (17) is

(21) 𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)} .

DEFINITION. We call the expression on the right-hand side of (21) theHopf–
Lax formula.

Proof.
1. Fix any 𝑦 ∈ ℝ𝑛 and define w(𝑠) ≔ 𝑦 + 𝑠

𝑡 (𝑥 − 𝑦) (0 ≤ 𝑠 ≤ 𝑡). Then the
definition (17) of 𝑢 implies

𝑢(𝑥, 𝑡) ≤ ∫
𝑡

0
𝐿(ẇ(𝑠)) 𝑑𝑠 + 𝑔(𝑦) = 𝑡𝐿 (𝑥 − 𝑦

𝑡 ) + 𝑔(𝑦),

and so
𝑢(𝑥, 𝑡) ≤ inf

𝑦∈ℝ𝑛
{𝑡𝐿 (𝑥 − 𝑦

𝑡 ) + 𝑔(𝑦)} .

2. On the other hand, if w(⋅) is any 𝐶1 function satisfying w(𝑡) = 𝑥, we
have

𝐿 (1𝑡 ∫
𝑡

0
ẇ(𝑠) 𝑑𝑠) ≤ 1

𝑡 ∫
𝑡

0
𝐿(ẇ(𝑠)) 𝑑𝑠

by Jensen’s inequality (§B.1). Thus if we write 𝑦 = w(0), we find

𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦) ≤ ∫

𝑡

0
𝐿(ẇ(𝑠)) 𝑑𝑠 + 𝑔(𝑦);
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and consequently

inf
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)} ≤ 𝑢(𝑥, 𝑡).

3. We have so far shown

𝑢(𝑥, 𝑡) = inf
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)} ,

and leave it as an exercise to prove that the infimum above is really a minimum.
□

We now commence a study of various properties of the function 𝑢 defined
by the Hopf–Lax formula (21). Our ultimate goal is showing this formula
provides a reasonable weak solution of the initial-value problem (18) for the
Hamilton–Jacobi equation.

First, we record some preliminary observations.

LEMMA 1 (A functional identity). For each 𝑥 ∈ ℝ𝑛 and 0 ≤ 𝑠 < 𝑡, we have

(22) 𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{(𝑡 − 𝑠)𝐿 (𝑥 − 𝑦
𝑡 − 𝑠 ) + 𝑢(𝑦, 𝑠)} .

In other words, to compute 𝑢(⋅, 𝑡), we can calculate 𝑢 at time 𝑠 and then use
𝑢(⋅, 𝑠) as the initial condition on the remaining time interval [𝑠, 𝑡].

Proof.
1. Fix 𝑦 ∈ ℝ𝑛, 0 < 𝑠 < 𝑡 and choose 𝑧 ∈ ℝ𝑛 so that

(23) 𝑢(𝑦, 𝑠) = 𝑠𝐿 (𝑦 − 𝑧
𝑠 ) + 𝑔(𝑧).

Now since 𝐿 is convex and 𝑥−𝑧
𝑡 = (1 − 𝑠

𝑡 )
𝑥−𝑦
𝑡−𝑠 +

𝑠
𝑡
𝑦−𝑧
𝑠 , we have

𝐿 (𝑥 − 𝑧
𝑡 ) ≤ (1 − 𝑠

𝑡 ) 𝐿 (
𝑥 − 𝑦
𝑡 − 𝑠 ) +

𝑠
𝑡𝐿 (

𝑦 − 𝑧
𝑠 ) .

Thus

𝑢(𝑥, 𝑡) ≤ 𝑡𝐿 (𝑥 − 𝑧
𝑡 ) + 𝑔(𝑧) ≤ (𝑡 − 𝑠)𝐿 (𝑥 − 𝑦

𝑡 − 𝑠 ) + 𝑠𝐿 (𝑦 − 𝑧
𝑠 ) + 𝑔(𝑧)

= (𝑡 − 𝑠)𝐿 (𝑥 − 𝑦
𝑡 − 𝑠 ) + 𝑢(𝑦, 𝑠),

by (23). This inequality is true for each 𝑦 ∈ ℝ𝑛. Therefore, since 𝑦 ↦ 𝑢(𝑦, 𝑠)
is continuous (according to the first part of the proof of Lemma 2 below), we
have

(24) 𝑢(𝑥, 𝑡) ≤ min
𝑦∈ℝ𝑛

{(𝑡 − 𝑠)𝐿 (𝑥 − 𝑦
𝑡 − 𝑠 ) + 𝑢(𝑦, 𝑠)} .
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2. Now choose 𝑤 such that

(25) 𝑢(𝑥, 𝑡) = 𝑡𝐿 (𝑥 − 𝑤
𝑡 ) + 𝑔(𝑤),

and set 𝑦 ≔ 𝑠
𝑡𝑥 + (1 − 𝑠

𝑡 )𝑤. Then 𝑥−𝑦
𝑡−𝑠 =

𝑥−𝑤
𝑡 = 𝑦−𝑤

𝑠 . Consequently

(𝑡 − 𝑠)𝐿 (𝑥 − 𝑦
𝑡 − 𝑠 ) + 𝑢(𝑦, 𝑠)

≤ (𝑡 − 𝑠)𝐿 (𝑥 − 𝑤
𝑡 ) + 𝑠𝐿 (𝑦 − 𝑤

𝑠 ) + 𝑔(𝑤)

= 𝑡𝐿 (𝑥 − 𝑤
𝑡 ) + 𝑔(𝑤) = 𝑢(𝑥, 𝑡),

by (25). Hence

(26) min
𝑦∈ℝ𝑛

{(𝑡 − 𝑠)𝐿 (𝑥 − 𝑦
𝑡 − 𝑠 ) + 𝑢(𝑦, 𝑠)} ≤ 𝑢(𝑥, 𝑡).

□

LEMMA 2 (Lipschitz continuity). The function 𝑢 is Lipschitz continuous in
ℝ𝑛 × [0,∞), and

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

Proof.

1. Fix 𝑡 > 0, 𝑥, ̂𝑥 ∈ ℝ𝑛. Choose 𝑦 ∈ ℝ𝑛 such that

(27) 𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦) = 𝑢(𝑥, 𝑡).

Then

𝑢( ̂𝑥, 𝑡) − 𝑢(𝑥, 𝑡) = min
𝑧

{𝑡𝐿 ( ̂𝑥 − 𝑧
𝑡 ) + 𝑔(𝑧)} − 𝑡𝐿 (𝑥 − 𝑦

𝑡 ) − 𝑔(𝑦)

≤ 𝑔( ̂𝑥 − 𝑥 + 𝑦) − 𝑔(𝑦) ≤ Lip(𝑔)| ̂𝑥 − 𝑥|.

Hence
𝑢( ̂𝑥, 𝑡) − 𝑢(𝑥, 𝑡) ≤ Lip(𝑔)| ̂𝑥 − 𝑥|;

and, interchanging the roles of ̂𝑥 and 𝑥, we find

(28) |𝑢(𝑥, 𝑡) − 𝑢( ̂𝑥, 𝑡)| ≤ Lip(𝑔)|𝑥 − ̂𝑥|.

2. Now select 𝑥 ∈ ℝ𝑛, 𝑡 > 0. Choosing 𝑦 = 𝑥 in (21), we discover

(29) 𝑢(𝑥, 𝑡) ≤ 𝑡𝐿(0) + 𝑔(𝑥).
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Furthermore,

𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)}

≥ 𝑔(𝑥) + min
𝑦∈ℝ𝑛

{−Lip(𝑔)|𝑥 − 𝑦| + 𝑡𝐿 (𝑥 − 𝑦
𝑡 )}

= 𝑔(𝑥) − 𝑡max
𝑧∈ℝ𝑛

{Lip(𝑔)|𝑧| − 𝐿(𝑧)} (𝑧 = 𝑥 − 𝑦
𝑡 )

= 𝑔(𝑥) − 𝑡 max
𝑤∈𝐵(0,Lip(𝑔))

max
𝑧∈ℝ𝑛

{𝑤 ⋅ 𝑧 − 𝐿(𝑧)}

= 𝑔(𝑥) − 𝑡 max
𝐵(0,Lip(𝑔))

𝐻.

This inequality and (29) imply

|𝑢(𝑥, 𝑡) − 𝑔(𝑥)| ≤ 𝐶𝑡

for

(30) 𝐶 ≔ max(|𝐿(0)|, max
𝐵(0,Lip(𝑔))

|𝐻|).

3. Finally select 𝑥 ∈ ℝ𝑛, 0 < ̂𝑡 < 𝑡. Then Lip(𝑢(⋅, 𝑡)) ≤ Lip(𝑔) by (28)
above. Consequently Lemma 1 and calculations like those employed in step 2
above imply

|𝑢(𝑥, 𝑡) − 𝑢(𝑥, ̂𝑡)| ≤ 𝐶|𝑡 − ̂𝑡|
for the constant 𝐶 defined by (30). □

Now Rademacher’s Theorem (which we will prove later, in §5.8.3) asserts
that a Lipschitz function is differentiable almost everywhere. Consequently
in view of Lemma 2 our function 𝑢 defined by the Hopf–Lax formula (21) is
differentiable for a.e. (𝑥, 𝑡) ∈ ℝ𝑛 × (0,∞). The next theorem asserts 𝑢 in fact
solves the Hamilton–Jacobi PDE wherever 𝑢 is differentiable.

THEOREM5 (Solving the Hamilton–Jacobi equation). Suppose𝑥 ∈ ℝ𝑛, 𝑡 > 0,
and 𝑢 defined by the Hopf–Lax formula (21) is differentiable at a point (𝑥, 𝑡) ∈
ℝ𝑛 × (0,∞). Then

𝑢𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑢(𝑥, 𝑡)) = 0.

Proof.
1. Fix 𝑣 ∈ ℝ𝑛, ℎ > 0. Owing to Lemma 1,

𝑢(𝑥 + ℎ𝑣, 𝑡 + ℎ) = min
𝑦∈ℝ𝑛

{ℎ𝐿 (𝑥 + ℎ𝑣 − 𝑦
ℎ ) + 𝑢(𝑦, 𝑡)}

≤ ℎ𝐿(𝑣) + 𝑢(𝑥, 𝑡).
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Hence
𝑢(𝑥 + ℎ𝑣, 𝑡 + ℎ) − 𝑢(𝑥, 𝑡)

ℎ ≤ 𝐿(𝑣).

Let ℎ → 0+, to compute

𝑣 ⋅ 𝐷𝑢(𝑥, 𝑡) + 𝑢𝑡(𝑥, 𝑡) ≤ 𝐿(𝑣).

This inequality is valid for all 𝑣 ∈ ℝ𝑛, and so

(31) 𝑢𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑢(𝑥, 𝑡)) = 𝑢𝑡(𝑥, 𝑡) + max
𝑣∈ℝ𝑛

{𝑣 ⋅ 𝐷𝑢(𝑥, 𝑡) − 𝐿(𝑣)} ≤ 0.

The first equality holds since 𝐻 = 𝐿∗.
2. Now choose 𝑧 such that 𝑢(𝑥, 𝑡) = 𝑡𝐿 (𝑥−𝑧𝑡 ) + 𝑔(𝑧). Fix ℎ > 0 and set

𝑠 = 𝑡 − ℎ, 𝑦 = 𝑠
𝑡𝑥 + (1 − 𝑠

𝑡 ) 𝑧. Then 𝑥−𝑧
𝑡 = 𝑦−𝑧

𝑠 , and thus

𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑠) ≥ 𝑡𝐿 (𝑥 − 𝑧
𝑡 ) + 𝑔(𝑧) − [𝑠𝐿 (𝑦 − 𝑧

𝑠 ) + 𝑔(𝑧)]

= (𝑡 − 𝑠)𝐿 (𝑥 − 𝑧
𝑡 ) .

That is,
𝑢(𝑥, 𝑡) − 𝑢((1 − ℎ

𝑡 ) 𝑥 +
ℎ
𝑡 𝑧, 𝑡 − ℎ)

ℎ ≥ 𝐿 (𝑥 − 𝑧
𝑡 ) .

Let ℎ → 0+, to see that
𝑥 − 𝑧
𝑡 ⋅ 𝐷𝑢(𝑥, 𝑡) + 𝑢𝑡(𝑥, 𝑡) ≥ 𝐿 (𝑥 − 𝑧

𝑡 ) .

Consequently

𝑢𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑢(𝑥, 𝑡)) = 𝑢𝑡(𝑥, 𝑡) + max
𝑣∈ℝ𝑛

{𝑣 ⋅ 𝐷𝑢(𝑥, 𝑡) − 𝐿(𝑣)}

≥ 𝑢𝑡(𝑥, 𝑡) +
𝑥 − 𝑧
𝑡 ⋅ 𝐷𝑢(𝑥, 𝑡) − 𝐿 (𝑥 − 𝑧

𝑡 )
≥ 0.

This inequality and (31) complete the proof. □

We summarize:

THEOREM 6 (Hopf–Lax formula as solution). The function 𝑢 defined by the
Hopf–Lax formula (21) is Lipschitz continuous, is differentiable a.e. in ℝ𝑛 ×
(0,∞), and solves the initial-value problem

(32) {
𝑢𝑡 + 𝐻(𝐷𝑢) = 0 a.e. in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
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3.3.3. Weak solutions, uniqueness.
a. Semiconcavity. In view of Theorem 6 above it may seem reasonable to de-
fine a weak solution of the initial-value problem (18) to be a Lipschitz function
which agrees with 𝑔 on ℝ𝑛 × {𝑡 = 0} and solves the PDE a.e. on ℝ𝑛 × (0,∞).
However this turns out to be an inadequate definition, as such weak solutions
would not in general be unique.

Example. Consider the initial-value problem

(33) {
𝑢𝑡 + |𝑢𝑥|2 = 0 in ℝ × (0,∞)

𝑢 = 0 on ℝ × {𝑡 = 0}.

One obvious solution is
𝑢1(𝑥, 𝑡) ≡ 0.

However the function

𝑢2(𝑥, 𝑡) ≔
⎧
⎨
⎩

0 if |𝑥| ≥ 𝑡
𝑥 − 𝑡 if 0 ≤ 𝑥 ≤ 𝑡
−𝑥 − 𝑡 if −𝑡 ≤ 𝑥 ≤ 0

is Lipschitz continuous and also solves the PDE a.e. (everywhere, in fact, except
on the lines 𝑥 = 0,±𝑡). It is easy to see that actually there are infinitely many
Lipschitz functions satisfying (33).

This example shows we must presumably require more of a weak solution
than merely that it satisfy the PDE a.e. We will look to the Hopf–Lax formula
(21) for a further clue as to what is needed to ensure uniqueness. The following
lemma demonstrates that 𝑢 inherits a kind of “one-sided” second-derivative
estimate from the initial function 𝑔.

LEMMA 3 (Semiconcavity). Suppose there exists a constant 𝐶 such that

(34) 𝑔(𝑥 + 𝑧) − 2𝑔(𝑥) + 𝑔(𝑥 − 𝑧) ≤ 𝐶|𝑧|2

for all 𝑥, 𝑧 ∈ ℝ𝑛. Define 𝑢 by the Hopf–Lax formula (21). Then

𝑢(𝑥 + 𝑧, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − 𝑧, 𝑡) ≤ 𝐶|𝑧|2

for all 𝑥, 𝑧 ∈ ℝ𝑛, 𝑡 > 0.

We say 𝑔 is semiconcave provided (34) holds. It is easy to check that (34) is
valid if 𝑔 is 𝐶2 and supℝ𝑛 |𝐷2𝑔| < ∞. Note that 𝑔 is semiconcave if and only if
the mapping 𝑥 ↦ 𝑔(𝑥) − 𝐶

2 |𝑥|
2 is concave for some constant 𝐶.
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Proof. Choose 𝑦 ∈ ℝ𝑛 so that 𝑢(𝑥, 𝑡) = 𝑡𝐿 (𝑥−𝑦𝑡 ) + 𝑔(𝑦). Then, putting 𝑦 + 𝑧
and 𝑦 − 𝑧 in the Hopf–Lax formulas for 𝑢(𝑥 + 𝑧, 𝑡) and 𝑢(𝑥 − 𝑧, 𝑡), we find

𝑢(𝑥 + 𝑧, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − 𝑧, 𝑡)

≤ [𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦 + 𝑧)] − 2 [𝑡𝐿 (𝑥 − 𝑦

𝑡 ) + 𝑔(𝑦)]

+ [𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦 − 𝑧)]

= 𝑔(𝑦 + 𝑧) − 2𝑔(𝑦) + 𝑔(𝑦 − 𝑧)
≤ 𝐶|𝑧|2, by (34). □

As a semiconcavity condition for 𝑢 will turn out to be important, we pause
to identify some other circumstances under which it is valid. We will no longer
assume 𝑔 to be semiconcave but will suppose the Hamiltonian 𝐻 to be uni-
formly convex.

DEFINITION. A 𝐶2 convex function 𝐻 ∶ ℝ𝑛 → ℝ is called uniformly convex
(with constant 𝜃 > 0) if

(35)
𝑛
∑
𝑖,𝑗=1

𝐻𝑝𝑖𝑝𝑗 (𝑝)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 for all 𝑝, 𝜉 ∈ ℝ𝑛.

We now prove that even if 𝑔 is not semiconcave, the uniform convexity
of 𝐻 forces 𝑢 to become semiconcave for times 𝑡 > 0: this is a kind of mild
regularizing effect for the Hopf–Lax solution of the initial-value problem (18).

LEMMA 4 (Semiconcavity again). Suppose that 𝐻 is uniformly convex (with
constant 𝜃) and 𝑢 is defined by the Hopf–Lax formula (21). Then

𝑢(𝑥 + 𝑧, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − 𝑧, 𝑡) ≤ 1
𝜃𝑡 |𝑧|

2

for all 𝑥, 𝑧 ∈ ℝ𝑛, 𝑡 > 0.

Proof.

1. A calculation using Taylor’s formula shows that (35) implies

(36) 𝐻 (𝑝1 + 𝑝2
2 ) ≤ 1

2𝐻(𝑝1) +
1
2𝐻(𝑝2) −

𝜃
8 |𝑝1 − 𝑝2|2.

Next we claim that for the Lagrangian 𝐿 we have the estimate

(37) 1
2𝐿(𝑣1) +

1
2𝐿(𝑣2) ≤ 𝐿 (𝑣1 + 𝑣2

2 ) + 1
8𝜃 |𝑣1 − 𝑣2|2

for all 𝑣1, 𝑣2 ∈ ℝ𝑛. Verification is left as an exercise.
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2. Now choose 𝑦 so that 𝑢(𝑥, 𝑡) = 𝑡𝐿 (𝑥−𝑦𝑡 ) + 𝑔(𝑦). Then using the same
value of 𝑦 in the Hopf–Lax formulas for 𝑢(𝑥+ 𝑧, 𝑡) and 𝑢(𝑥− 𝑧, 𝑡), we calculate

𝑢(𝑥 + 𝑧, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − 𝑧, 𝑡)

≤ [𝑡𝐿 (𝑥 + 𝑧 − 𝑦
𝑡 ) + 𝑔(𝑦)] − 2 [𝑡𝐿 (𝑥 − 𝑦

𝑡 ) + 𝑔(𝑦)]

+ [𝑡𝐿 (𝑥 − 𝑧 − 𝑦
𝑡 ) + 𝑔(𝑦)]

= 2𝑡 [12𝐿 (
𝑥 + 𝑧 − 𝑦

𝑡 ) + 1
2𝐿 (

𝑥 − 𝑧 − 𝑦
𝑡 ) − 𝐿 (𝑥 − 𝑦

𝑡 )]

≤ 2𝑡 18𝜃
|||
2𝑧
𝑡
|||
2
= 1
𝜃𝑡 |𝑧|

2,

the next-to-last inequality following from (37). □

b. Weak solutions, uniqueness. In this section we show that semiconcavity
conditions of the sorts discovered for the Hopf–Lax solution 𝑢 in Lemmas 3 and
4 can be utilized as uniqueness criteria.

DEFINITION. We say that a Lipschitz continuous function 𝑢 ∶ ℝ𝑛×[0,∞) →
ℝ is a weak solution of the initial-value problem:

(38) {
𝑢𝑡 + 𝐻(𝐷𝑢) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}
provided

(a) 𝑢(𝑥, 0) = 𝑔(𝑥) (𝑥 ∈ ℝ𝑛),
(b) 𝑢𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑢(𝑥, 𝑡)) = 0 for a.e. (𝑥, 𝑡) ∈ ℝ𝑛 × (0,∞), and
(c) 𝑢(𝑥 + 𝑧, 𝑡) − 2𝑢(𝑥, 𝑡) + 𝑢(𝑥 − 𝑧, 𝑡) ≤ 𝐶 (1 + 1

𝑡 ) |𝑧|
2

for some constant 𝐶 ≥ 0 and all 𝑥, 𝑧 ∈ ℝ𝑛, 𝑡 > 0.

Next we prove that a weak solution of (38) is unique, the key point being
that this uniqueness assertion follows from the inequality condition (c).

THEOREM 7 (Uniqueness of weak solutions). Assume 𝐻 is 𝐶2 and satisfies
(19) and 𝑔 satisfies (20). Then there exists at most one weak solution of the initial-
value problem (38).

Proof∗.
1. Suppose that 𝑢 and 𝑢̃ are two weak solutions of (38) and write𝑤 ≔ 𝑢−𝑢̃.

∗Omit on first reading.
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Observe now that at any point (𝑦, 𝑠) where both 𝑢 and 𝑢̃ are differentiable
and solve our PDE, we have

𝑤𝑡(𝑦, 𝑠) = 𝑢𝑡(𝑦, 𝑠) − 𝑢̃𝑡(𝑦, 𝑠)
= −𝐻(𝐷𝑢(𝑦, 𝑠)) + 𝐻(𝐷𝑢̃(𝑦, 𝑠))

= −∫
1

0

𝑑
𝑑𝑟𝐻(𝑟𝐷𝑢(𝑦, 𝑠) + (1 − 𝑟)𝐷𝑢̃(𝑦, 𝑠)) 𝑑𝑟

= −∫
1

0
𝐷𝐻(𝑟𝐷𝑢(𝑦, 𝑠) + (1 − 𝑟)𝐷𝑢̃(𝑦, 𝑠)) 𝑑𝑟 ⋅ (𝐷𝑢(𝑦, 𝑠) − 𝐷𝑢̃(𝑦, 𝑠))

≕ −b(𝑦, 𝑠) ⋅ 𝐷𝑤(𝑦, 𝑠).

Consequently

(39) 𝑤𝑡 + b ⋅ 𝐷𝑤 = 0 a.e.

2. Write 𝑣 ≔ 𝜙(𝑤) ≥ 0, where 𝜙 ∶ ℝ → [0,∞) is a smooth function to be
selected later. We multiply (39) by 𝜙′(𝑤) to discover

(40) 𝑣𝑡 + b ⋅ 𝐷𝑣 = 0 a.e.

3. Now choose 𝜀 > 0 and define 𝑢𝜀 ≔ 𝜂𝜀 ∗ 𝑢, 𝑢̃𝜀 ≔ 𝜂𝜀 ∗ 𝑢̃, where 𝜂𝜀 is the
standard mollifier in the 𝑥 and 𝑡 variables. Then according to §C.5

(41) |𝐷𝑢𝜀| ≤ Lip(𝑢), |𝐷𝑢̃𝜀| ≤ Lip(𝑢̃),

and

(42) 𝐷𝑢𝜀 → 𝐷𝑢, 𝐷𝑢̃𝜀 → 𝐷𝑢̃ a.e., as 𝜖 → 0.

Furthermore inequality (c) in the definition of weak solution implies

(43) 𝐷2𝑢𝜀, 𝐷2𝑢̃𝜀 ≤ 𝐶 (1 + 1
𝑠 ) 𝐼

for an appropriate constant 𝐶 and all 𝜀 > 0, 𝑦 ∈ ℝ𝑛, 𝑠 > 2𝜀. Verification is left
as an exercise.

4. Write

(44) b𝜀(𝑦, 𝑠) ≔ ∫
1

0
𝐷𝐻(𝑟𝐷𝑢𝜀(𝑦, 𝑠) + (1 − 𝑟)𝐷𝑢̃𝜀(𝑦, 𝑠)) 𝑑𝑟.

Then (40) becomes

𝑣𝑡 + b𝜀 ⋅ 𝐷𝑣 = (b𝜀 − b) ⋅ 𝐷𝑣 a.e.;

hence

(45) 𝑣𝑡 + div(𝑣b𝜀) = (divb𝜀)𝑣 + (b𝜀 − b) ⋅ 𝐷𝑣 a.e.
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5. Now

(46)
divb𝜀 = ∫

1

0

𝑛
∑
𝑘,𝑙=1

𝐻𝑝𝑘𝑝𝑙(𝑟𝐷𝑢𝜀 + (1 − 𝑟)𝐷𝑢̃𝜀)(𝑟𝑢𝜀𝑥𝑙𝑥𝑘 + (1 − 𝑟)𝑢̃𝜀𝑥𝑙𝑥𝑘) 𝑑𝑟

≤ 𝐶 (1 + 1
𝑠 )

for some constant 𝐶, in view of (41), (43). Here we note that 𝐻 convex implies
𝐷2𝐻 ≥ 0.

6. Fix 𝑥0 ∈ ℝ𝑛, 𝑡0 > 0, and set

(47) 𝑅 ≔ max{ |𝐷𝐻(𝑝)| ∣ |𝑝| ≤ max(Lip(𝑢), Lip(𝑢̃)) }.

Define also the cone

𝐶 ≔ { (𝑥, 𝑡) ∣ 0 ≤ 𝑡 ≤ 𝑡0, |𝑥 − 𝑥0| ≤ 𝑅(𝑡0 − 𝑡) }.

Next write

𝑒(𝑡) = ∫
𝐵(𝑥0,𝑅(𝑡0−𝑡))

𝑣(𝑥, 𝑡) 𝑑𝑥

and compute for a.e. 𝑡 > 0:

̇𝑒(𝑡) = ∫
𝐵(𝑥0,𝑅(𝑡0−𝑡))

𝑣𝑡 𝑑𝑥 − 𝑅∫
𝜕𝐵(𝑥0,𝑅(𝑡0−𝑡))

𝑣 𝑑𝑆

= ∫
𝐵(𝑥0,𝑅(𝑡0−𝑡))

−div(𝑣b𝜀) + (divb𝜀)𝑣 + (b𝜀 − b) ⋅ 𝐷𝑣 𝑑𝑥

− 𝑅∫
𝜕𝐵(𝑥0,𝑅(𝑡0−𝑡))

𝑣 𝑑𝑆 by (45)

= −∫
𝜕𝐵(𝑥0,𝑅(𝑡0−𝑡))

𝑣(b𝜀 ⋅ 𝜈 + 𝑅) 𝑑𝑆

+∫
𝐵(𝑥0,𝑅(𝑡0−𝑡))

(divb𝜀)𝑣 + (b𝜀 − b) ⋅ 𝐷𝑣 𝑑𝑥

≤ ∫
𝐵(𝑥0,𝑅(𝑡0−𝑡))

(divb𝜀)𝑣 + (b𝜀 − b) ⋅ 𝐷𝑣 𝑑𝑥 by (41), (44)

≤ 𝐶 (1 + 1
𝑡 ) 𝑒(𝑡) +∫

𝐵(𝑥0,𝑅(𝑡0−𝑡))
(b𝜀 − b) ⋅ 𝐷𝑣 𝑑𝑥

by (46). The last term on the right-hand side goes to zero as 𝜀 → 0, for a.e. 𝑡 > 0,
according to (41), (42) and the Dominated Convergence Theorem. Thus

(48) ̇𝑒(𝑡) ≤ 𝐶 (1 + 1
𝑡 ) 𝑒(𝑡) for a.e. 0 < 𝑡 < 𝑡0.
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7. Fix 0 < 𝜀 < 𝑟 < 𝑡0 and choose the function 𝜙(𝑧) to equal zero if

|𝑧| ≤ 𝜀[Lip(𝑢) + Lip(𝑢̃)]

and to be positive otherwise. Since 𝑢 ≡ 𝑢̃ on ℝ𝑛 × {𝑡 = 0},

𝑣 = 𝜙(𝑤) = 𝜙(𝑢 − 𝑢̃) = 0 at {𝑡 = 𝜀}.

Thus 𝑒(𝜀) = 0. Consequently Gronwall’s inequality (§B.2) and (48) imply

𝑒(𝑟) ≤ 𝑒(𝜀)𝑒∫
𝑟
𝜀 𝐶(1+

1
𝑠 )𝑑𝑠 = 0.

Hence
|𝑢 − 𝑢̃| ≤ 𝜀[Lip(𝑢) + Lip(𝑢̃)] on 𝐵(𝑥0, 𝑅(𝑡0 − 𝑟)).

This inequality is valid for all 𝜀 > 0, and so 𝑢 ≡ 𝑢̃ in 𝐵(𝑥0, 𝑅(𝑡0−𝑟)). Therefore,
in particular, 𝑢(𝑥0, 𝑡0) = 𝑢̃(𝑥0, 𝑡0). □

In light of Lemmas 3, 4 and Theorem 7, we have

THEOREM 8 (Hopf–Lax formula as weak solution). Suppose𝐻 is 𝐶2 and sat-
isfies (19) and 𝑔 satisfies (20). If either 𝑔 is semiconcave or𝐻 is uniformly convex,
then

𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)}

is the unique weak solution of the initial-value problem (38) for the Hamilton–
Jacobi equation.

Examples.

(i) Consider the initial-value problem:

(49) {𝑢𝑡 +
1
2|𝐷𝑢|

2 = 0 in ℝ𝑛 × (0,∞)
𝑢 = |𝑥| on ℝ𝑛 × {𝑡 = 0}.

Here 𝐻(𝑝) = 1
2 |𝑝|

2 and so 𝐿(𝑣) = 1
2 |𝑣|

2. The Hopf–Lax formula for the unique,
weak solution of (49) is

(50) 𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{ |𝑥 − 𝑦|2
2𝑡 + |𝑦|} .

Assume |𝑥| > 𝑡. Then

𝐷𝑦 (
|𝑥 − 𝑦|2
2𝑡 + |𝑦|) = 𝑦 − 𝑥

𝑡 + 𝑦
|𝑦| (𝑦 ≠ 0);
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and this expression equals zero if 𝑥 = 𝑦 + 𝑦
|𝑦| 𝑡, 𝑦 = (|𝑥| − 𝑡) 𝑥|𝑥| ≠ 0. Thus

𝑢(𝑥, 𝑡) = |𝑥| − 𝑡
2 if |𝑥| > 𝑡. If |𝑥| ≤ 𝑡, the minimum in (50) is attained at 𝑦 = 0.

Consequently

𝑢(𝑥, 𝑡) = {|𝑥| − 𝑡/2 if |𝑥| ≥ 𝑡
|𝑥|2
2𝑡 if |𝑥| ≤ 𝑡.

Observe that the solution becomes semiconcave at times 𝑡 > 0, even though
the initial function 𝑔(𝑥) = |𝑥| is not semiconcave. This accords with Lemma 4.

(ii) We next examine the problem with reversed initial conditions:

(51) {𝑢𝑡 +
1
2|𝐷𝑢|

2 = 0 in ℝ𝑛 × (0,∞)
𝑢 = −|𝑥| on ℝ𝑛 × {𝑡 = 0}.

Then
𝑢(𝑥, 𝑡) = min

𝑦∈ℝ𝑛
{ |𝑥 − 𝑦|2

2𝑡 − |𝑦|} .

Now
𝐷𝑦 (

|𝑥 − 𝑦|2
2𝑡 − |𝑦|) = 𝑦 − 𝑥

𝑡 − 𝑦
|𝑦| (𝑦 ≠ 0),

and this equals zero if 𝑥 = 𝑦 − 𝑦
|𝑦| 𝑡, 𝑦 = (|𝑥| + 𝑡) 𝑥|𝑥| . Thus

𝑢(𝑥, 𝑡) = −|𝑥| − 𝑡
2 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

The initial function 𝑔(𝑥) = −|𝑥| is semiconcave, and the solution remains so
for times 𝑡 > 0.

In Chapter 10 we will again study Hamilton–Jacobi PDE and discover an-
other and better notion of weak solution, applicable even if 𝐻 is not convex.

3.4. INTRODUCTION TO CONSERVATION LAWS

In this section we investigate the initial-value problem for scalar conservation
laws in one space dimension:

(1) {
𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0}.
Here 𝐹 ∶ ℝ → ℝ and 𝑔 ∶ ℝ → ℝ are given and 𝑢 ∶ ℝ × [0,∞) → ℝ is the
unknown, 𝑢 = 𝑢(𝑥, 𝑡). As noted in §3.2, the method of characteristics demon-
strates that there does not in general exist a smooth solution of (1), existing for
all times 𝑡 > 0. By analogy with the developments in §3.3.3, we therefore look
for some sort of weak or generalized solution.
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3.4.1. Shocks, entropy condition.
a. Integral solutions; Rankine–Hugoniot condition. We open our discus-
sion by noting that since we cannot in general find a smooth solution of (1), we
must devise some way to interpret a less regular function 𝑢 as somehow “solv-
ing” this initial-value problem. But as it stands, the PDE does not even make
sense unless 𝑢 is differentiable. However, observe that if we temporarily as-
sume 𝑢 is smooth, we can as follows rewrite, so that the resulting expression
does not directly involve the derivatives of 𝑢. The idea is to multiply the PDE in
(1) by a smooth function 𝑣 and then to integrate by parts, thereby transferring
the derivatives onto 𝑣.

More precisely, assume

(2) 𝑣 ∶ ℝ × [0,∞) → ℝ is smooth, with compact support.

We call 𝑣 a test function. Now multiply the PDE 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 by 𝑣 and
integrate by parts:

(3)
0 = ∫

∞

0
∫

∞

−∞
(𝑢𝑡 + 𝐹(𝑢)𝑥) 𝑣 𝑑𝑥𝑑𝑡

= −∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 𝑑𝑥𝑑𝑡 −∫

∞

−∞
𝑢𝑣 𝑑𝑥|𝑡=0 −∫

∞

0
∫

∞

−∞
𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡.

In view of the initial condition 𝑢 = 𝑔 on ℝ × {𝑡 = 0}, we thereby obtain the
identity

(4) ∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 +∫

∞

−∞
𝑔𝑣 𝑑𝑥|𝑡=0 = 0.

We derived this equality supposing 𝑢 to be a smooth solution of (1), but the
resulting formula has meaning even if 𝑢 is only bounded.

DEFINITION. We say that 𝑢 ∈ 𝐿∞(ℝ × (0,∞)) is an integral solution of (1),
provided equality (4) holds for each test function 𝑣 satisfying (2).

Suppose then that we have an integral solution of (1). What can we deduce
about this solution from the identities (4)?

We partially answer this question by looking at a situation for which 𝑢,
although not continuous, has a particularly simple structure. Let us in fact
suppose in some open region 𝑉 ⊂ ℝ× (0,∞) that 𝑢 is smooth on either side of
a smooth curve 𝐶. Let 𝑉 𝑙 be that part of 𝑉 on the left of the curve and let 𝑉𝑟 be
that part on the right. We assume that 𝑢 is an integral solution of (1), and that
𝑢 and its first derivatives are uniformly continuous in 𝑉 𝑙 and in 𝑉𝑟.
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First of all, choose a test function 𝑣 with compact support in 𝑉 𝑙. Then (4)
becomes

(5) 0 = ∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 = −∫

∞

0
∫

∞

−∞
[𝑢𝑡 + 𝐹(𝑢)𝑥]𝑣 𝑑𝑥𝑑𝑡,

the integration by parts being justified since 𝑢 is 𝐶1 in 𝑉 𝑙 and 𝑣 vanishes near
the boundary of 𝑉 𝑙. The identity (5) holds for all test functions 𝑣 with compact
support in 𝑉 𝑙, and so

(6) 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in 𝑉 𝑙.

Likewise,

(7) 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in 𝑉𝑟.

Jump conditions along shocks. Now select a test function 𝑣 with compact
support in 𝑉 , but which does not necessarily vanish along the curve 𝐶. Again
employing (4), we deduce

(8)
0 = ∫

∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡

=∬
𝑉𝑙

𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 +∬
𝑉𝑟

𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡.

Now since 𝑣 has compact support within 𝑉 , we have

(9)

∬
𝑉𝑙

𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 = −∬
𝑉𝑙

[𝑢𝑡 + 𝐹(𝑢)𝑥]𝑣 𝑑𝑥𝑑𝑡

+∫
𝐶
(𝑢𝑙𝜈2 + 𝐹(𝑢𝑙)𝜈1)𝑣 𝑑𝑙

= ∫
𝐶
(𝑢𝑙𝜈2 + 𝐹(𝑢𝑙)𝜈1)𝑣 𝑑𝑙

in view of (6). Here 𝝂 = (𝜈1, 𝜈2) is the unit normal to the curve 𝐶, pointing
from 𝑉 𝑙 into 𝑉𝑟, and the subscript “𝑙” denotes the limit from the left. Similarly,
(7) implies

∬
𝑉𝑟

𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 = −∫
𝐶
(𝑢𝑟𝜈2 + 𝐹(𝑢𝑟)𝜈1)𝑣 𝑑𝑙,

the subscript “𝑟” denoting the limit from the right. Adding this identity to (9)
and recalling (8) gives us

∫
𝐶
[(𝐹(𝑢𝑙) − 𝐹(𝑢𝑟))𝜈1 + (𝑢𝑙 − 𝑢𝑟)𝜈2]𝑣 𝑑𝑙 = 0.
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Rankine-Hugoniot condition

This equality holds for all test functions 𝑣 as above, and so
(10) (𝐹(𝑢𝑙) − 𝐹(𝑢𝑟))𝜈1 + (𝑢𝑙 − 𝑢𝑟)𝜈2 = 0 along 𝐶.
Now suppose 𝐶 is represented parametrically as { (𝑥, 𝑡) ∣ 𝑥 = 𝑠(𝑡) } for some
smooth function 𝑠(⋅) ∶ [0,∞) → ℝ. We can then take 𝝂 = (𝜈1, 𝜈2) = (1 +
̇𝑠2)−1/2(1, − ̇𝑠). Consequently (10) implies

(11) 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟) = ̇𝑠(𝑢𝑙 − 𝑢𝑟)
in 𝑉 , along the curve 𝐶.

NOTATION.

⎧⎪
⎨⎪
⎩

⟦𝑢⟧ = 𝑢𝑙 − 𝑢𝑟 = jump in 𝑢 across the curve 𝐶

⟦𝐹(𝑢)⟧ = 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟) = jump in 𝐹(𝑢)

𝜎 = ̇𝑠 = speed of the curve 𝐶.

Let us then rewrite (11) as the identity
(12) ⟦𝐹(𝑢)⟧ = 𝜎⟦𝑢⟧
along the discontinuity curve. This is the Rankine–Hugoniot condition along
the shock curve 𝐶. Observe that the speed 𝜎 and the values 𝑢𝑙, 𝑢𝑟, 𝐹(𝑢𝑙) and
𝐹(𝑢𝑟)will generally vary along the curve𝐶. The point is that even though these
quantities may change, the expressions ⟦𝐹(𝑢)⟧ = 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟) and 𝜎⟦𝑢⟧ =
̇𝑠(𝑢𝑙 − 𝑢𝑟) must always exactly balance.
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Example 1 (Shock waves). Let us consider the initial-value problem for Burg-
ers’ equation:

(13) {
𝑢𝑡 + (𝑢

2

2 )𝑥
= 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0},
with the initial data

(14) 𝑔(𝑥) =
⎧
⎨
⎩

1 if 𝑥 ≤ 0
1 − 𝑥 if 0 ≤ 𝑥 ≤ 1
0 if 𝑥 ≥ 1.

According to the characteristic equations (cf. §3.2.5) any smooth solution 𝑢 of
(13), (14) takes the constant value 𝑧0 = 𝑔(𝑥0) along the projected characteristic

y(𝑠) = (𝑔(𝑥0)𝑠 + 𝑥0, 𝑠) (𝑠 ≥ 0)
for each 𝑥0 ∈ ℝ. Thus

𝑢(𝑥, 𝑡) ≔
⎧
⎨
⎩

1 if 𝑥 ≤ 𝑡, 0 ≤ 𝑡 ≤ 1
1−𝑥
1−𝑡 if 𝑡 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 1
0 if 𝑥 ≥ 1, 0 ≤ 𝑡 ≤ 1.

Observe that for 𝑡 ≥ 1 this method breaks down, since the projected character-
istics then cross. So how should we define 𝑢 for 𝑡 ≥ 1?

Let us set 𝑠(𝑡) = 1+𝑡
2 and write

𝑢(𝑥, 𝑡) ≔ {1 if 𝑥 < 𝑠(𝑡)
0 if 𝑠(𝑡) < 𝑥

if 𝑡 ≥ 1. Now along the curve parameterized by 𝑠(⋅), 𝑢𝑙 = 1, we have 𝑢𝑟 = 0,
𝐹(𝑢𝑙) = 1

2 (𝑢𝑙)
2 = 1

2 , 𝐹(𝑢𝑟) = 0. Thus ⟦𝐹(𝑢)⟧ = 1
2 = 𝜎⟦𝑢⟧, as required by the

Rankine–Hugoniot condition (12).

b. Shocks, entropy condition. We try now to solve a similar problem by the
same techniques.

Example 2 (Rarefaction waves and nonphysical shocks). Again consider the
initial-value problem (13), for which now we take

(15) 𝑔(𝑥) = {0 if 𝑥 < 0
1 if 𝑥 > 0.

The method of characteristics this time does not lead to any ambiguity in defin-
ing 𝑢 but does fail to provide any information within the wedge {0 < 𝑥 < 𝑡}. To
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Formation of a shock

illustrate this lack of knowledge, let us first set

𝑢1(𝑥, 𝑡) ≔ {
0 if 𝑥 < 𝑡

2

1 if 𝑥 > 𝑡
2 .

It is easy to check that the Rankine–Hugoniot condition holds and, indeed,
that 𝑢 is an integral solution of (13), (15). However, we can create another
such solution by writing

𝑢2(𝑥, 𝑡) ≔
⎧
⎨
⎩

1 if 𝑥 > 𝑡
𝑥
𝑡 if 0 < 𝑥 < 𝑡
0 if 𝑥 < 0.

The function𝑢2, called a rarefactionwave, is also a continuous integral solution
of (13), (15).

Thus we see that integral solutions are not in general unique. Presumably
the class of integral solutions includes various “nonphysical” solutions, which
we want somehow to exclude. Can we find some further criterion which en-
sures uniqueness?

Entropy condition. Let us recall from §3.2.5 that for the general scalar con-
servation law of the form

𝑢𝑡 + 𝐹(𝑢)𝑥 = 0,
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A “nonphysical” shock

Rarefaction wave

the solution 𝑢, whenever smooth, takes the constant value 𝑧0 = 𝑔(𝑥0) along
the projected characteristic

(16) y(𝑠) = (𝐹′(𝑔(𝑥0))𝑠 + 𝑥0, 𝑠) (𝑠 ≥ 0).

Now we know that typically we will encounter the crossing of characteristics,
and resultant discontinuities in the solution, if we move forward in time. How-
ever, we can hope that if we start at some point in ℝ×(0,∞) and go backwards
in time along a characteristic, we will not cross any others. In other words, let
us consider the class of, say, piecewise-smooth integral solutions of (1) with
the property that if we move backwards in 𝑡 along any characteristic, we will
not encounter any lines of discontinuity for 𝑢.

So now suppose at some point on a curve 𝐶 of discontinuities that 𝑢 has
distinct left and right limits, 𝑢𝑙 and 𝑢𝑟, and that a characteristic from the left
and a characteristic from the right hit 𝐶 at this point. Then in view of (16) we
deduce
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(17) 𝐹′(𝑢𝑙) > 𝜎 > 𝐹′(𝑢𝑟).

These inequalities are called the entropy condition (from a rough analogy with
the thermodynamic principle that physical entropy cannot decrease as time
goes forward). A curve of discontinuity for 𝑢 is called a shock provided both
the Rankine–Hugoniot identity (12) and the entropy inequalities (17) hold.

Let us further interpret the entropy condition under the additional assump-
tion that

(18) 𝐹 is uniformly convex.

This means 𝐹″ ≥ 𝜃 > 0 for some constant 𝜃. Thus in particular 𝐹′ is strictly
increasing. Then (17) is equivalent to our requiring the inequality

(19) 𝑢𝑙 > 𝑢𝑟

along any shock curve.

Example 3. We again return to Burgers’ equation (13), now for the initial func-
tion

(20) 𝑔(𝑥) =
⎧
⎨
⎩

0 if 𝑥 < 0
1 if 0 ≤ 𝑥 ≤ 1
0 if 𝑥 > 1.
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For 0 ≤ 𝑡 ≤ 2, we may combine the analysis in Examples 1 and 2 above to
find

(21) 𝑢(𝑥, 𝑡) ≔
⎧
⎪
⎨
⎪
⎩

0 if 𝑥 < 0
𝑥
𝑡 if 0 < 𝑥 < 𝑡
1 if 𝑡 < 𝑥 < 1 + 𝑡

2
0 if 𝑥 > 1 + 𝑡

2

(0 ≤ 𝑡 ≤ 2).

For times 𝑡 ≥ 2, we expect the shock wave parameterized by 𝑠(⋅) to continue,
with 𝑢 = 𝑥/𝑡 to the left of 𝑠(⋅), 𝑢 = 0 to the right. This is compatible with
the entropy condition (19). We calculate the behavior of the shock curve by
applying the Rankine–Hugoniot jump condition (12). Now

⟦𝑢⟧ = 𝑠(𝑡)
𝑡 , ⟦𝐹(𝑢)⟧ = 1

2 (
𝑠(𝑡)
𝑡 )

2
, 𝜎 = ̇𝑠(𝑡)

along the shock curve for 𝑡 ≥ 0. Thus (12) implies

̇𝑠(𝑡) = 𝑠(𝑡)
2𝑡 (𝑡 ≥ 2).

Additionally 𝑠(2) = 2, and so we can solve this ODE to find 𝑠(𝑡) = (2𝑡)1/2
(𝑡 ≥ 2). Hence we may augment (21) by setting

𝑢(𝑥, 𝑡) =
⎧
⎨
⎩

0 if 𝑥 < 0
𝑥
𝑡 if 0 < 𝑥 < (2𝑡)1/2 (𝑡 ≥ 2).
0 if 𝑥 > (2𝑡)1/2

See the illustration.

3.4.2. Lax–Oleinik formula. We now try to obtain a formula for an appro-
priate weak solution of the initial-value problem (1), assuming as above that
the flux function 𝐹 is uniformly convex. With no loss of generality we may as
well also take

(22) 𝐹(0) = 0.
As motivation, suppose now 𝑔 ∈ 𝐿∞(ℝ) and define

(23) ℎ(𝑥) ≔ ∫
𝑥

0
𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ).

Recall the Hopf–Lax formula from §3.3 and set

(24) 𝑤(𝑥, 𝑡) ≔ min
𝑦∈ℝ

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦)} (𝑥 ∈ ℝ, 𝑡 > 0),

where

(25) 𝐿 = 𝐹∗.
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Thus 𝑤 is the unique, weak solution of this initial-value problem for the
Hamilton–Jacobi equation:

(26) {
𝑤𝑡 + 𝐹(𝑤𝑥) = 0 in ℝ × (0,∞)

𝑤 = ℎ on ℝ × {𝑡 = 0}.
For the moment assume 𝑤 is smooth. We now differentiate the PDE and its
initial condition with respect to 𝑥, to deduce

{
𝑤𝑥𝑡 + 𝐹(𝑤𝑥)𝑥 = 0 in ℝ × (0,∞)

𝑤𝑥 = 𝑔 on ℝ × {𝑡 = 0}.
Hence if we set 𝑢 = 𝑤𝑥, we discover 𝑢 solves problem (1).

The foregoing computation is only formal, as we know that 𝑤 defined by
(24) is not in general smooth. But recall from §3.3 that𝑤 is in fact differentiable
a.e. Consequently

(27) 𝑢(𝑥, 𝑡) ≔ 𝜕
𝜕𝑥 [min𝑦∈ℝ

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦)}]

is defined for a.e. (𝑥, 𝑡) and is presumably a leading candidate for some sort of
weak solution of the initial-value problem (1). Our intention henceforth is to
justify this expectation.

First, we will need to rewrite the expression (27) into a more useful form.

NOTATION. Since 𝐹 is uniformly convex, 𝐹 ′ is strictly increasing and onto.
Write
(28) 𝐺 ≔ (𝐹 ′)−1

for the inverse of 𝐹 ′.

THEOREM 1 (Lax–Oleinik formula). Assume 𝐹 ∶ ℝ → ℝ is smooth and uni-
formly convex and 𝑔 ∈ 𝐿∞(ℝ).

(i) For each time 𝑡 > 0, there exists for all but at most countably many
values of 𝑥 ∈ ℝ a unique point 𝑦(𝑥, 𝑡) such that

min
𝑦∈ℝ

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦)} = 𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)

𝑡 ) + ℎ(𝑦(𝑥, 𝑡)).

(ii) The mapping 𝑥 ↦ 𝑦(𝑥, 𝑡) is nondecreasing.
(iii) For each time 𝑡 > 0, the function 𝑢 defined by (27) is

(29) 𝑢(𝑥, 𝑡) = 𝐺 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 )

for a.e. 𝑥. In particular, formula (29) holds for a.e. (𝑥, 𝑡) ∈ ℝ × (0,∞).
DEFINITION. We call equation (29) the Lax–Oleinik formula for the solution
(1), where ℎ is defined by (23) and 𝐿 by (25).
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Proof.
1. First, we note

𝐿(𝑣) = max
𝑝∈ℝ

(𝑣𝑝 − 𝐹(𝑝)) = 𝑣𝑝∗ − 𝐹(𝑝∗),

where 𝐹 ′(𝑝∗) = 𝑣. But then 𝑝∗ = 𝐺(𝑣) according to (28), and so

𝐿(𝑣) = 𝑣𝐺(𝑣) − 𝐹(𝐺(𝑣)) (𝑣 ∈ ℝ)
(cf. §3.3.1). In particular, 𝐿 is 𝐶2. Furthermore

(30) 𝐿′(𝑣) = 𝐺(𝑣) + 𝑣𝐺′(𝑣) − 𝐹 ′(𝐺(𝑣))𝐺′(𝑣) = 𝐺(𝑣)
by (28), and 𝐿″(𝑣) = 𝐺′(𝑣) > 0. This and (22) imply 𝐿 is nonnegative and
strictly convex.

2. Fix 𝑡 > 0, 𝑥1 < 𝑥2. As in §3.3 there exists at least one point 𝑦1 ∈ ℝ such
that

(31) {𝑡𝐿 (𝑥1 − 𝑦1
𝑡 ) + ℎ(𝑦1)} = min

𝑦∈ℝ
{𝑡𝐿 (𝑥1 − 𝑦

𝑡 ) + ℎ(𝑦)} .

We next claim

(32) 𝑡𝐿 (𝑥2 − 𝑦1
𝑡 ) + ℎ(𝑦1) < 𝑡𝐿 (𝑥2 − 𝑦

𝑡 ) + ℎ(𝑦) if 𝑦 < 𝑦1.

To see this, we calculate 𝑥2 − 𝑦1 = 𝜏(𝑥1 − 𝑦1) + (1 − 𝜏)(𝑥2 − 𝑦) and 𝑥1 − 𝑦 =
(1 − 𝜏)(𝑥1 − 𝑦1) + 𝜏(𝑥2 − 𝑦) for

0 < 𝜏 ≔ 𝑦1 − 𝑦
𝑥2 − 𝑥1 + 𝑦1 − 𝑦 < 1.

Since 𝐿″ > 0, we thus have

𝐿 (𝑥2 − 𝑦1
𝑡 ) < 𝜏𝐿 (𝑥1 − 𝑦1

𝑡 ) + (1 − 𝜏)𝐿 (𝑥2 − 𝑦
𝑡 ) ,

𝐿 (𝑥1 − 𝑦
𝑡 ) < (1 − 𝜏)𝐿 (𝑥1 − 𝑦1

𝑡 ) + 𝜏𝐿 (𝑥2 − 𝑦
𝑡 ) ;

and hence

(33) 𝐿 (𝑥2 − 𝑦1
𝑡 ) + 𝐿 (𝑥1 − 𝑦

𝑡 ) < 𝐿 (𝑥1 − 𝑦1
𝑡 ) + 𝐿 (𝑥2 − 𝑦

𝑡 ) .

Now notice from (31) that

𝑡𝐿 (𝑥1 − 𝑦1
𝑡 ) + ℎ(𝑦1) ≤ 𝑡𝐿 (𝑥1 − 𝑦

𝑡 ) + ℎ(𝑦).

We multiply (33) by 𝑡, add ℎ(𝑦1) + ℎ(𝑦) to both sides, and add the resulting
expression to the above inequality to obtain (32).

3. In view of (32), in computing the minimum of 𝑡𝐿 (𝑥2−𝑦𝑡 )+ℎ(𝑦) we need
only consider those 𝑦 ≥ 𝑦1, where 𝑦1 satisfies (31). Now for each 𝑥 ∈ ℝ and
𝑡 > 0, define the point 𝑦(𝑥, 𝑡) to equal the smallest of those points 𝑦 giving the
minimum of 𝑡𝐿 (𝑥−𝑦𝑡 ) + ℎ(𝑦). Then the mapping 𝑥 ↦ 𝑦(𝑥, 𝑡) is nondecreasing
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and is thus continuous for all but at most countably many 𝑥. At a point 𝑥 of
continuity of 𝑦(⋅, 𝑡), 𝑦(𝑥, 𝑡) is the unique value of 𝑦 yielding the minimum.

4. According to the theory developed in §3.3 for each fixed 𝑡 > 0, the map-
ping

𝑥 ↦ 𝑤(𝑥, 𝑡) ≔ min
𝑦∈ℝ

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦)}

= 𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) + ℎ(𝑦(𝑥, 𝑡))

is differentiable a.e. Furthermore the mapping 𝑥 ↦ 𝑦(𝑥, 𝑡) is monotone and
consequently differentiable a.e. as well. Thus given 𝑡 > 0, for a.e. 𝑥 the map-
pings 𝑥 ↦ 𝐿(𝑥−𝑦(𝑥,𝑡)𝑡 ) and so also 𝑥 ↦ ℎ(𝑦(𝑥, 𝑡)) are differentiable as well.

Consequently formula (27) becomes

𝑢(𝑥, 𝑡) = 𝜕
𝜕𝑥 [𝑡𝐿 (

𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) + ℎ(𝑦(𝑥, 𝑡))]

= 𝐿′ (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) (1 − 𝑦𝑥(𝑥, 𝑡)) +

𝜕
𝜕𝑥ℎ(𝑦(𝑥, 𝑡)).

But since 𝑦 ↦ 𝑡𝐿 (𝑥−𝑦𝑡 ) + ℎ(𝑦) has a minimum at 𝑦 = 𝑦(𝑥, 𝑡), the mapping
𝑧 ↦ 𝑡𝐿 (𝑥−𝑦(𝑧,𝑡)𝑡 ) + ℎ(𝑦(𝑧, 𝑡)) has a minimum at 𝑧 = 𝑥. Therefore

−𝐿′ (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) 𝑦𝑥(𝑥, 𝑡) + ℎ𝑥(𝑦(𝑥, 𝑡)) = 0,

and hence
𝑢(𝑥, 𝑡) = 𝐿′ (𝑥 − 𝑦(𝑥, 𝑡)

𝑡 ) = 𝐺 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) ,

according to (30). □

We now investigate the precise sense in which formula (29) provides us
with a solution of the initial-value problem (1).

THEOREM 2 (Lax–Oleinik formula as integral solution). Under the assump-
tions of Theorem 1, the function 𝑢 defined by (29) is an integral solution of the
initial-value problem (1).

Proof. As above, define

𝑤(𝑥, 𝑡) = min
𝑦∈ℝ

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦)} (𝑥 ∈ ℝ, 𝑡 > 0).

Then Theorem 6 in §3.3.2 tells us 𝑤 is Lipschitz continuous, is differentiable
for a.e. (𝑥, 𝑡), and solves

(34) {
𝑤𝑡 + 𝐹(𝑤𝑥) = 0 a.e. in ℝ × (0,∞)

𝑤 = ℎ on ℝ × {𝑡 = 0}.
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Choose any test function 𝑣 satisfying (2). Multiply the PDE 𝑤𝑡 +𝐹(𝑤𝑥) = 0 by
𝑣𝑥 and integrate over ℝ × (0,∞):

(35) 0 = ∫
∞

0
∫

∞

−∞
[𝑤𝑡 + 𝐹(𝑤𝑥)] 𝑣𝑥 𝑑𝑥𝑑𝑡.

Observe

∫
∞

0
∫

∞

−∞
𝑤𝑡𝑣𝑥 𝑑𝑥𝑑𝑡 = −∫

∞

0
∫

∞

−∞
𝑤𝑣𝑡𝑥 𝑑𝑥𝑑𝑡 −∫

∞

−∞
𝑤𝑣𝑥 𝑑𝑥|𝑡=0

= ∫
∞

0
∫

∞

−∞
𝑤𝑥𝑣𝑡 𝑑𝑥𝑑𝑡 +∫

∞

−∞
𝑤𝑥𝑣 𝑑𝑥|𝑡=0.

These integrations by parts are valid since the mapping 𝑥 ↦ 𝑤(𝑥, 𝑡) is Lipschitz
continuous, and thus absolutely continuous, for each time 𝑡 > 0. Likewise
𝑡 ↦ 𝑤(𝑥, 𝑡) is absolutely continuous for each 𝑥 ∈ ℝ. Now 𝑤(𝑥, 0) = ℎ(𝑥) =
∫𝑥
0 𝑔(𝑦) 𝑑𝑦, and so 𝑤𝑥(𝑥, 0) = 𝑔(𝑥) for a.e. 𝑥. Consequently

∫
∞

0
∫

∞

−∞
𝑤𝑡𝑣𝑥 𝑑𝑥𝑑𝑡 = ∫

∞

0
∫

∞

−∞
𝑤𝑥𝑣𝑡 𝑑𝑥𝑑𝑡 +∫

∞

−∞
𝑔𝑣 𝑑𝑥|𝑡=0.

Substitute this identity into (35) and recall 𝑢 = 𝑤𝑥 a.e., to derive the integral
identity (4). □

3.4.3. Weak solutions, uniqueness.
a. Entropy condition revisited. We have already seen in §3.4.1 that integral
solutions of (1) are not generally unique. Since we believe the Lax–Oleinik for-
mula does in fact provide the “correct” solution of this initial-value problem,
we must see if it satisfies some appropriate form of the entropy condition dis-
cussed in §3.4.1. This is not straightforward, however, since it is not usually
the case that the function 𝑢 defined by the Lax–Oleinik formula is smooth, or
even piecewise smooth.

We identify now a kind of “one-sided” derivative estimate for the function𝑢
defined by the Lax–Oleinik formula (27). This estimate—which is an analogue
for conservation laws of the semiconcavity estimate from Lemmas 3, 4 in §3.3.3
for Hamilton–Jacobi equations—will turn out to be a uniqueness criterion.

LEMMA (A one-sided jump estimate). Under the assumptions of Theorem 1,
there exists a constant 𝐶 such that the function 𝑢 defined by the Lax–Oleinik for-
mula (29) satisfies the inequality

(36) 𝑢(𝑥 + 𝑧, 𝑡) − 𝑢(𝑥, 𝑡) ≤ 𝐶
𝑡 𝑧

for all 𝑡 > 0 and 𝑥, 𝑧 ∈ ℝ, 𝑧 > 0.

DEFINITION. We call inequality (36) the entropy condition.
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It follows from (36) that for 𝑡 > 0 the function 𝑥 ↦ 𝑢(𝑥, 𝑡) − 𝐶
𝑡 𝑥 is

nonincreasing and consequently has left- and right-hand limits at each point.
Thus also 𝑥 ↦ 𝑢(𝑥, 𝑡) has left- and right-hand limits at each point, with
𝑢𝑙(𝑥, 𝑡) ≥ 𝑢𝑟(𝑥, 𝑡). In particular, the original form of the entropy condition
(19) holds at any point of discontinuity.

Proof. We know from §3.3 that in computing the minimum in (29) we need
only consider those 𝑦 such that ||𝑥−𝑦𝑡 || ≤ 𝐶 for some constant 𝐶; verification is
left to the reader. Consequently we may assume, upon redefining𝐺 if necessary
off some bounded interval, that 𝐺 is Lipschitz continuous.

As 𝐺 = (𝐹′)−1 and 𝑦(⋅, 𝑡) are nondecreasing, we have

𝑢(𝑥, 𝑡) = 𝐺 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 )

≥ 𝐺 (𝑥 − 𝑦(𝑥 + 𝑧, 𝑡)
𝑡 ) for 𝑧 > 0

≥ 𝐺 (𝑥 + 𝑧 − 𝑦(𝑥 + 𝑧, 𝑡)
𝑡 ) − Lip(𝐺)𝑧

𝑡

= 𝑢(𝑥 + 𝑧, 𝑡) − Lip(𝐺)𝑧
𝑡 . □

b. Weak solutions, uniqueness. We now establish the important assertion
that an integral solution which satisfies the entropy condition is unique.

DEFINITION. We say that a function𝑢 ∈ 𝐿∞(ℝ×(0,∞)) is an entropy solution
of the initial-value problem

(37) {
𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0}
provided

(i) ∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 +∫

∞

−∞
𝑔𝑣 𝑑𝑥|𝑡=0 = 0

for all test functions 𝑣 ∶ ℝ × [0,∞) → ℝ with compact support and

(ii) 𝑢(𝑥 + 𝑧, 𝑡) − 𝑢(𝑥, 𝑡) ≤ 𝐶(1 + 1
𝑡 )𝑧

for some constant 𝐶 ≥ 0 and a.e. 𝑥, 𝑧 ∈ ℝ, 𝑡 > 0, with 𝑧 > 0.

THEOREM 3 (Uniqueness of entropy solutions). Assume 𝐹 is convex and
smooth. Then there exists—up to a set of measure zero—at most one entropy
solution of (37).
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Proof∗.
1. Assume that 𝑢 and 𝑢̃ are two entropy solutions of (37), and write 𝑤 ≔

𝑢 − 𝑢̃. Observe for any point (𝑥, 𝑡) that

𝐹(𝑢(𝑥, 𝑡)) − 𝐹(𝑢̃(𝑥, 𝑡)) = ∫
1

0

𝑑
𝑑𝑟𝐹(𝑟𝑢(𝑥, 𝑡) + (1 − 𝑟)𝑢̃(𝑥, 𝑡)) 𝑑𝑟

= ∫
1

0
𝐹′(𝑟𝑢(𝑥, 𝑡) + (1 − 𝑟)𝑢̃(𝑥, 𝑡)) 𝑑𝑟 (𝑢(𝑥, 𝑡) − 𝑢̃(𝑥, 𝑡))

≕ 𝑏(𝑥, 𝑡)𝑤(𝑥, 𝑡).
Consequently if 𝑣 is a test function as above,

(38)
0 = ∫

∞

0
∫

∞

−∞
(𝑢 − 𝑢̃)𝑣𝑡 + [𝐹(𝑢) − 𝐹(𝑢̃)]𝑣𝑥 𝑑𝑥𝑑𝑡

= ∫
∞

0
∫

∞

−∞
𝑤[𝑣𝑡 + 𝑏𝑣𝑥] 𝑑𝑥𝑑𝑡.

2. Now take 𝜀 > 0 and define 𝑢𝜀 = 𝜂𝜀 ∗ 𝑢, 𝑢̃𝜀 = 𝜂𝜀 ∗ 𝑢̃, where 𝜂𝜀 is the
standard mollifier in the 𝑥 and 𝑡 variables. Then according to §C.5

(39) ‖𝑢𝜀‖𝐿∞ ≤ ‖𝑢‖𝐿∞ , ‖𝑢̃𝜀‖𝐿∞ ≤ ‖𝑢̃‖𝐿∞ ,

(40) 𝑢𝜀 → 𝑢, 𝑢̃𝜀 → 𝑢̃ a.e., as 𝜖 → 0.
Furthermore the entropy inequality (ii) implies

(41) 𝑢𝜀𝑥(𝑥, 𝑡), 𝑢̃𝜀𝑥(𝑥, 𝑡) ≤ 𝐶 (1 + 1
𝑡 )

for an appropriate constant 𝐶 and all 𝜀 > 0, 𝑥 ∈ ℝ, 𝑡 > 0.
3. Write

𝑏𝜀(𝑥, 𝑡) ≔ ∫
1

0
𝐹′(𝑟𝑢𝜀(𝑥, 𝑡) + (1 − 𝑟)𝑢̃𝜀(𝑥, 𝑡)) 𝑑𝑟.

Then (38) becomes

(42) 0 = ∫
∞

0
∫

∞

−∞
𝑤[𝑣𝑡 + 𝑏𝜀𝑣𝑥] 𝑑𝑥𝑑𝑡 +∫

∞

0
∫

∞

−∞
𝑤[𝑏 − 𝑏𝜀]𝑣𝑥 𝑑𝑥𝑑𝑡.

4. Now select 𝑇 > 0 and any smooth function 𝜓 ∶ ℝ × (0, 𝑇) → ℝ with
compact support. We choose 𝑣𝜀 to be the solution of the following terminal-
value problem for a linear transport equation:

(43) {
𝑣𝜀𝑡 + 𝑏𝜀𝑣𝜀𝑥 = 𝜓 in ℝ × (0, 𝑇)

𝑣𝜀 = 0 on ℝ × {𝑡 = 𝑇}.

∗Omit on first reading.
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Let us solve (43) by the method of characteristics. For this, fix 𝑥 ∈ ℝ, 0 ≤ 𝑡 ≤ 𝑇,
and denote by 𝑥𝜀(⋅) the solution of the ODE

(44) {
̇𝑥𝜀(𝑠) = 𝑏𝜀(𝑥𝜀(𝑠), 𝑠) (𝑠 ≥ 𝑡)
𝑥𝜀(𝑡) = 𝑥,

and set

(45) 𝑣𝜀(𝑥, 𝑡) ≔ −∫
𝑇

𝑡
𝜓(𝑥𝜀(𝑠), 𝑠) 𝑑𝑠 (𝑥 ∈ ℝ, 0 ≤ 𝑡 ≤ 𝑇).

Then 𝑣𝜀 is smooth and is the unique solution of (43). Since |𝑏𝜀| is bounded and
𝜓 has compact support, 𝑣𝜀 has compact support in ℝ × [0, 𝑇).

5. We now claim that for each 𝑠 > 0, there exists a constant 𝐶𝑠 such that
(46) |𝑣𝜀𝑥| ≤ 𝐶𝑠 on ℝ × (𝑠, 𝑇).
To prove this, first note that if 0 < 𝑠 ≤ 𝑡 ≤ 𝑇, then

(47) 𝑏𝜀,𝑥(𝑥, 𝑡) = ∫
1

0
𝐹″(𝑟𝑢𝜀 + (1 − 𝑟)𝑢̃𝜀)(𝑟𝑢𝜀𝑥 + (1 − 𝑟)𝑢̃𝜀𝑥) 𝑑𝑟 ≤

𝐶
𝑡 ≤ 𝐶

𝑠
by (41), since 𝐹 is convex.

Next, differentiate the PDE in (43) with respect to 𝑥:
(48) 𝑣𝜀𝑡𝑥 + 𝑏𝜀𝑣𝜀𝑥𝑥 + 𝑏𝜀,𝑥𝑣𝜀𝑥 = 𝜓𝑥.
Now set 𝑎(𝑥, 𝑡) ≔ 𝑒𝜆𝑡𝑣𝜀𝑥(𝑥, 𝑡), for

(49) 𝜆 = 𝐶
𝑠 + 1.

Then

(50)
𝑎𝑡 + 𝑏𝜀𝑎𝑥 = 𝜆𝑎 + 𝑒𝜆𝑡[𝑣𝜀𝑥𝑡 + 𝑏𝜀𝑣𝜀𝑥𝑥]

= 𝜆𝑎 + 𝑒𝜆𝑡[−𝑏𝜀,𝑥𝑣𝜀𝑥 + 𝜓𝑥] by (48)
= [𝜆 − 𝑏𝜀,𝑥]𝑎 + 𝑒𝜆𝑡𝜓𝑥.

Since 𝑣𝜀 has compact support, 𝑎 attains a nonnegative maximum overℝ×[𝑠, 𝑇]
at some finite point (𝑥0, 𝑡0). If 𝑡0 = 𝑇, then 𝑣𝑥 = 0. If 0 ≤ 𝑡0 < 𝑇, then

𝑎𝑡(𝑥0, 𝑡0) ≤ 0, 𝑎𝑥(𝑥0, 𝑡0) = 0.
Consequently equation (50) gives
(51) [𝜆 − 𝑏𝜀,𝑥]𝑎 + 𝑒𝜆𝑡0𝜓𝑥 ≤ 0 at (𝑥0, 𝑡0).
But since 𝑏𝜀,𝑥 ≤ 𝐶

𝑠 and 𝜆 is given by (49), inequality (51) implies

𝑎(𝑥0, 𝑡0) ≤ −𝑒𝜆𝑡0𝜓𝑥 ≤ 𝑒𝜆𝑇‖𝜓𝑥‖𝐿∞ .
A similar argument shows

𝑎(𝑥1, 𝑡1) ≥ −𝑒𝜆𝑇‖𝜓𝑥‖𝐿∞
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at any point (𝑥1, 𝑡1) where 𝑎 attains a nonpositive minimum. These two esti-
mates and the definition of 𝑎 imply (46).

6. We will need one more inequality, namely

(52) ∫
∞

−∞
|𝑣𝜀𝑥(𝑥, 𝑡)| 𝑑𝑥 ≤ 𝐷

for all 0 ≤ 𝑡 ≤ 𝜏 and some constant 𝐷, provided 𝜏 is small enough.
To prove this, choose 𝜏 > 0 so small that 𝜓 = 0 on ℝ × (0, 𝜏). Then if

0 ≤ 𝑡 ≤ 𝜏, we see from (45) that 𝑣𝜀 is constant along the characteristic curve
𝑥𝜀(⋅) (solving (44)) for 𝑡 ≤ 𝑠 ≤ 𝜏. Select any partition 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑁 . Then
𝑦0 < 𝑦1 < ⋯ < 𝑦𝑁 , where 𝑦𝑖 ≔ 𝑥𝜀𝑖 (𝜏) (𝑖 = 1, . . . , 𝑁) for

{
̇𝑥𝜀𝑖 (𝑠) = 𝑏𝜀(𝑥𝜀𝑖 (𝑠), 𝑠) (𝑡 ≤ 𝑠 ≤ 𝜏)
𝑥𝜀𝑖 (𝑡) = 𝑥𝑖.

As 𝑣𝜀 is constant along each characteristic curve 𝑥𝜀𝑖 (⋅), we have
𝑁
∑
𝑖=1

|𝑣𝜀(𝑥𝑖, 𝑡) − 𝑣𝜀(𝑥𝑖−1, 𝑡)| =
𝑁
∑
𝑖=1

|𝑣𝜀(𝑦𝑖, 𝜏) − 𝑣𝜀(𝑦𝑖−1, 𝜏)| ≤ var 𝑣𝜀(⋅, 𝜏),

“var” denoting variation with respect to 𝑥. Taking the supremum over all such
partitions, we find

∫
∞

−∞
|𝑣𝜀𝑥(𝑥, 𝑡)| 𝑑𝑥 = var 𝑣𝜀(⋅, 𝑡) ≤ var 𝑣𝜀(⋅, 𝜏) = ∫

∞

−∞
|𝑣𝜀𝑥(𝑥, 𝜏)| 𝑑𝑥 ≤ 𝐶,

since 𝑣𝜀 has compact support and estimate (46) is valid for 𝑠 = 𝜏.
7. Now, at last, we complete the proof by setting 𝑣 = 𝑣𝜀 in (42) and substi-

tuting, using (43):

∫
∞

0
∫

∞

−∞
𝑤𝜓𝑑𝑥𝑑𝑡 = ∫

∞

0
∫

∞

−∞
𝑤[𝑏𝜀 − 𝑏]𝑣𝜀𝑥 𝑑𝑥𝑑𝑡

= ∫
𝑇

𝜏
∫

∞

−∞
𝑤[𝑏𝜀 − 𝑏]𝑣𝜀𝑥 𝑑𝑥𝑑𝑡

+∫
𝜏

0
∫

∞

−∞
𝑤[𝑏𝜀 − 𝑏]𝑣𝜀𝑥 𝑑𝑥𝑑𝑡

≕ 𝐼𝜀𝜏 + 𝐽𝜀𝜏 .
Then in view of (40), (46), and the Dominated Convergence Theorem,

𝐼𝜀𝜏 → 0 as 𝜀 → 0
for each 𝜏 > 0. On the other hand, if 0 < 𝜏 < 𝑇, we see

|𝐽𝜀𝜏 | ≤ 𝜏𝐶 max
0≤𝑡≤𝜏

∫
∞

−∞
|𝑣𝜀𝑥| 𝑑𝑥 ≤ 𝜏𝐶, by (52).
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Thus
∫

∞

0
∫

∞

−∞
𝑤𝜓𝑑𝑥𝑑𝑡 = 0

for all smooth functions 𝜓 as above, and so 𝑤 = 𝑢 − 𝑢̃ = 0 a.e. □

3.4.4. Riemann’s problem. The initial-value problem (1) with the piecewise-
constant initial function

(53) 𝑔(𝑥) = {𝑢𝑙 if 𝑥 < 0
𝑢𝑟 if 𝑥 > 0

is called Riemann’s problem for the scalar conservation law (1). Here the con-
stants 𝑢𝑙, 𝑢𝑟 are the left and right initial states, 𝑢𝑙 ≠ 𝑢𝑟.

We continue to assume 𝐹 is uniformly convex and 𝐶2, and as before we
write 𝐺 = (𝐹′)−1.

THEOREM 4 (Solution of Riemann’s problem).
(i) If 𝑢𝑙 > 𝑢𝑟, the unique entropy solution of the Riemann problem (1), (53)

is

(54) 𝑢(𝑥, 𝑡) ≔ {
𝑢𝑙 if 𝑥𝑡 < 𝜎
𝑢𝑟 if 𝑥𝑡 > 𝜎

(𝑥 ∈ ℝ, 𝑡 > 0),

where

(55) 𝜎 ≔ 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟)
𝑢𝑙 − 𝑢𝑟

.

(ii) If 𝑢𝑙 < 𝑢𝑟, the unique entropy solution of the Riemann problem (1), (53)
is

(56) 𝑢(𝑥, 𝑡) ≔
⎧⎪
⎨⎪
⎩

𝑢𝑙 if 𝑥𝑡 < 𝐹′(𝑢𝑙)
𝐺 (𝑥𝑡 ) if 𝐹′(𝑢𝑙) < 𝑥

𝑡 < 𝐹′(𝑢𝑟)
𝑢𝑟 if 𝑥𝑡 > 𝐹′(𝑢𝑟)

(𝑥 ∈ ℝ, 𝑡 > 0).

Shocks and rarefactions. In the first case the states 𝑢𝑙 and 𝑢𝑟 are separated
by a shock wave with constant speed 𝜎. In the second case the states 𝑢𝑙 and 𝑢𝑟
are separated by a rarefaction wave.

We know from the theory set forth in §§3.4.2–3.4.3 that the Lax–Oleinik
formula must generate these solutions, and it is an interesting exercise to ver-
ify this directly. We will instead construct the functions (54), (56) from first
principles and verify they are in fact entropy solutions. By uniqueness, then,
they must agree with Lax–Oleinik formulas. This is a nice illustration of the
power of the uniqueness assertion, Theorem 3.
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Shock wave solving Riemann’s problem for ul>ur

Proof.

1. Assume 𝑢𝑙 > 𝑢𝑟. Clearly 𝑢 defined by (54), (55) is then an integral so-
lution of our PDE. In particular since 𝜎 = ⟦𝐹(𝑢)⟧/⟦𝑢⟧, the Rankine–Hugoniot
condition holds. Furthermore note

𝐹′(𝑢𝑟) < 𝜎 = 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟)
𝑢𝑙 − 𝑢𝑟

= ⨍
ᵆ𝑙

ᵆ𝑟
𝐹′(𝑟)𝑑𝑟 < 𝐹′(𝑢𝑙)

in accordance with (17). Since 𝑢𝑙 > 𝑢𝑟, the entropy condition holds as well.
Uniqueness follows from Theorem 3.

Rarefaction wave solving Riemann’s problem for ul<ur

2. Assume now that 𝑢𝑙 < 𝑢𝑟. We must first check that 𝑢 defined by (56)
solves the conservation law in the region {𝐹′(𝑢𝑙) < 𝑥

𝑡 < 𝐹′(𝑢𝑟)}. To verify this,
let us ask the general question as to when a function 𝑢 of the form

𝑢(𝑥, 𝑡) = 𝑣(𝑥𝑡 )
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solves (1). We compute

𝑢𝑡 + 𝐹(𝑢)𝑥 = 𝑢𝑡 + 𝐹′(𝑢)𝑢𝑥

= −𝑣′(𝑥𝑡 )
𝑥
𝑡2 + 𝐹′(𝑣)𝑣′(𝑥𝑡 )

1
𝑡

= 𝑣′(𝑥𝑡 )
1
𝑡 [𝐹

′(𝑣) − 𝑥
𝑡 ] .

Thus, assuming 𝑣′ never vanishes, we find 𝐹′ (𝑣(𝑥𝑡 )) =
𝑥
𝑡 . Hence

𝑢(𝑥, 𝑡) = 𝑣(𝑥𝑡 ) = 𝐺(𝑥𝑡 )

solves the conservation law. Now 𝑣(𝑥𝑡 ) = 𝑢𝑙 provided 𝑥
𝑡 = 𝐹′(𝑢𝑙), and similarly

𝑣(𝑥𝑡 ) = 𝑢𝑟 if 𝑥
𝑡 = 𝐹′(𝑢𝑟).

As a consequence we see that the rarefaction wave 𝑢 defined by (56) is con-
tinuous in ℝ × (0,∞) and is a solution of the PDE 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in each of
its regions of definition. It is easy to check that 𝑢 is thus an integral solution
of (1), (53). Furthermore, since as noted in §3.4.3 we may as well assume 𝐺 is
Lipschitz continuous, we have

𝑢(𝑥 + 𝑧, 𝑡) − 𝑢(𝑥, 𝑡) = 𝐺 (𝑥 + 𝑧
𝑡 ) − 𝐺 (𝑥𝑡 ) ≤

Lip(𝐺)𝑧
𝑡

if 𝐹′(𝑢𝑙)𝑡 < 𝑥 < 𝑥+𝑧 < 𝐹′(𝑢𝑟)𝑡. This inequality implies that 𝑢 also satisfies the
entropy condition. Uniqueness is once more a consequence of Theorem 3. □

3.4.5. Long time behavior.
a. Decay in sup-norm. We now employ the Lax–Oleinik formula (29) to
study the behavior of our entropy solution 𝑢 of (1) as 𝑡 → ∞. We assume
below that 𝐹 is smooth, uniformly convex, 𝐹(0) = 0, and 𝑔 is bounded and
summable.

THEOREM 5 (Asymptotics in 𝐿∞-norm). Assume 𝐿 = 𝐹∗ is smooth and uni-
formly convex. There exists a constant 𝐶 such that

(57) |𝑢(𝑥, 𝑡)| ≤ 𝐶
𝑡1/2

for all 𝑥 ∈ ℝ, 𝑡 > 0.

Proof.
1. Set

(58) 𝜎 ≔ 𝐹′(0);
then

(59) 𝐺(𝜎) = 0,
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and therefore

(60) 𝐿(𝜎) = 𝜎𝐺(𝜎) − 𝐹(𝐺(𝜎)) = 0, 𝐿′(𝜎) = 0.

2. In view of (60) and the uniform convexity of 𝐿,

(61)

𝑡𝐿 (𝑥 − 𝑦
𝑡 ) = 𝑡𝐿 (𝑥 − 𝑦 − 𝜎𝑡

𝑡 + 𝜎)

≥ 𝑡 [𝐿(𝜎) + 𝐿′(𝜎) (𝑥 − 𝑦 − 𝜎𝑡
𝑡 ) + 𝜃 (𝑥 − 𝑦 − 𝜎𝑡

𝑡 )
2
]

= 𝜃 |𝑥 − 𝑦 − 𝜎𝑡|2
𝑡

for some constant 𝜃 > 0. Since ℎ = ∫𝑥
0 𝑔 𝑑𝑦 is bounded by 𝑀 ≔ ‖𝑔‖𝐿1 , we see

from (61) that

𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + ℎ(𝑦) ≥ 𝜃 |𝑥 − 𝑦 − 𝜎𝑡|2

𝑡 − 𝑀.

On the other hand,

𝑡𝐿 (𝑥 − (𝑥 − 𝜎𝑡)
𝑡 ) + ℎ(𝑥 − 𝜎𝑡) ≤ 𝑀.

Thus at the minimizing point 𝑦(𝑥, 𝑡) we have

𝜃 |𝑥 − 𝑦(𝑥, 𝑡) − 𝜎𝑡|2
𝑡 ≤ 2𝑀,

and so

(62) |||
𝑥 − 𝑦(𝑥, 𝑡)

𝑡 − 𝜎||| ≤
𝐶
𝑡1/2

for some constant 𝐶.
3. But since 𝐺(𝜎) = 0, for any 𝑥 ∈ ℝ, 𝑡 > 0 we have

|𝑢(𝑥, 𝑡)| = |||𝐺 (
𝑥 − 𝑦(𝑥, 𝑡)

𝑡 )|||

= |||𝐺 (
𝑥 − 𝑦(𝑥, 𝑡)

𝑡 − 𝜎 + 𝜎) − 𝐺(𝜎)|||

≤ Lip(𝐺) |||
𝑥 − 𝑦(𝑥, 𝑡)

𝑡 − 𝜎||| ≤
𝐶
𝑡1/2 ,

according to (62). □

Example 3 in §3.4.1 shows this 𝑡−1/2 decay rate to be optimal.
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𝑁-wave

b. Decay to N-wave. Estimate (57) asserts that the 𝐿∞-norm of 𝑢 goes to zero
as 𝑡 → ∞. On the other hand we note from Example 3 in §3.4.1 that the 𝐿1-
norm of 𝑢 need not go to zero; indeed, the integral of 𝑢 over ℝ is conserved
(Problem 19). We instead show here that 𝑢 evolves in 𝐿1 into a simple shape,
assuming now that

𝑔 has compact support.
Given constants 𝑝, 𝑞, 𝑑, 𝜎, with 𝑝, 𝑞 ≥ 0, 𝑑 > 0, we define the corresponding
𝑁-wave to be the function

(63) 𝑁(𝑥, 𝑡) ≔ {
1
𝑑 (

𝑥
𝑡 − 𝜎) if −(𝑝𝑑𝑡)1/2 < 𝑥 − 𝜎𝑡 < (𝑞𝑑𝑡)1/2

0 otherwise.

The constant 𝜎 is the velocity of the 𝑁-wave.
Now define 𝜎 by (58), set

(64) 𝑑 ≔ 𝐹″(0) > 0,

and also write

(65) 𝑝 ≔ −2min
𝑦∈ℝ

∫
𝑦

−∞
𝑔 𝑑𝑥, 𝑞 ≔ 2max

𝑦∈ℝ
∫

∞

𝑦
𝑔 𝑑𝑥.

Note 𝑝, 𝑞 ≥ 0 and

(66) 𝐺′(𝜎) = 1
𝑑 .

THEOREM 6 (Asymptotics in 𝐿1-norm). Assume that 𝑝, 𝑞 > 0. Then there
exists a constant 𝐶 such that

(67) ∫
∞

−∞
|𝑢(⋅, 𝑡) − 𝑁(⋅, 𝑡)| 𝑑𝑥 ≤ 𝐶

𝑡1/2

for all 𝑡 > 0.
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Proof.
1. From estimate (62) in the proof of Theorem 5 we have

(68) |||
(𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)

𝑡
||| ≤

𝐶
𝑡1/2 .

Now

𝑢(𝑥, 𝑡) = 𝐺 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 )

= 𝐺 ((𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)
𝑡 + 𝜎)

= 𝐺(𝜎) + 𝐺′(𝜎) ((𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)
𝑡 )

+ 𝑂 (|||
(𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)

𝑡
|||
2
) .

Consequently (59), (66) and (68) imply

(69) |||𝑢(𝑥, 𝑡) −
1
𝑑
(𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)

𝑡
||| ≤

𝐶
𝑡 .

2. Since 𝑔 has compact support, we may assume for some constant 𝑅 > 0
that 𝑔 ≡ 0 on ℝ ∩ {|𝑥| ≥ 𝑅}. Therefore

ℎ(𝑥) = {ℎ− if 𝑥 ≤ −𝑅
ℎ+ if 𝑥 ≥ 𝑅,

for constants ℎ±. A calculation shows

(70) min
ℝ

ℎ = −𝑝2 + ℎ− = −𝑞2 + ℎ+.

We next set

(71) 𝜀 = 𝜀(𝑡) ≔ 𝐴
𝑡1/2 (𝑡 > 0),

the constant 𝐴 to be selected later.
3. We now claim that if 𝐴 is sufficiently large, then

(72) 𝑢(𝑥, 𝑡) = 0 for 𝑥 − 𝜎𝑡 < −𝑅 − (𝑝𝑑(1 + 𝜀)𝑡)1/2

and
(73) 𝑢(𝑥, 𝑡) = 0 for 𝑥 − 𝜎𝑡 > 𝑅 + (𝑞𝑑(1 + 𝜀)𝑡)1/2.
In fact, since (64) implies

𝐿″(𝜎) = 1
𝑑 ,

we deduce from (60) and (62) that

(74) 𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) = 1

𝑑
|(𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)|2

2𝑡 + 𝑂 (𝑡−1/2) as 𝑡 → ∞.
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Assume now that

(75) 𝑥 − 𝜎𝑡 < −𝑅 − (𝑝𝑑(1 + 𝜀)𝑡)1/2.
Then ℎ(𝑥 − 𝜎𝑡) = ℎ− and so

𝑡𝐿 ((𝑥 − (𝑥 − 𝜎𝑡))
𝑡 ) + ℎ(𝑥 − 𝜎𝑡) = 𝑡𝐿(𝜎) + ℎ− = ℎ−.

Now if 𝑦(𝑥, 𝑡) ≤ −𝑅, then

𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) + ℎ(𝑦(𝑥, 𝑡)) ≥ ℎ−,

since 𝐿 ≥ 0. On the other hand if 𝑦(𝑥, 𝑡) ≥ −𝑅, we employ (74) and (70) to
estimate

𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) + ℎ(𝑦(𝑥, 𝑡)) ≥ 1

𝑑
|(𝑥 − 𝜎𝑡) − 𝑦(𝑥, 𝑡)|2

2𝑡 − 𝑝
2 + ℎ− + 𝑂 (𝑡−1/2)

≥ 𝑝𝑑(1 + 𝜀)𝑡
2𝑑𝑡 − 𝑝

2 + ℎ− + 𝑂 (𝑡−1/2) by (75)

= 𝑝
2
𝐴
𝑡
1
2
+ ℎ− + 𝑂 (𝑡−1/2) by (71)

≥ ℎ−,
provided 𝐴 is large enough.

We conclude that (75) forces 𝑦(𝑥, 𝑡) = 𝑥 − 𝜎𝑡, and so 𝑢(𝑥, 𝑡) = 𝐺(𝜎) = 0.
This establishes assertion (72), and the proof of (73) is analogous.

4. Next we assert for 𝐴 and 𝑡 large enough that

(76) 𝑦(𝑥, 𝑡) ≥ −𝑅 if 𝑥 − 𝜎𝑡 = 𝑅 − (𝑝𝑑(1 − 𝜀)𝑡)1/2.
To see this, notice that 𝑦(𝑥, 𝑡) ≤ −𝑅 implies as above that

𝑡𝐿 (𝑥 − 𝑦(𝑥, 𝑡)
𝑡 ) + ℎ(𝑦(𝑥, 𝑡)) ≥ ℎ−.

Select now a point 𝑧 such that ℎ(𝑧) = min ℎ = −𝑝
2 + ℎ− and |𝑧| ≤ 𝑅. Then we

can as before estimate

𝑡𝐿 (𝑥 − 𝑧
𝑡 ) + ℎ(𝑧) ≤ 1

𝑑
|(𝑥 − 𝜎𝑡) − 𝑧|2

2𝑡 − 𝑝
2 + ℎ− + 𝑂 (𝑡−1/2)

≤ 𝑝𝑑(1 − 𝜀)𝑡
2𝑑𝑡 − 𝑝

2 + ℎ− + 𝑂 (𝑡−1/2)

= −𝑝2
𝐴
𝑡
1
2
+ ℎ− + 𝑂 (𝑡−1/2) < ℎ−,

for 𝐴 large enough. This proves (76) and a similar argument establishes that

(77) 𝑦(𝑥, 𝑡) ≤ 𝑅 if 𝑥 − 𝜎𝑡 = −𝑅 + (𝑞𝑑(1 − 𝜀)𝑡)1/2.
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5. Remember from the proof of Theorem 1 in §3.4.2 that the mapping 𝑥 ↦
𝑦(𝑥, 𝑡) is nondecreasing. Hence (69), (76) and (77) imply for large 𝑡 that

(78) {
||𝑢(𝑥, 𝑡) − 1

𝑑 (
𝑥
𝑡 − 𝜎)|| ≤ 𝐶

𝑡 if
𝑅 − (𝑝𝑑(1 − 𝜀)𝑡)1/2 < 𝑥 − 𝜎𝑡 < −𝑅 + (𝑞𝑑(1 − 𝜀)𝑡)1/2.

According to Theorem 5, we have |𝑢| = 𝑂(𝑡−
1
2 ) and by definition |𝑁| = 𝑂(𝑡−

1
2 ).

In addition (71) implies ((1 ± 𝜀)𝑡)
1
2 −𝑡

1
2 = 𝑂(1). Using these bounds along with

(72), (73) and (78), we estimate

∫
∞

−∞
|𝑢(𝑥, 𝑡) − 𝑁(𝑥, 𝑡)| 𝑑𝑥 = 𝑂 (𝑡−1/2) ,

as asserted. □

Example 3 (continued). Observe that we have 𝑝 = 0, 𝑞 = 2, 𝜎 = 0, 𝑑 = 1 in
Example 3 of §3.4.1. In this case

𝑁(𝑥, 𝑡) = {
𝑥
𝑡 if 0 < 𝑥 < (2𝑡)1/2

0 otherwise,

and so in fact 𝑢 ≡ 𝑁 for times 𝑡 ≥ 2.

We will study systems of conservation laws in Chapter 11.

3.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless oth-
erwise stated.

1. Prove

𝑢(𝑥, 𝑡, 𝑎, 𝑏) = 𝑎 ⋅ 𝑥 − 𝑡𝐻(𝑎) + 𝑏 (𝑎 ∈ ℝ𝑛, 𝑏 ∈ ℝ)
is a complete integral of the Hamilton–Jacobi equation

𝑢𝑡 + 𝐻(𝐷𝑢) = 0.
2. Compute the envelopes of the family of lines

𝑥1 + 𝑎2𝑥2 − 2𝑎 = 0 (𝑎 ∈ ℝ)
in ℝ2 and of the family of planes

2𝑎1𝑥1 + 2𝑎2𝑥2 − 𝑥3 + 𝑎21 + 𝑎22 = 0 (𝑎1, 𝑎2 ∈ ℝ)
in ℝ3. Draw pictures illustrating the geometric meaning of the envelopes.
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3. Suppose that the formula 𝐺(𝑥, 𝑧, 𝑎) = 0 implicitly defines the function
𝑧 = 𝑢(𝑥, 𝑎), where 𝑥, 𝑎 ∈ ℝ𝑛. Assume further that we can eliminate the
variables 𝑎 from the identities

{𝐺(𝑥, 𝑢, 𝑎) = 0
𝐺𝑥𝑖(𝑥, 𝑢, 𝑎) + 𝐺𝑧(𝑥, 𝑢, 𝑎)𝑢𝑥𝑖 = 0 (𝑖 = 1, . . . , 𝑛),

to solve for 𝑢 = 𝑢(𝑥).
(a) Find a PDE that 𝑢 solves if 𝐺 = ∑𝑛

𝑖=1 𝑎𝑖𝑥2𝑖 + 𝑧3.
(b) What is the PDE characterizing all spheres in ℝ𝑛+1 with unit radius

and center in ℝ𝑛 × {𝑧 = 0}?
4. (a) Write down the characteristic equations for the PDE

(∗) 𝑢𝑡 + 𝑏 ⋅ 𝐷𝑢 = 𝑓 in ℝ𝑛 × (0,∞),

where 𝑏 ∈ ℝ𝑛, 𝑓 = 𝑓(𝑥, 𝑡).
(b) Use the characteristic ODE to solve (∗) subject to the initial condition

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

Make sure your answer agrees with formula (5) in §2.1.2.
5. Solve using characteristics:

(a) 𝑥1𝑢𝑥1 + 𝑥2𝑢𝑥2 = 2𝑢, 𝑢(𝑥1, 1) = 𝑔(𝑥1).
(b) 𝑥1𝑢𝑥1 + 2𝑥2𝑢𝑥2 + 𝑢𝑥3 = 3𝑢, 𝑢(𝑥1, 𝑥2, 0) = 𝑔(𝑥1, 𝑥2).
(c) 𝑢𝑢𝑥1 + 𝑢𝑥2 = 1, 𝑢(𝑥1, 𝑥1) = 1

2𝑥1.
6. Given a smooth vector field b on ℝ𝑛, let x(𝑠) = x(𝑠, 𝑥, 𝑡) solve the ODE

{
ẋ = b(x) (𝑠 ∈ ℝ)

x(𝑡) = 𝑥.

(a) Define the Jacobian

𝐽(𝑠, 𝑥, 𝑡) ≔ det𝐷𝑥x(𝑠, 𝑥, 𝑡)

and derive Euler’s formula:

𝐽𝑠 = (divb(x))𝐽.

(b) Show that
𝑢(𝑥, 𝑡) ≔ 𝑔(x(0, 𝑥, 𝑡))𝐽(0, 𝑥, 𝑡)

solves

{
𝑢𝑡 + div(𝑢b) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

(Hint: Show 𝜕
𝜕𝑠 (𝑢(x, 𝑠)𝐽) = 0.)
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7. Verify assertion (36) in §3.2.3, that when Γ is not flat near 𝑥0, the nonchar-
acteristic condition is

𝐷𝑝𝐹(𝑝0, 𝑧0, 𝑥0) ⋅ 𝝂(𝑥0) ≠ 0.
8. Confirm that the formula𝑢 = 𝑔(𝑥−𝑡F ′(𝑢)) from §3.2.5 provides an implicit

solution for the conservation law

𝑢𝑡 + divF(𝑢) = 0.

9. Consider the problem of minimizing the action∫𝑡
0 𝐿(ẇ(𝑠),w(𝑠)) 𝑑𝑠 over the

new admissible class

𝒜 ≔ {w(⋅) ∈ 𝐶2([0, 𝑡]; ℝ𝑛) ∣ w(𝑡) = 𝑥 },
where we do not require that w(0) = 𝑦.
(a) Show that a minimizer x(⋅) ∈ 𝒜 solves the Euler–Lagrange equations

− 𝑑
𝑑𝑠 (𝐷𝑣𝐿(ẋ(𝑠), x(𝑠))) + 𝐷𝑥𝐿(ẋ(𝑠), x(𝑠)) = 0 (0 ≤ 𝑠 ≤ 𝑡).

(b) Prove that
𝐷𝑣𝐿(ẋ(0), x(0)) = 0.

(c) Suppose now that x(⋅) ∈ 𝒜 minimizes the modified action

∫
𝑡

0
𝐿(ẇ(𝑠),w(𝑠)) 𝑑𝑠 + 𝑔(w(0)).

Show that x(⋅) solves the usual Euler–Lagrange equations and deter-
mine the boundary condition at 𝑠 = 0.

10. If 𝐻 ∶ ℝ𝑛 → ℝ is convex, we write 𝐿 = 𝐻∗.
(a) Let 𝐻(𝑝) = 1

𝑟 |𝑝|
𝑟, for 1 < 𝑟 < ∞. Show

𝐿(𝑣) = 1
𝑠 |𝑣|

𝑠, where 1𝑟 +
1
𝑠 = 1.

(b) Let 𝐻(𝑝) = 1
2 ∑

𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑝𝑖𝑝𝑗 +∑𝑛

𝑖=1 𝑏𝑖𝑝𝑖, where 𝐴 = ((𝑎𝑖𝑗)) is a sym-
metric, positive definite matrix, 𝑏 ∈ ℝ𝑛. Compute 𝐿(𝑣).

11. Let 𝐻 ∶ ℝ𝑛 → ℝ be convex. We say 𝑣 belongs to the subdifferential of 𝐻 at
𝑝, written

𝑣 ∈ 𝜕𝐻(𝑝),
if

𝐻(𝑟) ≥ 𝐻(𝑝) + 𝑣 ⋅ (𝑟 − 𝑝) for all 𝑟 ∈ ℝ𝑛.
Prove 𝑣 ∈ 𝜕𝐻(𝑝) if and only if 𝑝 ∈ 𝜕𝐿(𝑣) if and only if 𝑝 ⋅ 𝑣 = 𝐻(𝑝) + 𝐿(𝑣),
where 𝐿 = 𝐻∗.
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12. Assume 𝐿1, 𝐿2 ∶ ℝ𝑛 → ℝ are convex, smooth and superlinear. Show that

min
𝑣∈ℝ𝑛

(𝐿1(𝑣) + 𝐿2(𝑣)) = max
𝑝∈ℝ𝑛

(−𝐻1(𝑝) − 𝐻2(−𝑝)),

where 𝐻1 = 𝐿∗1, 𝐻2 = 𝐿∗2.
13. Prove that the Hopf–Lax formula reads

𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)}

= min
𝑦∈𝐵(𝑥,𝑅𝑡)

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)}

for 𝑅 = supℝ𝑛 |𝐷𝐻(𝐷𝑔)|,𝐻 = 𝐿∗. (This proves finite propagation speed for a
Hamilton–Jacobi PDE with convex Hamiltonian and Lipschitz continuous
initial function 𝑔.)

14. Let 𝐸 be a closed subset of ℝ𝑛. Show that if the Hopf–Lax formula could
be applied to the initial-value problem

⎧⎪
⎨⎪
⎩

𝑢𝑡 + |𝐷𝑢|2 = 0 in ℝ𝑛 × (0,∞)

𝑢 = {0 𝑥 ∈ 𝐸
+∞ 𝑥 ∉ 𝐸

on ℝ𝑛 × {𝑡 = 0},

it would give the solution

𝑢(𝑥, 𝑡) = 1
4𝑡 dist(𝑥, 𝐸)

2.

15. Provide all details for the proof of Lemma 4 in §3.3.3.
16. Assume 𝑢1, 𝑢2 are two solutions of the initial-value problems

{
𝑢𝑖𝑡 + 𝐻(𝐷𝑢𝑖) = 0 in ℝ𝑛 × (0,∞)

𝑢𝑖 = 𝑔𝑖 on ℝ𝑛 × {𝑡 = 0} (𝑖 = 1, 2),
given by the Hopf–Lax formula. Prove the 𝐿∞-contraction inequality

sup
ℝ𝑛

|𝑢1(⋅, 𝑡) − 𝑢2(⋅, 𝑡)| ≤ sup
ℝ𝑛

|𝑔1 − 𝑔2| (𝑡 > 0).

17. Show that

𝑢(𝑥, 𝑡) ≔ {
−2
3 (𝑡 + √3𝑥 + 𝑡2) if 4𝑥 + 𝑡2 > 0

0 if 4𝑥 + 𝑡2 < 0

is an (unbounded) entropy solution of 𝑢𝑡 + (ᵆ
2

2 )𝑥 = 0.
18. Assume 𝑢(𝑥 + 𝑧) − 𝑢(𝑥) ≤ 𝐸𝑧 for all 𝑧 > 0. Let 𝑢𝜖 = 𝜂𝜖 ∗ 𝑢, and show

𝑢𝜖𝑥 ≤ 𝐸.
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19. Assume 𝐹(0) = 0, 𝑢 is a continuous integral solution of the conservation
law

{
𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0},
and 𝑢 has compact support in ℝ × [0, 𝑇] for each time 𝑇 > 0. Prove

∫
∞

−∞
𝑢(⋅, 𝑡) 𝑑𝑥 = ∫

∞

−∞
𝑔 𝑑𝑥

for all 𝑡 > 0.
20. Compute explicitly the unique entropy solution of

{
𝑢𝑡 + (𝑢

2

2 )𝑥
= 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0},
for

𝑔(𝑥) =
⎧
⎪
⎨
⎪
⎩

1 if 𝑥 < −1
0 if −1 < 𝑥 < 0
2 if 0 < 𝑥 < 1
0 if 𝑥 > 1.

Draw a picture documenting your answer, being sure to illustrate what
happens for all times 𝑡 > 0.
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the proof of Theorem 3, due to O. Oleinik). Theorems 5 and 6 are from
DiPerna (Indiana U. Math. J. 24 (1975), 1047–1071) and I am indebted
to M. Struwe and to E. Wiedemann for help with the proofs. A good
overall reference on nonlinear waves is Whitham [Wh].

Section 3.5: Problem 3 is based upon Miller [Mi].



Chapter 4

Other Ways to
Represent Solutions

This chapter collects together a wide variety of techniques that are sometimes
useful for finding certain more-or-less explicit solutions to various partial dif-
ferential equations, or at least representation formulas for solutions.

4.1. SEPARATION OF VARIABLES

The method of separation of variables tries to construct a solution 𝑢 to a given
partial differential equation as some sort of combination of functions of fewer
variables. In other words, the idea is to guess that 𝑢 can be written as, say, a
sum or product of as yet undetermined constituent functions, to plug this guess
into the PDE, and finally to choose the simpler functions to ensure 𝑢 really is
a solution.

4.1.1. Examples. The separation of variables technique is best understood in
some examples.

Example 1. Let 𝑈 ⊂ ℝ𝑛 be a bounded, open set with smooth boundary. We
consider the initial/boundary-value problem for the heat equation

(1)
⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 = 0 in 𝑈 × (0,∞)
𝑢 = 0 on 𝜕𝑈 × [0,∞)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

159
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where 𝑔 ∶ 𝑈 → ℝ is given. We conjecture there exists a solution having the
multiplicative form

(2) 𝑢(𝑥, 𝑡) = 𝑣(𝑡)𝑤(𝑥) (𝑥 ∈ 𝑈, 𝑡 ≥ 0);

that is, we look for a solution of (1) with the variables 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ 𝑈
“separated” from the variable 𝑡 ∈ [0, 𝑇].

Will this work? To find out, we compute

𝑢𝑡(𝑥, 𝑡) = 𝑣′(𝑡)𝑤(𝑥), Δ𝑢(𝑥, 𝑡) = 𝑣(𝑡)Δ𝑤(𝑥).

Hence
0 = 𝑢𝑡(𝑥, 𝑡) − Δ𝑢(𝑥, 𝑡) = 𝑣′(𝑡)𝑤(𝑥) − 𝑣(𝑡)Δ𝑤(𝑥)

if and only if

(3) 𝑣′(𝑡)
𝑣(𝑡) =

Δ𝑤(𝑥)
𝑤(𝑥)

for all 𝑥 ∈ 𝑈 and 𝑡 > 0 such that𝑤(𝑥), 𝑣(𝑡) ≠ 0. Now observe that the left-hand
side of (3) depends only on 𝑡 and the right-hand side depends only on 𝑥. This
is impossible unless each is constant, say

𝑣′(𝑡)
𝑣(𝑡) = 𝜇 = Δ𝑤(𝑥)

𝑤(𝑥) (𝑡 ≥ 0, 𝑥 ∈ 𝑈).

Then

(4) 𝑣′ = 𝜇𝑣,

(5) Δ𝑤 = 𝜇𝑤.

We must solve these equations for the unknowns 𝑤, 𝑣 and 𝜇.
Notice first that if 𝜇 is known, the solution of (4) is 𝑣 = 𝑑𝑒𝜇𝑡 for an arbitrary

constant 𝑑. Consequently we need only investigate equation (5).
We say that 𝜆 is an eigenvalue of the operator −Δ on 𝑈 (subject to zero

boundary conditions) provided there exists a function 𝑤, not identically equal
to zero, solving

{
−Δ𝑤 = 𝜆𝑤 in 𝑈

𝑤 = 0 on 𝜕𝑈.
The function 𝑤 is a corresponding eigenfunction. (See Chapter 6 for the theory
of eigenvalues, eigenfunctions.)

If 𝜆 is an eigenvalue and 𝑤 is a related eigenfunction, we set 𝜇 = −𝜆 above,
to find

(6) 𝑢 = 𝑑𝑒−𝜆𝑡𝑤
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solves

(7) {
𝑢𝑡 − Δ𝑢 = 0 in 𝑈 × (0,∞)

𝑢 = 0 on 𝜕𝑈 × [0,∞),
with the initial condition 𝑢(⋅, 0) = 𝑑𝑤. Thus the function 𝑢 defined by (6)
solves problem (1), provided 𝑔 = 𝑑𝑤. More generally, if 𝜆1, . . . , 𝜆𝑚 are eigen-
values, 𝑤1, . . . , 𝑤𝑚 are corresponding eigenfunctions, and 𝑑1, . . . , 𝑑𝑚 are con-
stants, then

(8) 𝑢 =
𝑚
∑
𝑘=1

𝑑𝑘𝑒−𝜆𝑘𝑡𝑤𝑘

solves (7), with the initial condition 𝑢(⋅, 0) = ∑𝑚
𝑘=1 𝑑𝑘𝑤𝑘. If we can find𝑚, 𝑤1,

. . . , etc. such that ∑𝑚
𝑘=1 𝑑𝑘𝑤𝑘 = 𝑔, we are done.

We can hope to generalize further by trying to find a countable sequence
𝜆1, . . . of eigenvalues with corresponding eigenfunctions 𝑤1, . . . , so that

(9)
∞
∑
𝑘=1

𝑑𝑘𝑤𝑘 = 𝑔 in 𝑈

for appropriate constants 𝑑1, . . . . Then presumably

(10) 𝑢 =
∞
∑
𝑘=1

𝑑𝑘𝑒−𝜆𝑘𝑡𝑤𝑘

will be the solution of the initial-value problem (1).
This is an attractive representation formula for the solution, but depends

upon (a) our being able to find eigenvalues, eigenfunctions and constants sat-
isfying (9) and (b) our verifying that the series in (10) converges in some appro-
priate sense. We will discuss these matters further in Chapters 6, 7, within the
context of Galerkin approximations.

Take note that only our solution (6) is determined by separation of vari-
ables; the more complicated forms (8) and (10) depend upon the linearity of
the heat equation.

Example 2. Let us next apply the separation of variables technique to discover
a solution of the porous medium equation

(11) 𝑢𝑡 − Δ(𝑢𝛾) = 0 in ℝ𝑛 × (0,∞),
where 𝑢 ≥ 0 and 𝛾 > 1 is a constant. The expression (11) is a nonlinear diffu-
sion equation, in which the rate of diffusion of some density 𝑢 depends upon
𝑢 itself. This PDE describes flow in porous media, thin-film lubrication, and a
variety of other phenomena.
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As in the previous example, we seek a solution of the form
(12) 𝑢(𝑥, 𝑡) = 𝑣(𝑡)𝑤(𝑥) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).
Inserting into (11), we discover that

(13) 𝑣′(𝑡)
𝑣(𝑡)𝛾

= 𝜇 = Δ𝑤𝛾(𝑥)
𝑤(𝑥)

for some constant 𝜇 and all 𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0, such that 𝑤(𝑥), 𝑣(𝑡) ≠ 0.
We solve the ODE for 𝑣 and find

𝑣 = ((1 − 𝛾)𝜇𝑡 + 𝜆)
1

1−𝛾 ,
for some constant 𝜆, which we will take to be positive. To discover 𝑤, we must
then solve the PDE
(14) Δ(𝑤𝛾) = 𝜇𝑤.
Let us now guess that

𝑤 = |𝑥|𝛼,
for some constant 𝛼 that must be determined. Then
(15) 𝜇𝑤 − Δ(𝑤𝛾) = 𝜇|𝑥|𝛼 − 𝛼𝛾(𝛼𝛾 + 𝑛 − 2)|𝑥|𝛼𝛾−2.
So in order that (14) hold in ℝ𝑛, we should first require that 𝛼 = 𝛼𝛾 − 2, and
hence

(16) 𝛼 = 2
𝛾 − 1.

Returning to (15), we see that we must further set
(17) 𝜇 = 𝛼𝛾(𝛼𝛾 + 𝑛 − 2) > 0.
In summary then, for each 𝜆 > 0 the function

𝑢 = ((1 − 𝛾)𝜇𝑡 + 𝜆)
1

1−𝛾 |𝑥|𝛼

solves the porous medium equation (11), the parameters 𝛼, 𝜇 defined by (16),
(17).

Remark. Observe that since 𝛾 > 1, this solution blows up for 𝑥 ≠ 0 as 𝑡 → 𝑡∗,
for 𝑡∗ ≔ 𝜆

(𝛾−1)𝜇 . Physically, a huge amount of mass “diffuses in from infinity”
in finite time. See §4.2.2 for another, better behaved, solution of the porous
medium equation, and see §9.4.1 for more on blow-up phenomena for nonlin-
ear diffusion equations.

In the previous example separation of variables worked owing to the ho-
mogeneity of the nonlinearity, which is compatible with functions 𝑢 having
the multiplicative form (12). In other circumstances it is profitable to look for
a solution in which the variables are separated additively:
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Example 3. Let us turn once again to the Hamilton–Jacobi equation

(18) 𝑢𝑡 + 𝐻(𝐷𝑢) = 0 in ℝ𝑛 × (0,∞)
and look for a solution 𝑢 having the form

𝑢(𝑥, 𝑡) = 𝑤(𝑥) + 𝑣(𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).
Then

0 = 𝑢𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑢(𝑥, 𝑡)) = 𝑣′(𝑡) + 𝐻(𝐷𝑤(𝑥))
if and only if

𝐻(𝐷𝑤(𝑥)) = 𝜇 = −𝑣′(𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 > 0)
for some constant 𝜇. Consequently if

𝐻(𝐷𝑤) = 𝜇
for some 𝜇 ∈ ℝ, then

𝑢(𝑥, 𝑡) = 𝑤(𝑥) − 𝜇𝑡 + 𝑏
will for any constant 𝑏 solve 𝑢𝑡+𝐻(𝐷𝑢) = 0. In particular, if we choose𝑤(𝑥) =
𝑎 ⋅ 𝑥 for some 𝑎 ∈ ℝ𝑛 and set 𝜇 = 𝐻(𝑎), we discover the solution

𝑢 = 𝑎 ⋅ 𝑥 − 𝐻(𝑎)𝑡 + 𝑏
already noted in §3.1.

4.1.2. Application: Turing instability. Separations of variables and eigen-
function expansions, discussed in Example 1 above, are very powerful tools in
both pure and applied mathematics. This section discusses an interesting such
application.

Assume we are given a smooth vector field f = (𝑓1, 𝑓2) on ℝ2 for which 0
is an equilibrium:

f(0) = 0.
We are interested in comparing the stability of solutions x = (𝑥1, 𝑥2) of the
system of ODE

(19) ẋ = f(x) (𝑡 ≥ 0)
with solutions u = (𝑢1, 𝑢2) of a corresponding reaction-diffusion system of
PDE

(20) {
u𝑡 − 𝐴Δu = f(u) in 𝑈 × (0,∞)

u = 0 on 𝜕𝑈 × (0,∞)
in some bounded, smooth region 𝑈 ⊂ ℝ2. The matrix

𝐴 = (𝑎1 0
0 𝑎2

)
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introduces the diffusion constants 𝑎1, 𝑎2 ≥ 0. (See §9.2.1 for more on reaction-
diffusion equations.)

Linearizations, separation of variables. The linearization of (19) around
the equilibrium solution x ≡ 0 is the linear system of ODE
(21) ẏ = 𝐷f(0)y (𝑡 ≥ 0)
where y = (𝑦1, 𝑦2). The equilibrium x ≡ 0 is asymptotically stable if each
solution y goes to zero as 𝑡 → ∞. This will be so provided the eigenvalues of
the matrix 𝐷f(0) have negative real parts.

Similarly, the linearization of (20) aroundu ≡ 0 is the linear system of PDE
(22) v𝑡 − 𝐴Δv = 𝐷f(0)v
for v = (𝑣1, 𝑣2). We solve (22) by the separation of variables and subsequent
eigenfunction expansion method introduced in §4.1.1. We therefore write

(23) v(𝑥, 𝑡) =
∞
∑
𝑗=1

s𝑗(𝑡)𝑤𝑗(𝑥)

for the eigenfunctions {𝑤𝑗}∞𝑗=1 for the Laplacian on 𝑈 with zero boundary con-
ditions:

{
−Δ𝑤𝑗 = 𝜆𝑗𝑤𝑗 in 𝑈

𝑤𝑗 = 0 on 𝜕𝑈.
The theory of such eigenvalues and eigenfunctions appears in §6.5, where we
will learn in particular that

𝜆𝑗 > 0 (𝑗 = 1, . . . )
and also that we can take {𝑤𝑗}∞𝑗=1 to be orthonormal in 𝐿2(𝑈):

∫
𝑈
𝑤𝑖𝑤𝑗 𝑑𝑥 = 𝛿𝑖𝑗 (𝑖, 𝑗 = 1, . . . ).

Plugging (23) into (22), we deduce that for 𝑗 = 1, . . .
(24) s′𝑗 = 𝐴𝑗s𝑗
for the matrix
(25) 𝐴𝑗 ≔ 𝐷f(0) − 𝜆𝑗𝐴.
The solution v ≡ 0 is stable if and only if each function s𝑗 decays to 0 as 𝑡 → ∞.
This occurs provided the eigenvalues of the matrices𝐴𝑗 have negative real parts
for 𝑗 = 1, . . . .

We now address the following question: if 0 is an asymptotically stable
equilibrium for the system of ODE (19), does it necessarily follow that 0 is an
asymptotically stable equilibrium for the system of PDE (20)? The perhaps
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surprising answer is “no”. The diffusion terms introduced into the PDE (20)
can in fact transform a stable point for (19) into an unstable point for (20).
This effect is called a Turing instability.
Eigenvalues of Df(0). We investigate this phenomenon by first introducing
explicit conditions on 𝐷f(0) that force 0 to be stable for the ODE (19). Let us
hereafter write

𝐷f(0) = (𝑓
1
𝑧1(0) 𝑓1𝑧2(0)
𝑓2𝑧1(0) 𝑓2𝑧2(0)

) ≕ (𝛼 𝛽
𝛾 𝛿) .

Then

(26) det(𝐷f(0) − 𝜎𝐼) = 𝜎2 − 𝜎(𝛼 + 𝛿) + 𝛼𝛿 − 𝛾𝛽.
We require that 0 be a stable equilibrium of 𝐷f(0) and thus that the roots 𝜎1, 𝜎2
of (26) have negative real parts. This means

(27) {𝛼 + 𝛿 = 𝜎1 + 𝜎2 < 0
𝛼𝛿 − 𝛾𝛽 = 𝜎1𝜎2 > 0.

Notice that these conditions cover both the cases of real eigenvalues 𝜎2 ≤ 𝜎1 <
0 and of complex conjugate eigenvalues 𝜎1 = 𝑏 + 𝑖𝑐, 𝜎2 = 𝑏 − 𝑖𝑐 with 𝑏 < 0.
Eigenvalues of Aj. We want to see if by adding in diffusion terms 𝑎1, 𝑎2 ≥ 0
we can force the eigenvalues of 𝐴𝑗 to have positive real parts for some 𝑗.

We see from (25) that

(28) det(𝐴𝑗 − 𝜎𝐼) = 𝜎2 − 𝜎(𝛼 + 𝛿 − 𝜆𝑗(𝑎1 + 𝑎2)) + 𝑝(𝜆𝑗)
for

(29) 𝑝(𝜆) ≔ 𝜆2𝑎1𝑎2 − 𝜆(𝑎1𝛿 + 𝑎2𝛼) + 𝛼𝛿 − 𝛽𝛾.
The roots 𝜎1,𝑗 and 𝜎2,𝑗 of the polynomial (28) satisfy

𝜎1,𝑗 + 𝜎2,𝑗 = 𝛼 + 𝛿 − 𝜆𝑗(𝑎1 + 𝑎2) < 0,
since 𝛼 + 𝛿 < 0 according (27), 𝜆𝑗 ≥ 0, 𝑎1, 𝑎2 > 0. Consequently for the case
of complex conjugate roots 𝜎1,𝑗 = 𝑏𝑗 + 𝑖𝑐𝑗, 𝜎2,𝑗 = 𝑏𝑗 − 𝑖𝑐𝑗, the real part 𝑏𝑗
is negative. In this circumstance solutions s𝑗 of the ODE (24) tend to zero as
𝑡 → ∞ and we have asymptotic stability: this is not what we are looking for.

Loss of stability. Consequently the only way the PDE system (22) could lose
stability is when we have real roots 𝜎2,𝑗 ≤ 𝜎1,𝑗. We want to try to select 𝑎1, 𝑎2 ≥
0 in this case so that 𝜎1,𝑗 ≥ 0. Let us imagine starting out with 𝑎1 = 𝑎2 = 0
and then increasing these diffusion constants until the system (22) first begins
to lose stability, when 𝜎1,𝑗 = 0. This happens provided

(30) 𝑝(𝜆𝑗) = 0.
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We seek algebraic conditions implying (30). We may assume without loss
of generality that

(31) 𝛿 < 0.
Then if 𝑎2 = 0, we would have

𝑝(𝜆𝑗) = −𝜆𝑗𝑎1𝛿 + 𝛼𝛿 − 𝛽𝛾 > 0
according to (27). Thus we must have 𝑎2 > 0; that is, we must introduce some
diffusion into the second equation of ourPDE system (22) for theTuring instability
to occur.

Now if 𝛼 ≤ 0, then (27) forces

𝑝(𝜆𝑗) = 𝜆2𝑗𝑎1𝑎2 − 𝜆𝑗(𝑎1𝛿 + 𝑎2𝛼) + (𝛼𝛿 − 𝛽𝛾) > 0,
and so we cannot achieve (30). Consequently we must require

(32) 𝛼 > 0.
We keep (31) and (32) in mind and rewrite the formula 𝑝(𝜆𝑗) = 0 to read

(33) 𝑎2 =
𝛼𝛿 − 𝛾𝛽 − 𝛿𝜆𝑗𝑎1
𝜆𝑗(𝛼 − 𝜆𝑗𝑎1)

.

But then given some 𝜆𝑗 > 0, we can easily find 𝑎2 > 0 and 𝑎1 ≥ 0 solving (33).
Notice that if 𝜆𝑗 >> 0, we will need to take 𝑎1 to be small enough to ensure
that 𝛼 − 𝜆𝑗𝑎1 > 0.

Interpretation: activators and inhibitors. The sign conditions

{𝛼 = 𝑓1𝑧1(0) > 0, 𝛽 = 𝑓1𝑧2(0) < 0
𝛾 = 𝑓2𝑧1(0) > 0, 𝛿 = 𝑓2𝑧2(0) < 0

are consistent with our requirements (27), (31) and (32). We may then interpret
𝑢1 as the density of a chemical activator and 𝑢2 as the density of an inhibitor :
since 𝛼 > 0, the activator by itself would increase; but since 𝛽 < 0, this growth
can be offset by the inhibitor. The signs of 𝛾, 𝛿 imply that the inhibitor increases
only in response to the presence of the activator. Condition (27) means that
activator/inhibitor balance holds for the ODE (19), at least near the origin.

We have discovered that diffusion effects can upset this equilibrium, pro-
vided 𝑎2 is sufficiently large and 𝑎1 sufficiently small. The physical interpre-
tation is that the inhibitor 𝑢2 diffuses away from any given point more rapidly
than the activator 𝑢1, and consequently there may not be enough of the in-
hibitor present to prevent runaway growth of the activator. Such reaction-
diffusion instabilities are sometimes proposed as simple models for biological
pattern formation: see for example Markowich [Mr].
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4.2. SIMILARITY SOLUTIONS

When investigating partial differential equations, it is often profitable to look
for specific solutions 𝑢, the form of which reflects various symmetries in the
structure of the PDE. We have already seen this idea in our derivation of the
fundamental solutions for Laplace’s equation and the heat equation in §2.2.1
and §2.3.1 and our discovery of rarefaction waves for conservation laws in
§3.4.4. Following are some further applications of this important method.

4.2.1. Plane and traveling waves, solitons. Consider first a partial differ-
ential equation involving the two variables 𝑥 ∈ ℝ, 𝑡 ∈ ℝ. A solution 𝑢 of the
form

(1) 𝑢(𝑥, 𝑡) = 𝑣(𝑥 − 𝜎𝑡) (𝑥 ∈ ℝ, 𝑡 ∈ ℝ)

is called a traveling wave (with speed 𝜎 and profile 𝑣). More generally, a solution
𝑢 of a PDE in the 𝑛 + 1 variables 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛, 𝑡 ∈ ℝ having the form

(2) 𝑢(𝑥, 𝑡) = 𝑣(𝑦 ⋅ 𝑥 − 𝜎𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 ∈ ℝ)

is called a plane wave (with wavefront normal to 𝑦 ∈ ℝ𝑛, speed 𝜍
|𝑦| , and profile

𝑣).
a. Exponential solutions. In view of the Fourier transform (discussed later,
in §4.3.1), it is particularly enlightening when studying linear partial differen-
tial equations to consider complex-valued plane wave solutions of the form

(3) 𝑢(𝑥, 𝑡) = 𝑒𝑖(𝑦⋅𝑥−𝜍𝑡),

where 𝜎 ∈ ℂ and 𝑦 = (𝑦1, . . . , 𝑦𝑛) ∈ ℝ𝑛, 𝜎 being the time frequency and {𝑦𝑖}𝑛𝑖=1
the wave numbers. We will next substitute trial solutions of the form (3) into
various linear PDE, paying particular attention to the relationship between 𝑦
and 𝜎 = 𝜎(𝑦) forced by the structure of the equation.

(i) Heat equation. If 𝑢 is given by (3), we compute

𝑢𝑡 − Δ𝑢 = (−𝑖𝜎 + |𝑦|2)𝑢 = 0,

provided 𝜎 = −𝑖|𝑦|2. Hence

𝑢 = 𝑒𝑖𝑦⋅𝑥−|𝑦|2𝑡

solves the heat equation for each 𝑦 ∈ ℝ𝑛. Taking real and imaginary parts,
we discover further that 𝑒−|𝑦|2𝑡 cos(𝑦 ⋅ 𝑥) and 𝑒−|𝑦|2𝑡 sin(𝑦 ⋅ 𝑥) are solutions as
well. Notice in this example that since 𝜎 is purely imaginary, there results a
real, negative exponential term 𝑒−|𝑦|2𝑡 in the formulas, which corresponds to
damping or dissipation.
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(ii) Wave equation, Klein–Gordon equation. Upon our substituting
(3) into the wave equation, we discover

𝑢𝑡𝑡 − Δ𝑢 = (−𝜎2 + |𝑦|2)𝑢 = 0,

provided 𝜎 = ±|𝑦|. Consequently

𝑢 = 𝑒𝑖(𝑦⋅𝑥±|𝑦|𝑡)

solves the wave equation, as do the pair of functions cos(𝑦 ⋅ 𝑥± |𝑦|𝑡) and sin(𝑦 ⋅
𝑥 ± |𝑦|𝑡). Since 𝜎 is real, there are no dissipation effects in these solutions; and
the absolute value of propagation speed |𝜍|

|𝑦| = 1 of each such solution is the
same.

Turning next to the Klein–Gordon equation

𝑢𝑡𝑡 − Δ𝑢 +𝑚2𝑢 = 0,

our inserting (3) yields

𝑢𝑡𝑡 − Δ𝑢 +𝑚2𝑢 = (−𝜎2 + |𝑦|2 +𝑚2)𝑢 = 0

for 𝜎 = ±(|𝑦|2+𝑚2)
1
2 . However notice now that the speed 𝜍

|𝑦| of propagation de-
pends nonlinearly upon the frequency of the initial value 𝑒𝑖𝑦⋅𝑥, the slower oscil-
lating solutions traveling faster. That waves of different frequencies propagate
at different speeds means that the Klein–Gordon equation creates dispersion.

(iii) Otherdispersive equations. Putting𝑢=𝑒𝑖(𝑦⋅𝑥−𝜍𝑡) intoSchrödinger’s
equation

𝑖𝑢𝑡 + Δ𝑢 = 0,
we compute

𝑖𝑢𝑡 + Δ𝑢 = (𝜎 − |𝑦|2)𝑢 = 0
when 𝜎 = |𝑦|2. Therefore

𝑢 = 𝑒𝑖(𝑦⋅𝑥−|𝑦|2𝑡),
and so this solution displays dispersion.

For a final example of a dispersive PDE, let 𝑛 = 1 and substitute 𝑢 =
𝑒𝑖(𝑦𝑥−𝜍𝑡) into Airy’s equation

𝑢𝑡 + 𝑢𝑥𝑥𝑥 = 0.

We calculate
𝑢𝑡 + 𝑢𝑥𝑥𝑥 = −𝑖(𝜎 + 𝑦3)𝑢 = 0,

whenever 𝜎 = −𝑦3.
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Phase and group velocities. For a general dispersive linear PDE with con-
stant coefficients, we can in principle compute as above 𝜎 = 𝜎(𝑦). We some-
times refer to 𝜍(𝑦)

|𝑦| as the phase velocity of the exponential plane-wave solution
(3): this is the speed of propagation in the direction of the unit vector 𝑦

|𝑦| .
However, we will see in §4.3.1 that we can often use the Fourier transform

to write more general solutions of our PDE as a linear superposition of such
exponential plane-wave solutions:

𝑢(𝑥, 𝑡) = ∫
ℝ𝑛
𝑒𝑖(𝑦⋅𝑥−𝜍(𝑦)𝑡)𝑎(𝑦) 𝑑𝑦

for some appropriate function 𝑎. To understand the speed of propagation of
𝑢, let us consider the limit 𝑡 → ∞, while the ratio 𝑣 ≔ 𝑥

𝑡 is held fixed. We
will learn later in §4.5.3 on stationary phase that the main contribution to the
integral

∫
ℝ𝑛
𝑒𝑖(𝑦⋅𝑥−𝜍(𝑦)𝑡)𝑎(𝑦) 𝑑𝑦 = ∫

ℝ𝑛
𝑒𝑖𝑡(𝑦⋅𝑣−𝜍(𝑦))𝑎(𝑦) 𝑑𝑦

occurs for wave numbers 𝑦 for which𝐷𝜎(𝑦) = 𝑣. For this reason, we call𝐷𝜎(𝑦)
the group velocity.
b. Solitons. We consider next the Korteweg–de Vries (KdV) equation in the
form
(4) 𝑢𝑡 + 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0 in ℝ × (0,∞),
this nonlinear dispersive equation being a model for surface waves in water.
We seek a traveling wave solution having the structure
(5) 𝑢(𝑥, 𝑡) = 𝑣(𝑥 − 𝜎𝑡) (𝑥 ∈ ℝ, 𝑡 > 0).
Then 𝑢 solves the KdV equation (4), provided 𝑣 satisfies the ODE

(6) −𝜎𝑣′ + 6𝑣𝑣′ + 𝑣‴ = 0 (′ = 𝑑
𝑑𝑠) .

We integrate (6) by first noting
(7) −𝜎𝑣 + 3𝑣2 + 𝑣″ = 𝑎,
𝑎 denoting some constant. Multiply this equality by 𝑣′ to obtain

−𝜎𝑣𝑣′ + 3𝑣2𝑣′ + 𝑣″𝑣′ = 𝑎𝑣′,
and so deduce

(8) (𝑣′)2
2 = −𝑣3 + 𝜎

2𝑣
2 + 𝑎𝑣 + 𝑏

where 𝑏 is another arbitrary constant.
We investigate (8) by looking now only for solutions 𝑣 which satisfy 𝑣, 𝑣′,

𝑣″ → 0 as 𝑠 → ±∞ (in which case the function 𝑢 having the form (5) is called
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a solitary wave). Then (7), (8) imply 𝑎 = 𝑏 = 0. Equation (8) thereupon sim-
plifies to read

(𝑣′)2
2 = 𝑣2 (−𝑣 + 𝜎

2 ) .

Hence 𝑣′ = ±𝑣(𝜎 − 2𝑣)1/2.
We take the minus sign above for computational convenience and obtain

then this implicit formula for 𝑣:

(9) 𝑠 = −∫
𝑣(𝑠)

1

𝑑𝑧
𝑧(𝜎 − 2𝑧)1/2 + 𝑐,

for some constant 𝑐. Now substitute 𝑧 = 𝜍
2 sech

2 𝜃. It follows that 𝑑𝑧
𝑑𝜃 =

−𝜎 sech2 𝜃 tanh 𝜃 and 𝑧(𝜎 − 2𝑧)1/2 = 𝜍3/2
2 sech2 𝜃 tanh 𝜃. Hence (9) becomes

(10) 𝑠 = 2
√𝜎

𝜃 + 𝑐,

where 𝜃 is implicitly given by the relation

(11) 𝜎
2 sech

2 𝜃 = 𝑣(𝑠).

We lastly combine (10) and (11), to compute

𝑣(𝑠) = 𝜎
2 sech

2(√𝜎2 (𝑠 − 𝑐)) (𝑠 ∈ ℝ).

Conversely, it is routine to check that 𝑣 so defined actually solves the ODE (6).
The upshot is that

𝑢(𝑥, 𝑡) = 𝜎
2 sech

2(√𝜎2 (𝑥 − 𝜎𝑡 − 𝑐)) (𝑥 ∈ ℝ, 𝑡 ≥ 0)

is a solution of the KdV equation for each 𝑐 ∈ ℝ, 𝜎 > 0. A solution of this
form is called a soliton. Notice that the velocity of the soliton depends upon its
height.

The KdV equation is in fact utterly remarkable, in that it is integrable,
which means that in principle the exact solution can be computed for general
initial data. The relevant techniques are mostly beyond the scope of this book,
but see Problems 11 and 12 and also Drazin [Dr] for more information.
c. Traveling waves for a bistable equation. Consider next the scalar react-
ion-diffusion equation

(12) 𝑢𝑡 − 𝑢𝑥𝑥 = 𝑓(𝑢) in ℝ × (0,∞),

where 𝑓 ∶ ℝ → ℝ has a “cubic-like” shape.
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Graph of the function f

We assume, more precisely, that 𝑓 is smooth and verifies

(13)
⎧⎪
⎨⎪
⎩

(a) 𝑓(0) = 𝑓(𝑎) = 𝑓(1) = 0
(b) 𝑓 < 0 on (0, 𝑎), 𝑓 > 0 on (𝑎, 1)
(c) 𝑓′(0) < 0, 𝑓′(1) < 0
(d) ∫1

0 𝑓(𝑧) 𝑑𝑧 > 0
for some point 0 < 𝑎 < 1.

We look for a traveling wave solution of the form

(14) 𝑢(𝑥, 𝑡) = 𝑣(𝑥 − 𝜎𝑡),

the profile 𝑣 and velocity 𝜎 to be determined, such that

𝑢 → 0 as 𝑥 → −∞, 𝑢 → 1 as 𝑥 → +∞.

Now since 𝑓′ < 0 at 𝑧 = 0, 1, the constants 0 and 1 are stable solutions of the
PDE (and since 𝑓′ ≥ 0 at 𝑧 = 𝑎, the constant 𝑎 is an unstable solution). So
we want our traveling wave (14) to interpolate between the two stable states
𝑧 = 0, 1 at 𝑥 = ∓∞.

Plugging (14) into (12), we see 𝑣must satisfy the ordinary differential equa-
tion

(15) 𝑣″ + 𝜎𝑣′ + 𝑓(𝑣) = 0 (′ = 𝑑
𝑑𝑠) ,

subject to the conditions

(16) lim
𝑠→+∞

𝑣(𝑠) = 1, lim
𝑠→−∞

𝑣(𝑠) = 0, lim
𝑠→±∞

𝑣′(𝑠) = 0.

We outline now (without complete proofs) a phase plane analysis of the ODE
problem (15), (16). We begin by setting

𝑤 ≔ 𝑣′.
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Then (15), (16) transform into the autonomous first-order system:

(17) {𝑣
′ = 𝑤
𝑤′ = −𝜎𝑤 − 𝑓(𝑣),

with

(18) lim
𝑠→∞

(𝑣, 𝑤) = (1, 0), lim
𝑠→−∞

(𝑣, 𝑤) = (0, 0).

Now (0, 0) and (1, 0) are stationary points for the system (17), and the eigenval-
ues of the corresponding linearizations are

(19) 𝜆±0 =
−𝜎 ± (𝜎2 − 4𝑓′(0))1/2

2 , 𝜆±1 =
−𝜎 ± (𝜎2 − 4𝑓′(1))1/2

2 .

In view of (13)(c), 𝜆±0 , 𝜆±1 are real, with differing sign, and thus (0, 0) and (1, 0)
are saddle points for the flow (17). Consequently an “unstable curve” 𝑊 ᵆ

leaves (0, 0) and a “stable curve”𝑊 𝑠 approaches (1, 0), as drawn. Furthermore,
by calculating eigenvectors corresponding to (19) we see

(20) {𝑊
ᵆ is tangent to the line 𝑤 = 𝜆+0 𝑣 at (0, 0)

𝑊 𝑠 is tangent to the line 𝑤 = 𝜆−1 (𝑣 − 1) at (1, 0).

Stable and unstable curves

Note that 𝜆±0 , 𝜆±1 ,𝑊 ᵆ and𝑊 𝑠 depend upon the parameter 𝜎. Our intention
is to find 𝜎 < 0 so that

(21) 𝑊 ᵆ = 𝑊 𝑠 in the region {𝑣 > 0, 𝑤 > 0}.
Then we will have a solution of (17), (18), whose path in the phase plane is a
heteroclinic orbit connecting (0, 0) to (1, 0).



4.2. Similarity Solutions 173

To establish (21), we fix now a small number 𝜀 > 0 and let 𝐿 denote the
vertical line through the point (𝑎 + 𝜀, 0). We claim
(22) 𝑊 𝑠 ∩ 𝐿 ≠ ∅, 𝑊 ᵆ ∩ 𝐿 ≠ ∅
if 𝜎 < 0. To check this assertion, define

𝐸(𝑣, 𝑤) ≔ 𝑤2

2 +∫
𝑣

0
𝑓(𝑧) 𝑑𝑧 (𝑣, 𝑤 ∈ ℝ)

and compute
𝑑
𝑑𝑡𝐸(𝑣(𝑡), 𝑤(𝑡)) = 𝑤(𝑡)𝑤′(𝑡) + 𝑓(𝑣(𝑡))𝑣′(𝑡)

= −𝜎𝑤2(𝑡) by (17).
As 𝜎 < 0, we see that 𝐸 is nondecreasing along trajectories of the ODE (17).
Note also that the level sets of 𝐸 have the shapes illustrated.

Level curves of E

Consider next the region 𝑅, as drawn below. The unstable curve enters
𝑅 from (0, 0) and cannot exit through the bottom, top or left-hand side. Using
(17), we deduce that𝑊 ᵆ must exit𝑅 through the line 𝐿, at a point (𝑎+𝜀, 𝑤0(𝜎)).
Similarly we argue 𝑊 𝑠 must hit 𝐿 at a point (𝑎 + 𝜀, 𝑤1(𝜎)). This verifies claim
(22).

We next observe
(23) 𝑤0(0) < 𝑤1(0);
this follows since trajectories of (17) for 𝜎 = 0 are contained in level sets of 𝐸.
We assert further that
(24) 𝑤0(𝜎) > 𝑤1(𝜎)
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The region R

provided 𝜎 < 0 and |𝜎| is large enough. To see this, fix 𝛽 > 0 and consider the
region 𝑆, as drawn.

The region S

Now along the line segment 𝑇 ≔ {0 ≤ 𝑣 ≤ 𝑎 + 𝜀,𝑤 = 𝛽𝑣}, we have
𝑤′

𝑣′ =
−𝜎𝑤 − 𝑓(𝑣)

𝑤 = −𝜎 − 𝑓(𝑣)
𝛽𝑣 .
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Since ||
𝑓(𝑣)
𝑣
|| is bounded for 0 ≤ 𝑣 ≤ 𝑎 + 𝜀, we see

(25) 𝑤′

𝑣′ ≥ −𝜎 − 𝐶
𝛽 > 𝛽 on 𝑇,

provided 𝜎 < 0 and |𝜎| is large enough.
The calculation (25) shows that𝑊 ᵆ cannot exit 𝑆 through the line segment

𝑇, and so 𝑤0(𝜎) ≥ 𝛽(𝑎 + 𝜀) if 𝜎 = 𝜎(𝛽) is sufficiently negative. On the other
hand, 𝑤1(𝜎) ≤ 𝑤1(0) for all 𝜎 ≤ 0. Thus we see that (24) will follow once we
choose 𝛽 large enough and then 𝜎 sufficiently negative.

Since 𝑤0 and 𝑤1 depend smoothly on 𝜎, we deduce from (23) and (24) that
there exists 𝜎 < 0 with

(26) 𝑤0(𝜎) = 𝑤1(𝜎).
For this velocity 𝜎 there consequently exists a solution of the ODE (17), (18).
Hence we have found for our reaction-diffusion PDE (12) a traveling wave of
the form (14).

A more refined analysis demonstrates that the velocity 𝜎 verifying (26) is
unique. Hence given the nonlinearity 𝑓 satisfying hypotheses (13), there ex-
ists a unique velocity for which there is a corresponding traveling wave. Com-
pare this assertion with the previous example, where we found soliton traveling
waves of the KdV equation for each given velocity.

4.2.2. Similarity under scaling. We next illustrate the possibility of finding
other types of “similarity” solutions to PDE.

Example (A scaling invariant solution). Consider again the porous medium
equation

(27) 𝑢𝑡 − Δ(𝑢𝛾) = 0 in ℝ𝑛 × (0,∞),
where 𝑢 ≥ 0 and 𝛾 > 1 is a constant.

As in our earlier derivation of the fundamental solution of the heat equa-
tion in §2.3.1, let us look for a solution 𝑢 having the form

(28) 𝑢(𝑥, 𝑡) = 1
𝑡𝛼 𝑣(

𝑥
𝑡𝛽 ) (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

where the constants 𝛼, 𝛽 and the function 𝑣 ∶ ℝ𝑛 → ℝ must be determined.
Remember that we come upon (28) if we seek a solution 𝑢 of (27) invariant
under the dilation scaling

𝑢(𝑥, 𝑡) ↦ 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡);
so that

𝑢(𝑥, 𝑡) = 𝜆𝛼𝑢(𝜆𝛽𝑥, 𝜆𝑡)
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for all 𝜆 > 0, 𝑥 ∈ ℝ𝑛, 𝑡 > 0. Setting 𝜆 = 𝑡−1, we obtain (28) for 𝑣(𝑦) ≔ 𝑢(𝑦, 1).
We insert (28) into (27) and discover

(29) 𝛼𝑡−(𝛼+1)𝑣(𝑦) + 𝛽𝑡−(𝛼+1)𝑦 ⋅ 𝐷𝑣(𝑦) + 𝑡−(𝛼𝛾+2𝛽)Δ(𝑣𝛾)(𝑦) = 0
for 𝑦 = 𝑡−𝛽𝑥. In order to convert (29) into an expression involving the variable
𝑦 alone, let us require
(30) 𝛼 + 1 = 𝛼𝛾 + 2𝛽.
Then (29) reduces to
(31) 𝛼𝑣 + 𝛽𝑦 ⋅ 𝐷𝑣 + Δ(𝑣𝛾) = 0.
At this point we have effected a reduction from 𝑛+1 to 𝑛 variables. We simplify
further by supposing 𝑣 is radial; that is, 𝑣(𝑦) = 𝑤(|𝑦|) for some 𝑤 ∶ ℝ → ℝ.
Then (31) becomes

(32) 𝛼𝑤 + 𝛽𝑟𝑤′ + (𝑤𝛾)″ + 𝑛 − 1
𝑟 (𝑤𝛾)′ = 0,

where 𝑟 = |𝑦|, ′ = 𝑑
𝑑𝑟 . Now if we set

(33) 𝛼 = 𝑛𝛽,
 (32) thereupon simplifies to read

(𝑟𝑛−1(𝑤𝛾)′)′ + 𝛽(𝑟𝑛𝑤)′ = 0.
Thus

𝑟𝑛−1(𝑤𝛾)′ + 𝛽𝑟𝑛𝑤 = 𝑎
for some constant 𝑎. Assuming 𝑤,𝑤′ → 0 fast enough as 𝑟 → ∞, we conclude
𝑎 = 0 and consequently

(𝑤𝛾)′ = −𝛽𝑟𝑤.
But then

(𝑤𝛾−1)′ = −(𝛾 − 1)
𝛾 𝛽𝑟.

Consequently
𝑤𝛾−1 = 𝑏 − 𝛾 − 1

2𝛾 𝛽𝑟2,

𝑏 a constant; and so

(34) 𝑤 = (𝑏 − 𝛾 − 1
2𝛾 𝛽𝑟2)

+ 1
𝛾−1

,

where we took the positive part of the right-hand side of (34) to ensure 𝑤 ≥ 0.
Recalling 𝑣(𝑦) = 𝑤(𝑟) and (28), we obtain

(35) 𝑢(𝑥, 𝑡) = 1
𝑡𝛼 (𝑏 −

𝛾 − 1
2𝛾 𝛽 |𝑥|

2

𝑡2𝛽 )
+ 1

𝛾−1

(𝑥 ∈ ℝ𝑛, 𝑡 > 0),
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where, from (30), (33),

(36) 𝛼 = 𝑛
𝑛(𝛾 − 1) + 2, 𝛽 = 1

𝑛(𝛾 − 1) + 2.

The formulas (35), (36) are the Barenblatt–Kompaneetz–Zeldovich solution (or
just Barenblatt solution) of the porous medium equation.

Finite propagation speed and degenerate diffusions. Observe that the
Barenblatt solution has compact support for each time 𝑡 > 0. This is a general
feature for (appropriately defined) weak, nonnegative solutions of the porous
medium equation with compactly supported initial data. The nonlinear para-
bolic PDE (27) becomes degenerate wherever 𝑢 = 0, and the set {𝑢 > 0} moves
with finite propagation speed. Consequently the porous medium equation (27)
is sometimes regarded as a better model of diffusive spreading than the linear
heat equation, which predicts infinite propagation speed.

4.3. TRANSFORMMETHODS

In this section we develop some of the theory for the Fourier transform ℱ, the
Radon transform ℛ and the Laplace transform ℒ. These provide extremely
powerful tools for converting certain linear partial differential equations into
either algebraic equations or else differential equations involving fewer vari-
ables.

4.3.1. Fourier transform. In this section all functions are complex-valued,
and ̄ denotes the complex conjugate.
a. Definitions and properties.

DEFINITION. If 𝑢 ∈ 𝐿1(ℝ𝑛), we define its Fourier transform ℱ𝑢 = 𝑢̂ by

(1) 𝑢̂(𝑦) ≔ 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑥⋅𝑦𝑢(𝑥) 𝑑𝑥 (𝑦 ∈ ℝ𝑛)

and its inverse Fourier transform ℱ−1𝑢 = 𝑢̌ by

(2) 𝑢̌(𝑦) ≔ 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒𝑖𝑥⋅𝑦𝑢(𝑥) 𝑑𝑥 (𝑦 ∈ ℝ𝑛).

Since |𝑒±𝑖𝑥⋅𝑦| = 1 and 𝑢 ∈ 𝐿1(ℝ𝑛), these integrals converge for each 𝑦 ∈ ℝ𝑛.

We intend now to extend definitions (1), (2) to functions 𝑢 ∈ 𝐿2(ℝ𝑛).

THEOREM 1 (Plancherel’s Theorem). Assume 𝑢 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛). Then
𝑢̂, 𝑢̌ ∈ 𝐿2(ℝ𝑛) and
(3) ‖𝑢̂‖𝐿2(ℝ𝑛) = ‖𝑢̌‖𝐿2(ℝ𝑛) = ‖𝑢‖𝐿2(ℝ𝑛).
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Proof.

1. First we note that if 𝑣, 𝑤 ∈ 𝐿1(ℝ𝑛), then ̂𝑣, 𝑤̂ ∈ 𝐿∞(ℝ𝑛). Also

(4) ∫
ℝ𝑛
𝑣(𝑥)𝑤̂(𝑥) 𝑑𝑥 = ∫

ℝ𝑛
̂𝑣(𝑦)𝑤(𝑦) 𝑑𝑦,

since both expressions equal 1
(2𝜋)𝑛/2 ∫ℝ𝑛 ∫ℝ𝑛 𝑒−𝑖𝑥⋅𝑦𝑣(𝑥)𝑤(𝑦) 𝑑𝑥𝑑𝑦. Furthermore,

as we will explicitly compute below in Example 1,

∫
ℝ𝑛
𝑒𝑖𝑥⋅𝑦−𝑡|𝑥|2 𝑑𝑥 = (𝜋𝑡 )

𝑛/2
𝑒−

|𝑦|2
4𝑡 (𝑡 > 0).

Consequently if 𝜀 > 0 and 𝑣𝜀(𝑥) ≔ 𝑒−𝜀|𝑥|2 , we have ̂𝑣𝜀(𝑦) = 𝑒−
|𝑦|2
4𝜀

(2𝜀)𝑛/2 . Thus (4)
implies for each 𝜀 > 0 that

(5) ∫
ℝ𝑛
𝑤̂(𝑦)𝑒−𝜀|𝑦|2 𝑑𝑦 = 1

(2𝜀)𝑛/2 ∫ℝ𝑛
𝑤(𝑥)𝑒−

|𝑥|2
4𝜀 𝑑𝑥.

2. Now take 𝑢 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛) and set 𝑣(𝑥) ≔ 𝑢̄(−𝑥). Let 𝑤 ≔ 𝑢 ∗ 𝑣 ∈
𝐿1(ℝ𝑛) ∩ 𝐶(ℝ𝑛) and check (cf. Theorem 2 below) that

𝑤̂ = (2𝜋)𝑛/2𝑢̂ ̂𝑣 ∈ 𝐿∞(ℝ𝑛).

But

̂𝑣(𝑦) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑥⋅𝑦𝑢̄(−𝑥) 𝑑𝑥 = ̄𝑢̂(𝑦),

and so 𝑤̂ = (2𝜋)𝑛/2|𝑢̂|2.
Now 𝑤 is continuous and thus

lim
𝜀→0

1
(2𝜀)𝑛/2 ∫ℝ𝑛

𝑤(𝑥)𝑒−
|𝑥|2
4𝜀 𝑑𝑥 = (2𝜋)𝑛/2𝑤(0),

where we employed the lemma from §2.3.1. Since 𝑤̂ = (2𝜋)𝑛/2|𝑢̂|2 ≥ 0, we
deduce upon sending 𝜀 → 0+ in (5) that 𝑤̂ is summable, with

∫
ℝ𝑛
𝑤̂(𝑦) 𝑑𝑦 = (2𝜋)𝑛/2𝑤(0).

Hence

∫
ℝ𝑛
|𝑢̂|2 𝑑𝑦 = 𝑤(0) = ∫

ℝ𝑛
𝑢(𝑥)𝑣(−𝑥) 𝑑𝑥 = ∫

ℝ𝑛
|𝑢|2 𝑑𝑥.

The proof for 𝑢̌ is similar. □



4.3. Transform Methods 179

Definition of Fourier transform on 𝐿2. In view of the equality (3) we can
define the Fourier transforms of a function 𝑢 ∈ 𝐿2(ℝ𝑛) as follows. Choose a
sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛) with

𝑢𝑘 → 𝑢 in 𝐿2(ℝ𝑛).
According to (3), ‖𝑢̂𝑘−𝑢̂𝑗‖𝐿2(ℝ𝑛) = ˆ‖𝑢𝑘 − 𝑢𝑗‖𝐿2(ℝ𝑛) = ‖𝑢𝑘−𝑢𝑗‖𝐿2(ℝ𝑛), and thus
{𝑢̂𝑘}∞𝑘=1 is a Cauchy sequence in 𝐿2(ℝ𝑛). This sequence consequently converges
to a limit, which we define to be ℱ𝑢 = 𝑢̂:

𝑢̂𝑘 → 𝑢̂ in 𝐿2(ℝ𝑛).
The definition of 𝑢̂does not depend upon the choice of approximating sequence
{𝑢̂𝑘}∞𝑘=1. We similarly define 𝑢̌.

Next we record some useful formulas.

THEOREM 2 (Properties of Fourier transform). Assume 𝑢, 𝑣 ∈ 𝐿2(ℝ𝑛). Then
(i) ∫ℝ𝑛 𝑢 ̄𝑣 𝑑𝑥 = ∫ℝ𝑛 𝑢̂ ̄̂𝑣 𝑑𝑦.

(ii) (𝐷𝛼𝑢)∧ = (𝑖𝑦)𝛼𝑢̂ for each multiindex 𝛼 such that 𝐷𝛼𝑢 ∈ 𝐿2(ℝ𝑛).
(iii) If 𝑢, 𝑣 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛), then (𝑢 ∗ 𝑣)∧ = (2𝜋)𝑛/2𝑢̂ ̂𝑣.
(iv) Furthermore, 𝑢 = (𝑢̂)∨.

Assertion (iv) is the Fourier inversion formula, which represents a function
𝑢 in terms of the exponential plane waves 𝑒𝑖𝑥⋅𝑦, provided 𝑢̂ ∈ 𝐿1(ℝ𝑛):

(6) 𝑢(𝑥) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒𝑖𝑥⋅𝑦𝑢̂(𝑦) 𝑑𝑦.

Proof.
1. Let 𝑢, 𝑣 ∈ 𝐿2(ℝ𝑛) and 𝛼 ∈ ℂ. Then

‖𝑢 + 𝛼𝑣‖2𝐿2(ℝ𝑛) = ‖𝑢̂ + 𝛼𝑣‖2𝐿2(ℝ𝑛).
Expanding, we deduce

∫
ℝ𝑛
|𝑢|2 + |𝛼𝑣|2 + 𝑢̄(𝛼𝑣) + 𝑢(𝛼̄ ̄𝑣) 𝑑𝑥 = ∫

ℝ𝑛
|𝑢̂|2 + |𝛼𝑣|2 + ̄𝑢̂(𝛼𝑣) + 𝑢̂(𝛼̄ ̄̂𝑣) 𝑑𝑦;

and so according to Theorem 1,

∫
ℝ𝑛
𝛼𝑢̄𝑣 + 𝛼̄𝑢 ̄𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝛼 ̄𝑢̂ ̂𝑣 + 𝛼̄𝑢̂ ̄̂𝑣 𝑑𝑦.

Take 𝛼 = 1, 𝑖 and combine the resulting equalities to deduce

∫
ℝ𝑛
𝑢 ̄𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝑢̂ ̄̂𝑣 𝑑𝑦.
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This proves (i).
2. If 𝑢 is smooth and has compact support, we calculate

(𝐷𝛼𝑢)∧(𝑦) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑥⋅𝑦𝐷𝛼𝑢(𝑥) 𝑑𝑥

= (−1)|𝛼|
(2𝜋)𝑛/2 ∫ℝ𝑛

𝐷𝛼
𝑥 (𝑒−𝑖𝑥⋅𝑦)𝑢(𝑥) 𝑑𝑥

= 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑥⋅𝑦(𝑖𝑦)𝛼𝑢(𝑥) 𝑑𝑥 = (𝑖𝑦)𝛼𝑢̂(𝑦).

By approximation the same formula is true if 𝐷𝛼𝑢 ∈ 𝐿2(ℝ𝑛).
3. We compute for 𝑢, 𝑣 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛) and 𝑦 ∈ ℝ𝑛 that

(𝑢 ∗ 𝑣)∧(𝑦) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑥⋅𝑦∫
ℝ𝑛
𝑢(𝑧)𝑣(𝑥 − 𝑧) 𝑑𝑧𝑑𝑥

= 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒−𝑖𝑧⋅𝑦𝑢(𝑧) (∫
ℝ𝑛
𝑒−𝑖(𝑥−𝑧)⋅𝑦𝑣(𝑥 − 𝑧) 𝑑𝑥) 𝑑𝑧

= ∫
ℝ𝑛
𝑒−𝑖𝑧⋅𝑦𝑢(𝑧) 𝑑𝑧 ̂𝑣(𝑦) = (2𝜋)𝑛/2𝑢̂(𝑦) ̂𝑣(𝑦).

4. Next we observe that if 𝑢, 𝑣 ∈ 𝐿2(ℝ𝑛), then

∫
ℝ𝑛
𝑢̌ 𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝑢 ̌𝑣 𝑑𝑥,

since for 𝑢, 𝑣 ∈ 𝐿1(ℝ𝑛) ∩ 𝐿2(ℝ𝑛) both sides equal

1
(2𝜋)𝑛/2 ∫ℝ𝑛

∫
ℝ𝑛
𝑒𝑖𝑥⋅𝑦𝑢(𝑦)𝑣(𝑥) 𝑑𝑥𝑑𝑦.

We also note that
̌𝑣 = ( ̄𝑣)∧.

We may therefore employ assertion (i) to compute

∫
ℝ𝑛
(𝑢̂)∨ 𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝑢̂ ̌𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝑢̂ ( ̄𝑣)∧ 𝑑𝑥 = ∫

ℝ𝑛
𝑢 ̄𝑣 𝑑𝑥 = ∫

ℝ𝑛
𝑢𝑣 𝑑𝑥.

This holds for all 𝑣 ∈ 𝐿2(ℝ𝑛), and so statement (iv) follows. □

b. Applications. The Fourier transformℱ is an especially powerfulechnique
for studying linear, constant-coefficient partial differential equations.

Example 1 (Bessel potentials). We investigate first the PDE

−Δ𝑢 + 𝑢 = 𝑓 in ℝ𝑛,
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where 𝑓 ∈ 𝐿2(ℝ𝑛). To find an explicit formula for 𝑢, we take the Fourier trans-
form, recalling Theorem 2(ii) to obtain

(7) (1 + |𝑦|2)𝑢̂(𝑦) = ̂𝑓(𝑦) (𝑦 ∈ ℝ𝑛).

The effect of the Fourier transform has been to convert the PDE into the alge-
braic equation (7), the solution of which is trivial:

𝑢̂ =
̂𝑓

1 + |𝑦|2 .

Thus

(8) 𝑢 = ℱ−1 (
̂𝑓

1 + |𝑦|2 ) ,

and so the real problem is to rewrite the right-hand side of (8) into a more
explicit form.

Invoking Theorem 2(iii), we see

(9) 𝑢 = 𝑓 ∗ 𝐵
(2𝜋)𝑛/2 ,

where

(10) ̂𝐵 = 1
1 + |𝑦|2 .

Although ̂𝐵 is not necessarily in 𝐿1 or 𝐿2, we solve formally for 𝐵 as follows.
Since 1

𝑎 = ∫∞
0 𝑒−𝑡𝑎𝑑𝑡 for each 𝑎 > 0, we have 1

1+|𝑦|2 = ∫∞
0 𝑒−𝑡(1+|𝑦|2) 𝑑𝑡. Thus

(11) 𝐵 = ( 1
1 + |𝑦|2 )

∨

= 1
(2𝜋)𝑛/2 ∫

∞

0
𝑒−𝑡 (∫

ℝ𝑛
𝑒𝑖𝑥⋅𝑦−𝑡|𝑦|2 𝑑𝑦) 𝑑𝑡.

Now if 𝑎, 𝑏 ∈ ℝ, 𝑏 > 0, and we set 𝑧 = 𝑏1/2𝑥 − 𝑎
2𝑏1/2 𝑖, we find

∫
∞

−∞
𝑒𝑖𝑎𝑥−𝑏𝑥2 𝑑𝑥 = 𝑒−𝑎2/4𝑏

𝑏1/2 ∫
Γ
𝑒−𝑧2 𝑑𝑧,

Γ denoting the contour {Im(𝑧) = − 𝑎
2𝑏1/2 } in the complex plane. Deforming Γ

into the real axis, we compute ∫Γ 𝑒−𝑧
2 𝑑𝑧 = ∫∞

−∞ 𝑒−𝑥2 𝑑𝑥 = 𝜋1/2; and hence

(12) ∫
∞

−∞
𝑒𝑖𝑎𝑥−𝑏𝑥2 𝑑𝑥 = 𝑒−𝑎2/4𝑏 (𝜋𝑏 )

1/2
.

Thus

(13) ∫
ℝ𝑛
𝑒𝑖𝑥⋅𝑦−𝑡|𝑦|2 𝑑𝑦 =

𝑛
∏
𝑗=1

∫
∞

−∞
𝑒𝑖𝑥𝑗𝑦𝑗−𝑡𝑦2𝑗 𝑑𝑦𝑗 = (𝜋𝑡 )

𝑛/2
𝑒−

|𝑥|2
4𝑡
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by (12). Consequently, we conclude from (11), (13) that

(14) 𝐵(𝑥) = 1
2𝑛/2 ∫

∞

0

𝑒−𝑡−
|𝑥|2
4𝑡

𝑡𝑛/2 𝑑𝑡 (𝑥 ≠ 0).

The function 𝐵 is called a Bessel potential. Employing (9), we derive then the
formula

(15) 𝑢(𝑥) = 1
(4𝜋)𝑛/2 ∫

∞

0
∫
ℝ𝑛

𝑒−𝑡−
|𝑥−𝑦|2
4𝑡

𝑡𝑛/2 𝑓(𝑦) 𝑑𝑦𝑑𝑡 (𝑥 ∈ ℝ𝑛).

Example 2 (Fundamental solution of heat equation). Consider again the
initial-value problem for the heat equation

(16) {
𝑢𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
We establish a new method for solving (16) by computing 𝑢̂, the Fourier trans-
form of 𝑢 in the spatial variables 𝑥 only. Thus

{
𝑢̂𝑡 + |𝑦|2𝑢̂ = 0 for 𝑡 > 0

𝑢̂ = ̂𝑔 for 𝑡 = 0,
whence

𝑢̂ = 𝑒−𝑡|𝑦|2 ̂𝑔.
Consequently 𝑢 = (𝑒−𝑡|𝑦|2 ̂𝑔)

∨
, and therefore

(17) 𝑢 = 𝑔 ∗ 𝐹
(2𝜋)𝑛/2 ,

where ̂𝐹 = 𝑒−𝑡|𝑦|2 . But then

𝐹 = ℱ−1 (𝑒−𝑡|𝑦|2) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒𝑖𝑥⋅𝑦−𝑡|𝑦|2 𝑑𝑦 = 1
(2𝑡)𝑛/2 𝑒

− |𝑥|2
4𝑡

by (13). Invoking (17), we compute

(18) 𝑢(𝑥, 𝑡) = 1
(4𝜋𝑡)𝑛/2 ∫ℝ𝑛

𝑒−
|𝑥−𝑦|2
4𝑡 𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

in agreement with §2.3.1. The Fourier transform has provided us with a new
derivation of the fundamental solution of the heat equation.

Example 3 (Fundamental solution of Schrödinger’sequation). Let us next look
at the initial-value problem for Schrödinger’s equation

(19) {
𝑖𝑢𝑡 + Δ𝑢 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
Here 𝑢 and 𝑔 are complex-valued.
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If we formally replace 𝑡 by 𝑖𝑡 on the right-hand side of (18), we obtain the
formula

(20) 𝑢(𝑥, 𝑡) = 1
(4𝜋𝑖𝑡)𝑛/2 ∫ℝ𝑛

𝑒
𝑖|𝑥−𝑦|2

4𝑡 𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

where we interpret 𝑖
1
2 as 𝑒

𝑖𝜋
4 . This expression clearly makes sense for all times

𝑡 > 0, provided 𝑔 ∈ 𝐿1(ℝ𝑛). Furthermore if |𝑦|2𝑔 ∈ 𝐿1(ℝ𝑛), we can check by
a direct calculation that 𝑢 solves 𝑖𝑢𝑡 + Δ𝑢 = 0 in ℝ𝑛 × (0,∞). (We will not
discuss here the sense in which 𝑢(⋅, 𝑡) → 𝑔 as 𝑡 → 0+, but see §4.5.3 below and
Problem 16.)

Let us next rewrite formula (20) as

𝑢(𝑥, 𝑡) = 𝑒
𝑖|𝑥|2
4𝑡

(4𝜋𝑖𝑡)𝑛/2 ∫ℝ𝑛
𝑒
−𝑖𝑥⋅𝑦
2𝑡 𝑒

𝑖|𝑦|2
4𝑡 𝑔(𝑦) 𝑑𝑦.

Since |𝑒
𝑖|𝑥|2
4𝑡 |, |𝑒

𝑖|𝑦|2
4𝑡 | = 1, we can check as in Theorem 1 that if 𝑔 ∈ 𝐿1(ℝ𝑛) ∩

𝐿2(ℝ𝑛), then

(21) ‖𝑢(⋅, 𝑡)‖𝐿2(ℝ𝑛) = ‖𝑔‖𝐿2(ℝ𝑛) (𝑡 > 0).

Hence the mapping 𝑔 ↦ 𝑢(⋅, 𝑡) preserves the 𝐿2-norm. Therefore we can extend
formula (20) to functions 𝑔 ∈ 𝐿2(ℝ𝑛), in the same way that we extended the
definition of Fourier transform.

We call

(22) Ψ(𝑥, 𝑡) ≔ 1
(4𝜋𝑖𝑡)𝑛/2 𝑒

𝑖|𝑥|2
4𝑡 (𝑥 ∈ ℝ𝑛, 𝑡 ≠ 0)

the fundamental solution of Schrödinger’s equation. Note that formula (20),
𝑢 = 𝑔 ∗ Ψ, makes sense for all times 𝑡 ≠ 0, even 𝑡 < 0. Thus we in fact have
solved

(23) {
𝑖𝑢𝑡 + Δ𝑢 = 0 in ℝ𝑛 × (−∞,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

In particular, Schrödinger’s equation is reversible in time, whereas the heat
equation is not (in spite of Theorem 11 in §2.3.4).

Example 4 (Wave equation). We next analyze the initial-value problem for the
wave equation

(24) {
𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0},
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where for simplicity we suppose the initial velocity to be zero. Take as before
𝑢̂ to be the Fourier transform of 𝑢 in the variable 𝑥 ∈ ℝ𝑛. Then

(25) {
𝑢̂𝑡𝑡 + |𝑦|2𝑢̂ = 0 for 𝑡 > 0
𝑢̂ = ̂𝑔, 𝑢̂𝑡 = ̂ℎ for 𝑡 = 0.

This is an ODE for each fixed 𝑦 ∈ ℝ𝑛, the solution of which is

(26) 𝑢̂ = ̂𝑔 cos(𝑡|𝑦|) +
̂ℎ

|𝑦| sin(𝑡|𝑦|).

Inverting, we find

𝑢(𝑥, 𝑡) = [ ̂𝑔 cos(𝑡|𝑦|) +
̂ℎ

|𝑦| sin(𝑡|𝑦|)]
∨

.

In the particular case that ℎ ≡ 0, we have

(27) 𝑢(𝑥, 𝑡) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

̂𝑔(𝑦)
2 (𝑒𝑖(𝑥⋅𝑦+𝑡|𝑦|) + 𝑒𝑖(𝑥⋅𝑦−𝑡|𝑦|)) 𝑑𝑦

for 𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0, a formula we will further analyze in certain asymptotic
limits later, in §4.5.3.

Asymptotic equipartition of energy. Assume that ℎ, 𝑔,𝐷𝑔 ∈ 𝐿2(ℝ𝑛). Recall
from §2.4.3 that the energy of the solution 𝑢 of the wave equation (24) is

𝐸(𝑡) ≔ 1
2 ∫ℝ𝑛

𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑥 (𝑡 ≥ 0)

and that it is constant in time:

𝐸(𝑡) = 𝐸(0) = 1
2 ∫ℝ𝑛

ℎ2 + |𝐷𝑔|2 𝑑𝑥.

As an application of the representation formula (26) we next show that

(28) lim
𝑡→∞

∫
ℝ𝑛
|𝐷𝑢|2 𝑑𝑥 = lim

𝑡→∞
∫
ℝ𝑛
𝑢2𝑡 𝑑𝑥 = 𝐸(0).

This says that asymptotically the total energy splits equally into its potential
and kinetic parts (cf. Problem 24 in Chapter 2).

To establish (28), we compute using (26) that

(29)

∫
ℝ𝑛
|𝐷𝑢|2 𝑑𝑥 = ∫

ℝ𝑛
|𝑦|2|𝑢̂|2 𝑑𝑦

= ∫
ℝ𝑛
|𝑦|2| ̂𝑔|2 cos2(𝑡|𝑦|) + | ̂ℎ|2 sin2(𝑡|𝑦|) 𝑑𝑦

+∫
ℝ𝑛
cos(𝑡|𝑦|) sin(𝑡|𝑦|)|𝑦|( ̂ℎ ̄̂𝑔 + ̂𝑔 ̄̂ℎ) 𝑑𝑦.
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Now if 𝑓 ∈ 𝐶∞
𝑐 (ℝ𝑛), then

∫
ℝ𝑛
cos(𝑡|𝑦|) sin(𝑡|𝑦|)𝑓 𝑑𝑦 = 1

2 ∫ℝ𝑛
sin(2𝑡|𝑦|)𝑓 𝑑𝑦

= 1
2 ∫

∞

0
sin(2𝑡𝑟)∫

𝜕𝐵(0,𝑟)
𝑓 𝑑𝑆𝑑𝑟

= − 1
4𝑡 ∫

∞

0

𝑑
𝑑𝑟(cos(2𝑡𝑟))∫𝜕𝐵(0,𝑟)

𝑓 𝑑𝑆𝑑𝑟

= 1
4𝑡 ∫

∞

0
cos(2𝑡𝑟) 𝑑𝑑𝑟 (∫𝜕𝐵(0,𝑟)

𝑓 𝑑𝑆) 𝑑𝑟

= 𝑂(𝑡−1).

Approximating the integrable function |𝑦|( ̂ℎ ̄̂𝑔 + ̂𝑔 ̄̂ℎ) by a smooth function with
compact support, we see that the last integral in (29) goes to zero as 𝑡 → ∞.
Using the identity cos2(𝑡|𝑦|) = 1

2 (cos(2𝑡|𝑦|) + 1), we likewise deduce that

∫
ℝ𝑛
|𝑦|2| ̂𝑔|2 cos2(𝑡|𝑦|) 𝑑𝑦 → 1

2 ∫ℝ𝑛
|𝑦|2| ̂𝑔|2 𝑑𝑦,

and similarly

∫
ℝ𝑛
| ̂ℎ|2 sin2(𝑡|𝑦|) 𝑑𝑦 → 1

2 ∫ℝ𝑛
| ̂ℎ|2 𝑑𝑦.

It follows then from (29) that

lim
𝑡→∞

∫
ℝ𝑛
|𝐷𝑢|2 𝑑𝑥 = 1

2 ∫ℝ𝑛
|𝑦|2| ̂𝑔|2 + | ̂ℎ|2 𝑑𝑦 = 1

2 ∫ℝ𝑛
|𝐷𝑔|2 + |ℎ|2 𝑑𝑥 = 𝐸(0).

Example 5 (Telegraph equation). The initial-value problem for the one-di-
mensional telegraph equation is

{
𝑢𝑡𝑡 + 2𝑑𝑢𝑡 − 𝑢𝑥𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ × {𝑡 = 0},
for 𝑑 > 0, the term “2𝑑𝑢𝑡” representing a physical damping of wave propaga-
tion. As before

{
𝑢̂𝑡𝑡 + 2𝑑𝑢̂𝑡 + |𝑦|2𝑢̂ = 0 for 𝑡 > 0

𝑢̂ = ̂𝑔, 𝑢̂𝑡 = ̂ℎ for 𝑡 = 0.
We again seek a solution of the form 𝑢̂ = 𝛽𝑒𝑡𝛾 (𝛽, 𝛾 ∈ ℂ). Plugging in above, we
deduce that 𝛾2 +2𝑑𝛾+ |𝑦|2 = 0; whence 𝛾 = −𝑑± (𝑑2 − |𝑦|2)1/2. Consequently

𝑢̂(𝑦, 𝑡) = {
𝑒−𝑑𝑡(𝛽1(𝑦)𝑒𝛾(𝑦)𝑡 + 𝛽2(𝑦)𝑒−𝛾(𝑦)𝑡) if |𝑦| ≤ 𝑑

𝑒−𝑑𝑡(𝛽1(𝑦)𝑒𝑖𝛿(𝑦)𝑡 + 𝛽2(𝑦)𝑒−𝑖𝛿(𝑦)𝑡) if |𝑦| ≥ 𝑑
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for 𝛾(𝑦) ≔ (𝑑2 − |𝑦|2)1/2(|𝑦| ≤ 𝑑), 𝛿(𝑦) ≔ (|𝑦|2 − 𝑑2)1/2 (|𝑦| ≥ 𝑑), where 𝛽1(𝑦)
and 𝛽2(𝑦) are selected so that

̂𝑔(𝑦) = 𝛽1(𝑦) + 𝛽2(𝑦)
and

̂ℎ(𝑦) = {
𝛽1(𝑦)(𝛾(𝑦) − 𝑑) + 𝛽2(𝑦)(−𝛾(𝑦) − 𝑑) if |𝑦| ≤ 𝑑

𝛽1(𝑦)(𝑖𝛿(𝑦) − 𝑑) + 𝛽2(𝑦)(−𝑖𝛿(𝑦) − 𝑑) if |𝑦| ≥ 𝑑.

We thereby obtain the representation formula:

𝑢(𝑥, 𝑡) = 𝑒−𝑑𝑡
(2𝜋)1/2 ∫{|𝑦|≤𝑑}

𝛽1(𝑦)𝑒𝑖𝑥𝑦+𝛾(𝑦)𝑡 + 𝛽2(𝑦)𝑒𝑖𝑥𝑦−𝛾(𝑦)𝑡 𝑑𝑦

+ 𝑒−𝑑𝑡
(2𝜋)1/2 ∫{|𝑦|≥𝑑}

𝛽1(𝑦)𝑒𝑖(𝑥𝑦+𝛿(𝑦)𝑡) + 𝛽2(𝑦)𝑒𝑖(𝑥𝑦−𝛿(𝑦)𝑡) 𝑑𝑦.

Notice the terms 𝑒−𝑑𝑡, which causes damping as 𝑡 → ∞.

4.3.2. Radon transform. The Fourier inversion formula (6) is significant for
PDE theory primarily since it represents a function in terms of the exponential
plane waves 𝑒𝑖𝑥⋅𝑦. We introduce in this subsection the Radon transform ℛ,
which provides for odd dimensions the elegant, alternative decomposition (33),
(34) into plane waves. This is sometimes useful because it is often easier to
determine information concerning the support of a function from its Radon
transform, rather than its Fourier transform.
a. Definitions and properties.

NOTATION. We write 𝑆𝑛−1 for the unit sphere 𝜕𝐵(0, 1) in ℝ𝑛, a typical point
of which we denote 𝜔 = (𝜔1, . . . , 𝜔𝑛). The plane with unit normal 𝜔 ∈ 𝑆𝑛−1 at
a distance 𝑠 ∈ ℝ from the origin is

Π(𝑠, 𝜔) ≔ { 𝑦 ∈ ℝ𝑛 ∣ 𝑦 ⋅ 𝜔 = 𝑠 }.
Note that we allow 𝑠 < 0.

DEFINITION. The Radon transform ℛ𝑢 = 𝑢̃ of a function 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛) is

(30) 𝑢̃(𝑠, 𝜔) ≔ ∫
Π(𝑠,𝜔)

𝑢𝑑𝑆 (𝑠 ∈ ℝ, 𝜔 ∈ 𝑆𝑛−1).

The term on the right is the integral over the plane Π(𝑠, 𝜔) with respect to
(𝑛 − 1)-dimensional surface measure.

THEOREM 3 (Properties of Radon transform). Assume 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛). Then

(i) 𝑢̃(−𝑠, −𝜔) = 𝑢̃(𝑠, 𝜔).
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(ii) (𝐷𝛼𝑢)∼ = 𝜔𝛼 𝜕|𝛼|
𝜕𝑠|𝛼| 𝑢̃ for each multiindex 𝛼.

(iii) (Δ𝑢)∼ = 𝜕2
𝜕𝑠2 𝑢̃.

(iv) If 𝑢 ≡ 0 in ℝ𝑛 − 𝐵(0, 𝑅), then 𝑢̃(𝑠, 𝜔) = 0 for |𝑠| ≥ 𝑅.

Proof. Assertion (i) is clear, since Π(𝑠, 𝜔) = Π(−𝑠, −𝜔). To prove (ii),
let {𝑏1, . . . , 𝑏𝑛−1} be an orthonormal basis of the subspace Π(0, 𝜔). Then
{𝑏1, . . . , 𝑏𝑛−1, 𝜔} is an orthonormal basis of ℝ𝑛 and so

𝐷𝑢 =
𝑛−1
∑
𝑗=1

(𝐷𝑢 ⋅ 𝑏𝑗)𝑏𝑗 + (𝐷𝑢 ⋅ 𝜔)𝜔.

Consequently

𝑢𝑥𝑖 = ∫
Π(𝑠,𝜔)

𝑢𝑥𝑖 𝑑𝑆

=
𝑛−1
∑
𝑗=1

(𝑏𝑗 ⋅ 𝑒𝑖)∫
Π(𝑠,𝜔)

𝐷𝑢 ⋅ 𝑏𝑗 𝑑𝑆 + 𝜔𝑖∫
Π(𝑠,𝜔)

𝐷𝑢 ⋅ 𝜔𝑑𝑆

= 𝜔𝑖∫
Π(𝑠,𝜔)

𝐷𝑢 ⋅ 𝜔𝑑𝑆.

The integrals of 𝐷𝑢 ⋅ 𝑏𝑗 over Π(𝑠, 𝜔) vanish because 𝑏𝑗 is tangent to Π(𝑠, 𝜔) and
𝑢 has compact support. Since

𝑢̃𝑠 = ∫
Π(𝑠,𝜔)

𝐷𝑢 ⋅ 𝜔𝑑𝑆,

we have proved (ii) for 𝛼 = 𝑒𝑖. The general case follows by induction, and (iii)
is immediate since |𝜔| = 1.

Assertion (iv) is obvious, since Π(𝑠, 𝜔) ∩ 𝐵(0, 𝑅) = ∅ if |𝑠| > 𝑅. □

Next we discover an interesting connection between the Radon and Fourier
transforms.

THEOREM 4 (Radon and Fourier transforms). Assume that 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛).

Then

(31) 𝑢̄(𝑟, 𝜔) ≔ ∫
ℝ
𝑢̃(𝑠, 𝜔)𝑒−𝑖𝑟𝑠𝑑𝑠 = (2𝜋)𝑛/2𝑢̂(𝑟𝜔) (𝑟 ∈ ℝ, 𝜔 ∈ 𝑆𝑛−1),

where 𝑢̂ = ℱ𝑢 is the Fourier transform.
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Proof. As in the previous proof, take {𝑏1, . . . , 𝑏𝑛−1} to be an orthonormal basis
of Π(0, 𝜔). Then

𝑢̃(𝑠, 𝜔) = ∫
ℝ𝑛−1

𝑢(
𝑛−1
∑
𝑗=1

𝑦𝑗𝑏𝑗 + 𝑠𝜔) 𝑑𝑦,

and so

∫
ℝ
𝑢̃(𝑠, 𝜔)𝑒−𝑖𝑟𝑠 𝑑𝑠 = ∫

ℝ
∫
ℝ𝑛−1

𝑢(
𝑛−1
∑
𝑗=1

𝑦𝑗𝑏𝑗 + 𝑠𝜔) 𝑒−𝑖𝑟𝑠 𝑑𝑦𝑑𝑠.

We change variables, now writing 𝑥 ≔ ∑𝑛−1
𝑗=1 𝑦𝑗𝑏𝑗 + 𝑠𝜔. Then

∫
ℝ
𝑢̃(𝑠, 𝜔)𝑒−𝑖𝑟𝑠 𝑑𝑠 = ∫

ℝ𝑛
𝑢(𝑥)𝑒−𝑖𝑟(𝑥⋅𝜔) 𝑑𝑥 = (2𝜋)𝑛/2𝑢̂(𝑟𝜔). □

Since we know how to invert the Fourier transform, we can likewise invert
the Radon transform. The surprise is that we discover a nice formula for odd
dimensions.

THEOREM 5 (Inverting the Radon transform).

(i) We have

(32) 𝑢(𝑥) = 1
2(2𝜋)𝑛 ∫ℝ

∫
𝑆𝑛−1

𝑢̄(𝑟, 𝜔)𝑟𝑛−1𝑒𝑖𝑟𝜔⋅𝑥 𝑑𝑆𝑑𝑟,

the function 𝑢̄ defined by (31).
(ii) If 𝑛 = 2𝑘 + 1 is odd, then

(33) 𝑢(𝑥) = ∫
𝑆𝑛−1

𝑟(𝑥 ⋅ 𝜔, 𝜔) 𝑑𝑆

for

(34) 𝑟(𝑠, 𝜔) ≔ (−1)𝑘
2(2𝜋)2𝑘

𝜕2𝑘
𝜕𝑠2𝑘 𝑢̃(𝑠, 𝜔).

Formulas (33) and (34) provide an elegant and useful decomposition of 𝑢
into plane waves.
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Proof.

1. According to (31) we have

∫
ℝ
∫
𝑆𝑛−1

𝑢̄𝑟𝑛−1𝑒𝑖𝑟𝜔⋅𝑥 𝑑𝑆𝑑𝑟 = (2𝜋)𝑛/2∫
ℝ
∫
𝑆𝑛−1

𝑢̂(𝑟𝜔)𝑟𝑛−1𝑒𝑖𝑟𝜔⋅𝑥 𝑑𝑆𝑑𝑟

= 2(2𝜋)𝑛/2∫
∞

0
∫
𝑆𝑛−1

𝑢̂(𝑟𝜔)𝑟𝑛−1𝑒𝑖𝑟𝜔⋅𝑥 𝑑𝑆𝑑𝑟

= 2(2𝜋)𝑛/2∫
ℝ𝑛
𝑢̂(𝑦)𝑒𝑖𝑦⋅𝑥 𝑑𝑦

= 2(2𝜋)𝑛𝑢(𝑥).

For the second equality above, we replaced 𝑟 by −𝑟 and 𝜔 by −𝜔 in comput-
ing the integral ∫0

−∞ ∫𝑆𝑛−1 𝑢̂(𝑟𝜔)𝑟𝑛−1𝑒𝑖𝑟𝜔⋅𝑥 𝑑𝑆𝑑𝑟. The last equality is the Fourier
inversion formula (6).

2. The identity (31) also implies that 𝑢̄ = (2𝜋)1/2(𝑢̃)∧, the circumflex now
denoting the one-dimensional Fourier transform in the variable 𝑟 (with 𝜔 held
fixed). Consequently

( 𝜕
2𝑘

𝜕𝑠2𝑘 𝑢̃)
∧

= (𝑖𝑟)2𝑘(𝑢̃)∧ = (−1)𝑘𝑟2𝑘
(2𝜋)1/2 𝑢̄,

and hence
𝜕2𝑘
𝜕𝑠2𝑘 𝑢̃(𝑠, 𝜔) =

(−1)𝑘
2𝜋 ∫

ℝ
𝑢̄(𝑟, 𝜔)𝑟2𝑘𝑒𝑖𝑟𝑠 𝑑𝑟.

Put 𝑠 = 𝑥 ⋅ 𝜔:
𝜕2𝑘
𝜕𝑠2𝑘 𝑢̃(𝜔 ⋅ 𝑥, 𝜔) =

(−1)𝑘
2𝜋 ∫

ℝ
𝑢̄𝑟𝑛−1𝑒𝑖𝑟(𝜔⋅𝑥) 𝑑𝑟.

Now integrate over the unit sphere, to discover

∫
𝑆𝑛−1

𝜕2𝑘
𝜕𝑠2𝑘 𝑢̃(𝜔 ⋅ 𝑥, 𝜔) 𝑑𝑆 =

(−1)𝑘
2𝜋 ∫

ℝ
∫
𝑆𝑛−1

𝑢̄𝑟𝑛−1𝑒𝑖𝑟(𝜔⋅𝑥) 𝑑𝑟𝑑𝑠

= (−1)𝑘
2𝜋 2(2𝜋)𝑛𝑢(𝑥)

in light of (32). □

Application (Vanishing of Radon transform). As a quick corollary, we note
that

(35) {if 𝑛 is odd and 𝑢̃ = 0 for |𝑠| ≤ 𝑅,
then 𝑢 ≡ 0 in 𝐵(0, 𝑅).
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Compare this statement with assertion (iv) from Theorem 3. To prove it, ob-
serve that for 𝑛 = 2𝑘 + 1, 𝑟(𝑠, 𝜔) = (−1)𝑘

2(2𝜋)2𝑘
𝜕2𝑘
𝜕𝑠2𝑘 𝑢̃(𝑠, 𝜔) = 0 if |𝑠| ≤ 𝑅; and

consequently formula (33) implies (35).
b. Applications.

Example 6 (Another representation formula for the wave equation). If we fix
a unit vector 𝜔 ∈ 𝑆𝑛−1, then the plane wave 𝛾(𝑥 ⋅ 𝜔 − 𝑡, 𝜔) solves the wave
equation and therefore so does the superposition of plane waves

(36) 𝑢(𝑥, 𝑡) ≔ ∫
𝑆𝑛−1

𝛾(𝑥 ⋅ 𝜔 − 𝑡, 𝜔) 𝑑𝑆.

We claim now that if 𝑛 = 2𝑘 + 1 is odd and

(37) 𝛾 ≔ (−1)𝑘
2(2𝜋)2𝑘

𝜕2𝑘
𝜕𝑠2𝑘 ̃𝑔 = (−1)𝑘

2(2𝜋)2𝑘ℛ(Δ
𝑘𝑔),

then (36) provides a formula for the solution of the initial-value problem for
the wave equation:

(38) { 𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = 0 on ℝ𝑛 × {𝑡 = 0}.

To confirm this, note first that 𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0} in view of Theorem 5(ii).
Consequently we need only check the second initial condition, that

𝑢𝑡(𝑥, 0) = −∫
𝑆𝑛−1

𝛾𝑠(𝑥 ⋅ 𝜔, 𝜔) 𝑑𝑆 = 0.

In view of (37), it will suffice to show that∫𝑆𝑛−1 𝜆𝑠(𝑥⋅𝜔, 𝜔) 𝑑𝑆 = 0when 𝜆 ≔ ℛ𝑙
for some smooth function 𝑙. But

𝜆𝑠 = ∫
Π(𝑠,𝜔)

𝐷𝑙 ⋅ 𝜔 𝑑𝑆;

and consequently

∫
𝑆𝑛−1

𝜆𝑠(𝑥 ⋅ 𝜔, 𝜔) 𝑑𝑆 = ∫
𝑆𝑛−1

∫
Π(𝑥⋅𝜔,𝜔)

𝐷𝑙(𝑦) ⋅ 𝜔 𝑑𝑆(𝑦)𝑑𝑆(𝜔) = 0,

since the integrand is an odd function of 𝜔.

Example 7 (Huygens’ principle for hyperbolic systems). A linear system of
first-order PDE

u𝑡 +
𝑛
∑
𝑗=1

𝐵𝑗u𝑥𝑗 = 0
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for the unknown u ∶ ℝ𝑛 × [0,∞) → ℝ𝑚, u = (𝑢1, . . . , 𝑢𝑚), is called hyperbolic
if for each 𝑦 ∈ ℝ𝑛 the 𝑚×𝑚 matrix

B(𝑦) ≔
𝑛
∑
𝑗=1

𝑦𝑗𝐵𝑗

has 𝑚 real eigenvalues

𝜆1(𝑦) ≤ 𝜆2(𝑦) ≤ . . . ≤ 𝜆𝑚(𝑦).
We suppose further that B(𝑦) is diagonalizable, meaning there exists a smooth,
invertible matrix A(𝑦) such that

A−1(𝑦)B(𝑦)A(𝑦) = D(𝑦) = diag(𝜆1(𝑦), . . . , 𝜆𝑚(𝑦)).
In §7.3 we will employ the Fourier transform to construct solutions of the
initial-value problem

(39)
⎧
⎨
⎩

u𝑡 +
𝑛
∑
𝑗=1

𝐵𝑗u𝑥𝑗 = 0 in ℝ𝑛 × (0,∞)

u = g on ℝ𝑛 × {𝑡 = 0}
for given data g = (𝑔1, . . . , 𝑔𝑚). Here we provide instead a quick application of
the Radon transform, to conclude information about the support of the solution
when the initial data have compact support.

So let us suppose that u is a smooth solution of (39) and take the Radon
transform in the variables 𝑥. We deduce from Theorem 3(ii) that for each fixed
𝜔 ∈ 𝑆𝑛−1

{
ũ𝑡 + B(𝜔)ũ𝑠 = 0 in ℝ × (0,∞)

ũ = g̃ on ℝ × {𝑡 = 0}.
Now put v ≔ 𝐴−1(𝜔)ũ, h ≔ 𝐴−1(𝜔)g̃. Then v solves the diagonal system

{
v𝑡 +D(𝜔)v𝑠 = 0 in ℝ × (0,∞)

v = h on ℝ × {𝑡 = 0}.
That is,

{
𝑣𝑗𝑡 + 𝜆𝑗(𝜔)𝑣𝑗𝑠 = 0 in ℝ × (0,∞)

v𝑗 = h𝑗 on ℝ × {𝑡 = 0};
and so

𝑣𝑗(𝑠, 𝜔, 𝑡) = ℎ𝑗(𝑠 − 𝜆𝑗(𝜔)𝑡, 𝜔)
for 𝑗 = 1, . . . , 𝑚. It follows that

ũ(𝑠, 𝜔, 𝑡) = A(𝜔)v(𝑠, 𝜔, 𝑡) =
𝑚
∑
𝑗=1

ℎ𝑗(𝑠 − 𝜆𝑗(𝜔)𝑡, 𝜔)a𝑗(𝜔),
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a𝑗(𝜔) denoting the 𝑗th column of A(𝜔). The inversion formulas (33), (34) then
provide for odd 𝑛 = 2𝑘 + 1 the expression

(40) u(𝑥, 𝑡) = ∫
𝑆𝑛−1

𝑚
∑
𝑗=1

𝑙𝑗(𝑥 ⋅ 𝜔 − 𝜆𝑗(𝜔)𝑡, 𝜔)a𝑗(𝜔) 𝑑𝑆

for

(41) 𝑙𝑗 ≔ (−1)𝑘
2(2𝜋)2𝑘

𝜕2𝑘
𝜕𝑠2𝑘ℎ

𝑗(𝑠 − 𝜆𝑗(𝜔)𝑡, 𝜔) (𝑗 = 1, . . . , 𝑚).

In particular, if
𝜎 ≔ min

𝜔∈𝑆𝑛−1
min
1≤𝑗≤𝑚

|𝜆𝑗(𝜔)| > 0

and spt g ⊂ 𝐵(0, 𝑅), then

(42) 𝑢(𝑥, 𝑡) = 0 for |𝑥| ≤ 𝜎𝑡 − 𝑅.

This is a form of Huygens’ principle for the hyperbolic system (39) in odd di-
mensions 𝑛.

4.3.3. Laplace transform. Remember that we write ℝ+ = (0,∞).

DEFINITION. If 𝑢 ∈ 𝐿1(ℝ+), we define its Laplace transform ℒ𝑢 = 𝑢# to be

(43) 𝑢#(𝑠) ≔ ∫
∞

0
𝑒−𝑠𝑡𝑢(𝑡) 𝑑𝑡 (𝑠 ≥ 0).

Whereas the Fourier and Radon transforms are most appropriate for func-
tions defined on all of ℝ (or ℝ𝑛), the Laplace transform is useful for functions
defined only on ℝ+. In practice this means that for a partial differential equa-
tion involving time, it may be useful to perform a Laplace transform in 𝑡, hold-
ing the space variables 𝑥 fixed. (This is the reverse of the technique from Ex-
amples 2–5 of §4.3.1.)

Example 8 (Resolvents and Laplace transform). Consider again the heat equa-
tion

(44) {
𝑣𝑡 − Δ𝑣 = 0 in 𝑈 × (0,∞)

𝑣 = 𝑓 on 𝑈 × {𝑡 = 0},

and perform a Laplace transform with respect to time:

𝑣#(𝑥, 𝑠) = ∫
∞

0
𝑒−𝑠𝑡𝑣(𝑥, 𝑡) 𝑑𝑡 (𝑠 > 0).
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What PDE does 𝑣# satisfy? We compute

Δ𝑣#(𝑥, 𝑠) = ∫
∞

0
𝑒−𝑠𝑡Δ𝑣(𝑥, 𝑡) 𝑑𝑡 = ∫

∞

0
𝑒−𝑠𝑡𝑣𝑡(𝑥, 𝑡) 𝑑𝑡

= 𝑠∫
∞

0
𝑒−𝑠𝑡𝑣(𝑥, 𝑡) 𝑑𝑡 + 𝑒−𝑠𝑡𝑣|𝑡=∞𝑡=0 = 𝑠𝑣#(𝑥, 𝑠) − 𝑓(𝑥).

Think now of 𝑠 > 0 being fixed, and write 𝑢(𝑥) ≔ 𝑣#(𝑥, 𝑠). Then

(45) −Δ𝑢 + 𝑠𝑢 = 𝑓 in 𝑈.

Thus the solution of the resolvent equation (45) with right-hand side 𝑓 is the
Laplace transform of the solution of the heat equation (44) with initial data 𝑓.
(If 𝑈 = ℝ𝑛 and 𝑠 = 1, we could now represent 𝑣 in terms of the fundamental
solution, to rederive formula (15).)

The connection between the resolvent equation and the Laplace transform
will be made clearer by the discussion in §7.4 of semigroup theory.

Example 9 (Wave equation from the heat equation). Next we employ some
Laplace transform ideas to provide a new derivation of the solution for the wave
equation (cf. §2.4.1), based—surprisingly—upon the heat equation.

Suppose 𝑢 is a bounded, smooth solution of the initial-value problem:

(46) {
𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = 0 on ℝ𝑛 × {𝑡 = 0},

where 𝑛 is odd and 𝑔 is smooth, with compact support. We extend 𝑢 to negative
times by writing

(47) 𝑢(𝑥, 𝑡) = 𝑢(𝑥, −𝑡) if 𝑥 ∈ ℝ𝑛, 𝑡 < 0.

Then

𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × ℝ.

Next define

(48) 𝑣(𝑥, 𝑡) ≔ 1
(4𝜋𝑡)1/2 ∫

∞

−∞
𝑒−𝑠2/4𝑡𝑢(𝑥, 𝑠) 𝑑𝑠 (𝑥 ∈ ℝ𝑛, 𝑡 > 0).

Hence

lim
𝑡→0

𝑣 = 𝑔 uniformly on ℝ𝑛.
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In addition

Δ𝑣(𝑥, 𝑡) = 1
(4𝜋𝑡)1/2 ∫

∞

−∞
𝑒−𝑠2/4𝑡Δ𝑢(𝑥, 𝑠) 𝑑𝑠

= 1
(4𝜋𝑡)1/2 ∫

∞

−∞
𝑒−𝑠2/4𝑡𝑢𝑠𝑠(𝑥, 𝑠) 𝑑𝑠

= 1
(4𝜋𝑡)1/2 ∫

∞

−∞

𝑠
2𝑡 𝑒

−𝑠2/4𝑡𝑢𝑠(𝑥, 𝑠) 𝑑𝑠

= 1
(4𝜋𝑡)1/2 ∫

∞

−∞
( 𝑠

2

4𝑡2 −
1
2𝑡) 𝑒

−𝑠2/4𝑡𝑢(𝑥, 𝑠) 𝑑𝑠 = 𝑣𝑡(𝑥, 𝑡).

Consequently 𝑣 solves this initial-value problem for the heat equation:

{
𝑣𝑡 − Δ𝑣 = 0 in ℝ𝑛 × (0,∞)

𝑣 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
As 𝑣 is bounded, we deduce from §2.3 that

(49) 𝑣(𝑥, 𝑡) = 1
(4𝜋𝑡)𝑛/2 ∫ℝ𝑛

𝑒−
|𝑥−𝑦|2
4𝑡 𝑔(𝑦) 𝑑𝑦.

We equate (48) with (49), recall (47), and set 𝜆 = 1
4𝑡 , thereby obtaining the

identity

∫
∞

0
𝑢(𝑥, 𝑠)𝑒−𝜆𝑠2𝑑𝑠 = 1

2 (
𝜆
𝜋)

𝑛−1
2
∫
ℝ𝑛
𝑒−𝜆|𝑥−𝑦|2𝑔(𝑦) 𝑑𝑦.

Thus

(50) ∫
∞

0
𝑢(𝑥, 𝑠)𝑒−𝜆𝑠2𝑑𝑠 = 𝑛𝛼(𝑛)

2 ( 𝜆𝜋)
𝑛−1
2
∫

∞

0
𝑒−𝜆𝑟2𝑟𝑛−1𝐺(𝑥; 𝑟) 𝑑𝑟,

for all 𝜆 > 0, where

(51) 𝐺(𝑥; 𝑟) = ⨍
𝜕𝐵(𝑥,𝑟)

𝑔(𝑦) 𝑑𝑆(𝑦).

We will solve (50), (51) for 𝑢. To do so, we write 𝑛 = 2𝑘 + 1 and note
− 1
2𝑟

𝑑
𝑑𝑟 (𝑒

−𝜆𝑟2) = 𝜆𝑒−𝜆𝑟2 . Hence

𝜆
𝑛−1
2 ∫

∞

0
𝑒−𝜆𝑟2𝑟𝑛−1𝐺(𝑥; 𝑟) 𝑑𝑟 = ∫

∞

0
𝜆𝑘𝑒−𝜆𝑟2𝑟2𝑘𝐺(𝑥; 𝑟) 𝑑𝑟

= (−1)𝑘
2𝑘 ∫

∞

0
[(1𝑟

𝑑
𝑑𝑟)

𝑘
(𝑒−𝜆𝑟2)] 𝑟2𝑘𝐺(𝑥; 𝑟) 𝑑𝑟

= 1
2𝑘 ∫

∞

0
𝑟 [(1𝑟

𝜕
𝜕𝑟)

𝑘
(𝑟2𝑘−1𝐺(𝑥; 𝑟))] 𝑒−𝜆𝑟2 𝑑𝑟,

where we integrated by parts 𝑘 times for the last equality.
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Owing to (50) (with 𝑟 replacing 𝑠 in the expression on the left), we deduce

∫
∞

0
𝑢(𝑥, 𝑟)𝑒−𝜆𝑟2𝑑𝑟 = 𝑛𝛼(𝑛)

𝜋
𝑛−1
2 2𝑘+1

∫
∞

0
𝑟 [(1𝑟

𝜕
𝜕𝑟)

𝑘
(𝑟2𝑘−1𝐺(𝑥; 𝑟))] 𝑒−𝜆𝑟2𝑑𝑟.

Upon substituting 𝜏 = 𝑟2, we see that each side above, taken as a function of
𝜆, is a Laplace transform. As two Laplace transforms agree only if the original
functions were identical, we deduce

(52) 𝑢(𝑥, 𝑡) = 𝑛𝛼(𝑛)
𝜋𝑘2𝑘+1 𝑡 (

1
𝑡
𝜕
𝜕𝑡)

𝑘
(𝑡2𝑘−1𝐺(𝑥, 𝑡)).

Now 𝑛 = 2𝑘+1 and 𝛼(𝑛) = 𝜋𝑛/2

Γ( 𝑛2+1)
= 𝜋𝑘+ 1

2

Γ( 𝑛2+1)
. Since Γ ( 12) = 𝜋1/2 and Γ(𝑥+1) =

𝑥Γ(𝑥) for 𝑥 > 0 (cf. [Rd, Chapter 8]), we can compute
𝑛𝛼(𝑛)
𝜋𝑘2𝑘+1 =

𝑛𝜋1/2
2𝑘+1Γ (𝑛2 + 1)

= 1
(𝑛 − 2)(𝑛 − 4)⋯5 ⋅ 3 =

1
𝛾𝑛
.

We insert this deduction into (52) and simplify:

(53) 𝑢(𝑥, 𝑡) = 1
𝛾𝑛

𝜕
𝜕𝑡 (

1
𝑡
𝜕
𝜕𝑡)

𝑛−3
2
(𝑡𝑛−2⨍

𝜕𝐵(𝑥,𝑡)
𝑔 𝑑𝑆) (𝑥 ∈ ℝ𝑛, 𝑡 > 0).

This is formula (31) in §2.4.1 (for ℎ ≡ 0).

4.4. CONVERTING NONLINEAR INTO LINEAR PDE

In this section we describe several techniques which are sometime useful for
converting certain nonlinear equations into linear equations.

4.4.1. Cole–Hopf transformation.
a. A parabolic PDE with quadratic nonlinearity. We consider first of all
an initial-value problem for a quasilinear parabolic equation:

(1) {
𝑢𝑡 − 𝑎Δ𝑢 + 𝑏|𝐷𝑢|2 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0},
where 𝑎 > 0. This sort of nonlinear PDE arises in stochastic optimal control
theory.

Assuming for the moment 𝑢 is a smooth solution of (1), we set

𝑤 ≔ 𝜙(𝑢),
where 𝜙 ∶ ℝ → ℝ is a smooth function, as yet unspecified. We will try to
choose 𝜙 so that 𝑤 solves a linear equation. We have

𝑤𝑡 = 𝜙′(𝑢)𝑢𝑡, Δ𝑤 = 𝜙′(𝑢)Δ𝑢 + 𝜙″(𝑢)|𝐷𝑢|2;
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and consequently (1) implies

𝑤𝑡 = 𝜙′(𝑢)𝑢𝑡 = 𝜙′(𝑢)[𝑎Δ𝑢 − 𝑏|𝐷𝑢|2]
= 𝑎Δ𝑤 − [𝑎𝜙″(𝑢) + 𝑏𝜙′(𝑢)]|𝐷𝑢|2

= 𝑎Δ𝑤,

provided we choose 𝜙 to satisfy 𝑎𝜙″ + 𝑏𝜙′ = 0. We solve this differential equa-
tion by setting 𝜙 = 𝑒

−𝑏𝑧
𝑎 . Thus we see that if 𝑢 solves (1), then

(2) 𝑤 = 𝑒
−𝑏𝑢
𝑎

solves this initial-value problem for the heat equation (with conductivity 𝑎):

(3) {
𝑤𝑡 − 𝑎Δ𝑤 = 0 in ℝ𝑛 × (0,∞)

𝑤 = 𝑒
−𝑏𝑔
𝑎 on ℝ𝑛 × {𝑡 = 0}.

Formula (2) is the Cole–Hopf transformation.
Now the unique bounded solution of (3) is

𝑤(𝑥, 𝑡) = 1
(4𝜋𝑎𝑡)𝑛/2 ∫ℝ𝑛

𝑒
−|𝑥−𝑦|2
4𝑎𝑡 𝑒

−𝑏
𝑎 𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 > 0);

and, since (2) implies
𝑢 = −𝑎𝑏 log𝑤,

we obtain thereby the explicit formula

(4) 𝑢(𝑥, 𝑡) = −𝑎𝑏 log(
1

(4𝜋𝑎𝑡)𝑛/2 ∫ℝ𝑛
𝑒
−|𝑥−𝑦|2
4𝑎𝑡 − 𝑏

𝑎𝑔(𝑦) 𝑑𝑦) (𝑥 ∈ ℝ𝑛, 𝑡 > 0)

for a solution of quasilinear initial-value problem (1).
b. Burgers’ equation with viscosity. As a further application, we examine
now for 𝑛 = 1 the initial-value problem for the viscous Burgers’ equation:

(5) {
𝑢𝑡 − 𝑎𝑢𝑥𝑥 + 𝑢𝑢𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0}.

If we set

(6) 𝑤(𝑥, 𝑡) ≔ ∫
𝑥

−∞
𝑢(𝑦, 𝑡) 𝑑𝑦

and

(7) ℎ(𝑥) ≔ ∫
𝑥

−∞
𝑔(𝑦) 𝑑𝑦
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(cf. §3.4), we have

(8) {𝑤𝑡 − 𝑎𝑤𝑥𝑥 +
1
2𝑤

2
𝑥 = 0 in ℝ × (0,∞)
𝑤 = ℎ on ℝ × {𝑡 = 0}.

This is an equation of the form (1) for 𝑛 = 1, 𝑏 = 1
2 ; and so (4) provides the

formula

(9) 𝑤(𝑥, 𝑡) = −2𝑎 log( 1
(4𝜋𝑎𝑡)1/2 ∫ℝ

𝑒
−|𝑥−𝑦|2
4𝑎𝑡 − ℎ(𝑦)

2𝑎 𝑑𝑦) .

But then since 𝑢 = 𝑤𝑥, we find upon differentiating (9) that

(10) 𝑢(𝑥, 𝑡) =
∫∞
−∞

𝑥−𝑦
𝑡 𝑒

−|𝑥−𝑦|2
4𝑎𝑡 − ℎ(𝑦)

2𝑎 𝑑𝑦

∫∞
−∞ 𝑒

−|𝑥−𝑦|2
4𝑎𝑡 − ℎ(𝑦)

2𝑎 𝑑𝑦
(𝑥 ∈ ℝ, 𝑡 > 0)

is a solution of problem (5), where ℎ is defined by (7). We will scrutinize this
formula further in §4.5.2.

4.4.2. Potential functions. Another technique is to utilize a potential func-
tion to convert a nonlinear system of PDE into a single linear PDE. We consider
as an example Euler’s equations for inviscid, incompressible fluid flow:

(11) {
(a) u𝑡 + u ⋅ 𝐷u = −𝐷𝑝 + f in ℝ3 × (0,∞)
(b) divu = 0 in ℝ3 × (0,∞)
(c) u = g on ℝ3 × {𝑡 = 0}.

Here the unknowns are the velocity field u = (𝑢1, 𝑢2, 𝑢3) and the scalar pres-
sure 𝑝; the external force f = (𝑓1, 𝑓2, 𝑓3) and initial velocity g = (𝑔1, 𝑔2, 𝑔3)
are given. Here 𝐷 as usual denotes the gradient in the spatial variables 𝑥 =
(𝑥1, 𝑥2, 𝑥3). The vector equation 11(a) means

𝑢𝑖𝑡 +
3
∑
𝑗=1

𝑢𝑗𝑢𝑖𝑥𝑗 = −𝑝𝑥𝑖 + 𝑓𝑖 (𝑖 = 1, 2, 3).

We will assume

(12) div g = 0.
If furthermore there exists a scalar function ℎ ∶ ℝ3 × (0,∞) → ℝ such that

(13) f = 𝐷ℎ,
we say that the external force is derived from the potential ℎ.

We will try to find a solution (u, 𝑝) of (11) for which the velocity field u is
also derived from a potential, say

(14) u = 𝐷𝑣.
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Our flow will then be irrotational, as curlu ≡ 0. Now equation (11)(b) says

(15) 0 = divu = Δ𝑣

and so 𝑣 must be harmonic as a function of 𝑥, for each time 𝑡 > 0. Thus if
we can find a smooth function 𝑣 satisfying (15) and 𝐷𝑣(⋅, 0) = g, we can then
recover u from 𝑣 by (14).

How do we compute the pressure 𝑝? Let us observe that if u = 𝐷𝑣, then
u ⋅ 𝐷u = 1

2𝐷(|𝐷𝑣|
2). Consequently (11)(a) reads 𝐷 (𝑣𝑡 + 1

2 |𝐷𝑣|
2) = 𝐷(−𝑝+ℎ),

in view of (13). Therefore we may take

(16) 𝑣𝑡 +
1
2|𝐷𝑣|

2 + 𝑝 = ℎ.

This is Bernoulli’s law. But now we can employ (16) to calculate 𝑝, up to an
additive constant, since 𝑣 and ℎ are already known.

4.4.3. Hodograph and Legendre transforms.
a. Hodograph transform. The hodograph transform is a technique for con-
verting certain quasilinear systems of PDE into linear systems, by reversing
the roles of the dependent and independent variables. As this method is most
easily understood by an example, we investigate here the equations of steady,
two-dimensional, irrotational fluid flow:

(17) { (a) (𝜎2(u) − (𝑢1)2)𝑢1𝑥1 − 𝑢1𝑢2(𝑢1𝑥2 + 𝑢2𝑥1) + (𝜎2(u) − (𝑢2)2)𝑢2𝑥2 = 0
(b) 𝑢1𝑥2 − 𝑢2𝑥1 = 0

in ℝ2. The unknown is the velocity field u = (𝑢1, 𝑢2), and the function 𝜎(⋅) ∶
ℝ2 → ℝ, the local sound speed, is given.

The system (17) is quasilinear. Let us now, however, no longer regard 𝑢1
and 𝑢2 as functions of 𝑥1 and 𝑥2:

(18) 𝑢1 = 𝑢1(𝑥1, 𝑥2), 𝑢2 = 𝑢2(𝑥1, 𝑥2),

but rather regard 𝑥1 and 𝑥2 as functions of 𝑢1 and 𝑢2:

(19) 𝑥1 = 𝑥1(𝑢1, 𝑢2), 𝑥2 = 𝑥2(𝑢1, 𝑢2).

We have exchanged sub- and superscripts in the notation to emphasize the in-
terchange between independent and dependent variables.

According to the Inverse Function Theorem (§C.6) we can, locally at least,
invert equations (18) to yield (19), provided

(20) 𝐽 = 𝜕(𝑢1, 𝑢2)
𝜕(𝑥1, 𝑥2)

= 𝑢1𝑥1𝑢2𝑥2 − 𝑢1𝑥2𝑢2𝑥1 ≠ 0
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in some region of ℝ2. Assuming now (20) holds, we calculate

(21) {𝑢
2
𝑥2 = 𝐽𝑥1ᵆ1 , 𝑢2𝑥1 = −𝐽𝑥2ᵆ1
𝑢1𝑥2 = −𝐽𝑥1ᵆ2 , 𝑢1𝑥1 = 𝐽𝑥2ᵆ2 .

We insert (21) into (17), to discover

(22) {
(a) (𝜎2(𝑢) − 𝑢21)𝑥2ᵆ2 + 𝑢1𝑢2(𝑥1ᵆ2 + 𝑥2ᵆ1) + (𝜎2(𝑢) − 𝑢22)𝑥1ᵆ1 = 0
(b) 𝑥1ᵆ2 − 𝑥2ᵆ1 = 0.

This is a linear system for x = (𝑥1, 𝑥2), as a function of 𝑢 = (𝑢1, 𝑢2).

Remark. We can utilize the method of potential functions (§4.4.2) to simplify
(22) further. Indeed, equation (22)(b) suggests that we look for a single function
𝑧 = 𝑧(𝑢) such that

{
𝑥1 = 𝑧ᵆ1
𝑥2 = 𝑧ᵆ2 .

Then (22)(a) transforms into the linear, second-order PDE
(23) (𝜎2(𝑢) − 𝑢21)𝑧ᵆ2ᵆ2 + 2𝑢1𝑢2𝑧ᵆ1ᵆ2 + (𝜎2(𝑢) − 𝑢22)𝑧ᵆ1ᵆ1 = 0.

b. Legendre transform. A technique closely related to the hodograph trans-
form is the classical Legendre transform, a version of which we have already en-
countered before, in §3.3. The idea is to regard the components of the gradient
of a solution as new independent variables.

Once again an example is instructive. We investigate the minimal surface
equation (cf. Example 4 in §8.1.2)

div( 𝐷𝑢
(1 + |𝐷𝑢|2)1/2 ) = 0,

which for 𝑛 = 2 may be rewritten as
(24) (1 + 𝑢2𝑥2)𝑢𝑥1𝑥1 − 2𝑢𝑥1𝑢𝑥2𝑢𝑥1𝑥2 + (1 + 𝑢2𝑥1)𝑢𝑥2𝑥2 = 0.
Let us now assume that at least in some region ofℝ2, we can invert the relations
(25) 𝑝1 = 𝑢𝑥1(𝑥1, 𝑥2), 𝑝2 = 𝑢𝑥2(𝑥1, 𝑥2),
to solve for
(26) 𝑥1 = 𝑥1(𝑝1, 𝑝2), 𝑥2 = 𝑥2(𝑝1, 𝑝2).
The Inverse Function Theorem assures us we can do so in a neighborhood of
any point where
(27) 𝐽 = det 𝐷2𝑢 ≠ 0.
Now define
(28) 𝑣(𝑝) ≔ x(𝑝) ⋅ 𝑝 − 𝑢(x(𝑝)),
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where x = (𝑥1, 𝑥2) is given by (26), 𝑝 = (𝑝1, 𝑝2). We discover after some calcu-
lations that

(29)
⎧
⎨
⎩

𝑢𝑥1𝑥1 = 𝐽𝑣𝑝2𝑝2
𝑢𝑥1𝑥2 = −𝐽𝑣𝑝1𝑝2
𝑢𝑥2𝑥2 = 𝐽𝑣𝑝1𝑝1 .

Upon substituting the identities (29) into (24), we derive for 𝑣 the linear equa-
tion

(30) (1 + 𝑝22)𝑣𝑝2𝑝2 + 2𝑝1𝑝2𝑣𝑝1𝑝2 + (1 + 𝑝21)𝑣𝑝1𝑝1 = 0.

Remark. The hodograph and Legendre transform techniques for obtaining
linear out of nonlinear PDE are in practice tricky to use, as it is usually not
possible to transform given boundary conditions very easily.

4.5. ASYMPTOTICS

It is often the case that even when explicit representation formulas can be had
for solutions of partial differential equations, these are too complicated to be of
much immediate use. In such circumstances it sometimes becomes profitable
to study the formulas in various asymptotic limits, whereupon simplifications
often appear.

Following are several rather complicated examples, illustrating typical is-
sues involved in asymptotics for PDE. The results in this section are explained
only heuristically, mostly without formal proofs.

4.5.1. Singular perturbations. A singular perturbation is a modification of
a given PDE by adding a small multiple 𝜀 times a higher-order term. In accor-
dance with the informal principle that the behavior of solutions is governed
primarily by the highest order terms, a solution 𝑢𝜀 of the perturbed problem
will often behave analytically quite differently from a solution 𝑢 of the original
equation.

Example 1 (Transport and small diffusion). We illustrate this idea by study-
ing formally the effects of small diffusion upon the transport of dye within a
moving fluid in ℝ2.

Suppose we are given a smooth vector field b ∶ ℝ2 → ℝ2, b = (𝑏1, 𝑏2), rep-
resenting the steady fluid velocity. Assume dye has been continuously injected
at unit rate into the fluid at the origin, and let 𝑢(𝑥) represent the density of dye
at the point 𝑥 ∈ ℝ2, 𝑥 = (𝑥1, 𝑥2). Then, formally at least as we shall see,

(1) div(𝑢b) = 𝛿0 in ℝ2,
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Flow of dye without diffusion

where 𝛿0 is the Dirac measure on ℝ2 giving unit mass to the point 0. This PDE
implies that the dye density is transported with the fluid motion at points 𝑥 ≠ 0.

Consider now for 𝜀 > 0 the singular perturbation:

(2) −𝜀Δ𝑢𝜀 + div(𝑢𝜀b) = 𝛿0 in ℝ2.

The new term “𝜀Δ” represents a small, isotropic diffusion of the dye within the
background fluid motion. We are interested in understanding in an approxi-
mate way the structure of the solution 𝑢𝜀 of (2) and, in particular, describing if
and how 𝑢𝜀 approximates 𝑢 for small 𝜀 > 0.

a. Analysis of problem (1). We turn our attention first to the unperturbed
PDE (1). Consider the characteristic ODE

(3) {
ẋ(𝑡) = b(x(𝑡)) (𝑡 ≥ 0)
x(0) = 0,

the solution x(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡)) of which we assume to trace out a curve 𝐶, as
drawn.

Given a point 𝑥 ∈ ℝ2 near 𝐶, we write

(4) 𝑥 = x(𝑡) + 𝑦𝝂(x(𝑡)),

where 𝝂 = (𝜈1, 𝜈2) is the (upward pointing) unit normal to 𝐶, 𝑦 ∈ ℝ, and 𝑡 is
the time required for the solution of the ODE (3) to reach the point x(𝑡) along
𝐶 closest to 𝑥. We hereafter regard (𝑡, 𝑦) as providing a new coordinate system
near the curve 𝐶, so that 𝑥 = (𝑥1(𝑦, 𝑡), 𝑥2(𝑦, 𝑡)).

Using (3) and (4), we compute

𝜕(𝑥1, 𝑥2)
𝜕(𝑡, 𝑦) = det (

𝜕𝑥1
𝜕𝑡

𝜕𝑥1
𝜕𝑦

𝜕𝑥2
𝜕𝑡

𝜕𝑥2
𝜕𝑦
) = det (𝑏

1 + 𝑦 ̇𝜈1 𝜈1
𝑏2 + 𝑦 ̇𝜈2 𝜈2) .
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Let us write 𝜎 = |b|, 𝝂 = (−𝑏2, 𝑏1)/𝜎 and ̇𝝂 = −𝜎𝜅𝝉 = −𝜅b (where 𝜎 = speed,
𝜅 = curvature, 𝝉 = b

𝜍 = unit tangent). We then simplify, to obtain

(5) 𝜕(𝑥1, 𝑥2)
𝜕(𝑡, 𝑦) = 𝜎(1 − 𝜅𝑦).

Return now to the PDE (1), which we rewrite to read

(6) b ⋅ 𝐷𝑢 + (divb)𝑢 = 𝛿0 in ℝ2.
As in §3.2 we see 𝑢 ≡ 0 off the curve 𝐶. Let us next guess 𝑢 has the form

(7) 𝑢(𝑥) = 𝜌(𝑡)𝛿(𝑦)
in the (𝑡, 𝑦)-coordinates, 𝛿 denoting the Dirac measure on ℝ giving unit mass
to the origin.

What is 𝜌(𝑡)? To compute it, take 𝑅 to be a small, smooth region in the
(𝑥1, 𝑥2)-plane, with boundary intersecting the curve 𝐶 at the points x(𝑡1) and
x(𝑡2), 0 < 𝑡1 < 𝑡2. Let 𝑅′ denote the corresponding region in the (𝑡, 𝑦)-plane.
Then using (5), we calculate

∫
𝑅
𝑢𝑑𝑥 = ∫

𝑅′
𝜌(𝑡)𝛿(𝑦)𝜎(𝑡)(1 − 𝜅𝑦) 𝑑𝑦𝑑𝑡 = ∫

𝑡2

𝑡1
𝜌(𝑡)𝜎(𝑡) 𝑑𝑡.

Now ∫𝑅 𝑢𝑑𝑥 represents the total amount of dye within the region 𝑅, which is
to say, the total amount released between times 𝑡1 and 𝑡2. This is simply 𝑡2− 𝑡1.
Thus

∫
𝑡2

𝑡1
𝜌(𝑡)𝜎(𝑡) 𝑑𝑡 = 𝑡2 − 𝑡1.

This identity holds for all 0 < 𝑡1 < 𝑡2, and so 𝜌(𝑡) = 𝜎(𝑡)−1. Hence (7) says

(8) 𝑢(𝑥, 𝑡) = 𝛿(𝑦)/𝜎(𝑡)
is a solution of (1), for 𝜎(𝑡) ≔ |b(x(𝑡))|, 𝑡 ≥ 0. In other words, 𝑢 represents the
density along the curve𝐶 of the dye, whose concentration varies inversely with
the speed of the fluid.

We can further confirm this formula as follows. Let 𝑣 ∈ 𝐶∞
𝑐 (ℝ2). Then (5)

lets us compute that

∫
ℝ2
𝐷𝑣 ⋅ b𝑢𝑑𝑥 = ∫

ℝ2
𝐷𝑣 ⋅ b𝛿(𝑦)𝜎(𝑡) 𝜎(𝑡)(1 − 𝜅𝑦) 𝑑𝑦𝑑𝑡

= ∫
∞

0
𝐷𝑣(x(𝑡)) ⋅ b(x(𝑡)) 𝑑𝑡

= ∫
∞

0

𝑑
𝑑𝑡𝑣(x(𝑡)) 𝑑𝑡 = −𝑣(0).
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Hence we may indeed interpret 𝑢 defined by (8) as a weak solution of the un-
perturbed PDE (1).
b. Analysis of problem (2) for 0 < 𝜺 ≪ 1. We look now at the perturbed
problem (2). We expect that at time 𝑡 > 0, the diffusing dye will fill a ball
of radius approximately 𝑂((𝜀𝑡)1/2) about the point x(𝑡). The dye will thus be
mostly concentrated in a plume as drawn, about the curve 𝐶.

Flow of dye with diffusion

We wish to understand the structure of the solution 𝑢𝜀 of (2) within this
plume, as 𝜀 → 0.

Since the width is presumably of order𝑂(𝜀1/2) for times 0 < 𝑡1 ≤ 𝑡 ≤ 𝑡2 and
the total mass of dye corresponding to the same time interval is 𝑡2−𝑡1, we expect
𝑢𝜀 to be of order 𝑂(𝜀−1/2) along 𝐶. This suggests that for us to understand the
asymptotics as 𝜀 → 0, we should turn our attention to the rescaled variables

(9) 𝑧 ≔ 𝜀−1/2𝑦, 𝑣𝜀 ≔ 𝜀1/2𝑢𝜀,
the powers of 𝜀 selected so that 𝑧, 𝑣𝜀 = 𝑂(1).

We must therefore rewrite the PDE (2) in terms of the new variables 𝑡, 𝑧
and 𝑣𝜀. For this, we need first to study the structure of the velocity field b along
the curve 𝐶. Let us therefore write

(10) b = 𝜎(𝑡)𝝉 + {𝛼(𝑡)𝝉 + 𝛽(𝑡)𝝂}𝑦 + 𝑂(𝑦2),
where, as noted before, 𝝉 = b/𝜎 is a unit tangent vector to 𝐶. Now for any
smooth function 𝑤:

𝑤𝑡 = 𝑤𝑥1
𝜕𝑥1
𝜕𝑡 + 𝑤𝑥2

𝜕𝑥2
𝜕𝑡 = 𝑤𝑥1𝜎(1 − 𝜅𝑦)𝜏1 + 𝑤𝑥2𝜎(1 − 𝜅𝑦)𝜏2

and
𝑤𝑦 = 𝑤𝑥1

𝜕𝑥1
𝜕𝑦 + 𝑤𝑥2

𝜕𝑥2
𝜕𝑦 = 𝑤𝑥1𝜈1 + 𝑤𝑥2𝜈2.

Thus

(11) {
𝑤𝑥1 =

𝑤𝑡𝜈2−𝑤𝑦𝜍(1−𝜅𝑦)𝜏2
𝜍(1−𝜅𝑦) ,

𝑤𝑥2 =
−𝑤𝑡𝜈1+𝑤𝑦𝜍(1−𝜅𝑦)𝜏1

𝜍(1−𝜅𝑦) .
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Therefore using (10), (11) (for 𝑤 = 𝑢𝜀), we can calculate
b ⋅ 𝐷𝑢𝜀 = [𝜎𝝉 + (𝛼𝝉 + 𝛽𝝂)𝑦 + 𝑂(𝑦2)] ⋅ 𝐷𝑢𝜀

= 𝑢𝜀𝑡
(1 − 𝜅𝑦) +

𝛼𝑦𝑢𝜀𝑡
𝜎(1 − 𝜅𝑦) + 𝛽𝑦𝑢𝜀𝑦 + 𝑂(𝑦2|𝐷𝑢𝜀|).

Since 𝑣𝜀 = 𝜀1/2𝑢𝜀, 𝑧 = 𝜀−1/2𝑦, we can rewrite the foregoing as
(12) b ⋅ 𝐷𝑣𝜀 = 𝑣𝜀𝑡 + 𝛽𝑧𝑣𝜀𝑧 + 𝑂(𝜀1/2).
Similarly, we calculate using (10) and (11) (for 𝑤 = 𝑏1, 𝑏2) that

divb = 1
𝜎(1 − 𝜅𝑦)[𝑏

1
𝑡𝜈2 − 𝑏2𝑡𝜈1] + [𝜏1𝑏2𝑦 − 𝜏2𝑏1𝑦]

= 1
𝜎(1 − 𝜅𝑦)[(𝜎𝜏

1)𝑡𝜈2 − (𝜎𝜏2)𝑡𝜈1]

+ [𝜏1(𝛼𝜏2 + 𝛽𝜈2) − 𝜏2(𝛼𝜏1 + 𝛽𝜈1)] + 𝑂(𝑦)

= (𝜎̇𝜎 + 𝛽) + 𝑂(𝑦).

Here we used the identity ̇𝝉 = 𝜎𝜅𝝂. It follows that

(13) (divb)𝑣𝜀 = (𝜎̇𝜎 + 𝛽) 𝑣𝜀 + 𝑂(𝜀1/2).

In addition, a similar heuristic argument, the details of which we omit, suggests
that
(14) 𝜀Δ𝑣𝜀 = 𝑣𝜀𝑧𝑧 + 𝑂(𝜀1/2).
Combining now (12)–(14) and recalling (2), we at last deduce 𝑣𝜀 satisfies

(15) 𝑣𝜀𝑡 − 𝑣𝜀𝑧𝑧 + (𝛽𝑧𝑣𝜀)𝑧 +
𝜎̇
𝜎𝑣

𝜀 = 𝑂(𝜀1/2).

We suppose now that as 𝜀 → 0, the functions 𝑣𝜀 converge in some sense to
a limit:
(16) 𝑣𝜀 → 𝑣 in ℝ2.
Then presumably from (15) we will have

(17) 𝑣𝑡 − 𝑣𝑧𝑧 + (𝛽𝑧𝑣)𝑧 +
𝜎̇
𝜎𝑣 = 0 in ℝ × (0,∞).

We therefore expect
(18) 𝑢𝜀 = 𝜀−1/2𝑣𝜀 = 𝜀−1/2(𝑣 + 𝑜(1)),
with 𝑣 solving (17). The PDE (17) is consequently a parabolic approximation
(in the variables 𝑡, 𝑧 = 𝜀−1/2𝑦) to our elliptic equation (2). The proper initial
condition should be

(19) 𝑣 = 𝛿(𝑧)
𝜎(0) on ℝ × {𝑡 = 0}.
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We will see in Problem 13 that an explicit solution of (17), (19) can be found,
in terms of the solution of an ODE involving 𝛽.

4.5.2. Laplace’s method. Laplace’s method concerns the asymptotics as 𝜀 →
0 of integrals involving expressions of the form 𝑒−𝐼/𝜀, 𝐼 denoting some given
function.

Example 2 (Vanishing viscosity method for Burgers’ equation). We next in-
vestigate the limit as 𝜀 → 0 of the solution 𝑢𝜀 of the initial-value problem for
the viscous Burgers’ equation

(20) {
𝑢𝜀𝑡 + 𝑢𝜀𝑢𝜀𝑥 − 𝜀𝑢𝜀𝑥𝑥 = 0 in ℝ × (0,∞)

𝑢𝜀 = 𝑔 on ℝ × {𝑡 = 0}.

Remembering formula (10) from §4.4.1, we note

(21) 𝑢𝜀(𝑥, 𝑡) =
∫∞
−∞

𝑥−𝑦
𝑡 𝑒

−𝐾(𝑥,𝑦,𝑡)
2𝜀 𝑑𝑦

∫∞
−∞ 𝑒

−𝐾(𝑥,𝑦,𝑡)
2𝜀 𝑑𝑦

,

for

(22) 𝐾(𝑥, 𝑦, 𝑡) ≔ |𝑥 − 𝑦|2
2𝑡 + ℎ(𝑦) (𝑥, 𝑦 ∈ ℝ, 𝑡 > 0),

where ℎ is an antiderivative of 𝑔.
What happens to 𝑢𝜀 as 𝜀 → 0? Mathematically the term “𝜀𝑢𝑥𝑥” in (20)

makes the partial differential equation act somewhat like the heat equation,
in that the solution 𝑢𝜀 is infinitely differentiable in ℝ × (0,∞), in spite of the
nonlinearity. This follows from the explicit formula (21). On the other hand,
an obvious guess is that the solutions 𝑢𝜀 should converge as 𝜀 → 0 to a solution
𝑢 of the conservation law

(23) {
𝑢𝑡 + (𝑢

2

2 )𝑥
= 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0}.

Physically, we regard the term “𝜀𝑢𝜀𝑥𝑥” as imposing an “artificial viscosity” effect,
which we are now sending to zero. We expect that this vanishing viscosity tech-
nique should allow us to recover the correct entropy solution 𝑢 of (23), which
may have discontinuities across shock waves, as the limit of the solutions 𝑢𝜀 of
(20), which are smooth.

We must understand the limiting behavior of the expression on the right-
hand side of (21), as 𝜀 → 0.
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LEMMA (Asymptotics). Suppose that 𝑘, 𝑙 ∶ ℝ → ℝ are continuous functions,
that 𝑙 grows at most linearly and that 𝑘 grows at least quadratically. Assume also
there exists a unique point 𝑦0 ∈ ℝ such that

𝑘(𝑦0) = min
𝑦∈ℝ

𝑘(𝑦).

Then

(24) lim
𝜀→0

∫∞
−∞ 𝑙(𝑦)𝑒

−𝑘(𝑦)
𝜀 𝑑𝑦

∫∞
−∞ 𝑒

−𝑘(𝑦)
𝜀 𝑑𝑦

= 𝑙(𝑦0).

Proof. Write 𝑘0 = 𝑘(𝑦0). Then the function

𝜇𝜀(𝑦) ≔
𝑒
𝑘0−𝑘(𝑦)

𝜀

∫∞
−∞ 𝑒

𝑘0−𝑘(𝑧)
𝜀 𝑑𝑧

(𝑦 ∈ ℝ)

satisfies

(25) {𝜇𝜀 ≥ 0, ∫∞
−∞ 𝜇𝜀(𝑦) 𝑑𝑦 = 1,

𝜇𝜀(𝑦) → 0 exponentially fast for 𝑦 ≠ 𝑦0, as 𝜀 → 0.

Consequently

lim
𝜀→0

∫∞
−∞ 𝑙(𝑦)𝑒

−𝑘(𝑦)
𝜀 𝑑𝑦

∫∞
−∞ 𝑒

−𝑘(𝑦)
𝜀 𝑑𝑦

= lim
𝜀→0

∫
∞

−∞
𝑙(𝑦)𝜇𝜀(𝑦) 𝑑𝑦 = 𝑙(𝑦0). □

Return now to (21), (22). We observe 𝐾(𝑥, 𝑦, 𝑡) = 𝑡𝐿 (𝑥−𝑦𝑡 ) + ℎ(𝑦), where
𝐿 = 𝐹∗ for 𝐹(𝑧) = 𝑧2

2 . According to the analysis in §3.4, for each time 𝑡 > 0 the
mapping 𝑦 ↦ 𝐾(𝑥, 𝑦, 𝑡) attains its minimum at a unique point 𝑦 = 𝑦(𝑥, 𝑡) for
all but at most countably many points 𝑥. But then the lemma implies

(26) lim
𝜀→0

𝑢𝜀(𝑥, 𝑡) = 𝑥 − 𝑦(𝑥, 𝑡)
𝑡 = 𝐺 (𝑥 − 𝑦(𝑥, 𝑡)

𝑡 ) = 𝑢(𝑥, 𝑡)

for 𝐺 ≔ (𝐹′)−1.
The final equality in (26) is the Lax–Oleinik formula for the unique entropy

solution of the initial-value problem (23). It is a powerful endorsement of the
methods from §3.4 that this formula has reappeared in the context of vanishing
viscosity. (See also Problem 7.)

We will later discuss the vanishing viscosity method for symmetric hyper-
bolic systems in §7.3.2, for Hamilton–Jacobi equations in §10.1, and for systems
of conservation laws in §11.4.
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4.5.3. Geometric optics, stationary phase. This section investigates the be-
havior of certain highly oscillatory solutions of the wave equation. We begin
with some crude, but instructive, calculations.
a. Geometric optics.
Example 3 (Oscillating solutions). Let us once more turn our attention to the
wave equation
(27) 𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ𝑛 × (0,∞),
and we now regard the solution 𝑢 as taking complex values. We fix 𝜀 > 0 and
seek a solution 𝑢 = 𝑢𝜀 of (27) having the form

(28) 𝑢𝜀(𝑥, 𝑡) = 𝑒
𝑖𝑝𝜀(𝑥,𝑡)

𝜀 𝑎𝜀(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0),
the real-valued function 𝑝𝜀 representing the phase and the real-valued function
𝑎𝜀 representing the amplitude. The proposed form (28) for the solution is called
the geometric optics ansatz∗. The idea is that highly oscillatory solutions of the
wave equation can be understood by studying a PDE for the phase function in
the limit as 𝜀 → 0. Following is a formal demonstration.

Substituting (28) into (27), we find after some computations that

0 = 𝑢𝜀𝑡𝑡 − Δ𝑢𝜀 = 𝑒𝑖𝑝𝜀/𝜀(𝑖𝑝
𝜀
𝑡𝑡
𝜀 𝑎𝜀 − (𝑝

𝜀
𝑡
𝜀 )

2
𝑎𝜀 + 2𝑖𝑝

𝜀
𝑡𝑎𝜀𝑡
𝜀 + 𝑎𝜀𝑡𝑡)

− 𝑒𝑖𝑝𝜀/𝜀(𝑖Δ𝑝
𝜀

𝜀 𝑎𝜀 − |𝐷𝑝𝜀|2
𝜀2 𝑎𝜀 + 2𝑖𝐷𝑝𝜀 ⋅ 𝐷𝑎𝜀

𝜀 + Δ𝑎𝜀).

We cancel the term 𝑒𝑖𝑝𝜀/𝜀 and take the real part of the resulting expression, to
find
(29) 𝑎𝜀((𝑝𝜀𝑡)2 − |𝐷𝑝𝜀|2) = 𝜀2(𝑎𝜀𝑡𝑡 − Δ𝑎𝜀).
Now if as 𝜀 → 0
(30) 𝑝𝜀 → 𝑝, 𝑎𝜀 → 𝑎 ≠ 0
in some sense, then presumably from (29) it follows that
(31) 𝑝𝑡 ± |𝐷𝑝| = 0 in ℝ𝑛 × (0,∞).
We may informally regard the straight line characteristics of these Hamilton–
Jacobi PDE as rays along which the solution (28) concentrates in the high-
frequency limit as 𝜀 → 0.

More generally, let us consider the second-order hyperbolic PDE

(32) 𝑢𝑡𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙(𝑥)𝑢𝑥𝑘𝑥𝑙 = 0 in ℝ𝑛 × (0,∞)

∗ansatz = formulation (German).
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with 𝑎𝑘𝑙 = 𝑎𝑙𝑘 (𝑘, 𝑙 = 1, . . . , 𝑛). We again look for a complex-valued solution
𝑢 = 𝑢𝜀 of the form (28) and calculate

0 = 𝑢𝜀𝑡𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑢𝜀𝑥𝑘𝑥𝑙

= 𝑒𝑖𝑝𝜀/𝜀(𝑖𝑝
𝜀
𝑡𝑡
𝜀 𝑎𝜀 − (𝑝

𝜀
𝑡
𝜀 )

2
𝑎𝜀 + 2𝑖𝑝𝜀𝑡𝑎𝜀𝑡

𝜀 + 𝑎𝜀𝑡𝑡)

− 𝑒𝑖𝑝𝜀/𝜀(
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙(
𝑖𝑝𝜀𝑥𝑘𝑥𝑙
𝜀 𝑎𝜀 −

𝑝𝜀𝑥𝑘𝑝𝜀𝑥𝑙
𝜀2 𝑎𝜀 +

2𝑖𝑝𝜀𝑥𝑘𝑎𝜀𝑥𝑙
𝜀 + 𝑎𝜀𝑥𝑘𝑥𝑙)).

We once again cancel 𝑒𝑖𝑝𝜀/𝜀 and take real parts to find

𝑎𝜀 ((𝑝𝜀𝑡)2 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑝𝜀𝑥𝑘𝑝𝜀𝑥𝑙) = 𝜀2 (𝑎𝜀𝑡𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑎𝜀𝑥𝑘𝑥𝑙) .

Hence if (30) holds in some sense, we may then expect

(33) 𝑝𝑡 ± (
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑝𝑥𝑘𝑝𝑥𝑙)
1/2

= 0 in ℝ𝑛 × (0,∞).

See below and also §4.6.1, §7.2.4 for further elaboration of these ideas.

b. Stationary phase. The foregoing example suggests that the Hamilton–
Jacobi PDE (31) somehow “controls the high-frequency asymptotics for the
wave equation”. However the range of validity of the geometric optics ansatz
is highly uncertain in the preceding strictly formal computations. To under-
stand more clearly the behavior of the solution, we employ next the method of
stationary phase, which is a variant of Laplace’s method obtained by replacing
the −1 in the exponent (cf. §4.5.2) with 𝑖.

Example 4 (Stationary phase for the wave equation). Look again at the initial-
value problem for the wave equation

(34) {
𝑢𝜀𝑡𝑡 − Δ𝑢𝜀 = 0 in ℝ𝑛 × (0,∞)

𝑢𝜀 = 𝑔𝜀, 𝑢𝜀𝑡 = 0 on ℝ𝑛 × {𝑡 = 0},

where we hereafter assume 𝑔𝜀 to have the rapidly oscillating structure

(35) 𝑔𝜀(𝑥) = 𝑎(𝑥)𝑒
𝑖𝑝(𝑥)
𝜀 (𝑥 ∈ ℝ𝑛).

Here 𝜀 > 0, 𝑎, 𝑝 ∈ 𝐶∞
𝑐 (ℝ𝑛), and we suppose

(36) 𝐷𝑝 ≠ 0 on the support of 𝑎.
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Utilizing formula (27) from §4.3.1, we can write

𝑢𝜀(𝑥, 𝑡) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

̂𝑔𝜀(𝑦)
2 (𝑒𝑖(𝑥⋅𝑦+𝑡|𝑦|) + 𝑒𝑖(𝑥⋅𝑦−𝑡|𝑦|)) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 > 0).

Invoking (35), we see

(37) 𝑢𝜀(𝑥, 𝑡) = 1
2(𝐼

𝜀
+(𝑥, 𝑡) + 𝐼𝜀−(𝑥, 𝑡)),

where
𝐼𝜀±(𝑥, 𝑡) =

1
(2𝜋)𝑛 ∫ℝ𝑛

∫
ℝ𝑛
𝑎(𝑧)𝑒𝑖((𝑥−𝑧)⋅𝑦±𝑡|𝑦|+

𝑝(𝑧)
𝜀 ) 𝑑𝑦𝑑𝑧.

Changing variables gives

(38) 𝐼𝜀±(𝑥, 𝑡) =
1

(2𝜋𝜀)𝑛 ∫ℝ𝑛
∫
ℝ𝑛
𝑎(𝑧)𝑒

𝑖
𝜀𝜙±(𝑥,𝑦,𝑧,𝑡) 𝑑𝑦𝑑𝑧,

for

(39) 𝜙±(𝑥, 𝑦, 𝑧, 𝑡) ≔ (𝑥 − 𝑧) ⋅ 𝑦 ± 𝑡|𝑦| + 𝑝(𝑧).
We want to study the asymptotics of 𝐼𝜀± as 𝜀 → 0. Let us pause in this example
and develop some general machinery, which we will later apply to (38), (39).

Example 4 motivates our considering general integral expressions of the
form

(40) 𝐼𝜀 ≔∫
ℝ𝑛
𝑒𝑖

𝜙(𝑦)
𝜀 𝑎(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛),

where 𝑎, 𝜙 are smooth functions, 𝑎 has compact support, and 𝜀 > 0. We wish
to understand the limiting behavior of 𝐼𝜀 as 𝜀 → 0.

We first examine the special case that 𝜙 is linear in 𝑦:

LEMMA1 (Asymptotics for linear terms). Let𝑎 ∈ 𝐶∞
𝑐 (ℝ𝑛) and𝑝 ∈ ℝ𝑛,𝑝 ≠ 0.

Then for𝑚 = 1, 2, . . .

∫
ℝ𝑛
𝑒
𝑖
𝜀𝑝⋅𝑦𝑎(𝑦) 𝑑𝑦 = 𝑂(𝜀𝑚) as 𝜀 → 0.

Proof. Without loss we may assume 𝑝 = (𝑝1, . . . , 𝑝𝑛), 𝑝1 ≠ 0. Then for 𝑚 = 1,
2, . . .

∫
ℝ𝑛
𝑒
𝑖
𝜀𝑝⋅𝑦𝑎(𝑦) 𝑑𝑦 = ( 𝜀

𝑖𝑝1
)
𝑚
∫
ℝ𝑛

𝜕𝑚
𝜕𝑦𝑚1

(𝑒
𝑖
𝜀𝑝⋅𝑦)𝑎(𝑦) 𝑑𝑦

= ( −𝜀𝑖𝑝1
)
𝑚
∫
ℝ𝑛
𝑒
𝑖
𝜀𝑝⋅𝑦 𝜕

𝑚

𝜕𝑦𝑚1
𝑎(𝑦) 𝑑𝑦 = 𝑂(𝜀𝑚). □

Next we suppose 𝜙 is quadratic in 𝑦:
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LEMMA 2 (Asymptotics for quadratic terms). Let 𝑎 ∈ 𝐶∞
𝑐 (ℝ𝑛) and suppose 𝐴

is a real, nonsingular, symmetric matrix. Then

(41) 1
(2𝜋𝜀)𝑛/2 ∫ℝ𝑛

𝑒
𝑖
2𝜀𝑦⋅𝐴𝑦𝑎(𝑦) 𝑑𝑦 = 𝑒𝑖

𝜋
4 sgn𝐴

| det 𝐴|1/2 (𝑎(0) + 𝑂(𝜀)) as 𝜀 → 0.

Here sgn𝐴, the signature of 𝐴, denotes the number of positive eigenvalues
of 𝐴 minus the number of negative eigenvalues.

Proof.

1. First we claim for each 𝜙 ∈ 𝐶∞
𝑐 (ℝ𝑛) that

(42)
lim
𝛿→0+

∫
ℝ𝑛
∫
ℝ𝑛
𝑒𝑖𝑥⋅𝐴𝑥−𝛿|𝑥|2−𝑖𝑥⋅𝑦𝜙(𝑦) 𝑑𝑥𝑑𝑦

= 𝜋𝑛/2
| det 𝐴|1/2 𝑒

𝑖 𝜋4 sgn𝐴∫
ℝ𝑛
𝑒−

𝑖
4𝑦⋅𝐴

−1𝑦𝜙(𝑦) 𝑑𝑦.

To confirm this, we start by assuming 𝐴 is diagonal:

(43) 𝐴 = diag(𝜆1, . . . , 𝜆𝑛) (𝜆𝑘 ≠ 0, 𝑘 = 1, . . . , 𝑛).

Now for fixed 𝑦, 𝜆 ∈ ℝ and 𝛿 > 0, we have

∫
ℝ
𝑒𝑖𝜆𝑥2−𝛿𝑥2−𝑖𝑥𝑦 𝑑𝑥 = 𝑒

𝑦2
4(𝑖𝜆−𝛿) ∫

ℝ
𝑒(𝑖𝜆−𝛿)(𝑥−

𝑖𝑦
2(𝑖𝜆−𝛿) )

2

𝑑𝑥

= 𝑒
𝑦2

4(𝑖𝜆−𝛿)

(𝛿 − 𝑖𝜆)1/2 ∫Γ
𝑒−𝑧2 𝑑𝑧,

where Γ = { 𝑧 = (𝛿− 𝑖𝜆)1/2(𝑥− 𝑖𝑦
2(𝑖𝜆−𝛿)) ∣ 𝑥 ∈ ℝ } and we take Re(𝛿− 𝑖𝜆)1/2 > 0.

Thus Γ is a line in the complex plane, which intersects the 𝑥-axis at an angle
less than 𝜋

4 . We consequently may deform the integral over Γ into the integral
along the real axis: see Problem 15. Hence ∫Γ 𝑒−𝑧

2 𝑑𝑧 = ∫ℝ 𝑒−𝑥
2 𝑑𝑥 = 𝜋1/2, and

thus

∫
ℝ
𝑒𝑖𝜆𝑥2−𝛿𝑥2−𝑖𝑥𝑦 𝑑𝑥 = 𝜋1/2

(𝛿 − 𝑖𝜆)1/2 𝑒
𝑦2

4(𝑖𝜆−𝛿) .

Since 𝐴 has the diagonal form (43), we consequently deduce

𝐽𝛿(𝑦) ≔ ∫
ℝ𝑛
𝑒𝑖𝑥⋅𝐴𝑥−𝛿|𝑥|2−𝑖𝑥⋅𝑦 𝑑𝑥

=
𝑛
∏
𝑘=1

∫
ℝ
𝑒𝑖𝜆𝑘𝑥2𝑘−𝛿𝑥2𝑘−𝑖𝑥𝑘𝑦𝑘 𝑑𝑥𝑘 = 𝜋𝑛/2

𝑛
∏
𝑘=1

𝑒
𝑦2𝑘

4(𝑖𝜆𝑘−𝛿)

(𝛿 − 𝑖𝜆𝑘)1/2
.
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2. Now let 𝜙 ∈ 𝐶∞
𝑐 (ℝ𝑛). Then

∫
ℝ𝑛
𝜙(𝑦)𝐽𝛿(𝑦) 𝑑𝑦 = 𝜋𝑛/2∫

ℝ𝑛
𝜙(𝑦)

𝑛
∏
𝑘=1

𝑒
𝑦2𝑘

4(𝑖𝜆𝑘−𝛿)

(𝛿 − 𝑖𝜆𝑘)1/2
𝑑𝑦.

Applying the Dominated Convergence Theorem, we deduce

(44) lim
𝛿→0

∫
ℝ𝑛
𝜙(𝑦)𝐽𝛿(𝑦) 𝑑𝑦 = 𝜋𝑛/2∫

ℝ𝑛
𝜙(𝑦)

𝑛
∏
𝑘=1

𝑒−
𝑖𝑦2𝑘
4𝜆𝑘

(−𝑖𝜆𝑘)1/2
𝑑𝑦.

Recall that we are supposing Re(−𝑖𝜆𝑘)1/2 > 0. Thus if 𝜆𝑘 > 0, (−𝑖𝜆𝑘)1/2 =
|𝜆𝑘|1/2𝑒−

𝑖𝜋
4 . If instead 𝜆𝑘 < 0, then (−𝑖𝜆𝑘)1/2 = |𝜆𝑘|1/2𝑒

𝑖𝜋
4 . Therefore

∞
∏
𝑘=1

(−𝑖𝜆𝑘)1/2 = | det 𝐴|1/2𝑒−
𝑖𝜋
4 sgn𝐴,

and so (44) gives (42), provided 𝐴 is diagonal.
If𝐴 is not diagonal, we rotate to new coordinates to diagonalize𝐴 and again

verify (42).

3. Let us now write 𝛼𝜀(𝑦) ≔ 𝑒
𝑖
2𝜀𝑦⋅𝐴𝑦. Then if 𝑎 ∈ 𝐶∞

𝑐 (ℝ𝑛),

∫
ℝ𝑛
𝑎(𝑥)𝛼𝜀(𝑥) 𝑑𝑥 = ∫

ℝ𝑛
̂𝑎(𝑦)𝛼̂𝜀(−𝑦) 𝑑𝑦.

According to (42) (with 1
2𝜀𝐴 replacing 𝐴):

𝛼̂𝜀(𝑦) =
𝜀𝑛/2

| det 𝐴|1/2 𝑒
𝑖𝜋
4 sgn𝐴𝑒−

𝑖𝜀
2 𝑦⋅𝐴

−1𝑦

= 𝜀𝑛/2
| det 𝐴|1/2 𝑒

𝑖𝜋
4 sgn𝐴(1 + 𝑂(𝜀|𝑦|2)),

𝛼̂𝜀 interpreted as in (42). Consequently

1
𝜀𝑛/2 ∫ℝ𝑛

𝑎(𝑥)𝛼𝜀(𝑥) 𝑑𝑥 =
𝑒
𝑖𝜋
4 sgn𝐴

| det 𝐴|1/2 ∫ℝ𝑛
̂𝑎(𝑦)(1 + 𝑂(𝜀|𝑦|2)) 𝑑𝑦.

But ∫ℝ𝑛 ̂𝑎(𝑦) 𝑑𝑦 = (2𝜋)
𝑛
2 𝑎(0) and ∫ℝ𝑛 ̂𝑎(𝑦)|𝑦|2 𝑑𝑦 < ∞. Formula (41) follows.

□

For a general phase function 𝜙, we will employ the following result to
change variables and thereby convert locally to one of the earlier cases.
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LEMMA 3 (Changing coordinates). Assume 𝜙 ∶ ℝ𝑛 → ℝ is smooth.

(i) Suppose that
𝐷𝜙(0) ≠ 0.

Then there exists a smooth function𝚽 ∶ ℝ𝑛 → ℝ𝑛 such that

(45) {𝚽(0) = 0, 𝐷𝚽(0) = 𝐼, and
𝜙(𝚽(𝑥)) = 𝜙(0) + 𝐷𝜙(0) ⋅ 𝑥 for |𝑥| small.

(ii) (Morse Lemma) Suppose instead that

𝐷𝜙(0) = 0, det 𝐷2𝜙(0) ≠ 0.

Then there exists a smooth function𝚽 ∶ ℝ𝑛 → ℝ𝑛 such that

(46) {𝚽(0) = 0, 𝐷𝚽(0) = 𝐼, and
𝜙(𝚽(𝑥)) = 𝜙(0) + 1

2𝑥 ⋅𝐷
2𝜙(0)𝑥 for |𝑥| small.

In other words, we can change variables near 0 to make 𝜙 affine in case (i),
quadratic in case (ii).

Proof.
1. Assume r𝑛 ≔ 𝐷𝜙(0) ≠ 0. Then there exist vectors r1, . . . , r𝑛−1 so that

{r𝑘}𝑛𝑘=1 is an orthogonal basis of ℝ𝑛. Define f ∶ ℝ𝑛 × ℝ𝑛 → ℝ𝑛 by

f(𝑥, 𝑦) ≔ (r1 ⋅ (𝑦 − 𝑥), . . . , r𝑛−1 ⋅ (𝑦 − 𝑥), 𝜙(𝑦) − 𝜙(0) − 𝐷𝜙(0) ⋅ 𝑥).

Therefore

𝐷𝑦f(0, 0) = (
r1
⋮
r𝑛
) ,

the {r𝑘}𝑛𝑘=1 regarded as row vectors, and so det𝐷𝑦f(0, 0) ≠ 0. The Implicit
Function Theorem (§C.7) implies we can find𝚽 ∶ ℝ𝑛 → ℝ𝑛 such that𝚽(0) = 0
and

f(𝑥,𝚽(𝑥)) = 0 for |𝑥| small.
In particular,

(47) {𝜙(𝚽(𝑥)) = 𝜙(0) + 𝐷𝜙(0) ⋅ 𝑥
r𝑘 ⋅ (𝚽(𝑥) − 𝑥) = 0 (𝑘 = 1, . . . , 𝑛 − 1).

Differentiating with respect to 𝑥, we deduce as well

(𝐷𝚽(0) − 𝐼)r𝑘 = 0 (𝑘 = 1, . . . , 𝑛)

and so 𝐷𝚽(0) = 𝐼. This proves assertion (i).



4.5. Asymptotics 213

2. Fix 𝑥 ∈ ℝ𝑛. Then 𝜓(𝑡) ≔ 𝜙(𝑡𝑥) satisfies

𝜓(1) = 𝜓(0) + 𝜓′(0) +∫
1

0
(1 − 𝑡)𝜓″(𝑡) 𝑑𝑡.

Thus if 𝐷𝜙(0) = 0, we have

(48) 𝜙(𝑥) = 𝜙(0) + 1
2𝑥 ⋅A(𝑥)𝑥

for the symmetric matrix

A(𝑥) ≔ 2∫
1

0
(1 − 𝑡)𝐷2𝜙(𝑡𝑥) 𝑑𝑡.

Observe A(0) = 𝐷2𝜙(0). Let us hereafter suppose 𝐷2𝜙(0) is nonsingular, and so
the same is true for A(𝑥), provided |𝑥| is small. Furthermore, we may assume
upon rotating to new coordinates if necessary that

A(0) = 𝐷2𝜙(0) is diagonal.
3. We now claim that there exists for each 𝑚 ∈ {0, 1, . . . , 𝑛} a smooth map-

ping 𝚽𝑚 ∶ ℝ𝑛 → ℝ𝑛, such that

(49) {
𝚽𝑚(0) = 0, 𝐷𝚽𝑚(0) = 𝐼, and

𝜙(𝚽𝑚(𝑥)) = 𝜙(0) + 1
2 ∑

𝑚
𝑖=1 𝜙𝑥𝑖𝑥𝑖(0)𝑥2𝑖 +

1
2 ∑

𝑛
𝑖,𝑗=𝑚+1𝑎

𝑖𝑗
𝑚(𝑥)𝑥𝑖𝑥𝑗,

for |𝑥| small, where A𝑚 = ((𝑎𝑖𝑗𝑚)) is smooth and symmetric.
Observe in particular that (49) implies

(50) 𝑎𝑖𝑗𝑚(0) = 𝜙𝑥𝑖𝑥𝑗 (0) (𝑖, 𝑗 = 𝑚 + 1, . . . , 𝑛),

and thus 𝑎𝑚+1,𝑚+1
𝑚 (𝑥) ≠ 0 for |𝑥| sufficiently small.

4. Assertion (49) for 𝑚 = 0 is (48) with A0 = A and 𝚽0 the identity map-
ping. So assume by induction that (49) holds for some 𝑚 ∈ {0, . . . , 𝑛 − 1} and
write

𝜙𝑚(𝑥) ≔ 𝜙(𝚽𝑚(𝑥)).
Then

(51) 𝜙𝑚(𝑥) = 𝜙(0) + 1
2

𝑚
∑
𝑖=1

𝜙𝑥𝑖𝑥𝑖(0)𝑥2𝑖 +
1
2

𝑛
∑

𝑖,𝑗=𝑚+1
𝑎𝑖𝑗𝑚(𝑥)𝑥𝑖𝑥𝑗 for |𝑥| small.

Define a mapping 𝚷𝑚+1 ∶ ℝ𝑛 → ℝ𝑛, 𝚷𝑚+1(𝑦) = 𝑥, by writing

𝚷𝑚+1(𝑦) ≔

(𝑦1, . . . , 𝑦𝑚, (
𝑎𝑚+1,𝑚+1
𝑚 (𝑦)
𝜙𝑥𝑚+1𝑥𝑚+1(0)

)
1
2 [𝑦𝑚+1 +

𝑛
∑

𝑗=𝑚+2

𝑦𝑗𝑎𝑚+1,𝑗
𝑚 (𝑦)

𝑎𝑚+1,𝑚+1
𝑚 (𝑦)

], . . . , 𝑦𝑛)
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for small |𝑦|. It follows then from (51) that

𝜙𝑚(𝑦) = 𝜙(0) + 1
2
𝑚+1
∑
𝑖=1

𝜙𝑥𝑖𝑥𝑖(0)𝑥2𝑖 +
1
2

𝑛
∑

𝑖,𝑗=𝑚+2
𝑏𝑖𝑗𝑚+1(𝑦)𝑥𝑖𝑥𝑗,

where

𝑏𝑖𝑗𝑚+1(𝑦) ≔ {𝑎
𝑖𝑗
𝑚(𝑦) − 𝑎𝑚+1,𝑖

𝑚 (𝑦)𝑎𝑚+1,𝑗
𝑚 (𝑦)

𝑎𝑚+1,𝑚+1
𝑚 (𝑦)

𝑖, 𝑗 = 𝑚 + 2, . . . , 𝑛
0 otherwise.

Since 𝐷2𝜙(0) is diagonal, (50) implies

𝚷𝑚+1(0) = 0, 𝐷𝚷𝑚+1(0) = 𝐼.

Consequently we can define for small |𝑥| the inverse mapping 𝚵𝑚+1 ≔ 𝚷−1
𝑚+1,

𝑦 = 𝚵𝑚+1(𝑥). Therefore

𝜙𝑚(𝚵𝑚+1(𝑥)) = 𝜙(0) + 1
2
𝑚+1
∑
𝑖=1

𝜙𝑥𝑖𝑥𝑖(0)𝑥2𝑖 +
1
2

𝑛
∑

𝑖,𝑗=𝑚+2
𝑎𝑖𝑗𝑚+1(𝑥)𝑥𝑖𝑥𝑗,

for A𝑚+1 ≔ B𝑚+1 ∘ 𝚵𝑚+1. This is statement (49), with 𝑚+ 1 replacing 𝑚 and
with 𝚽𝑚+1 ≔ 𝚽𝑚 ∘ 𝚵𝑚+1.

The case 𝑚 = 𝑛 is assertion (ii) of the lemma. □

The stationary phase method. We can at last combine the information
gleaned in Lemmas 1–3 to explain informally the stationary phase technique
for deriving the asymptotics of

𝐼𝜀 = ∫
ℝ𝑛
𝑒
𝑖𝜙(𝑦)
𝜀 𝑎(𝑦) 𝑑𝑦

as 𝜀 → 0. We will assume

(52) {𝐷𝜙 vanishes within the support of 𝑎
only at the points 𝑦1, . . . , 𝑦𝑁

and furthermore

(53) 𝐷2𝜙(𝑦𝑘) is nonsingular (𝑘 = 1, . . . , 𝑁).

Then for 𝑚 = 1, . . . ,
|||∫ℝ𝑛

𝑒
𝑖𝜙(𝑦)
𝜖 𝜁(𝑦)𝑎(𝑦) 𝑑𝑦||| = 𝑂(𝜖𝑚),

where 𝜁 ∈ 𝐶∞
𝑐 vanishes near {𝑦1, . . . , 𝑦𝑁}. This follows since we can employ

Lemma 3(i) to change variables near any point in the support of 𝜁 to make 𝜙
affine, with nonvanishing gradient, and apply Lemma 1.
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On the other hand if 𝜁 is smooth, 𝜁 vanishes except near 𝑦𝑘, and 𝜁(𝑦𝑘) = 1,
we can employ Lemma 3(ii) to compute

∫
ℝ𝑛
𝑒𝑖𝜙(𝑦)𝜁(𝑦)𝑎(𝑦) 𝑑𝑦 = ∫

ℝ𝑛
𝑒𝑖𝜙(𝚽(𝑥))𝜁𝑎(𝚽(𝑥))| det 𝐷𝚽(𝑥)| 𝑑𝑥

= 𝑒
𝑖𝜙(𝑦𝑘)

𝜖 ∫
ℝ𝑛
𝑒

𝑖
2𝜖 (𝑥−𝑦𝑘)⋅𝐷

2𝜙(𝑦𝑘)(𝑥−𝑦𝑘)𝜁𝑎(𝚽(𝑥))| det 𝐷𝚽(𝑥)| 𝑑𝑥

= 𝑒
𝑖𝜙(𝑦𝑘)

𝜖
(2𝜋𝜖)𝑛/2

| det 𝐷2𝜙(𝑦𝑘)|1/2
𝑒
𝑖𝜋
4 sgn(𝐷2𝜙(𝑦𝑘))(𝑎(𝑦𝑘) + 𝑂(𝜖)),

according to Lemma 2. Using these estimates and a partition of unity, we
thereby obtain the asymptotic formula as 𝜀 → 0:

(54) 𝐼𝜀 = (2𝜋𝜀)𝑛/2
𝑁
∑
𝑘=1

𝑒
𝑖𝜙(𝑦𝑘)

𝜀

| det 𝐷2𝜙(𝑦𝑘)|1/2
𝑒
𝑖𝜋
4 sgn(𝐷2𝜙(𝑦𝑘))(𝑎(𝑦𝑘) + 𝑂(𝜀)).

Example 4 (Stationary phase for the wave equation, continued). We can now
apply the foregoing theory to (38), which states

𝐼𝜀+(𝑥, 𝑡) =
1

(2𝜋𝜀)𝑛 ∫ℝ𝑛
∫
ℝ𝑛
𝑎(𝑧)𝑒

𝑖
𝜀𝜙+(𝑥,𝑦,𝑧,𝑡) 𝑑𝑦𝑑𝑧.

This is of the form (40), with (𝑥, 𝑡) replacing 𝑥 and (𝑦, 𝑧) replacing 𝑦.
Define for fixed 𝑥 ∈ ℝ𝑛, 𝑡 > 0, the set where the mapping (𝑦, 𝑧) ↦

𝜙+(𝑥, 𝑦, 𝑧, 𝑡) is stationary:

𝑆+ ≔ { (𝑦, 𝑧) ∣ 𝐷𝑦,𝑧𝜙+(𝑥, 𝑦, 𝑧, 𝑡) = 0 }.

Recall from (39) that 𝜙+(𝑥, 𝑦, 𝑧, 𝑡) = (𝑥 − 𝑧) ⋅ 𝑦 + 𝑡|𝑦| + 𝑝(𝑧); and so

{
𝐷𝑦𝜙+ = (𝑥 − 𝑧) + 𝑡 𝑦|𝑦| (𝑦 ≠ 0),
𝐷𝑧𝜙+ = −𝑦 + 𝐷𝑝(𝑧).

Consequently

(55) 𝑆+ = { (𝑦, 𝑧) ∣ 𝑥 = 𝑧 − 𝑡𝐷𝑝(𝑧)
|𝐷𝑝(𝑧)| , 𝑦 = 𝐷𝑝(𝑧) } ,

and we here and henceforth assume that 𝑦 = 𝐷𝑝(𝑧) ≠ 0 if (𝑦, 𝑧) ∈ 𝑆+.
Now if 𝑦 ≠ 0,

𝐷2
𝑦,𝑧𝜙+ = (𝐷

2
𝑦𝜙+ 𝐷2

𝑦𝑧𝜙+
𝐷2
𝑦𝑧𝜙+ 𝐷2

𝑧𝜙+
)
2𝑛×2𝑛

= (
𝑡
|𝑦|P(𝑦) −𝐼
−𝐼 𝐷2𝑝)

,

for P(𝑦) ≔ 𝐼 − 𝑦⊗𝑦
|𝑦|2 . We have 𝑦 = 𝐷𝑝(𝑧) on the stationary set 𝑆+, and so

det(𝐷2
𝑦,𝑧𝜙+) = (−1)𝑛 det(𝐼 − 𝑡

|𝐷𝑝|𝐷
2𝑝P(𝐷𝑝)) .
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Now the symmetric matrix 𝚺(𝑧) ≔ P(𝐷𝑝)
|𝐷𝑝| 𝐷

2𝑝P(𝐷𝑝) has 𝑛 real eigenvalues
𝜆1(𝑧), . . . , 𝜆𝑛(𝑧). Since 𝚺(𝑧)𝐷𝑝 = 0, we may take 𝜆𝑛(𝑧) = 0. The other eigenval-
ues 𝜆1(𝑧), . . . , 𝜆𝑛−1(𝑧) turn out to be the principal curvatures 𝜅1(𝑧), . . . , 𝜅𝑛−1(𝑧)
of the level surface of 𝑝 passing through 𝑧. Since P2 = P, the nonzero eigen-
values of 1

|𝐷𝑝|𝐷
2𝑝P(𝐷𝑝) are the nonzero principal curvatures. Thus on 𝑆+,

(56) det(𝐷2
𝑦,𝑧𝜙+) = (−1)𝑛

𝑛−1
∏
𝑖=1

(1 − 𝑡𝜅𝑖(𝑧)).

We apply the stationary phase estimates for 𝑥0 ∈ ℝ𝑛 and small 𝑡0 > 0. If 𝑡0
is small enough, we can invoke the Implicit Function Theorem (§C.7) to solve
uniquely the expressions

𝑥0 = 𝑧 − 𝑡0
𝐷𝑝(𝑧)
|𝐷𝑝(𝑧)| , 𝑦 = 𝐷𝑝(𝑧)

for 𝑦0 = 𝑦(𝑥0, 𝑡0), 𝑧0 = 𝑧(𝑥0, 𝑡0). Thus the asymptotic formula (54) (with 2𝑛
replacing 𝑛) implies

(57)
𝐼𝜀+(𝑥0, 𝑡0) =

1
(2𝜋𝜀)𝑛 ∫ℝ𝑛

∫
ℝ𝑛
𝑎(𝑧)𝑒

𝑖
𝜀𝜙+(𝑥0,𝑦,𝑧,𝑡0) 𝑑𝑦𝑑𝑧

= 𝑒
𝑖𝜋
4 sgn(𝐷2

𝑦,𝑧𝜙+)

| det 𝐷2𝑦𝑧𝜙+|1/2
𝑒𝑖𝜀𝜙+[𝑎(𝑧0) + 𝑂(𝜀)] as 𝜀 → 0,

𝜙+ and 𝐷2
𝑦𝑧𝜙+ evaluated at (𝑥0, 𝑦0, 𝑧0, 𝑡0). Recall further that (56) gives us

an explicit function for det(𝐷2
𝑦𝑧𝜙+). A similar asymptotic formula holds for

𝐼𝜀−(𝑥0, 𝑡0). Since 𝑢𝜀(𝑥0, 𝑡0) = 1
2 (𝐼

𝜀
+(𝑥0, 𝑡0) + 𝐼𝜀−(𝑥0, 𝑡0)), we derive detailed infor-

mation concerning the limits as 𝜀 → 0, at least for small times 𝑡0 > 0.

Remark (Optics and stationary phase). It remains to discuss briefly the con-
nections between the formal geometric optics and the stationary phase ap-
proaches. Recall that the former brought us to the two Hamilton–Jacobi equa-
tions

(58) 𝑝𝑡 ± |𝐷𝑝| = 0

for the phase function of 𝑢𝜀 = 𝑎𝜀𝑒
𝑖𝑝𝜀
𝜀 = (𝑎+𝑜(1))𝑒

𝑖𝑝+𝑜(1)
𝜀 . Now the characteristic

equations for the PDE 𝑝𝑡 − |𝐷𝑝| = 0 are

(59) {
ẋ(𝑠) = − p(𝑠)

|p(𝑠)|
ṗ(𝑠) = 0,

as previously discussed in §3.2.2. In particular given a point 𝑥 ∈ ℝ𝑛, 𝑡 > 0,
where 𝑡 is small, the projected characteristic x(⋅) is a straight line, starting at
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the unique point 𝑧 satisfying

𝑧 = 𝑥 + 𝑡 𝐷𝑝(𝑧)|𝐷𝑝(𝑧)| .

But this relation is precisely what determines the stationary set 𝑆+ above. Like-
wise, the characteristics of the partial differential equation 𝑝𝑡 + |𝐷𝑝| = 0 de-
termine the stationary set 𝑆− for 𝜙−.

4.5.4. Homogenization. Homogenization theory studies the effects of high-
frequency oscillations in the coefficients upon solutions of PDE. In the sim-
plest setting we are given a partial differential equation with two natural length
scales, a macroscopic scale of order 1 and a microscopic scale of order 𝜀, the lat-
ter measuring the period of the oscillations. For fixed, but small, 𝜀 > 0 the
solution 𝑢𝜀 of the PDE will in general be complicated, having different behav-
iors on the two length scales.

Homogenization theory studies the limiting behavior 𝑢𝜀 → 𝑢 as 𝜀 → 0. The
idea is that in this limit the high-frequency effects will “average out”, and there
will be a simpler, effective limiting PDE that 𝑢 solves. One of the difficulties is
even to guess the form of the limiting partial differential equation, and for this,
multiscale expansions in 𝜀 may be useful.

Example 5 (Periodic homogenization of an elliptic equation). This exam-
ple assumes some familiarity with the theory of divergence-structure, second-
order elliptic PDE, as developed later in Chapter 6.

Let 𝑈 denote an open, bounded subset of ℝ𝑛, with smooth boundary 𝜕𝑈,
and consider this boundary-value problem for a divergence structure PDE:

(60)
⎧
⎨
⎩

−
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥𝜀 ) 𝑢
𝜀
𝑥𝑖)𝑥𝑗

= 𝑓 in 𝑈

𝑢𝜀 = 0 in 𝜕𝑈.

Here 𝑓 ∶ 𝑈 → ℝ is given, as are the coefficients 𝑎𝑖𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛). We will
assume the uniform ellipticity condition

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑦)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2

for some constant 𝜃 > 0 and all 𝑦, 𝜉 ∈ ℝ𝑛. We suppose also

(61) the mapping 𝑦 ↦ 𝑎𝑖𝑗(𝑦) is 𝑄-periodic (𝑦 ∈ ℝ𝑛),
𝑄 denoting the unit cube inℝ𝑛. Thus the coefficients 𝑎𝑖𝑗(𝑥𝜀 ) in (60) are rapidly
oscillating in 𝑥 for small 𝜀 > 0, and we inquire as to the effect this has upon the



218 4. Other Ways to Represent Solutions

solution 𝑢𝜀. (In applications 𝑢𝜀 represents, say, the electric potential within a
nonisotropic body having small-scale, periodic structure.)

In the following heuristic discussion let us assume

(62) 𝑢𝜀 → 𝑢 as 𝜀 → 0
in some suitable sense and try to determine an equation which 𝑢 satisfies. The
trick is to suppose 𝑢𝜀 admits the following two-scale expansion:

(63) 𝑢𝜀(𝑥) = 𝑢0(𝑥, 𝑥/𝜀) + 𝜀𝑢1(𝑥, 𝑥/𝜀) + 𝜀2𝑢2(𝑥, 𝑥/𝜀) + . . . ,
where 𝑢𝑖 ∶ 𝑈 × 𝑄 → ℝ (𝑖 = 0, 1, . . . ), 𝑢𝑖 = 𝑢𝑖(𝑥, 𝑦). We are thus thinking of
the terms 𝑢𝑖 as being both functions of the macroscopic variable 𝑥 and periodic
functions of the microscopic variable 𝑦 = 𝑥

𝜀 . The plan is to plug (63) into (60)
and to determine thereby 𝑢0, 𝑢1, etc. We are primarily interested in 𝑢 = 𝑢0.

Now if 𝑣(𝑥) = 𝑤(𝑥, 𝑥/𝜀) for some function 𝑤 = 𝑤(𝑥, 𝑦), then 𝜕
𝜕𝑥𝑖

𝑣 =
( 𝜕
𝜕𝑥𝑖

+ 1
𝜀

𝜕
𝜕𝑦𝑖
)𝑤, 𝑖 = 1, . . . , 𝑛. Thus, writing

𝐿𝑣 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥/𝜀)𝑣𝑥𝑖)𝑥𝑗 ,

we have

(64) 𝐿 = 1
𝜀2𝐿1 +

1
𝜀𝐿2 + 𝐿3,

where

(65)
⎧
⎨
⎩

(a) 𝐿1𝑤 ≔ −∑𝑛
𝑖,𝑗=1(𝑎𝑖𝑗(𝑦)𝑤𝑦𝑖)𝑦𝑗 ,

(b) 𝐿2𝑤 ≔ −∑𝑛
𝑖,𝑗=1(𝑎𝑖𝑗(𝑦)𝑤𝑥𝑖)𝑦𝑗 + (𝑎𝑖𝑗(𝑦)𝑖)𝑥𝑗 ,

(c) 𝐿3𝑤 ≔ −∑𝑛
𝑖,𝑗=1(𝑎𝑖𝑗(𝑦)𝑤𝑥𝑖)𝑥𝑗 .

Next plug the expansion (63) into the PDE 𝐿𝑢𝜀 = 𝑓, and utilize the decompo-
sition (64), (65) to find

1
𝜀2𝐿1𝑢0+

1
𝜀 (𝐿1𝑢1 + 𝐿2𝑢0) + (𝐿1𝑢2 + 𝐿2𝑢1 + 𝐿3𝑢0)
+ {terms involving 𝜀, 𝜀2, . . . } = 𝑓.

Equating like powers of 𝜀, we deduce

(66) {
(a) 𝐿1𝑢0 = 0,
(b) 𝐿1𝑢1 + 𝐿2𝑢0 = 0,
(c) 𝐿1𝑢2 + 𝐿2𝑢1 + 𝐿3𝑢0 = 𝑓, etc.

We examine these PDE to deduce information concerning 𝑢0, 𝑢1, 𝑢2. Now in
view of (65)(a), (66)(a) for each fixed 𝑥, 𝑢0(𝑥, 𝑦) solves 𝐿1𝑢0 = 0 and is 𝑄-
periodic. It turns out that the only such solutions are constant in 𝑦. Thus in
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fact

(67) 𝑢0 = 𝑢(𝑥) depends only on 𝑥.

Next employ (67), (65)(b), (66)(b) to discover

(68) 𝐿1𝑢1 =
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑦)𝑦𝑗𝑢𝑥𝑖 .

We can as follows separate variables to represent 𝑢1 more simply. For 𝑖 = 1, . . . ,
𝑛, let 𝜒𝑖 = 𝜒𝑖(𝑦) solve

(69) {
𝐿1𝜒𝑖 = −∑𝑛

𝑗=1 𝑎𝑖𝑗(𝑦)𝑦𝑗 in 𝑄
𝜒𝑖 𝑄-periodic.

As the right-hand side of the PDE in (69) has integral zero over𝑄, this problem
has a solution 𝜒𝑖 (unique up to an additive constant). Here we are applying the
Fredholm alternative: see Chapter 6.

Using (69), we obtain

(70) 𝑢1(𝑥, 𝑦) = −
𝑛
∑
𝑖=1

𝜒𝑖(𝑦)𝑢𝑥𝑖(𝑥) + 𝑢̃1(𝑥),

𝑢̃1 denoting an arbitrary function of 𝑥 alone.
Finally let us recall (66)(c):

(71) 𝐿1𝑢2 = 𝑓 − 𝐿2𝑢1 − 𝐿3𝑢0.

In view of (65)(a) this PDE will have a 𝑄-periodic solution (in the variable 𝑦)
only if the integral of the right-hand side over 𝑄 is zero. Thus we require

(72) ∫
𝑄
𝐿2𝑢1 + 𝐿3𝑢0 𝑑𝑦 = ∫

𝑄
𝑓 𝑑𝑦 = 𝑓(𝑥).

Owing to (65)(b) and (70),

∫
𝑄
𝐿2𝑢1 𝑑𝑦 = −

𝑛
∑
𝑗,𝑘=1

(∫
𝑄
𝑎𝑗𝑘(𝑦)𝑢1,𝑦𝑘 𝑑𝑦)

𝑥𝑗

=
𝑛
∑

𝑖,𝑗,𝑘=1
(∫

𝑄
𝑎𝑗𝑘(𝑦)𝜒𝑖𝑦𝑘(𝑦) 𝑑𝑦) 𝑢𝑥𝑖𝑥𝑗 .

Since 𝑢 = 𝑢0, this calculation and (72) imply

−
𝑛
∑
𝑖,𝑗=1

(∫
𝑄
𝑎𝑖𝑗(𝑦) −

𝑛
∑
𝑘=1

𝑎𝑗𝑘(𝑦)𝜒𝑖𝑦𝑘(𝑦) 𝑑𝑦) 𝑢𝑥𝑖𝑥𝑗 (𝑥) = 𝑓(𝑥).
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That is,

(73)
⎧
⎨
⎩

−
𝑛
∑
𝑖,𝑗=1

̄𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 = 𝑓 in 𝑈

𝑢 = 0 on 𝜕𝑈,

where

(74) ̄𝑎𝑖𝑗 ≔∫
𝑄
𝑎𝑖𝑗(𝑦) −

𝑛
∑
𝑘=1

𝑎𝑗𝑘(𝑦)𝜒𝑖𝑦𝑘(𝑦) 𝑑𝑦 (𝑖, 𝑗 = 1, . . . , 𝑛)

are the homogenized coefficients and 𝜒𝑖 solves the corrector problem (69) (𝑖 = 1,
. . . , 𝑛). Thus we expect 𝑢𝜀 → 𝑢 as 𝜀 → 0 and 𝑢 to solve the limit problem (73).

This example clearly illustrates the power of the multiscale expansion
method. It is not at all readily apparent that the high-frequency oscillations
in the coefficients of (60) lead to a constant coefficient PDE of the precise form
(73), (74). We will later introduce some variational principles characterizing
̄𝐴 = (( ̄𝑎𝑖𝑗)): see Problem 18.

4.6. POWER SERIES

We discuss in this final section solving boundary-value problems for partial
differential equations by looking for solutions expressed as power series.

4.6.1. Noncharacteristic surfaces. We begin with some fairly general com-
ments concerning the solvability of the 𝑘th-order quasilinear PDE

(1) ∑
|𝛼|=𝑘

𝑎𝛼(𝐷𝑘−1𝑢, . . . , 𝑢, 𝑥)𝐷𝛼𝑢 + 𝑎0(𝐷𝑘−1𝑢, . . . , 𝑢, 𝑥) = 0

in some open region 𝑈 ⊂ ℝ𝑛. Let us assume that Γ is a smooth, (𝑛 − 1)-
dimensional hypersurface in 𝑈, the unit normal to which at any point 𝑥0 ∈ Γ
is 𝝂(𝑥0) = 𝜈 = (𝜈1, . . . , 𝜈𝑛).

NOTATION. The 𝑗th normal derivative of 𝑢 at 𝑥0 ∈ Γ is

𝜕𝑗𝑢
𝜕𝜈𝑗 ≔ ∑

|𝛼|=𝑗
(𝑗𝛼)𝐷

𝛼𝑢 𝜈𝛼 = ∑
𝛼1+⋯+𝛼𝑛=𝑗

(𝑗𝛼)
𝜕𝑗𝑢

𝜕𝛼1𝑥1 . . . 𝜕𝛼𝑛𝑥𝑛
𝜈𝛼1
1 . . . 𝜈𝛼𝑛𝑛 . □

Now let 𝑔0, . . . , 𝑔𝑘−1 ∶ Γ → ℝ be 𝑘 given functions. The Cauchy problem is
then to find a function𝑢 solving the PDE (1), subject to the boundary conditions

(2) 𝑢 = 𝑔0,
𝜕𝑢
𝜕𝜈 = 𝑔1, . . . ,

𝜕𝑘−1𝑢
𝜕𝜈𝑘−1 = 𝑔𝑘−1 on Γ.

We say that the equations (2) prescribe the Cauchy data 𝑔0, . . . , 𝑔𝑘−1 on Γ.
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We now pose a basic question:

(3)
⎧
⎨
⎩

Assuming 𝑢 is a smooth solution of the PDE (1),
do conditions (2) allow us to compute all the partial
derivatives of 𝑢 along Γ?

This must certainly be so, if we are ever going to be able to calculate the terms
of a power series representation formula for 𝑢.
a. Flat boundaries. We examine first the special circumstance that 𝑈 = ℝ𝑛

and Γ is the plane {𝑥𝑛 = 0}. In this situation we can take 𝜈 = 𝑒𝑛, and so the
Cauchy conditions (2) read

(4) 𝑢 = 𝑔0,
𝜕𝑢
𝜕𝑥𝑛

= 𝑔1, . . . ,
𝜕𝑘−1𝑢
𝜕𝑥𝑘−1𝑛

= 𝑔𝑘−1 on {𝑥𝑛 = 0}.

Which further partial derivatives of 𝑢 can we compute along the plane Γ =
{𝑥𝑛 = 0}? First, notice that since 𝑢 = 𝑔0 on all of Γ, we can differentiate tan-
gentially, that is, with respect to 𝑥𝑖 (𝑖 = 1, . . . , 𝑛 − 1), to find

𝜕𝑢
𝜕𝑥𝑖

= 𝜕𝑔0
𝜕𝑥𝑖

(𝑖 = 1, . . . , 𝑛 − 1).

Since we also know from (4) that
𝜕𝑢
𝜕𝑥𝑛

= 𝑔1,

we can determine the full gradient 𝐷𝑢 along Γ = {𝑥𝑛 = 0}. Similarly, we have

{
𝜕2ᵆ

𝜕𝑥𝑛𝜕𝑥𝑖
= 𝜕𝑔1

𝜕𝑥𝑖
(𝑖 = 1, . . . , 𝑛 − 1)

𝜕2ᵆ
𝜕𝑥2𝑛

= 𝑔2,

and hence we can compute 𝐷2𝑢 on Γ. Next, we see

𝜕3𝑢
𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑚

=

⎧⎪⎪
⎨⎪⎪
⎩

𝜕3𝑔0
𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑚

if 𝑖, 𝑗,𝑚 = 1, . . . , 𝑛 − 1
𝜕2𝑔1
𝜕𝑥𝑖𝜕𝑥𝑗

if 𝑖, 𝑗 = 1, . . . , 𝑛 − 1; 𝑚 = 𝑛
𝜕𝑔2
𝜕𝑥𝑖

if 𝑖 = 1, . . . , 𝑛 − 1; 𝑗 = 𝑚 = 𝑛
𝑔3 if 𝑖 = 𝑗 = 𝑚 = 𝑛

along Γ, and so we can compute 𝐷3𝑢 there. Continuing, it is straightforward
to check that employing the Cauchy conditions (4), we can compute 𝑢, 𝐷𝑢, . . . ,
𝐷𝑘−1𝑢 on Γ.

Difficulties will arise, however, when we try to calculate 𝐷𝑘𝑢. In this cir-
cumstance it is not hard to verify that we can determine each partial derivative
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of 𝑢 of order 𝑘 along Γ = {𝑥𝑛 = 0} from the Cauchy data (4), except for the
𝑘th-order normal derivative

𝜕𝑘𝑢
𝜕𝑥𝑘𝑛

.

Here, at last, we turn to PDE (1) for help. We observe from (1) that if the coeffi-
cient 𝑎(0,. . .,0,𝑘) is nonzero, we can then solve for

(5) 𝜕𝑘𝑢
𝜕𝑥𝑘𝑛

= − 1
𝑎(0,. . .,0,𝑘)

[ ∑
|𝛼|=𝑘

𝛼≠(0,. . .,0,𝑘)

𝑎𝛼𝐷𝛼𝑢 + 𝑎0],

with the coefficients 𝑎𝛼 (|𝛼| = 𝑘) and 𝑎0 evaluated at (𝐷𝑘−1𝑢, . . . , 𝑢, 𝑥) along Γ.
Now in view of the remarks above, everything on the right-hand side of equality
(5) can be calculated in terms of the Cauchy data along the plane Γ, and thus
we have a formula for the missing 𝑘th partial derivative. Consequently we can
in fact compute all of 𝐷𝑘𝑢 on Γ, provided

(6) 𝑎(0,. . .,0,𝑘) ≠ 0.

We say that the plane Γ = {𝑥𝑛 = 0} is noncharacteristic for the PDE (1) if the
function 𝑎(0,. . .,𝑘) is nonzero for all values of its arguments.

Can we calculate still higher partial derivatives? Assuming the nonchar-
acteristic condition (6), we observe that we can now augment our list (4) of
Cauchy data with the new equality

(7) 𝜕𝑘𝑢
𝜕𝑥𝑘𝑛

= 𝑔𝑘 on Γ = {𝑥𝑛 = 0},

𝑔𝑘 denoting the right-hand side of (5). But then we can, as before, compute all
of 𝐷𝑘+1𝑢 along Γ, except for the term

𝜕𝑘+1𝑢
𝜕𝑥𝑘+1𝑛

.

Again we employ the PDE (1). We differentiate (1) with respect to 𝑥𝑛, evaluate
the resulting expression on the plane Γ, and rearrange to find

𝜕𝑘+1𝑢
𝜕𝑥𝑘+1𝑛

= 1
𝑎(0,. . .,0,𝑘)

{⋯},

the dots denoting the sum of various expressions, each of which can be com-
puted alongΓ in terms of 𝑔0, . . . , 𝑔𝑘. Consequently we can ascertain all of𝐷𝑘+1𝑢
onΓ, and an induction verifies that in fact we can compute all the partial deriva-
tives of 𝑢 on the plane Γ.

.
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b. General surfaces. We now propose to generalize the results obtained
above to the general case that Γ is a smooth hypersurface with normal vector
field 𝝂.

DEFINITION. We say the surface Γ is noncharacteristic for the partial differ-
ential equation (1) provided

(8) ∑
|𝛼|=𝑘

𝑎𝛼𝝂𝛼 ≠ 0 on Γ,

for all values of the arguments of the coefficients 𝑎𝛼 (|𝛼| = 𝑘).

THEOREM 1 (Cauchy data and noncharacteristic surfaces). Assume that Γ is
noncharacteristic for the PDE (1). Then if 𝑢 is a smooth solution of (1) and 𝑢 sat-
isfies the Cauchy conditions (2), we can uniquely compute all the partial deriva-
tives of 𝑢 along Γ in terms of Γ, the functions 𝑔0, . . . , 𝑔𝑘−1, and the coefficients
𝑎𝛼 (|𝛼| = 𝑘), 𝑎0.

Proof.

1. We will reduce to the special case considered above.
For this, let us choose any point 𝑥0 ∈ Γ and recall §C.1 to find smooth maps

𝚽,𝚿 ∶ ℝ𝑛 → ℝ𝑛, so that 𝚿 = 𝚽−1 and

𝚽(Γ ∩ 𝐵(𝑥0, 𝑟)) ⊂ {𝑦𝑛 = 0}

for some 𝑟 > 0. Define
𝑣(𝑦) ≔ 𝑢(𝚿(𝑦)),

so that

(9) 𝑢(𝑥) = 𝑣(𝚽(𝑥)).

It is relatively easy to check now that 𝑣 satisfies a quasilinear partial differential
equation having the form

(10) ∑
|𝛼|=𝑘

𝑏𝛼𝐷𝛼𝑣 + 𝑏0 = 0.

2. We claim

(11) 𝑏(0,. . .,0,𝑘) ≠ 0 on {𝑦𝑛 = 0}.

Indeed from (9) we see that for any multiindex 𝛼 with |𝛼| = 𝑘, we have

𝐷𝛼𝑢 = 𝜕𝑘𝑣
𝜕𝑦𝑘𝑛

(𝐷Φ𝑛)𝛼 + { terms not involving 𝜕𝑘𝑣
𝜕𝑦𝑘𝑛

} .
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Thus from (1) it follows that
0 = ∑

|𝛼|=𝑘
𝑎𝛼𝐷𝛼𝑢 + 𝑎0

= ∑
|𝛼|=𝑘

𝑎𝛼(𝐷Φ𝑛)𝛼 𝜕
𝑘𝑣
𝜕𝑦𝑘𝑛

+ { terms not involving 𝜕𝑘𝑣
𝜕𝑦𝑘𝑛

} ,

and so
𝑏(0,. . .,0,𝑘) = ∑

|𝛼|=𝑘
𝑎𝛼(𝐷Φ𝑛)𝛼.

But 𝐷Φ𝑛 is parallel to 𝝂 on Γ. Consequently 𝑏(0,. . .,𝑘) is a nonzero multiple of
the term

∑
|𝛼|=𝑘

𝑎𝛼𝜈𝛼 ≠ 0.

This verifies the claim (11).
3. Let us now define the functions ℎ0, ℎ1, . . . , ℎ𝑘−1 ∶ ℝ𝑛−1 → ℝ by

(12) 𝑣 = ℎ0,
𝜕𝑣
𝜕𝑦𝑛

= ℎ1, . . . ,
𝜕𝑘−1𝑣
𝜕𝑦𝑘𝑛

= ℎ𝑘−1 on {𝑦𝑛 = 0}.

Thus we can compute ℎ0, . . . , ℎ𝑘−1 near 𝑦 = 0 in terms of 𝚽 and the functions
𝑔0, . . . , 𝑔𝑘−1. But then, using (11) and the special case discussed above, we see
that we can calculate all of the partial derivatives of 𝑣 on {𝑦𝑛 = 0} near 𝑦 = 0.

And finally, upon recalling (9), we at last observe that we can compute all
the partial derivatives of 𝑢 on Γ near 𝑥0. □

Remark. It is sometimes convenient to recast the noncharacteristic condition
(8) into a somewhat different form, by representing Γ as the zero set of a func-
tion 𝑤 ∶ ℝ𝑛 → ℝ. So assume that we are given a function 𝑤 with

Γ = {𝑤 = 0}
and𝐷𝑤 ≠ 0 on Γ. Then 𝝂 = ± 𝐷𝑤

|𝐷𝑤| on Γ, and so the noncharacteristic condition
(8) becomes

(13) ∑
|𝛼|=𝑘

𝑎𝛼(𝐷𝑤)𝛼 ≠ 0 on Γ.

4.6.2. Real analytic functions. We review in this section the representation
of real-valued functions by power series.

DEFINITION. A function 𝑓 ∶ ℝ𝑛 → ℝ is called (real) analytic near 𝑥0 if there
exist 𝑟 > 0 and constants {𝑓𝛼} such that

𝑓(𝑥) = ∑
𝛼
𝑓𝛼(𝑥 − 𝑥0)𝛼 (|𝑥 − 𝑥0| < 𝑟),

the sum taken over all multiindices 𝛼.
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Remarks.
(i) Remember that we write 𝑥𝛼 = 𝑥𝛼1

1 ⋯𝑥𝛼𝑛𝑛 , for the multiindex 𝛼 =
(𝛼1, . . . , 𝛼𝑛).

(ii) If 𝑓 is analytic near 𝑥0, then 𝑓 is 𝐶∞ near 𝑥0. Furthermore the con-
stants 𝑓𝛼 are computed as 𝑓𝛼 = 𝐷𝛼𝑓(𝑥0)

𝛼! , where 𝛼!= 𝛼1! 𝛼2!⋯𝛼𝑛!. Thus 𝑓
equals its Taylor expansion about 𝑥0:

𝑓(𝑥) = ∑
𝛼

1
𝛼!𝐷

𝛼𝑓(𝑥0)(𝑥 − 𝑥0)𝛼 (|𝑥 − 𝑥0| < 𝑟).

To simplify, we hereafter take 𝑥0 = 0.

Example. If 𝑟 > 0, set

𝑓(𝑥) ≔ 𝑟
𝑟 − (𝑥1 +⋯+ 𝑥𝑛)

for |𝑥| < 𝑟/√𝑛.

Then

𝑓(𝑥) = 1
1 − (𝑥1+⋯+𝑥𝑛

𝑟 )
=

∞
∑
𝑘=0

(𝑥1 +⋯+ 𝑥𝑛
𝑟 )

𝑘

=
∞
∑
𝑘=0

1
𝑟𝑘 ∑

|𝛼|=𝑘
(|𝛼|𝛼 )𝑥

𝛼 = ∑
𝛼

|𝛼|!
𝑟|𝛼|𝛼!𝑥

𝛼.

We employed the Multinomial Theorem for the third equality above and re-
called that (|𝛼|𝛼 ) =

|𝛼|!
𝛼! . This power series is absolutely convergent for |𝑥| <

𝑟/√𝑛. Indeed,

∑
𝛼

|𝛼|!
𝑟|𝛼|𝛼! |𝑥

𝛼| =
∞
∑
𝑘=0

(|𝑥1| +⋯ + |𝑥𝑛|
𝑟 )

𝑘
< ∞,

since |𝑥1| +⋯ + |𝑥𝑛| ≤ |𝑥|√𝑛 < 𝑟.

We will see momentarily that the simple power series illustrated in this
example is rather important, since we can use it to majorize, and so confirm
the convergence of, other power series.

DEFINITION. Let
𝑓 = ∑

𝛼
𝑓𝛼𝑥𝛼, 𝑔 = ∑

𝛼
𝑔𝛼𝑥𝛼

be two power series. We say 𝑔majorizes 𝑓, written

𝑔 ≫ 𝑓,
provided

𝑔𝛼 ≥ |𝑓𝛼| for all multiindices 𝛼.
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LEMMA (Majorants).
(i) If 𝑔 ≫ 𝑓 and 𝑔 converges for |𝑥| < 𝑟, then 𝑓 also converges for |𝑥| < 𝑟.
(ii) If 𝑓 = ∑𝛼 𝑓𝛼𝑥𝛼 converges for |𝑥| < 𝑟 and 0 < 𝑠√𝑛 < 𝑟, then 𝑓 has a

majorant for |𝑥| < 𝑠/√𝑛.

Proof.
1. To verify assertion (i), we check

∑
𝛼
|𝑓𝛼𝑥𝛼| ≤ ∑

𝛼
𝑔𝛼|𝑥1|𝛼1 ⋯|𝑥𝑛|𝛼𝑛 < ∞ if |𝑥| < 𝑟.

2. Let 0 < 𝑠√𝑛 < 𝑟 and set 𝑦 ≔ 𝑠(1, . . . , 1). Then |𝑦| = 𝑠√𝑛 < 𝑟 and so
∑𝛼 𝑓𝛼𝑦𝛼 converges. Thus there exists a constant 𝐶 such that

|𝑓𝛼𝑦𝛼| ≤ 𝐶 for each multiindex 𝛼.

In particular,

|𝑓𝛼| ≤
𝐶

𝑦𝛼1
1 ⋯𝑦𝛼𝑛𝑛

= 𝐶
𝑠|𝛼| ≤ 𝐶 |𝛼|!

𝑠|𝛼|𝛼! .

But then
𝑔(𝑥) ≔ 𝐶𝑠

𝑠 − (𝑥1 +⋯+ 𝑥𝑛)
= 𝐶∑

𝛼

|𝛼|!
𝑠|𝛼|𝛼!𝑥

𝛼

majorizes 𝑓 for |𝑥| < 𝑠/√𝑛. □

Remark. We will later need to extend our notation to vector-valued series. So
given power series {𝑓𝑘}𝑚𝑘=1, {𝑔𝑘}𝑚𝑘=1, we set f = (𝑓1, . . . , 𝑓𝑚), g = (𝑔1, . . . , 𝑔𝑚)
and write

g≫ f
to mean

𝑔𝑘 ≫ 𝑓𝑘 (𝑘 = 1, . . . , 𝑚).

4.6.3. Cauchy–Kovalevskaya Theorem. We turn now to our primary task
of building a power series solution for the 𝑘th-order quasilinear partial differ-
ential equation (1), with analytic Cauchy data (2) specified on an analytic, non-
characteristic hypersurface Γ.
a. Reduction to a first-order system. We intend to construct a solution 𝑢
as a power series, but must first transform the boundary-value problem (1), (2)
into a more convenient form.

First of all, upon flattening out the boundary by an analytic mapping (as
in §4.6.1), we can reduce to the situation that Γ ⊂ {𝑥𝑛 = 0}. Additionally,
by subtracting off appropriate analytic functions, we may assume the Cauchy
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data are identically zero. Consequently we may assume without loss that our
problem reads:
(14)

⎧⎪
⎨⎪
⎩

∑
|𝛼|=𝑘

𝑎𝛼(𝐷𝑘−1𝑢, . . . , 𝑢, 𝑥)𝐷𝛼𝑢 + 𝑎0(𝐷𝑘−1𝑢, . . . , 𝑢, 𝑥) = 0 for |𝑥| < 𝑟

𝑢 = 𝜕𝑢
𝜕𝑥𝑛

= ⋯ = 𝜕𝑘−1𝑢
𝜕𝑥𝑘−1𝑛

= 0 for |𝑥′| < 𝑟, 𝑥𝑛 = 0,

𝑟 > 0 to be found. Here 𝑎𝛼 (|𝛼| = 𝑘) and 𝑎0 are analytic, and as usual we write
𝑥′ = (𝑥1, . . . , 𝑥𝑛−1).

Finally we transform to a first-order system. To do so, we introduce the
function

u ≔ (𝑢, 𝜕ᵆ
𝜕𝑥1

, . . . , 𝜕ᵆ
𝜕𝑥𝑛

, 𝜕
2ᵆ

𝜕𝑥21
, . . . , 𝜕

𝑘−1ᵆ
𝜕𝑥𝑘−1𝑛

),

the components of which are all the partial derivatives of 𝑢 of order less than 𝑘.
Let 𝑚 hereafter denote the number of components of u, so that u ∶ ℝ𝑛 → ℝ𝑚,
u = (𝑢1, . . . , 𝑢𝑚). Observe from the boundary condition in (14) that u = 0 for
|𝑥′| < 𝑟, 𝑥𝑛 = 0.

Now for 𝑘 ∈ {1, . . . , 𝑚 − 1}, we can compute 𝑢𝑘𝑥𝑛 in terms of {u𝑥𝑗 }𝑛−1𝑗=1 . Fur-
thermore in view of the noncharacteristic condition 𝑎(0,. . .,0,𝑘) ≠ 0 near 0, we
can utilize the PDE in (14) also to solve for 𝑢𝑚𝑥𝑛 in terms of u and {u𝑥𝑗 }𝑛−1𝑗=1 .

Employing these relations, we can consequently transform (14) into a
boundary-value problem for a first-order system foru, the coefficients of which
are analytic functions. This system is of the general form:

(15)
⎧⎪
⎨⎪
⎩

u𝑥𝑛 =
𝑛−1
∑
𝑗=1

B𝑗(u, 𝑥′)u𝑥𝑗 + c(u, 𝑥′) for |𝑥| < 𝑟

u = 0 for |𝑥′| < 𝑟, 𝑥𝑛 = 0,

where we are given the analytic functions B𝑗 ∶ ℝ𝑚 × ℝ𝑛−1 → 𝕄𝑚×𝑚 (𝑗 =
1, . . . , 𝑛 − 1) and c ∶ ℝ𝑚 × ℝ𝑛−1 → ℝ𝑚. We will write B𝑗 = ((𝑏𝑘𝑙𝑗 )) and c =
(𝑐1, . . . , 𝑐𝑚). Carefully note that we have assumed {B𝑗}𝑛−1𝑗=1 and c do not depend
on 𝑥𝑛. We can always reduce to this situation by introducing if necessary a new
component 𝑢𝑚+1 of the unknown u, with 𝑢𝑚+1 ≡ 𝑥𝑛.

In particular, the components of the system of partial differential equations
in (15) read

(16) 𝑢𝑘𝑥𝑛 =
𝑛−1
∑
𝑗=1

𝑚
∑
𝑙=1

𝑏𝑘𝑙𝑗 (u, 𝑥′)𝑢𝑙𝑥𝑗 + 𝑐𝑘(u, 𝑥′) (𝑘 = 1, . . . , 𝑚).
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b. Power series for solutions. Having reduced to the special form (15), we
can now expand u into a power series and, more importantly, verify that this
series converges near 0.

THEOREM 2 (Cauchy–Kovalevskaya Theorem). Assume {B𝑗}𝑛−1𝑗=1 and c are
real analytic functions. Then there exist 𝑟 > 0 and a real analytic function
(17) u = ∑

𝛼
u𝛼𝑥𝛼

solving the boundary-value problem (15).

Proof.
1. We must compute the coefficients

(18) u𝛼 =
𝐷𝛼u(0)
𝛼!

in terms of {B𝑗}𝑛−1𝑗=1 and c and then show that the power series (18) so obtained
in fact converges if |𝑥| < 𝑟 and 𝑟 > 0 is small enough.

2. As the functions {B𝑗}𝑛−1𝑗=1 and c are analytic, we can write

(19) B𝑗(𝑧, 𝑥′) = ∑
𝛾,𝛿

B𝑗,𝛾,𝛿𝑧𝛾𝑥𝛿 (𝑗 = 1, . . . , 𝑛 − 1)

and

(20) c(𝑧, 𝑥′) = ∑
𝛾,𝛿

c𝛾,𝛿𝑧𝛾𝑥𝛿,

these power series convergent if |𝑧| + |𝑥′| < 𝑠 for some small 𝑠 > 0. Thus

(21) B𝑗,𝛾,𝛿 =
𝐷𝛾
𝑧𝐷𝛿

𝑥B𝑗(0, 0)
(𝛾 + 𝛿)! , c𝛾,𝛿 =

𝐷𝛾
𝑧𝐷𝛿

𝑥c(0, 0)
(𝛾 + 𝛿)!

for 𝑗 = 1, . . . , 𝑛 − 1 and all multiindices 𝛾, 𝛿.
3. Since u ≡ 0 on {𝑥𝑛 = 0}, we have

(22) u𝛼 =
𝐷𝛼u(0)
𝛼! = 0 for all multiindices 𝛼 with 𝛼𝑛 = 0.

Now fix 𝑖 ∈ {1, . . . , 𝑛 − 1} and differentiate (16) with respect to 𝑥𝑖:

𝑢𝑘𝑥𝑛𝑥𝑖 =
𝑛−1
∑
𝑗=1

𝑚
∑
𝑙=1
(𝑏𝑘𝑙𝑗 𝑢𝑙𝑥𝑖𝑥𝑗 + 𝑏𝑘𝑙𝑗,𝑥𝑖𝑢

𝑙
𝑥𝑗 +

𝑚
∑
𝑝=1

𝑏𝑘𝑙𝑗,𝑧𝑝𝑢
𝑝
𝑥𝑖𝑢𝑙𝑥𝑗) + 𝑐𝑘𝑥𝑖 +

𝑚
∑
𝑝=1

𝑐𝑘𝑧𝑝𝑢
𝑝
𝑥𝑖 .

In view of (22), we conclude 𝑢𝑘𝑥𝑛𝑥𝑖(0) = 𝑐𝑘𝑥𝑖(0, 0).
If 𝛼 is a multiindex having the form 𝛼 = (𝛼1, . . . , 𝛼𝑛−1, 1) = (𝛼′, 1), we

likewise prove by induction that

𝐷𝛼𝑢𝑘(0) = 𝐷𝛼′𝑐𝑘(0, 0).
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Next suppose 𝛼 = (𝛼′, 2). Then

𝐷𝛼𝑢𝑘 = 𝐷𝛼′(𝑢𝑘𝑥𝑛)𝑥𝑛

= 𝐷𝛼′(
𝑛−1
∑
𝑗=1

𝑚
∑
𝑙=1

𝑏𝑘𝑙𝑗 𝑢𝑙𝑥𝑗 + 𝑐𝑘)
𝑥𝑛

by (16)

= 𝐷𝛼′(
𝑛−1
∑
𝑗=1

𝑚
∑
𝑙=1
(𝑏𝑘𝑙𝑗 𝑢𝑙𝑥𝑗𝑥𝑛 +

𝑚
∑
𝑝=1

𝑏𝑘𝑙𝑗,𝑧𝑝𝑢
𝑝
𝑥𝑛𝑢𝑙𝑥𝑗 ) +

𝑚
∑
𝑝=1

𝑐𝑘𝑧𝑝𝑢
𝑝
𝑥𝑛).

Thus

𝐷𝛼𝑢𝑘(0) = 𝐷𝛼′(
𝑛−1
∑
𝑗=1

𝑚
∑
𝑙=1

𝑏𝑘𝑙𝑗 𝑢𝑙𝑥𝑗𝑥𝑛 +
𝑚
∑
𝑝=1

𝑐𝑘𝑧𝑝𝑢
𝑝
𝑥𝑛)

|||𝑥=u=0
.

The expression on the right-hand side can be worked out to be a polynomial
with nonnegative coefficients involving various derivatives of {B𝑗}𝑛−1𝑗=1 and c and
the derivatives 𝐷𝛽u, where 𝛽𝑛 ≤ 1.

More generally, for each multiindex 𝛼 and each 𝑘 ∈ {1, . . . , 𝑚}, we compute

𝐷𝛼𝑢𝑘(0) = 𝑝𝑘𝛼(. . . , 𝐷𝛾
𝑧𝐷𝛿

𝑥b𝑗, . . . , 𝐷𝛾
𝑧𝐷𝛿

𝑥c, . . . , 𝐷𝛽u, . . . )||𝑥=u=0,

where 𝑝𝑘𝛼 denotes some polynomial with nonnegative coefficients.
Recalling (18)–(21), we deduce for each 𝛼, 𝑘 that

(23) 𝑢𝑘𝛼 = 𝑞𝑘𝛼(. . . ,B𝑗,𝛾,𝛿, . . . , c𝛾,𝛿, . . . ,u𝛽, . . . ),

where

(24) 𝑞𝑘𝛼 is a polynomial with nonnegative coefficients

and

(25) 𝛽𝑛 ≤ 𝛼𝑛 − 1 for each multiindex 𝛽 on the right-hand side of (23).

4. Thus far we have merely demonstrated that if there is a smooth solution
of (15), then we can compute all of its derivatives at 0 in terms of known quan-
tities. This of course we already know from the discussion in §4.6.1, since the
plane {𝑥𝑛 = 0} is noncharacteristic.

We now intend to employ (22)–(25) and the method of majorants to show
the power series (17) actually converges if |𝑥| < 𝑟 and 𝑟 is small. For this, let us
first suppose

(26) B∗𝑗 ≫ B𝑗 (𝑗 = 1, . . . , 𝑛 − 1)

and

(27) c∗ ≫ c,
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where
B∗𝑗 ≔∑

𝛾,𝛿
B∗𝑗,𝛾,𝛿𝑧

𝛾𝑥𝛿 (𝑗 = 1, . . . , 𝑛 − 1)

and
c∗ ≔∑

𝛾,𝛿
c∗𝛾,𝛿𝑧

𝛾𝑥𝛿,

these power series convergent for |𝑧| + |𝑥′| < 𝑠. Then for all 𝑗, 𝛾, 𝛿,

(28) 0 ≤ |B𝑗,𝛾,𝛿| ≤ B∗𝑗,𝛾,𝛿, 0 ≤ |c𝛾,𝛿| ≤ c∗𝛾,𝛿.

We consider next the new boundary-value problem

(29)
⎧⎪
⎨⎪
⎩

u∗𝑥𝑛 =
𝑛−1
∑
𝑗=1

B∗𝑗(u∗, 𝑥′)u
∗
𝑥𝑗 + c∗(u∗, 𝑥′) for |𝑥| < 𝑟

u∗ = 0 for |𝑥′| < 𝑟, 𝑥𝑛 = 0,
and, as above, look for a solution having the form

(30) u∗ = ∑
𝛼
u∗𝛼𝑥𝛼,

where

(31) u∗𝛼 =
𝐷𝛼u∗(0)

𝛼! .

5. We claim

0 ≤ |𝑢𝑘𝛼| ≤ 𝑢𝑘∗𝛼 for each multiindex 𝛼.
The proof is by induction. The general step follows since

|𝑢𝑘𝛼| = |𝑞𝑘𝛼(. . . ,B𝑗,𝛾,𝛿, . . . , c𝛾,𝛿, . . . ,u𝛽, . . . )| by (23)
≤ 𝑞𝑘𝛼(. . . , |B𝑗,𝛾,𝛿|, . . . , |c𝛾,𝛿|, . . . , |u𝛽|, . . . ) by (24)
≤ 𝑞𝑘𝛼(. . . ,B∗𝑗,𝛾,𝛿, . . . , c

∗
𝛾,𝛿, . . . ,u

∗
𝛽, . . . ) by (24), (28) and induction

= 𝑢𝑘∗𝛼 .
Thus

(32) u∗ ≫ u,
and so it suffices to prove that the power series (30) converges near zero.

6. As demonstrated in the proof of assertion (ii) of the lemma in §4.6.2, if
we choose

B∗𝑗 ≔
𝐶𝑟

𝑟 − (𝑥1 +⋯+ 𝑥𝑛−1) − (𝑧1 +⋯+ 𝑧𝑚)
(
1 . . . 1

⋱
1 . . . 1

)
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for 𝑗 = 1, . . . , 𝑛 − 1, and

c∗ ≔ 𝐶𝑟
𝑟 − (𝑥1 +⋯+ 𝑥𝑛−1) − (𝑧1 +⋯+ 𝑧𝑚)

(1, . . . , 1),

then (26), (27) will hold if 𝐶 is large enough, 𝑟 > 0 is small enough, and |𝑥′| +
|𝑧| < 𝑟.

Hence the problem (29) reads

⎧
⎨
⎩

u∗𝑥𝑛 =
𝐶𝑟

𝑟 − (𝑥1 +⋯+ 𝑥𝑛−1) − (𝑢1∗ +⋯+ 𝑢𝑚∗) (∑𝑗,𝑙
u𝑙∗𝑥𝑗 + 1) for |𝑥| < 𝑟

u∗ = 0 for |𝑥′| < 𝑟, 𝑥𝑛 = 0.
However, this problem has an explicit solution, namely

(33) u∗ = 𝑣∗(1, . . . , 1),
for

(34)
𝑣∗(𝑥) ≔ 1

𝑚𝑛(𝑟 − (𝑥1 +⋯+ 𝑥𝑛−1)

− [(𝑟 − (𝑥1 +⋯+ 𝑥𝑛−1))2 − 2𝑚𝑛𝐶𝑟𝑥𝑛]1/2).
This expression is analytic for |𝑥| < 𝑟, provided 𝑟 > 0 is sufficiently small.
Thus u∗ defined by (33) necessarily has the form (30), (31), the power series
(30) converging for |𝑥| < 𝑟. As u∗ ≫ u, the power series (17) converges as well
for |𝑥| < 𝑟.

This defines the analytic function u near 0. Since the Taylor expansions of
the analytic functions u𝑥𝑛 and∑𝑛−1

𝑗=1 B𝑗(u, 𝑥)u𝑥𝑗+c(u, 𝑥) agree at 0, they agree
as well throughout the region |𝑥| < 𝑟. □

The Cauchy–Kovalevskaya Theorem is valid also for fully nonlinear, ana-
lytic PDE: see Folland [F1].

4.7. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless oth-
erwise stated.

1. Use separation of variables to find a nontrivial solution 𝑢 of the PDE

𝑢2𝑥1𝑢𝑥1𝑥1 + 2𝑢𝑥1𝑢𝑥2𝑢𝑥1𝑥2 + 𝑢2𝑥2𝑢𝑥2𝑥2 = 0 in ℝ2.
(G. Aronsson, Manuscripta Math. 47 (1984), 133–151)

2. Consider Laplace’s equation Δ𝑢 = 0 in ℝ2, taken with the Cauchy data

𝑢 = 0, 𝜕ᵆ
𝜕𝑥2

= 1
𝑛 sin(𝑛𝑥1) on {𝑥2 = 0}.
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Employ separation of variables to derive the solution

𝑢 = 1
𝑛2 sin(𝑛𝑥1) sinh(𝑛𝑥2).

What happens to 𝑢 as 𝑛 → ∞? Is the Cauchy problem for Laplace’s equa-
tion well-posed? (This example is due to Hadamard.)

3. Find explicit formulas for 𝑣 and 𝜎, so that 𝑢(𝑥, 𝑡) ≔ 𝑣(𝑥 − 𝜎𝑡) is a traveling
wave solution of the nonlinear diffusion equation

𝑢𝑡 − 𝑢𝑥𝑥 = 𝑓(𝑢),

where
𝑓(𝑧) = −2𝑧3 + 3𝑧2 − 𝑧.

Assume lim𝑠→∞ 𝑣 = 1, lim𝑠→−∞ 𝑣 = 0, lim𝑠→±∞ 𝑣′ = 0.
(Hint: Multiply the equation 𝑣″ + 𝜎𝑣′ + 𝑓(𝑣) = 0 by 𝑣′ and integrate,

to determine the value of 𝜎.)
4. If we look for a radial solution 𝑢(𝑥) = 𝑣(𝑟) of the nonlinear elliptic equation

−Δ𝑢 = 𝑢𝑝 in ℝ𝑛,

where 𝑟 = |𝑥| and 𝑝 > 1, we are led to the nonautonomous ODE

(∗) 𝑣″ + 𝑛 − 1
𝑟 𝑣′ + 𝑣𝑝 = 0.

Show that the Emden–Fowler transformation

𝑡 ≔ log 𝑟, 𝑥(𝑡) ≔ 𝑒
2𝑡
𝑝−1 𝑣(𝑒𝑡)

converts (∗) into an autonomous ODE for the new unknown 𝑥 = 𝑥(𝑡).
5. Find a nonnegative scaling invariant solution having the form

𝑢(𝑥, 𝑡) = 𝑡−𝛼𝑣(𝑥𝑡−𝛽)

for the nonlinear heat equation

𝑢𝑡 − Δ(𝑢𝛾) = 0,

where 𝑛−2
𝑛 < 𝛾 < 1. Your solution should go to zero algebraically as |𝑥| →

∞.
6. Find a solution of

−Δ𝑢 + 𝑢
𝑛+2
𝑛−2 = 0 in 𝐵(0, 1)

having the form 𝑢 = 𝛼(1 − |𝑥|2)−𝛽 for positive constants𝛼, 𝛽. This example
shows that a solution of a nonlinear PDE can be finite within a region and
yet approach infinity everywhere on its boundary.
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7. Consider the viscous conservation law

(∗) 𝑢𝑡 + 𝐹(𝑢)𝑥 − 𝑎𝑢𝑥𝑥 = 0 in ℝ × (0,∞),

where 𝑎 > 0 and 𝐹 is uniformly convex.
(a) Show 𝑢 solves (∗) if 𝑢(𝑥, 𝑡) = 𝑣(𝑥 − 𝜎𝑡) and 𝑣 is defined implicitly by

the formula

𝑠 = ∫
𝑣(𝑠)

𝑐

𝑎
𝐹(𝑧) − 𝜎𝑧 + 𝑏 𝑑𝑧 (𝑠 ∈ ℝ),

where 𝑏 and 𝑐 are constants.
(b) Demonstrate that we can find a traveling wave satisfying

lim
𝑠→−∞

𝑣(𝑠) = 𝑢𝑙, lim
𝑠→∞

𝑣(𝑠) = 𝑢𝑟

for 𝑢𝑙 > 𝑢𝑟, if and only if

𝜎 = 𝐹(𝑢𝑙) − 𝐹(𝑢𝑟)
𝑢𝑙 − 𝑢𝑟

.

(c) Let 𝑢𝜀 denote the above traveling wave solution of (∗) for 𝑎 = 𝜀, with
𝑢𝜀(0, 0) = ᵆ𝑙+ᵆ𝑟

2 . Compute lim𝜀→0 𝑢𝜀 and explain your answer.
8. Prove that if 𝑢 is the solution of problem (23) for Schrödinger’s equation in

§4.3 given by formula (20), then

‖𝑢(⋅, 𝑡)‖𝐿∞(ℝ𝑛) ≤
1

(4𝜋|𝑡|)𝑛/2 ‖𝑔‖𝐿1(ℝ𝑛)

for each 𝑡 ≠ 0.
9. Assume that 𝑢 solves the nonlinear heat equation

𝑢𝑡 =
𝑢𝑥𝑥
𝑢2𝑥

in ℝ × (0,∞)

with 𝑢𝑥 > 0. Let 𝑣 denote the inverse function to 𝑢 in the variable 𝑥 for
each time 𝑡 > 0, so that 𝑦 = 𝑢(𝑥, 𝑡) if and only if 𝑥 = 𝑣(𝑦, 𝑡).

Show that 𝑣 solves a linear PDE.
10. Find a function 𝑓 ∶ ℝ3 → ℝ, 𝑓 = 𝑓(𝑧, 𝑝1, 𝑝2), so that if 𝑢 is any solution of

the rotated wave equation
𝑢𝑥𝑡 = 0,

then 𝑤 ≔ 𝑓(𝑢, 𝑢𝑥, 𝑢𝑡) solves Liouville’s equation

𝑤𝑥𝑡 = 𝑒𝑤.

(Hint: Show that 𝑓 must have the form 𝑓(𝑧, 𝑝1, 𝑝2) = 𝑎(𝑧)+𝑏(𝑝1)+𝑐(𝑝2).)
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11. (Lax pairs) Assume that {𝐿(𝑡)}𝑡≥0 is a family of symmetric linear operators
on some real Hilbert space 𝐻, satisfying the evolution equation

̇𝐿 = [𝐵, 𝐿] = 𝐵𝐿 − 𝐿𝐵,
for some collection of operators {𝐵(𝑡)}𝑡≥0. Suppose also that we have a cor-
responding family of eigenvalues {𝜆(𝑡)}𝑡≥0 and eigenvectors {𝑤(𝑡)}𝑡≥0:

𝐿(𝑡)𝑤(𝑡) = 𝜆(𝑡)𝑤(𝑡).
Assume that 𝐿, 𝐵, 𝜆 and𝑤 all depend smoothly upon the time parameter 𝑡.

Show that
̇𝜆 ≡ 0.

(Hint: Differentiate the identity 𝐿𝑤 = 𝜆𝑤 with respect to 𝑡. Calculate
( ̇𝜆𝑤,𝑤).)

12. (Continuation) Given a function 𝑢 = 𝑢(𝑥, 𝑡), define the linear operators
𝐿(𝑡)𝑣 ≔ −𝑣𝑥𝑥 + 𝑢𝑣 and 𝐵(𝑡)𝑣 = −4𝑣𝑥𝑥𝑥 + 6𝑢𝑣𝑥 + 3𝑢𝑥𝑣.

Show that
( ̇𝐿 − [𝐵, 𝐿])𝑣 = (𝑢𝑡 + 𝑢𝑥𝑥𝑥 − 6𝑢𝑢𝑥)𝑣.

Consequently, if 𝑢 solves the KdV equation:
𝑢𝑡 − 6𝑢𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0,

then the eigenvalues of the linear operators 𝐿(𝑡) do not change with time.
13. Show that we can construct an explicit solution of the initial-value problem

(17), (19) from Example 1 in §4.5.1, having the form

𝑣(𝑧, 𝑡) = 1
𝜎(𝑡)

1
(𝜋𝛾(𝑡))1/2 𝑒

−𝑧2/𝛾(𝑡) (𝑧 ∈ ℝ, 𝑡 > 0),

the function 𝛾(𝑡) to be found. Substitute into the PDE and determine an
ODE that 𝛾 should satisfy. What is the initial condition for this ODE?

14. Let 𝑢𝜖 and 𝑣𝜖 solve the system

{𝑢
𝜖
𝑡 + 1

𝜖𝑢
𝜖
𝑥 = (𝑣𝜖)2−(ᵆ𝜖)2

𝜖2

𝑣𝜖𝑡 − 1
𝜖𝑣

𝜖
𝑥 = (ᵆ𝜖)2−(𝑣𝜖)2

𝜖2 .
Suppose we can write

𝑢𝜖 = 𝑢0 + 𝜖𝑢1 + 𝜖𝑢𝜖2, 𝑣𝜖 = 𝑣0 + 𝜖𝑣1 + 𝜖𝑣𝜖2,
where 𝑢0, 𝑣0, 𝑢1, 𝑣1 are smooth, 𝑢0, 𝑣0 > 0, and the functions 𝑢𝜖2, 𝑣𝜖2 are
bounded, along with their derivatives, uniformly in 𝜖.

Show that 𝑢0 ≡ 𝑣0 ≕ 𝑤 and 𝑤 solves the nonlinear heat equation

𝑤𝑡 −
1
4(log𝑤)𝑥𝑥 = 0.

(T. Kurtz, Trans. AMS 186 (1973), 259–272)
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15. Justify in the proof of Lemma 2 in §4.5.3 the transformation of the integral
of 𝑒−𝑧2 over the line Γ to the integral over the real axis.

16. Utilize Lemma 2 in §4.5.3 to discuss the sense in which 𝑢 defined by for-
mula (20) in §4.3.1 converges to the initial data 𝑔 as 𝑡 → 0+.

17. Let 𝑛 = 1 and suppose that 𝑢𝜀 solves the problem

{
−(𝑎(𝑥𝜀 )𝑢

𝜀
𝑥)𝑥 = 𝑓 in (0, 1)

𝑢𝜀(0) = 𝑢𝜀(1) = 0,
where 𝑎 is a smooth, positive function that is 1-periodic. Assume also that
𝑓 ∈ 𝐿2(0, 1).
(a) Show that 𝑢𝜀 ⇀ 𝑢 weakly in 𝐻1

0(0, 1), where 𝑢 solves

{
− ̄𝑎𝑢𝑥𝑥 = 𝑓 in (0, 1)

𝑢(0) = 𝑢(1) = 0,

for ̄𝑎 ≔ (∫1
0 𝑎(𝑦)−1 𝑑𝑦)−1.

(b) Check that this answer agrees with the conclusions (73), (74) in §4.5.4.
(This problem requires knowledge of energy estimates, Sobolev spaces,
etc., from Chapters 5, 6.)

18. (Variational principles in homogenization) Let 𝐴(𝑦) = ((𝑎𝑖𝑗(𝑦))) be sym-
metric, positive definite and 𝑄-periodic. Recall from §4.5.4 the expression
(74) for the corresponding homogenized coefficients ̄𝐴 = (( ̄𝑎𝑖𝑗)).
(a) Derive for each 𝜉 ∈ ℝ𝑛 the variational formula

𝜉 ⋅ ̄𝐴𝜉 = min
𝑤

{∫
𝑄
𝐷𝑤 ⋅ 𝐴(𝑦)𝐷𝑤 𝑑𝑦 ∣ 𝑤 = 𝑦 ⋅ 𝜉 + 𝑣, 𝑣 𝑄-periodic } .

(Hint: The minimum is attained by 𝑤 = 𝑦 ⋅ 𝜉 − ∑𝑛
𝑖=1 𝜉𝑖𝜒𝑖, for the

correctors 𝜒𝑖 introduced in §4.5.4.)
(b) Derive also the dual variational formula

𝜂 ⋅ ̄𝐴−1𝜂 = min
𝝈

{∫
𝑄
𝝈 ⋅ 𝐴(𝑦)−1𝝈𝑑𝑦

|
|
|
∫
𝑄
𝝈𝑑𝑦 = 𝜂, div 𝝈 = 0, 𝝈 𝑄-periodic } .

(c) Show that therefore

(∫
𝑄
𝐴(𝑦)−1 𝑑𝑦)

−1

≤ ̄𝐴 ≤ ∫
𝑄
𝐴(𝑦) 𝑑𝑦.

(Remember from §A.1 that for symmetric matrices 𝑅 ≥ 𝑆 means 𝑅−𝑆
is nonnegative definite.)

19. Show that the line {𝑡 = 0} is characteristic for the heat equation 𝑢𝑡 = 𝑢𝑥𝑥.
Show there does not exist an analytic solution 𝑢 of the heat equation in
ℝ × ℝ, with 𝑢 = 1

1+𝑥2 on {𝑡 = 0}.
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(Hint: Assume there is an analytic solution, compute its coefficients,
and show that the resulting power series diverges except at (0, 0). This ex-
ample is due to Kovalevskaya.)
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Chapter 5

Sobolev Spaces

This chapter mostly develops the theory of Sobolev spaces, which turn out often
to be the proper settings in which to apply ideas of functional analysis to glean
information concerning PDE. The following material is sometimes subtle and
seemingly unmotivated, but ultimately will prove extremely useful.

Since we have in mind eventual applications to rather wide classes of par-
tial differential equations, it is worth sketching out here our overall point of
view. Our intention, broadly put, will be to take various specific PDE and to
recast them abstractly as operators acting on appropriate linear spaces. We can
symbolically write

𝐴 ∶ 𝑋 → 𝑌,

where the operator𝐴 encodes the structure of the partial differential equations,
including possibly boundary conditions, etc., and 𝑋 , 𝑌 are spaces of functions.
The great advantage is that once our PDE problem has been suitably inter-
preted in this form, we can often employ the general and elegant principles
of functional analysis (Appendix D) to study the solvability of various equa-
tions involving 𝐴. We will later see that the really hard work is not so much
the invocation of functional analysis, but rather finding the “right” spaces 𝑋 ,
𝑌 and the “right” abstract operators 𝐴. Sobolev spaces are designed precisely
to make all this work out properly, and so these are usually the proper choices
for 𝑋 , 𝑌 .

We will utilize Sobolev spaces for studying linear elliptic, parabolic and hy-
perbolic PDE in Chapters 6–7 and for studying nonlinear elliptic and parabolic
equations in Chapters 8–9.

239
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The reader may wish to look over some of the terminology for functional
analysis in Appendix D before going further.

5.1. HÖLDER SPACES

Before turning to Sobolev spaces, we first discuss the simpler Hölder spaces.
Assume𝑈 ⊂ ℝ𝑛 is open and 0 < 𝛾 ≤ 1. We have previously considered the

class of Lipschitz continuous functions 𝑢 ∶ 𝑈 → ℝ, which by definition satisfy
the estimate
(1) |𝑢(𝑥) − 𝑢(𝑦)| ≤ 𝐶|𝑥 − 𝑦| (𝑥, 𝑦 ∈ 𝑈)
for some constant 𝐶. Now (1) of course implies 𝑢 is continuous and more im-
portantly provides a uniform modulus of continuity. It turns out to be useful
to consider also functions 𝑢 satisfying a variant of (1), namely
(2) |𝑢(𝑥) − 𝑢(𝑦)| ≤ 𝐶|𝑥 − 𝑦|𝛾 (𝑥, 𝑦 ∈ 𝑈)
for some 0 < 𝛾 ≤ 1 and a constant 𝐶. Such a function is said to be Hölder
continuous with exponent 𝛾.

DEFINITIONS.
(i) If 𝑢 ∶ 𝑈 → ℝ is bounded and continuous, we write

‖𝑢‖𝐶(𝑈̄) ≔ sup
𝑥∈𝑈

|𝑢(𝑥)|.

(ii) The 𝛾th-Hölder seminorm of 𝑢 ∶ 𝑈 → ℝ is

[𝑢]𝐶0,𝛾(𝑈̄) ≔ sup
𝑥,𝑦∈𝑈
𝑥≠𝑦

{ |𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦|𝛾 } ,

and the 𝛾th-Hölder norm is
‖𝑢‖𝐶0,𝛾(𝑈̄) ≔ ‖𝑢‖𝐶(𝑈̄) + [𝑢]𝐶0,𝛾(𝑈̄).

DEFINITION. The Hölder space
𝐶𝑘,𝛾(𝑈̄)

consists of all functions 𝑢 ∈ 𝐶𝑘(𝑈̄) for which the norm
(3) ‖𝑢‖𝐶𝑘,𝛾(𝑈̄) ≔ ∑

|𝛼|≤𝑘
‖𝐷𝛼𝑢‖𝐶(𝑈̄) + ∑

|𝛼|=𝑘
[𝐷𝛼𝑢]𝐶0,𝛾(𝑈̄)

is finite.

So the space 𝐶𝑘,𝛾(𝑈̄) consists of those functions 𝑢 that are 𝑘-times continu-
ously differentiable and whose 𝑘th-partial derivatives are bounded and Hölder
continuous with exponent 𝛾. Such functions are well-behaved, and further-
more the space 𝐶𝑘,𝛾(𝑈̄) itself possesses a good mathematical structure:
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THEOREM 1 (Hölder spaces as function spaces). The space of functions
𝐶𝑘,𝛾(𝑈̄) is a Banach space.

The proof is left as an exercise (Problem 1), but let us pause here to make
clear what is being asserted. Recall from §D.1 that if 𝑋 denotes a real linear
space, then a mapping ‖ ‖ ∶ 𝑋 → [0,∞) is called a norm provided

(i) ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖ for all 𝑢, 𝑣 ∈ 𝑋 ,
(ii) ‖𝜆𝑢‖ = |𝜆|‖𝑢‖ for all 𝑢 ∈ 𝑋 , 𝜆 ∈ ℝ,

(iii) ‖𝑢‖ = 0 if and only if 𝑢 = 0.
A norm provides us with a notion of convergence: we say a sequence {𝑢𝑘}∞𝑘=1
⊂ 𝑋 converges to 𝑢 ∈ 𝑋 , written 𝑢𝑘 → 𝑢, if lim𝑘→∞ ‖𝑢𝑘 − 𝑢‖ = 0. A Banach
space is then a normed linear space which is complete, that is, within which
each Cauchy sequence converges.

So in Theorem 1 we are stating that if we take on the linear space 𝐶𝑘,𝛾(𝑈̄)
the norm ‖ ⋅ ‖ = ‖ ⋅ ‖𝐶𝑘,𝛾(𝑈̄), defined by (3), then ‖ ⋅ ‖ verifies properties (i)–(iii)
above, and in addition each Cauchy sequence converges.

5.2. SOBOLEV SPACES

The Hölder spaces introduced in §5.1 are unfortunately not often suitable set-
tings for elementary PDE theory, as we usually cannot make good enough an-
alytic estimates to demonstrate that the solutions we construct actually belong
to such spaces. What are needed rather are some other kinds of spaces, contain-
ing less smooth functions. In practice we must strike a balance, by designing
spaces comprising functions which have some, but not too great, smoothness
properties.

5.2.1. Weak derivatives. We start off by substantially weakening the notion
of partial derivatives.

NOTATION. Let𝐶∞
𝑐 (𝑈) denote the space of infinitely differentiable functions

𝜙 ∶ 𝑈 → ℝ, with compact support in 𝑈. We will sometimes call a function 𝜙
belonging to 𝐶∞

𝑐 (𝑈) a test function.

Motivation for definition ofweakderivative. Assume we are given a func-
tion 𝑢 ∈ 𝐶1(𝑈). Then if 𝜙 ∈ 𝐶∞

𝑐 (𝑈), we see from the integration by parts
formula that

(1) ∫
𝑈
𝑢𝜙𝑥𝑖 𝑑𝑥 = −∫

𝑈
𝑢𝑥𝑖𝜙𝑑𝑥 (𝑖 = 1, . . . , 𝑛).

There are no boundary terms, since 𝜙 has compact support in 𝑈 and thus van-
ishes near 𝜕𝑈. More generally now, if 𝑘 is a positive integer, 𝑢 ∈ 𝐶𝑘(𝑈), and
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𝛼 = (𝛼1, . . . , 𝛼𝑛) is a multiindex of order |𝛼| = 𝛼1 +⋯+ 𝛼𝑛 = 𝑘, then

(2) ∫
𝑈
𝑢𝐷𝛼𝜙𝑑𝑥 = (−1)|𝛼|∫

𝑈
𝐷𝛼𝑢𝜙𝑑𝑥.

This equality holds since

𝐷𝛼𝜙 = 𝜕𝛼1

𝜕𝑥𝛼1
1
. . . 𝜕

𝛼𝑛

𝜕𝑥𝛼𝑛𝑛
𝜙

and we can apply formula (1) |𝛼| times.
We next examine formula (2), valid for 𝑢 ∈ 𝐶𝑘(𝑈), and ask whether some

variant of it might still be true even if 𝑢 is not 𝑘 times continuously differen-
tiable. Now the left-hand side of (2) makes sense if 𝑢 is only locally summable:
the problem is rather that if 𝑢 is not𝐶𝑘, then the expression “𝐷𝛼𝑢” on the right-
hand side of (2) has no obvious meaning. We resolve this difficulty by asking if
there exists a locally summable function 𝑣 for which formula (2) is valid, with
𝑣 replacing 𝐷𝛼𝑢:

DEFINITION. Suppose 𝑢, 𝑣 ∈ 𝐿1loc(𝑈) and 𝛼 is a multiindex. We say that
𝑣 ∈ 𝐿1loc(𝑈) is the 𝛼th-weak partial derivative of 𝑢, written

𝐷𝛼𝑢 = 𝑣,
provided

(3) ∫
𝑈
𝑢𝐷𝛼𝜙𝑑𝑥 = (−1)|𝛼|∫

𝑈
𝑣𝜙 𝑑𝑥

for all test functions 𝜙 ∈ 𝐶∞
𝑐 (𝑈).

In other words, if we are given 𝑢 and if there happens to exist a function
𝑣 which verifies (3) for all 𝜙, we say that 𝐷𝛼𝑢 = 𝑣 in the weak sense. If there
does not exist such a function 𝑣, then 𝑢 does not possess a weak 𝛼th-partial
derivative.

LEMMA (Uniqueness of weak derivatives). Aweak 𝛼𝑡ℎ-partial derivative of 𝑢,
if it exists, is uniquely defined up to a set of measure zero.

Proof. Assume that 𝑣, ̃𝑣 ∈ 𝐿1loc(𝑈) satisfy

∫
𝑈
𝑢𝐷𝛼𝜙𝑑𝑥 = (−1)|𝛼|∫

𝑈
𝑣𝜙 𝑑𝑥 = (−1)|𝛼|∫

𝑈
̃𝑣𝜙 𝑑𝑥

for all 𝜙 ∈ 𝐶∞
𝑐 (𝑈). Then

(4) ∫
𝑈
(𝑣 − ̃𝑣)𝜙 𝑑𝑥 = 0

for all 𝜙 ∈ 𝐶∞
𝑐 (𝑈), whence 𝑣 − ̃𝑣 = 0 a.e. □
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Example 1. Let 𝑛 = 1, 𝑈 = (0, 2), and

𝑢(𝑥) = {𝑥 if 0 < 𝑥 ≤ 1
1 if 1 ≤ 𝑥 < 2.

Define

𝑣(𝑥) = {1 if 0 < 𝑥 ≤ 1
0 if 1 < 𝑥 < 2.

Let us show 𝑢′ = 𝑣 in the weak sense. To see this, choose any 𝜙 ∈ 𝐶∞
𝑐 (𝑈). We

must demonstrate

∫
2

0
𝑢𝜙′ 𝑑𝑥 = −∫

2

0
𝑣𝜙 𝑑𝑥.

But we easily calculate

∫
2

0
𝑢𝜙′ 𝑑𝑥 = ∫

1

0
𝑥𝜙′ 𝑑𝑥 +∫

2

1
𝜙′ 𝑑𝑥

= −∫
1

0
𝜙𝑑𝑥 + 𝜙(1) − 𝜙(1) = −∫

2

0
𝑣𝜙 𝑑𝑥,

as required.

Example 2. Let 𝑛 = 1, 𝑈 = (0, 2), and

𝑢(𝑥) = {𝑥 if 0 < 𝑥 ≤ 1
2 if 1 < 𝑥 < 2.

We assert 𝑢′ does not exist in the weak sense. To check this, we must show
there does not exist any function 𝑣 ∈ 𝐿1loc(𝑈) satisfying

(5) ∫
2

0
𝑢𝜙′ 𝑑𝑥 = −∫

2

0
𝑣𝜙 𝑑𝑥

for all 𝜙 ∈ 𝐶∞
𝑐 (𝑈). Suppose, to the contrary, (5) were valid for some 𝑣 and all

𝜙. Then

(6)
−∫

2

0
𝑣𝜙 𝑑𝑥 = ∫

2

0
𝑢𝜙′ 𝑑𝑥 = ∫

1

0
𝑥𝜙′ 𝑑𝑥 + 2∫

2

1
𝜙′ 𝑑𝑥

= −∫
1

0
𝜙𝑑𝑥 − 𝜙(1).

Choose a sequence {𝜙𝑚}∞𝑚=1 of smooth functions satisfying

0 ≤ 𝜙𝑚 ≤ 1, 𝜙𝑚(1) = 1, 𝜙𝑚(𝑥) → 0 for all 𝑥 ≠ 1.
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Replacing 𝜙 by 𝜙𝑚 in (6) and sending 𝑚 → ∞, we discover

1 = lim
𝑚→∞

𝜙𝑚(1) = lim
𝑚→∞

[∫
2

0
𝑣𝜙𝑚 𝑑𝑥 −∫

1

0
𝜙𝑚 𝑑𝑥] = 0,

a contradiction.

More sophisticated examples appear in the next subsection.

5.2.2. Definition of Sobolev spaces. Fix 1 ≤ 𝑝 ≤ ∞ and let 𝑘 be a nonneg-
ative integer. We define now certain function spaces, whose members have
weak derivatives of various orders lying in various 𝐿𝑝 spaces.

DEFINITION. The Sobolev space

𝑊 𝑘,𝑝(𝑈)

consists of all locally summable functions 𝑢 ∶ 𝑈 → ℝ such that for each mul-
tiindex 𝛼 with |𝛼| ≤ 𝑘, 𝐷𝛼𝑢 exists in the weak sense and belongs to 𝐿𝑝(𝑈).

Remarks.

(i) If 𝑝 = 2, we usually write

𝐻𝑘(𝑈) = 𝑊 𝑘,2(𝑈) (𝑘 = 0, 1, . . . ).

The letter𝐻 is used, since—as we will see—𝐻𝑘(𝑈) is a Hilbert space. Note that
𝐻0(𝑈) = 𝐿2(𝑈).

(ii) We henceforth identify functions in 𝑊 𝑘,𝑝(𝑈) which agree a.e.

DEFINITION. If 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈), we define its norm to be

‖𝑢‖𝑊𝑘,𝑝(𝑈) ≔ {(∑|𝛼|≤𝑘 ∫𝑈 |𝐷𝛼𝑢|𝑝 𝑑𝑥)
1/𝑝

(1 ≤ 𝑝 < ∞)
∑|𝛼|≤𝑘 ess sup𝑈 |𝐷𝛼𝑢| (𝑝 = ∞).

DEFINITIONS.

(i) Let {𝑢𝑚}∞𝑚=1, 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈). We say 𝑢𝑚 converges to 𝑢 in 𝑊 𝑘,𝑝(𝑈), writ-
ten

𝑢𝑚 → 𝑢 in 𝑊 𝑘,𝑝(𝑈),
provided

lim
𝑚→∞

‖𝑢𝑚 − 𝑢‖𝑊𝑘,𝑝(𝑈) = 0.
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(ii) We write
𝑢𝑚 → 𝑢 in 𝑊𝑘,𝑝

loc (𝑈)
to mean

𝑢𝑚 → 𝑢 in 𝑊 𝑘,𝑝(𝑉)
for each 𝑉 ⊂⊂ 𝑈.

DEFINITION. We denote by

𝑊𝑘,𝑝
0 (𝑈)

the closure of 𝐶∞
𝑐 (𝑈) in 𝑊 𝑘,𝑝(𝑈).

Thus 𝑢 ∈ 𝑊𝑘,𝑝
0 (𝑈) if and only if there exist functions 𝑢𝑚 ∈ 𝐶∞

𝑐 (𝑈) such
that 𝑢𝑚 → 𝑢 in 𝑊 𝑘,𝑝(𝑈). We interpret 𝑊𝑘,𝑝

0 (𝑈) as comprising those functions
𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) such that

“𝐷𝛼𝑢 = 0 on 𝜕𝑈” for all |𝛼| ≤ 𝑘 − 1.
This will all be made clearer with the discussion of traces in §5.5.

NOTATION. It is customary to write

𝐻𝑘
0 (𝑈) = 𝑊𝑘,2

0 (𝑈).

We will see in the exercises that if 𝑛 = 1 and 𝑈 is an open interval in ℝ1,
then𝑢 ∈ 𝑊 1,𝑝(𝑈) if and only if𝑢 equals a.e. an absolutely continuous function
whose ordinary derivative (which exists a.e.) belongs to 𝐿𝑝(𝑈). Such a simple
characterization is however only available for 𝑛 = 1. In general a function can
belong to a Sobolev space and yet be discontinuous and/or unbounded.

Example 3. Take 𝑈 = 𝐵0(0, 1), the open unit ball in ℝ𝑛, and

𝑢(𝑥) = |𝑥|−𝛼 (𝑥 ∈ 𝑈, 𝑥 ≠ 0).
For which values of 𝛼 > 0, 𝑛, 𝑝 does 𝑢 belong to 𝑊 1,𝑝(𝑈)? To answer, note first
that 𝑢 is smooth away from 0, with

𝑢𝑥𝑖(𝑥) =
−𝛼𝑥𝑖
|𝑥|𝛼+2 (𝑥 ≠ 0),

and so
|𝐷𝑢(𝑥)| = |𝛼|

|𝑥|𝛼+1 (𝑥 ≠ 0).

Let 𝜙 ∈ 𝐶∞
𝑐 (𝑈) and fix 𝜀 > 0. Then

∫
𝑈−𝐵(0,𝜀)

𝑢𝜙𝑥𝑖 𝑑𝑥 = −∫
𝑈−𝐵(0,𝜀)

𝑢𝑥𝑖𝜙𝑑𝑥 +∫
𝜕𝐵(0,𝜀)

𝑢𝜙𝜈𝑖 𝑑𝑆,
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𝝂 = (𝜈1, . . . , 𝜈𝑛) denoting the inward pointing normal on 𝜕𝐵(0, 𝜀). Now if𝛼+1 <
𝑛, |𝐷𝑢(𝑥)| ∈ 𝐿1(𝑈). In this case

|
|
|
∫
𝜕𝐵(0,𝜀)

𝑢𝜙𝜈𝑖 𝑑𝑆
|
|
|
≤ ‖𝜙‖𝐿∞ ∫

𝜕𝐵(0,𝜀)
𝜀−𝛼 𝑑𝑆 ≤ 𝐶𝜀𝑛−1−𝛼 → 0.

Thus
∫
𝑈
𝑢𝜙𝑥𝑖 𝑑𝑥 = −∫

𝑈
𝑢𝑥𝑖𝜙𝑑𝑥

for all 𝜙 ∈ 𝐶∞
𝑐 (𝑈), provided 0 ≤ 𝛼 < 𝑛 − 1. Furthermore |𝐷𝑢(𝑥)| = |𝛼|

|𝑥|𝛼+1 ∈
𝐿𝑝(𝑈) if and only if (𝛼 + 1)𝑝 < 𝑛. Consequently 𝑢 ∈ 𝑊 1,𝑝(𝑈) if and only if
𝛼 < 𝑛−𝑝

𝑝 . In particular 𝑢 ∉ 𝑊 1,𝑝(𝑈) for each 𝑝 ≥ 𝑛.

Example 4. Let {𝑟𝑘}∞𝑘=1 be a countable, dense subset of 𝑈 = 𝐵0(0, 1). Write

𝑢(𝑥) =
∞
∑
𝑘=1

1
2𝑘 |𝑥 − 𝑟𝑘|−𝛼 (𝑥 ∈ 𝑈).

Then 𝑢 ∈ 𝑊 1,𝑝(𝑈) for 𝛼 < 𝑛−𝑝
𝑝 . If 0 < 𝛼 < 𝑛−𝑝

𝑝 , we see that 𝑢 belongs to
𝑊 1,𝑝(𝑈) and yet is unbounded on each open subset of 𝑈.

This last example illustrates a fundamental fact of life, that although a func-
tion 𝑢 belonging to a Sobolev space possesses certain smoothness properties, it
can still be rather badly behaved in other ways.

5.2.3. Elementary properties. Next we verify certain properties of weak
derivatives. Note very carefully that whereas these various rules are obviously
true for smooth functions, functions in Sobolev space are not necessarily regu-
lar: we must always rely solely upon the definition of weak derivatives.

THEOREM 1 (Properties of weak derivatives). Assume 𝑢, 𝑣 ∈ 𝑊 𝑘,𝑝(𝑈), |𝛼| ≤
𝑘. Then

(i) 𝐷𝛼𝑢 ∈ 𝑊 𝑘−|𝛼|,𝑝(𝑈) and 𝐷𝛽(𝐷𝛼𝑢) = 𝐷𝛼(𝐷𝛽𝑢) = 𝐷𝛼+𝛽𝑢 for all multi-
indices 𝛼, 𝛽 with |𝛼| + |𝛽| ≤ 𝑘.

(ii) For each 𝜆, 𝜇 ∈ ℝ, 𝜆𝑢 + 𝜇𝑣 ∈ 𝑊 𝑘,𝑝(𝑈) and 𝐷𝛼(𝜆𝑢 + 𝜇𝑣) = 𝜆𝐷𝛼𝑢 +
𝜇𝐷𝛼𝑣, |𝛼| ≤ 𝑘.

(iii) If 𝑉 is an open subset of 𝑈, then 𝑢 ∈ 𝑊 𝑘,𝑝(𝑉).
(iv) If 𝜁 ∈ 𝐶∞

𝑐 (𝑈), then 𝜁𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) and

(7) 𝐷𝛼(𝜁𝑢) = ∑
𝛽≤𝛼

(𝛼𝛽)𝐷
𝛽𝜁𝐷𝛼−𝛽𝑢 (Leibniz’s formula),

where (𝛼𝛽) =
𝛼!

𝛽!(𝛼−𝛽)! .
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Proof.
1. To prove (i), first fix 𝜙 ∈ 𝐶∞

𝑐 (𝑈). Then 𝐷𝛽𝜙 ∈ 𝐶∞
𝑐 (𝑈), and so

∫
𝑈
𝐷𝛼𝑢𝐷𝛽𝜙𝑑𝑥 = (−1)|𝛼|∫

𝑈
𝑢𝐷𝛼+𝛽𝜙𝑑𝑥

= (−1)|𝛼|(−1)|𝛼+𝛽|∫
𝑈
𝐷𝛼+𝛽𝑢𝜙𝑑𝑥

= (−1)|𝛽|∫
𝑈
𝐷𝛼+𝛽𝑢𝜙𝑑𝑥.

Thus 𝐷𝛽(𝐷𝛼𝑢) = 𝐷𝛼+𝛽𝑢 in the weak sense.
2. Assertions (ii) and (iii) are easy, and the proofs are omitted.
3. We prove (7) by induction on |𝛼|. Suppose first |𝛼| = 1. Choose any

𝜙 ∈ 𝐶∞
𝑐 (𝑈). Then

∫
𝑈
𝜁𝑢𝐷𝛼𝜙𝑑𝑥 = ∫

𝑈
𝑢𝐷𝛼(𝜁𝜙) − 𝑢(𝐷𝛼𝜁)𝜙 𝑑𝑥

= −∫
𝑈
(𝜁𝐷𝛼𝑢 + 𝑢𝐷𝛼𝜁)𝜙 𝑑𝑥.

Thus 𝐷𝛼(𝜁𝑢) = 𝜁𝐷𝛼𝑢 + 𝑢𝐷𝛼𝜁, as required.
Next assume 𝑙 < 𝑘 and formula (7) is valid for all |𝛼| ≤ 𝑙 and all functions

𝜁. Choose a multiindex 𝛼 with |𝛼| = 𝑙 + 1. Then 𝛼 = 𝛽 + 𝛾 for some |𝛽| = 𝑙,
|𝛾| = 1. Then for 𝜙 as above,

∫
𝑈
𝜁𝑢𝐷𝛼𝜙𝑑𝑥 = ∫

𝑈
𝜁𝑢𝐷𝛽(𝐷𝛾𝜙) 𝑑𝑥

= (−1)|𝛽|∫
𝑈
∑
𝜍≤𝛽

(𝛽𝜎)𝐷
𝜍𝜁𝐷𝛽−𝜍𝑢𝐷𝛾𝜙𝑑𝑥

(by the induction assumption)

= (−1)|𝛽|+|𝛾|∫
𝑈
∑
𝜍≤𝛽

(𝛽𝜎)𝐷
𝛾(𝐷𝜍𝜁𝐷𝛽−𝜍𝑢)𝜙 𝑑𝑥

(by the induction assumption again)

= (−1)|𝛼|∫
𝑈
∑
𝜍≤𝛽

(𝛽𝜎)[𝐷
𝜌𝜁𝐷𝛼−𝜌𝑢 + 𝐷𝜍𝜁𝐷𝛼−𝜍𝑢]𝜙 𝑑𝑥

(where 𝜌 = 𝜎 + 𝛾)

= (−1)|𝛼|∫
𝑈
[∑
𝜍≤𝛼

(𝛼𝜎)𝐷
𝜍𝜁𝐷𝛼−𝜍𝑢]𝜙 𝑑𝑥,



248 5. Sobolev Spaces

since

( 𝛽
𝜎 − 𝛾) + (𝛽𝜎) = (𝛼𝜎). □

Not only do many of the usual rules of calculus apply to weak derivatives,
but the Sobolev spaces themselves have a good mathematical structure:

THEOREM 2 (Sobolev spaces as function spaces). For each 𝑘 = 1, . . . and
1 ≤ 𝑝 ≤ ∞, the Sobolev space𝑊 𝑘,𝑝(𝑈) is a Banach space.

Proof.
1. Let us first of all check that ‖𝑢‖𝑊𝑘,𝑝(𝑈) is a norm. (See the discussion at

the end of §5.1, or refer to §D.1, for definitions.) Clearly

‖𝜆𝑢‖𝑊𝑘,𝑝(𝑈) = |𝜆|‖𝑢‖𝑊𝑘,𝑝(𝑈),

and
‖𝑢‖𝑊𝑘,𝑝(𝑈) = 0 if and only if 𝑢 = 0 a.e.

Next assume 𝑢, 𝑣 ∈ 𝑊 𝑘,𝑝(𝑈). Then if 1 ≤ 𝑝 < ∞, Minkowski’s inequality
(§B.2) implies

‖𝑢 + 𝑣‖𝑊𝑘,𝑝(𝑈) = ( ∑
|𝛼|≤𝑘

‖𝐷𝛼𝑢 + 𝐷𝛼𝑣‖𝑝𝐿𝑝(𝑈))
1/𝑝

≤ ( ∑
|𝛼|≤𝑘

(‖𝐷𝛼𝑢‖𝐿𝑝(𝑈) + ‖𝐷𝛼𝑣‖𝐿𝑝(𝑈))𝑝)
1/𝑝

≤ ( ∑
|𝛼|≤𝑘

‖𝐷𝛼𝑢‖𝑝𝐿𝑝(𝑈))
1/𝑝

+ ( ∑
|𝛼|≤𝑘

‖𝐷𝛼𝑣‖𝑝𝐿𝑝(𝑈))
1/𝑝

= ‖𝑢‖𝑊𝑘,𝑝(𝑈) + ‖𝑣‖𝑊𝑘,𝑝(𝑈).

2. It remains to show that 𝑊 𝑘,𝑝(𝑈) is complete. So assume {𝑢𝑚}∞𝑚=1 is a
Cauchy sequence in 𝑊 𝑘,𝑝(𝑈). Then for each |𝛼| ≤ 𝑘, {𝐷𝛼𝑢𝑚}∞𝑚=1 is a Cauchy
sequence in 𝐿𝑝(𝑈). Since 𝐿𝑝(𝑈) is complete, there exist functions 𝑢𝛼 ∈ 𝐿𝑝(𝑈)
such that

𝐷𝛼𝑢𝑚 → 𝑢𝛼 in 𝐿𝑝(𝑈)
for each |𝛼| ≤ 𝑘. In particular,

𝑢𝑚 → 𝑢(0,. . .,0) ≕ 𝑢 in 𝐿𝑝(𝑈).

3. We now claim

(8) 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈), 𝐷𝛼𝑢 = 𝑢𝛼 (|𝛼| ≤ 𝑘).
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To verify this assertion, fix 𝜙 ∈ 𝐶∞
𝑐 (𝑈). Then

∫
𝑈
𝑢𝐷𝛼𝜙𝑑𝑥 = lim

𝑚→∞
∫
𝑈
𝑢𝑚𝐷𝛼𝜙𝑑𝑥

= lim
𝑚→∞

(−1)|𝛼|∫
𝑈
𝐷𝛼𝑢𝑚𝜙𝑑𝑥

= (−1)|𝛼|∫
𝑈
𝑢𝛼𝜙𝑑𝑥.

Thus (8) is valid. Since therefore 𝐷𝛼𝑢𝑚 → 𝐷𝛼𝑢 in 𝐿𝑝(𝑈) for all |𝛼| ≤ 𝑘, we see
that 𝑢𝑚 → 𝑢 in 𝑊 𝑘,𝑝(𝑈), as required. □

5.3. APPROXIMATION

5.3.1. Interior approximation by smooth functions. It is awkward to re-
turn continually to the definition of weak derivatives. In order to study the
deeper properties of Sobolev spaces, we therefore need to develop some sys-
tematic procedures for approximating a function in a Sobolev space by smooth
functions. The method of mollifiers, set forth in §C.5, provides the tool.

Fix a positive integer 𝑘 and 1 ≤ 𝑝 < ∞. Remember that 𝑈𝜀 = { 𝑥 ∈ 𝑈 ∣
dist(𝑥, 𝜕𝑈) > 𝜀 }.

THEOREM 1 (Local approximation by smooth functions). Assume that 𝑢 ∈
𝑊 𝑘,𝑝(𝑈) for some 1 ≤ 𝑝 < ∞, and set

𝑢𝜀 = 𝜂𝜀 ∗ 𝑢 in 𝑈𝜀.

Then

(i) 𝑢𝜀 ∈ 𝐶∞(𝑈𝜀) for each 𝜀 > 0, and
(ii) 𝑢𝜀 → 𝑢 in𝑊𝑘,𝑝

loc (𝑈), as 𝜀 → 0.

Proof.

1. Assertion (i) is proved in §C.5.
2. We next claim that if |𝛼| ≤ 𝑘, then

(1) 𝐷𝛼𝑢𝜀 = 𝜂𝜀 ∗ 𝐷𝛼𝑢 in 𝑈𝜀;

that is, the ordinary 𝛼𝑡ℎ-partial derivative of the smooth function 𝑢𝜀 is the 𝜀-
mollification of the𝛼𝑡ℎ-weak partial derivative of𝑢. To confirm this, we compute
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for 𝑥 ∈ 𝑈𝜀
𝐷𝛼𝑢𝜀(𝑥) = 𝐷𝛼∫

𝑈
𝜂𝜀(𝑥 − 𝑦)𝑢(𝑦) 𝑑𝑦

= ∫
𝑈
𝐷𝛼
𝑥 𝜂𝜀(𝑥 − 𝑦)𝑢(𝑦) 𝑑𝑦

= (−1)|𝛼|∫
𝑈
𝐷𝛼
𝑦 𝜂𝜀(𝑥 − 𝑦)𝑢(𝑦) 𝑑𝑦.

Now for fixed 𝑥 ∈ 𝑈𝜀 the function 𝜙(𝑦) ≔ 𝜂𝜀(𝑥 − 𝑦) belongs to 𝐶∞
𝑐 (𝑈). Conse-

quently the definition of the 𝛼th-weak partial derivative implies:

∫
𝑈
𝐷𝛼
𝑦 𝜂𝜀(𝑥 − 𝑦)𝑢(𝑦) 𝑑𝑦 = (−1)|𝛼|∫

𝑈
𝜂𝜀(𝑥 − 𝑦)𝐷𝛼𝑢(𝑦) 𝑑𝑦.

Thus

𝐷𝛼𝑢𝜀(𝑥) = (−1)|𝛼|+|𝛼|∫
𝑈
𝜂𝜀(𝑥 − 𝑦)𝐷𝛼𝑢(𝑦) 𝑑𝑦

= [𝜂𝜀 ∗ 𝐷𝛼𝑢] (𝑥).

This establishes (1).
3. Now choose an open set 𝑉 ⊂⊂ 𝑈. In view of (1) and §C.5, 𝐷𝛼𝑢𝜀 → 𝐷𝛼𝑢

in 𝐿𝑝(𝑉) as 𝜀 → 0, for each |𝛼| ≤ 𝑘. Consequently
‖𝑢𝜀 − 𝑢‖𝑝𝑊𝑘,𝑝(𝑉) = ∑

|𝛼|≤𝑘
‖𝐷𝛼𝑢𝜀 − 𝐷𝛼𝑢‖𝑝𝐿𝑝(𝑉) → 0

as 𝜀 → 0. This proves assertion (ii). □

5.3.2. Approximation by smooth functions. Next we show that we can
find smooth functions which approximate in𝑊 𝑘,𝑝(𝑈) and not just in𝑊𝑘,𝑝

loc (𝑈).
Notice in the following that we make no assumptions about the smoothness of
𝜕𝑈.

THEOREM 2 (Global approximation by smooth functions). Assume 𝑈 is
bounded, and suppose as well that 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) for some 1 ≤ 𝑝 < ∞. Then
there exist functions 𝑢𝑚 ∈ 𝐶∞(𝑈) ∩ 𝑊 𝑘,𝑝(𝑈) such that

𝑢𝑚 → 𝑢 in𝑊 𝑘,𝑝(𝑈).

Note carefully that we do not assert 𝑢𝑚 ∈ 𝐶∞(𝑈̄) (but see Theorem 3 be-
low).

Proof.
1. We have 𝑈 = ⋃∞

𝑖=1𝑈 𝑖, where

𝑈 𝑖 ≔ {𝑥 ∈ 𝑈 ∣ dist(𝑥, 𝜕𝑈) > 1/𝑖 } (𝑖 = 1, 2, . . . ).
Write 𝑉 𝑖 ≔ 𝑈 𝑖+3 − 𝑈̄ 𝑖+1.
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Choose also any open set 𝑉0 ⊂⊂ 𝑈 so that 𝑈 = ⋃∞
𝑖=0 𝑉 𝑖. Now let {𝜁𝑖}∞𝑖=0 be

a smooth partition of unity subordinate to the open sets {𝑉 𝑖}∞𝑖=0; that is, suppose

(2) {0 ≤ 𝜁𝑖 ≤ 1, 𝜁𝑖 ∈ 𝐶∞
𝑐 (𝑉 𝑖)

∑∞
𝑖=0 𝜁𝑖 = 1 on 𝑈.

Next, choose any function 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈). According to Theorem 1 (iv) in §5.2,
𝜁𝑖𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) and spt(𝜁𝑖𝑢) ⊂ 𝑉 𝑖.

2. Fix 𝛿 > 0. Choose then 𝜀𝑖 > 0 so small that 𝑢𝑖 ≔ 𝜂𝜀𝑖 ∗ (𝜁𝑖𝑢) satisfies

(3) {‖𝑢
𝑖 − 𝜁𝑖𝑢‖𝑊𝑘,𝑝(𝑈) ≤ 𝛿

2𝑖+1 (𝑖 = 0, 1, . . . )
spt 𝑢𝑖 ⊂ 𝑊 𝑖 (𝑖 = 1, . . . ),

for 𝑊 𝑖 ≔ 𝑈 𝑖+4 − 𝑈̄ 𝑖 ⊃ 𝑉 𝑖 (𝑖 = 1, . . . ).
3. Write 𝑣 ≔ ∑∞

𝑖=0 𝑢𝑖. This function belongs to𝐶∞(𝑈), since for each open
set 𝑉 ⊂⊂ 𝑈 there are at most finitely many nonzero terms in the sum. Since
𝑢 = ∑∞

𝑖=0 𝜁𝑖𝑢, we have for each 𝑉 ⊂⊂ 𝑈

‖𝑣 − 𝑢‖𝑊𝑘,𝑝(𝑉) ≤
∞
∑
𝑖=0

‖𝑢𝑖 − 𝜁𝑖𝑢‖𝑊𝑘,𝑝(𝑈)

≤ 𝛿
∞
∑
𝑖=0

1
2𝑖+1 by (3)

= 𝛿.
Take the supremum over sets 𝑉 ⊂⊂ 𝑈, to conclude ‖𝑣 − 𝑢‖𝑊𝑘,𝑝(𝑈) ≤ 𝛿. □

5.3.3. Global approximation by smooth functions. We now ask when it
is possible to approximate a function 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) by functions belonging to
𝐶∞(𝑈̄), rather than only 𝐶∞(𝑈). Such an approximation requires some condi-
tion to exclude 𝜕𝑈 being wild geometrically.

THEOREM 3 (Global approximation by functions smooth up to the bound-
ary). Assume 𝑈 is bounded and 𝜕𝑈 is 𝐶1. Suppose 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈) for some
1 ≤ 𝑝 < ∞. Then there exist functions 𝑢𝑚 ∈ 𝐶∞(𝑈̄) such that

𝑢𝑚 → 𝑢 in𝑊 𝑘,𝑝(𝑈).

Proof.
1. Fix any point 𝑥0 ∈ 𝜕𝑈. As 𝜕𝑈 is 𝐶1, there exist, according to §C.1, a

radius 𝑟 > 0 and a 𝐶1 function 𝛾 ∶ ℝ𝑛−1 → ℝ such that—upon relabeling the
coordinate axes if necessary—we have

𝑈 ∩ 𝐵(𝑥0, 𝑟) = { 𝑥 ∈ 𝐵(𝑥0, 𝑟) ∣ 𝑥𝑛 > 𝛾(𝑥1, . . . , 𝑥𝑛−1) }.
Set 𝑉 ≔ 𝑈 ∩ 𝐵(𝑥0, 𝑟/2).
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2. Define the shifted point

𝑥𝜀 ≔ 𝑥 + 𝜆𝜀𝑒𝑛 (𝑥 ∈ 𝑉, 𝜀 > 0),
and observe that for some fixed, sufficiently large number 𝜆 > 0 the ball𝐵(𝑥𝜀, 𝜀)
lies in 𝑈 ∩ 𝐵(𝑥0, 𝑟) for all 𝑥 ∈ 𝑉 and all small 𝜀 > 0.

Now define 𝑢𝜀(𝑥) ≔ 𝑢(𝑥𝜀) (𝑥 ∈ 𝑉); this is the function 𝑢 translated a
distance 𝜆𝜀 in the 𝑒𝑛 direction. Next write 𝑣𝜀 = 𝜂𝜀 ∗ 𝑢𝜀. The idea is that we
have moved up enough so that “there is room to mollify within 𝑈”. Clearly
𝑣𝜀 ∈ 𝐶∞( ̄𝑉).

3. We now claim

(4) 𝑣𝜀 → 𝑢 in 𝑊 𝑘,𝑝(𝑉).
To confirm this, take 𝛼 to be any multiindex with |𝛼| ≤ 𝑘. Then

‖𝐷𝛼𝑣𝜀 − 𝐷𝛼𝑢‖𝐿𝑝(𝑉) ≤ ‖𝐷𝛼𝑣𝜀 − 𝐷𝛼𝑢𝜀‖𝐿𝑝(𝑉) + ‖𝐷𝛼𝑢𝜀 − 𝐷𝛼𝑢‖𝐿𝑝(𝑉).
The second term on the right-hand side goes to zero with 𝜀, since translation
is continuous in the 𝐿𝑝-norm; and the first term also vanishes in the limit, by
reasoning similar to that in the proof of Theorem 1.

4. Select 𝛿 > 0. Since 𝜕𝑈 is compact, we can find finitely many points
𝑥0𝑖 ∈ 𝜕𝑈, radii 𝑟𝑖 > 0, corresponding sets 𝑉 𝑖 = 𝑈 ∩ 𝐵0(𝑥0𝑖 ,

𝑟𝑖
2 ), and functions

𝑣𝑖 ∈ 𝐶∞( ̄𝑉 𝑖) (𝑖 = 1, . . . , 𝑁) such that 𝜕𝑈 ⊂ ⋃𝑁
𝑖=1 𝐵0(𝑥

0
𝑖 ,

𝑟𝑖
2 ) and

(5) ‖𝑣𝑖 − 𝑢‖𝑊𝑘,𝑝(𝑉𝑖) ≤ 𝛿.

Take an open set 𝑉0 ⊂⊂ 𝑈 such that𝑈 ⊂ ⋃𝑁
𝑖=0 𝑉 𝑖 and select, using Theorem 1,

a function 𝑣0 ∈ 𝐶∞( ̄𝑉0) satisfying

(6) ‖𝑣0 − 𝑢‖𝑊𝑘,𝑝(𝑉0) ≤ 𝛿.

5. Now let {𝜁𝑖}𝑁𝑖=0 be a smooth partition of unity on 𝑈̄, subordinate to the
open sets {𝑉0, 𝐵0(𝑥01 ,

𝑟1
2 ) , . . . , 𝐵

0(𝑥0𝑁 ,
𝑟𝑁
2 )}. Define 𝑣 ≔ ∑𝑁

𝑖=0 𝜁𝑖𝑣𝑖. Then clearly
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𝑣 ∈ 𝐶∞(𝑈̄). In addition, since 𝑢 = ∑𝑁
𝑖=0 𝜁𝑖𝑢, we see using Theorem 1 in §5.2.3

that for each |𝛼| ≤ 𝑘

‖𝐷𝛼𝑣 − 𝐷𝛼𝑢‖𝐿𝑝(𝑈) ≤
𝑁
∑
𝑖=0

‖𝐷𝛼(𝜁𝑖𝑣𝑖) − 𝐷𝛼(𝜁𝑖𝑢)‖𝐿𝑝(𝑉𝑖)

≤ 𝐶
𝑁
∑
𝑖=0

‖𝑣𝑖 − 𝑢‖𝑊𝑘,𝑝(𝑉𝑖) = 𝐶(𝑁 + 1)𝛿,

according to (5) and (6). □

5.4. EXTENSIONS

Our goal next is to extend functions in the Sobolev space 𝑊 1,𝑝(𝑈) to become
functions in the Sobolev space 𝑊 1,𝑝(ℝ𝑛). This can be subtle. Observe for in-
stance that our extending 𝑢 ∈ 𝑊 1,𝑝(𝑈) to be zero in ℝ𝑛−𝑈 will not in general
work, as we may thereby create such a bad discontinuity along 𝜕𝑈 that the ex-
tended function no longer has a weak first partial derivative. We must instead
invent a way to extend 𝑢 which “preserves the weak derivatives across 𝜕𝑈”.

Suppose 1 ≤ 𝑝 ≤ ∞.

THEOREM1 (Extension Theorem). Assume𝑈 is bounded and 𝜕𝑈 is𝐶1. Select
a bounded open set 𝑉 such that 𝑈 ⊂⊂ 𝑉 . Then there exists a bounded linear
operator
(1) 𝐸 ∶ 𝑊 1,𝑝(𝑈) → 𝑊 1,𝑝(ℝ𝑛)
such that for each 𝑢 ∈ 𝑊 1,𝑝(𝑈):

(i) 𝐸𝑢 = 𝑢 a.e. in 𝑈,
(ii) 𝐸𝑢 has support within 𝑉 , and

(iii) ‖𝐸𝑢‖𝑊1,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈), the constant 𝐶 depending only on 𝑝, 𝑈,
and 𝑉 .

DEFINITION. We call 𝐸𝑢 an extension of 𝑢 to ℝ𝑛.

Proof.
1. Fix 𝑥0 ∈ 𝜕𝑈 and suppose first

(2) 𝜕𝑈 is flat near 𝑥0, lying in the plane {𝑥𝑛 = 0}.
Then we may assume there exists an open ball 𝐵, with center 𝑥0 and radius 𝑟,
such that

{𝐵
+ ≔ 𝐵 ∩ {𝑥𝑛 ≥ 0} ⊂ 𝑈̄

𝐵− ≔ 𝐵 ∩ {𝑥𝑛 ≤ 0} ⊂ ℝ𝑛 − 𝑈.
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A half-ball at the boundary

2. Temporarily suppose also 𝑢 ∈ 𝐶1(𝑈̄). We define then

(3) 𝑢̄(𝑥) ≔ {𝑢(𝑥) if 𝑥 ∈ 𝐵+
−3𝑢(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛) + 4𝑢(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛

2 ) if 𝑥 ∈ 𝐵−.

This is called a higher-order reflection of 𝑢 from 𝐵+ to 𝐵−.
3. We claim

(4) 𝑢̄ ∈ 𝐶1(𝐵).

To check this, let us write 𝑢− ≔ 𝑢̄|𝐵− , 𝑢+ ≔ 𝑢̄|𝐵+ . We demonstrate first

(5) 𝑢−𝑥𝑛 = 𝑢+𝑥𝑛 on {𝑥𝑛 = 0}.

Indeed according to (3),

𝑢−𝑥𝑛(𝑥) = 3𝑢𝑥𝑛(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛) − 2𝑢𝑥𝑛(𝑥1, . . . , 𝑥𝑛−1, −
𝑥𝑛
2 )

and so
𝑢−𝑥𝑛 ||{𝑥𝑛=0} = 𝑢+𝑥𝑛 ||{𝑥𝑛=0} .

This confirms (5). Now since 𝑢+ = 𝑢− on {𝑥𝑛 = 0}, we see as well that

(6) 𝑢−𝑥𝑖 |{𝑥𝑛=0} = 𝑢+𝑥𝑖 |{𝑥𝑛=0}
for 𝑖 = 1, . . . , 𝑛 − 1. But then (5) and (6) together imply

𝐷𝛼𝑢−|{𝑥𝑛=0} = 𝐷𝛼𝑢+|{𝑥𝑛=0}
for each |𝛼| ≤ 1, and so (4) follows.

4. Using these calculations, we readily check as well

(7) ‖𝑢̄‖𝑊1,𝑝(𝐵) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝐵+)

for some constant 𝐶 which does not depend on 𝑢.
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Straightening out the boundary

5. Let us next consider the situation that 𝜕𝑈 is not necessarily flat near
𝑥0. Then utilizing the notation and terminology from §C.1, we can find a 𝐶1

mapping 𝚽, with inverse 𝚿, such that 𝚽 “straightens out 𝜕𝑈 near 𝑥0”.
We write 𝑦 = 𝚽(𝑥), 𝑥 = 𝚿(𝑦), 𝑢′(𝑦) ≔ 𝑢(𝚿(𝑦)). Choose a small ball 𝐵

as drawn before. Then utilizing steps 1–3 above, we extend 𝑢′ from 𝐵+ to a
function 𝑢̄′ defined on all of 𝐵, such that 𝑢̄′ is 𝐶1 and we have the estimate

‖𝑢̄′‖𝑊1,𝑝(𝐵) ≤ 𝐶‖𝑢′‖𝑊1,𝑝(𝐵+).

Let 𝑊 ≔ 𝚿(𝐵). Then converting back to the 𝑥-variables, we obtain an exten-
sion 𝑢̄ of 𝑢 to 𝑊 , with

(8) ‖𝑢̄‖𝑊1,𝑝(𝑊) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈).

6. Since 𝜕𝑈 is compact, there exist finitely many points 𝑥0𝑖 ∈ 𝜕𝑈, open sets
𝑊 𝑖, and extensions 𝑢̄𝑖 of 𝑢 to 𝑊 𝑖 (𝑖 = 1, . . . , 𝑁), as above, such that 𝜕𝑈 ⊂
⋃𝑁

𝑖=1𝑊 𝑖. Take𝑊0 ⊂⊂ 𝑈 so that𝑈 ⊂ ⋃𝑁
𝑖=0𝑊 𝑖, and let {𝜁𝑖}𝑁𝑖=0 be an associated

partition of unity. Write 𝑢̄ ≔ ∑𝑁
𝑖=0 𝜁𝑖𝑢̄𝑖, where 𝑢̄0 = 𝑢. Then utilizing estimate

(8) (with 𝑢𝑖 in place of 𝑢, 𝑢̄𝑖 in place of 𝑢̄), we obtain the bound

(9) ‖𝑢̄‖𝑊1,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈)

for some constant 𝐶, depending on 𝑈, 𝑝, 𝑛, etc., but not on 𝑢. Furthermore we
can arrange for the support of 𝑢̄ to lie within 𝑉 ⊃⊃ 𝑈.

7. We henceforth write 𝐸𝑢 ≔ 𝑢̄ and observe that the mapping 𝑢 ↦ 𝐸𝑢 is
linear.

Recall that the construction so far assumed 𝑢 ∈ 𝐶∞(𝑈̄). Suppose now
1 ≤ 𝑝 < ∞, 𝑢 ∈ 𝑊 1,𝑝(𝑈), and choose𝑢𝑚 ∈ 𝐶∞(𝑈̄) converging to𝑢 in𝑊 1,𝑝(𝑈).
Estimate (9) and the linearity of 𝐸 imply

‖𝐸𝑢𝑚 − 𝐸𝑢𝑙‖𝑊1,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢𝑚 − 𝑢𝑙‖𝑊1,𝑝(𝑈).
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Thus {𝐸𝑢𝑚}∞𝑚=1 is a Cauchy sequence and so converges to 𝑢̄ ≕ 𝐸𝑢. This ex-
tension, which does not depend on the particular choice of the approximating
sequence {𝑢𝑚}∞𝑚=1, satisfies the conclusions of the theorem.

The case 𝑝 = ∞ is left as an exercise. □

Remarks.
(i) Assume now that 𝜕𝑈 is 𝐶2. Then the extension operator 𝐸 constructed

above is also a bounded linear operator from𝑊 2,𝑝(𝑈) to𝑊 2,𝑝(ℝ𝑛). To see this,
note first in steps 3, 4 of the proof that although 𝑢̄ is not in general 𝐶2, it does
belong to 𝑊 2,𝑝(𝐵). We also have the bound

‖𝑢̄‖𝑊2,𝑝(𝐵) ≤ 𝐶‖𝑢‖𝑊2,𝑝(𝐵+),
which follows from the definition (3). As before, we consequently derive the
estimate

(10) ‖𝐸𝑢‖𝑊2,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊2,𝑝(𝑈),
provided 𝜕𝑈 is 𝐶2, the constants 𝐶 depending only on 𝑈, 𝑉 , 𝑛 and 𝑝.

We will need these observations later.
(ii) The above construction does not provide us with an extension for the

Sobolev spaces 𝑊 𝑘,𝑝(𝑈), if 𝑘 > 2. This requires a more complicated higher-
order reflection technique.

5.5. TRACES

Next we discuss the possibility of assigning “boundary values” along 𝜕𝑈 to a
function 𝑢 ∈ 𝑊 1,𝑝(𝑈), assuming that 𝜕𝑈 is 𝐶1. Now if 𝑢 ∈ 𝐶(𝑈̄), then clearly
𝑢 has values on 𝜕𝑈 in the usual sense. The problem is that a typical function
𝑢 ∈ 𝑊 1,𝑝(𝑈) is not in general continuous and, even worse, is only defined a.e.
in 𝑈. Since 𝜕𝑈 has 𝑛-dimensional Lebesgue measure zero, there is no direct
meaning we can give to the expression “𝑢 restricted to 𝜕𝑈”. The notion of a
trace operator resolves this problem.

For this section we take 1 ≤ 𝑝 < ∞.

THEOREM1 (Trace Theorem). Assume𝑈 is bounded and 𝜕𝑈 is𝐶1. Then there
exists a bounded linear operator

𝑇 ∶ 𝑊 1,𝑝(𝑈) → 𝐿𝑝(𝜕𝑈)
such that

(i) 𝑇𝑢 = 𝑢|𝜕𝑈 if 𝑢 ∈ 𝑊 1,𝑝(𝑈) ∩ 𝐶(𝑈̄) and
(ii) ‖𝑇𝑢‖𝐿𝑝(𝜕𝑈) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈),

for each 𝑢 ∈ 𝑊 1,𝑝(𝑈), with the constant 𝐶 depending only on 𝑝 and 𝑈.
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DEFINITION. We call 𝑇𝑢 the trace of 𝑢 on 𝜕𝑈.

Proof.
1. Assume first 𝑢 ∈ 𝐶1(𝑈̄). As in the first part of the proof of Theorem 1

in §5.4 let us also initially suppose 𝑥0 ∈ 𝜕𝑈 and 𝜕𝑈 is flat near 𝑥0, lying in the
plane {𝑥𝑛 = 0}. Choose an open ball 𝐵 as in the previous proof and let ̂𝐵 denote
the concentric ball with radius 𝑟/2.

Select 𝜁 ∈ 𝐶∞
𝑐 (𝐵), with 𝜁 ≥ 0 in 𝐵, 𝜁 ≡ 1 on ̂𝐵. Denote by Γ that portion of

𝜕𝑈 within ̂𝐵. Set 𝑥′ = (𝑥1, . . . , 𝑥𝑛−1) ∈ ℝ𝑛−1 = {𝑥𝑛 = 0}.
Then

(1)

∫
Γ
|𝑢|𝑝 𝑑𝑥′ ≤ ∫

{𝑥𝑛=0}
𝜁|𝑢|𝑝 𝑑𝑥′ = −∫

𝐵+
(𝜁|𝑢|𝑝)𝑥𝑛 𝑑𝑥

= −∫
𝐵+
|𝑢|𝑝𝜁𝑥𝑛 + 𝑝|𝑢|𝑝−1(sgn 𝑢)𝑢𝑥𝑛𝜁 𝑑𝑥

≤ 𝐶∫
𝐵+
|𝑢|𝑝 + |𝐷𝑢|𝑝 𝑑𝑥,

where we employed Young’s inequality, from §B.2.
2. If 𝑥0 ∈ 𝜕𝑈, but 𝜕𝑈 is not flat near 𝑥0, we as usual straighten out the

boundary near 𝑥0 to obtain the setting above. Applying estimate (1) and chang-
ing variables, we obtain the bound

∫
Γ
|𝑢|𝑝 𝑑𝑆 ≤ 𝐶∫

𝑈
|𝑢|𝑝 + |𝐷𝑢|𝑝 𝑑𝑥,

where Γ is some open subset of 𝜕𝑈 containing 𝑥0.
3. Since 𝜕𝑈 is compact, there exist finitely many points 𝑥0𝑖 ∈ 𝜕𝑈 and open

subsets Γ𝑖 ⊂ 𝜕𝑈 (𝑖 = 1, . . . , 𝑁) such that 𝜕𝑈 = ⋃𝑁
𝑖=1 Γ𝑖 and

‖𝑢‖𝐿𝑝(Γ𝑖) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈) (𝑖 = 1, . . . , 𝑁).
Consequently, if we write

𝑇𝑢 ≔ 𝑢|𝜕𝑈 ,
then

(2) ‖𝑇𝑢‖𝐿𝑝(𝜕𝑈) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈)

for some appropriate constant 𝐶, which does not depend on 𝑢.
4. Inequality (2) holds for 𝑢 ∈ 𝐶1(𝑈̄). Assume now 𝑢 ∈ 𝑊 1,𝑝(𝑈). Then

there exist functions 𝑢𝑚 ∈ 𝐶∞(𝑈̄) converging to 𝑢 in 𝑊 1,𝑝(𝑈). According to
(2) we have

(3) ‖𝑇𝑢𝑚 − 𝑇𝑢𝑙‖𝐿𝑝(𝜕𝑈) ≤ 𝐶‖𝑢𝑚 − 𝑢𝑙‖𝑊1,𝑝(𝑈);
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so that {𝑇𝑢𝑚}∞𝑚=1 is a Cauchy sequence in 𝐿𝑝(𝜕𝑈). We define

𝑇𝑢 ≔ lim
𝑚→∞

𝑇𝑢𝑚,

the limit taken in 𝐿𝑝(𝜕𝑈). According to (3) this definition does not depend on
the particular choice of smooth functions approximating 𝑢.

Finally if 𝑢 ∈ 𝑊 1,𝑝(𝑈) ∩ 𝐶(𝑈̄), we note that the functions 𝑢𝑚 ∈ 𝐶∞(𝑈̄)
constructed in the proof of Theorem 3 in §5.3.3 converge uniformly to 𝑢 on 𝑈̄.
Hence 𝑇𝑢 = 𝑢|𝜕𝑈 . □

We next examine more closely what it means for a function to have zero
trace.

THEOREM 2 (Trace-zero functions in 𝑊 1,𝑝). Assume𝑈 is bounded and 𝜕𝑈 is
𝐶1. Suppose furthermore that 𝑢 ∈ 𝑊 1,𝑝(𝑈). Then

(4) 𝑢 ∈ 𝑊1,𝑝
0 (𝑈) if and only if 𝑇𝑢 = 0 on 𝜕𝑈.

Proof.
1. Suppose first 𝑢 ∈ 𝑊1,𝑝

0 (𝑈). Then by definition there exist functions
𝑢𝑚 ∈ 𝐶∞

𝑐 (𝑈) such that

𝑢𝑚 → 𝑢 in 𝑊 1,𝑝(𝑈).

As 𝑇𝑢𝑚 = 0 on 𝜕𝑈 (𝑚 = 1, . . . ) and 𝑇 ∶ 𝑊 1,𝑝(𝑈) → 𝐿𝑝(𝜕𝑈) is a bounded
linear operator, we deduce 𝑇𝑢 = 0 on 𝜕𝑈.

2. The converse statement is more difficult. Let us assume that

(5) 𝑇𝑢 = 0 on 𝜕𝑈.

Using partitions of unity and flattening out 𝜕𝑈 as usual, we may as well assume

(6) {𝑢 ∈ 𝑊 1,𝑝(ℝ𝑛
+), 𝑢 has compact support in ℝ̄𝑛

+,
𝑇𝑢 = 0 on 𝜕ℝ𝑛

+ = ℝ𝑛−1.

Then since 𝑇𝑢 = 0 on ℝ𝑛−1, there exist functions 𝑢𝑚 ∈ 𝐶1(ℝ̄𝑛
+) such that

(7) 𝑢𝑚 → 𝑢 in 𝑊 1,𝑝(ℝ𝑛
+)

and

(8) 𝑇𝑢𝑚 = 𝑢𝑚|ℝ𝑛−1 → 0 in 𝐿𝑝(ℝ𝑛−1).

Now if 𝑥′ ∈ ℝ𝑛−1, 𝑥𝑛 ≥ 0, we have

|𝑢𝑚(𝑥′, 𝑥𝑛)| ≤ |𝑢𝑚(𝑥′, 0)| +∫
𝑥𝑛

0
|𝑢𝑚,𝑥𝑛(𝑥′, 𝑡)| 𝑑𝑡.
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Thus

∫
ℝ𝑛−1

|𝑢𝑚(𝑥′, 𝑥𝑛)|𝑝 𝑑𝑥′ ≤ 𝐶 (∫
ℝ𝑛−1

|𝑢𝑚(𝑥′, 0)|𝑝 𝑑𝑥′

+𝑥𝑝−1𝑛 ∫
𝑥𝑛

0
∫
ℝ𝑛−1

|𝐷𝑢𝑚(𝑥′, 𝑡)|𝑝 𝑑𝑥′𝑑𝑡) .

Letting 𝑚 → ∞ and recalling (7), (8), we deduce

(9) ∫
ℝ𝑛−1

|𝑢(𝑥′, 𝑥𝑛)|𝑝 𝑑𝑥′ ≤ 𝐶𝑥𝑝−1𝑛 ∫
𝑥𝑛

0
∫
ℝ𝑛−1

|𝐷𝑢|𝑝 𝑑𝑥′𝑑𝑡

for a.e. 𝑥𝑛 > 0.
3. Next let 𝜁 ∈ 𝐶∞(ℝ+) satisfy

𝜁 ≡ 1 on [0, 1], 𝜁 ≡ 0 on ℝ+ − [0, 2], 0 ≤ 𝜁 ≤ 1,
and write

{𝜁𝑚(𝑥) ≔ 𝜁(𝑚𝑥𝑛) (𝑥 ∈ ℝ𝑛
+)

𝑤𝑚 ≔ 𝑢(𝑥)(1 − 𝜁𝑚).
Then

{𝑤𝑚,𝑥𝑛 = 𝑢𝑥𝑛(1 − 𝜁𝑚) − 𝑚𝑢𝜁′
𝐷𝑥′𝑤𝑚 = 𝐷𝑥′𝑢(1 − 𝜁𝑚).

Consequently

(10)

∫
ℝ𝑛
+

|𝐷𝑤𝑚 − 𝐷𝑢|𝑝 𝑑𝑥 ≤ 𝐶∫
ℝ𝑛
+

|𝜁𝑚|𝑝|𝐷𝑢|𝑝 𝑑𝑥

+ 𝐶𝑚𝑝∫
2/𝑚

0
∫
ℝ𝑛−1

|𝑢|𝑝 𝑑𝑥′𝑑𝑡

≕ 𝐴 + 𝐵.
Now
(11) 𝐴 → 0 as 𝑚 → ∞,
since 𝜁𝑚 ≠ 0 only if 0 ≤ 𝑥𝑛 ≤ 2/𝑚. To estimate the term𝐵, we utilize inequality
(9):

(12)
𝐵 ≤ 𝐶𝑚𝑝 (∫

2/𝑚

0
𝑡𝑝−1𝑑𝑡) (∫

2/𝑚

0
∫
ℝ𝑛−1

|𝐷𝑢|𝑝 𝑑𝑥′𝑑𝑥𝑛)

≤ 𝐶∫
2/𝑚

0
∫
ℝ𝑛−1

|𝐷𝑢|𝑝 𝑑𝑥′𝑑𝑥𝑛 → 0 as 𝑚 → ∞.

Employing (10)–(12), we deduce𝐷𝑤𝑚 → 𝐷𝑢 in 𝐿𝑝(ℝ𝑛
+). Since clearly𝑤𝑚 → 𝑢

in 𝐿𝑝(ℝ𝑛
+), we conclude

𝑤𝑚 → 𝑢 in 𝑊 1,𝑝(ℝ𝑛
+).
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But 𝑤𝑚 = 0 if 0 < 𝑥𝑛 < 1/𝑚. We can therefore mollify the 𝑤𝑚 to produce
functions 𝑢𝑚 ∈𝐶∞

𝑐 (ℝ𝑛
+) such that 𝑢𝑚→𝑢 in 𝑊 1,𝑝(ℝ𝑛

+). Hence 𝑢∈𝑊1,𝑝
0 (ℝ𝑛

+).
□

5.6. SOBOLEV INEQUALITIES

Our goal in this section is to discover embeddings of various Sobolev spaces
into others. The crucial analytic tools here will be certain so-called “Sobolev-
type inequalities”, which we will prove below first for smooth functions. These
will then establish the estimates for arbitrary functions in the various relevant
Sobolev spaces, since—as we saw in §5.3—smooth functions are dense.

To clarify the presentation we will consider first only the Sobolev space
𝑊 1,𝑝(𝑈) and ask the following basic question: if a function 𝑢 belongs to
𝑊 1,𝑝(𝑈), does 𝑢 automatically belong to certain other spaces? The answer will
be “yes”, but which other spaces depends upon whether

1 ≤ 𝑝 < 𝑛,(1)
𝑝 = 𝑛,(2)
𝑛 < 𝑝 ≤ ∞.(3)

We study case (1) in §5.6.1, case (3) in §5.6.2, and the borderline case (2) only
later in §5.8.1.

5.6.1. Gagliardo–Nirenberg–Sobolev inequality. For this section let us as-
sume

(4) 1 ≤ 𝑝 < 𝑛

and first ask whether we can establish an estimate of the form

(5) ‖𝑢‖𝐿𝑞(ℝ𝑛) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(ℝ𝑛),

for certain constants 𝐶 > 0, 1 ≤ 𝑞 < ∞ and all functions 𝑢 ∈ 𝐶∞
𝑐 (ℝ𝑛). The

point is that the constants 𝐶 and 𝑞 should not depend on 𝑢.
Motivation. Let us first demonstrate that if any inequality of the form (5)
holds, then the number 𝑞 cannot be arbitrary but must in fact have a very spe-
cific form. For this, choose a function 𝑢 ∈ 𝐶∞

𝑐 (ℝ𝑛), 𝑢 ≢ 0, and define for 𝜆 > 0
the rescaled function

𝑢𝜆(𝑥) ≔ 𝑢(𝜆𝑥) (𝑥 ∈ ℝ𝑛).

Applying (5) to 𝑢𝜆, we find

(6) ‖𝑢𝜆‖𝐿𝑞(ℝ𝑛) ≤ 𝐶‖𝐷𝑢𝜆‖𝐿𝑝(ℝ𝑛).
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Now
∫
ℝ𝑛
|𝑢𝜆|𝑞 𝑑𝑥 = ∫

ℝ𝑛
|𝑢(𝜆𝑥)|𝑞 𝑑𝑥 = 1

𝜆𝑛 ∫ℝ𝑛
|𝑢(𝑦)|𝑞 𝑑𝑦,

and
∫
ℝ𝑛
|𝐷𝑢𝜆|𝑝 𝑑𝑥 = 𝜆𝑝∫

ℝ𝑛
|𝐷𝑢(𝜆𝑥)|𝑝 𝑑𝑥 = 𝜆𝑝

𝜆𝑛 ∫ℝ𝑛
|𝐷𝑢(𝑦)|𝑝 𝑑𝑦.

Inserting these equalities into (6), we discover
1
𝜆𝑛/𝑞 ‖𝑢‖𝐿𝑞(ℝ𝑛) ≤ 𝐶 𝜆

𝜆𝑛/𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛),

and so
(7) ‖𝑢‖𝐿𝑞(ℝ𝑛) ≤ 𝐶𝜆1−

𝑛
𝑝+

𝑛
𝑞 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛).

But then if 1 − 𝑛
𝑝 + 𝑛

𝑞 ≠ 0, we can upon sending 𝜆 to either 0 or ∞ in (7)
obtain a contradiction. Thus if in fact the desired inequality (5) holds, we must
necessarily have 1 − 𝑛

𝑝 +
𝑛
𝑞 = 0; so that 1

𝑞 =
1
𝑝 −

1
𝑛 , 𝑞 = 𝑛𝑝

𝑛−𝑝 .
This observation motivates the following

DEFINITION. If 1 ≤ 𝑝 < 𝑛, the Sobolev conjugate of 𝑝 is

(8) 𝑝∗ ≔ 𝑛𝑝
𝑛 − 𝑝.

Note that

(9) 1
𝑝∗ =

1
𝑝 − 1

𝑛, 𝑝∗ > 𝑝.

The foregoing scaling analysis shows that the estimate (5) can only possibly be
true for 𝑞 = 𝑝∗. Next we prove this inequality is in fact valid.

THEOREM 1 (Gagliardo–Nirenberg–Sobolev inequality). Assume 1 ≤ 𝑝 < 𝑛.
There exists a constant 𝐶, depending only on 𝑝 and 𝑛, such that
(10) ‖𝑢‖𝐿𝑝∗ (ℝ𝑛) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(ℝ𝑛),
for all 𝑢 ∈ 𝐶1

𝑐 (ℝ𝑛).

Now we really do need 𝑢 to have compact support for (10) to hold, as the
example 𝑢 ≡ 1 shows. But remarkably the constant here does not depend at
all upon the size of the support of 𝑢.

Proof.
1. First assume 𝑝 = 1.
Since 𝑢 has compact support, for each 𝑖 = 1, . . . , 𝑛 and 𝑥 ∈ ℝ𝑛 we have

𝑢(𝑥) = ∫
𝑥𝑖

−∞
𝑢𝑥𝑖(𝑥1, . . . , 𝑥𝑖−1, 𝑦𝑖, 𝑥𝑖+1, . . . , 𝑥𝑛) 𝑑𝑦𝑖;



262 5. Sobolev Spaces

and so

|𝑢(𝑥)| ≤ ∫
∞

−∞
|𝐷𝑢(𝑥1, . . . , 𝑦𝑖, . . . , 𝑥𝑛)| 𝑑𝑦𝑖 (𝑖 = 1, . . . , 𝑛).

Consequently

(11) |𝑢(𝑥)|
𝑛

𝑛−1 ≤
𝑛
∏
𝑖=1

(∫
∞

−∞
|𝐷𝑢(𝑥1, . . . , 𝑦𝑖, . . . , 𝑥𝑛)| 𝑑𝑦𝑖)

1
𝑛−1

.

Integrate this inequality with respect to 𝑥1:

(12)

∫
∞

−∞
|𝑢|

𝑛
𝑛−1 𝑑𝑥1 ≤ ∫

∞

−∞

𝑛
∏
𝑖=1

(∫
∞

−∞
|𝐷𝑢| 𝑑𝑦𝑖)

1
𝑛−1

𝑑𝑥1

= (∫
∞

−∞
|𝐷𝑢| 𝑑𝑦1)

1
𝑛−1

∫
∞

−∞

𝑛
∏
𝑖=2

(∫
∞

−∞
|𝐷𝑢| 𝑑𝑦𝑖)

1
𝑛−1

𝑑𝑥1

≤ (∫
∞

−∞
|𝐷𝑢| 𝑑𝑦1)

1
𝑛−1 𝑛

∏
𝑖=2

(∫
∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1𝑑𝑦𝑖)

1
𝑛−1

,

the last inequality resulting from the general Hölder inequality (§B.2).
Now integrate (12) with respect to 𝑥2:

∫
∞

−∞
∫

∞

−∞
|𝑢|

𝑛
𝑛−1 ,𝑑𝑥1𝑑𝑥2

≤ (∫
∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1𝑑𝑦2)

1
𝑛−1

∫
∞

−∞

𝑛
∏
𝑖=1
𝑖≠2

𝐼
1

𝑛−1
𝑖 𝑑𝑥2,

for

𝐼1 ≔∫
∞

−∞
|𝐷𝑢| 𝑑𝑦1, 𝐼𝑖 ≔∫

∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1𝑑𝑦𝑖 (𝑖 = 3, . . . , 𝑛).

Applying once more the extended Hölder inequality, we find

∫
∞

−∞
∫

∞

−∞
|𝑢|

𝑛
𝑛−1 𝑑𝑥1𝑑𝑥2

≤ (∫
∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1𝑑𝑦2)

1
𝑛−1

(∫
∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑦1𝑑𝑥2)

1
𝑛−1

𝑛
∏
𝑖=3

(∫
∞

−∞
∫

∞

−∞
∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1𝑑𝑥2𝑑𝑦𝑖)

1
𝑛−1

.
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We continue by integrating with respect to 𝑥3, . . . , 𝑥𝑛, eventually to find

(13)
∫
ℝ𝑛
|𝑢|

𝑛
𝑛−1 𝑑𝑥 ≤

𝑛
∏
𝑖=1

(∫
∞

−∞
. . .∫

∞

−∞
|𝐷𝑢| 𝑑𝑥1 . . . 𝑑𝑦𝑖 . . . 𝑑𝑥𝑛)

1
𝑛−1

= (∫
ℝ𝑛
|𝐷𝑢| 𝑑𝑥)

𝑛
𝑛−1

.

This is estimate (10) for 𝑝 = 1.
2. Consider now the case that 1 < 𝑝 < 𝑛. We apply estimate (13) to 𝑣 ≔

|𝑢|𝛾, where 𝛾 > 1 is to be selected. Then

(14)
(∫

ℝ𝑛
|𝑢|

𝛾𝑛
𝑛−1 𝑑𝑥)

𝑛−1
𝑛

≤ ∫
ℝ𝑛
||𝐷|𝑢|𝛾|| 𝑑𝑥 = 𝛾∫

ℝ𝑛
|𝑢|𝛾−1|𝐷𝑢| 𝑑𝑥

≤ 𝛾 (∫
ℝ𝑛
|𝑢|(𝛾−1)

𝑝
𝑝−1 𝑑𝑥)

𝑝−1
𝑝

(∫
ℝ𝑛
|𝐷𝑢|𝑝 𝑑𝑥)

1
𝑝

.

We choose 𝛾 so that 𝛾𝑛
𝑛−1 = (𝛾 − 1) 𝑝

𝑝−1 . That is, we set

𝛾 ≔ 𝑝(𝑛 − 1)
𝑛 − 𝑝 > 1,

in which case 𝛾𝑛
𝑛−1 = (𝛾 − 1) 𝑝

𝑝−1 =
𝑛𝑝
𝑛−𝑝 = 𝑝∗. So estimate (14) becomes

(∫
ℝ𝑛
|𝑢|𝑝∗ 𝑑𝑥)

1
𝑝∗

≤ 𝐶 (∫
ℝ𝑛
|𝐷𝑢|𝑝 𝑑𝑥)

1
𝑝

. □

THEOREM 2 (Estimates for 𝑊 1,𝑝, 1 ≤ 𝑝 < 𝑛). Let 𝑈 be a bounded, open
subset ofℝ𝑛, and suppose 𝜕𝑈 is 𝐶1. Assume 1 ≤ 𝑝 < 𝑛, and 𝑢 ∈ 𝑊 1,𝑝(𝑈). Then
𝑢 ∈ 𝐿𝑝∗(𝑈), with the estimate

(15) ‖𝑢‖𝐿𝑝∗ (𝑈) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈),

the constant 𝐶 depending only on 𝑝, 𝑛, and 𝑈.

Proof. Since 𝜕𝑈 is𝐶1, there exists according to Theorem 1 in §5.4 an extension
𝐸𝑢 = 𝑢̄ ∈ 𝑊 1,𝑝(ℝ𝑛), such that

(16) {𝑢̄ = 𝑢 in 𝑈, 𝑢̄ has compact support, and
‖𝑢̄‖𝑊1,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈).

Because 𝑢̄ has compact support, we know from Theorem 1 in §5.3 that there
exist functions 𝑢𝑚 ∈ 𝐶∞

𝑐 (ℝ𝑛) (𝑚 = 1, 2, . . . ) such that

(17) 𝑢𝑚 → 𝑢̄ in 𝑊 1,𝑝(ℝ𝑛).
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Now according to Theorem 1, ‖𝑢𝑚 − 𝑢𝑙‖𝐿𝑝∗ (ℝ𝑛) ≤ 𝐶‖𝐷𝑢𝑚 − 𝐷𝑢𝑙‖𝐿𝑝(ℝ𝑛) for all
𝑙, 𝑚 ≥ 1. Thus

(18) 𝑢𝑚 → 𝑢̄ in 𝐿𝑝∗(ℝ𝑛)

as well. Since Theorem 1 also implies ‖𝑢𝑚‖𝐿𝑝∗ (ℝ𝑛) ≤ 𝐶‖𝐷𝑢𝑚‖𝐿𝑝(ℝ𝑛), assertions
(17) and (18) yield the bound

‖𝑢̄‖𝐿𝑝∗ (ℝ𝑛) ≤ 𝐶‖𝐷𝑢̄‖𝐿𝑝(ℝ𝑛).

This inequality and (16) complete the proof. □

THEOREM 3 (Estimates for 𝑊1,𝑝
0 , 1 ≤ 𝑝 < 𝑛). Assume 𝑈 is a bounded, open

subset of ℝ𝑛. Suppose 𝑢 ∈ 𝑊1,𝑝
0 (𝑈) for some 1 ≤ 𝑝 < 𝑛. Then we have the

estimate

‖𝑢‖𝐿𝑞(𝑈) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(𝑈)

for each 𝑞 ∈ [1, 𝑝∗], the constant 𝐶 depending only on 𝑝, 𝑞, 𝑛 and 𝑈.
In particular, for all 1 ≤ 𝑝 ≤ ∞,

‖𝑢‖𝐿𝑝(𝑈) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(𝑈).

This estimate is sometimes called Poincaré’s inequality. The difference with
Theorem 2 is that only the gradient of𝑢 appears on the right-hand side of the in-
equality. (Other Poincaré-type inequalities will be established later, in §5.8.1.)

In view of this estimate, on 𝑊1,𝑝
0 (𝑈) the norm ‖𝐷𝑢‖𝐿𝑝(𝑈) is equivalent to

‖𝑢‖𝑊1,𝑝(𝑈), if 𝑈 is bounded.

Proof. Since 𝑢 ∈ 𝑊1,𝑝
0 (𝑈), there exist functions 𝑢𝑚 ∈ 𝐶∞

𝑐 (𝑈) (𝑚 = 1, 2, . . . )
converging to 𝑢 in 𝑊 1,𝑝(𝑈). We extend each function 𝑢𝑚 to be 0 on ℝ𝑛 − 𝑈̄
and apply Theorem 1 to discover ‖𝑢‖𝐿𝑝∗ (𝑈) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(𝑈). As |𝑈| < ∞, we
furthermore have ‖𝑢‖𝐿𝑞(𝑈) ≤ 𝐶‖𝑢‖𝐿𝑝∗ (𝑈) if 1 ≤ 𝑞 ≤ 𝑝∗. □

The borderline case p = n. We assume next that

𝑝 = 𝑛.

Owing to Theorem 2 and the fact that 𝑝∗ = 𝑛𝑝
𝑛−𝑝 → +∞ as 𝑝 → 𝑛, we might

expect 𝑢 ∈ 𝐿∞(𝑈), provided 𝑢 ∈ 𝑊 1,𝑛(𝑈). This is however false if 𝑛 > 1: for
example, if 𝑈 = 𝐵0(0, 1), the function 𝑢 = log log(1 + 1

|𝑥|) belongs to 𝑊 1,𝑛(𝑈)
but not to 𝐿∞(𝑈). We will return to this borderline situation in §5.8.1 below.
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5.6.2. Morrey’s inequality. Now let us suppose

(19) 𝑛 < 𝑝 < ∞.

We will show that if 𝑢 ∈ 𝑊 1,𝑝(𝑈), then 𝑢 is in fact Hölder continuous, after
possibly being redefined on a set of measure zero.

THEOREM 4 (Morrey’s inequality). Assume 𝑛 < 𝑝 ≤ ∞. Then there exists a
constant 𝐶, depending only on 𝑝 and 𝑛, such that

(20) ‖𝑢‖𝐶0,𝛾(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊1,𝑝(ℝ𝑛)

for all 𝑢 ∈ 𝐶1(ℝ𝑛), where
𝛾 ≔ 1 − 𝑛/𝑝 .

Proof.

1. We claim there exists a constant 𝐶, depending only on 𝑛, such that

(21) ⨍
𝐵(𝑥,𝑟)

|𝑢(𝑦) − 𝑢(𝑥)| 𝑑𝑦 ≤ 𝐶∫
𝐵(𝑥,𝑟)

|𝐷𝑢(𝑦)|
|𝑦 − 𝑥|𝑛−1 𝑑𝑦

for each ball 𝐵(𝑥, 𝑟) ⊂ ℝ𝑛.
To prove this, fix any point 𝑤 ∈ 𝜕𝐵(0, 1). Then if 0 < 𝑠 < 𝑟,

|𝑢(𝑥 + 𝑠𝑤) − 𝑢(𝑥)| =
|
|
|∫

𝑠

0

𝑑
𝑑𝑡𝑢(𝑥 + 𝑡𝑤) 𝑑𝑡

|
|
|

=
|
|
|∫

𝑠

0
𝐷𝑢(𝑥 + 𝑡𝑤) ⋅ 𝑤 𝑑𝑡

|
|
|

≤ ∫
𝑠

0
|𝐷𝑢(𝑥 + 𝑡𝑤)| 𝑑𝑡.

Hence

(22) ∫
𝜕𝐵(0,1)

|𝑢(𝑥 + 𝑠𝑤) − 𝑢(𝑥)| 𝑑𝑆(𝑤) ≤ ∫
𝑠

0
∫
𝜕𝐵(0,1)

|𝐷𝑢(𝑥 + 𝑡𝑤)| 𝑑𝑆(𝑤)𝑑𝑡.

Now

∫
𝑠

0
∫
𝜕𝐵(0,1)

|𝐷𝑢(𝑥 + 𝑡𝑤)| 𝑑𝑆(𝑤)𝑑𝑡 = ∫
𝑠

0
∫
𝜕𝐵(𝑥,𝑡)

|𝐷𝑢(𝑦)|
𝑡𝑛−1 𝑑𝑆(𝑦)𝑑𝑡

= ∫
𝐵(𝑥,𝑠)

|𝐷𝑢(𝑦)|
|𝑥 − 𝑦|𝑛−1 𝑑𝑦

≤ ∫
𝐵(𝑥,𝑟)

|𝐷𝑢(𝑦)|
|𝑥 − 𝑦|𝑛−1 𝑑𝑦,
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where we put 𝑦 = 𝑥 + 𝑡𝑤, 𝑡 = |𝑥 − 𝑦|. Furthermore

∫
𝜕𝐵(0,1)

|𝑢(𝑥 + 𝑠𝑤) − 𝑢(𝑥)| 𝑑𝑆(𝑤) = 1
𝑠𝑛−1 ∫𝜕𝐵(𝑥,𝑠)

|𝑢(𝑧) − 𝑢(𝑥)| 𝑑𝑆(𝑧),

for 𝑧 = 𝑥 + 𝑠𝑤. Using the preceding two calculations in (22), we obtain the
estimate

∫
𝜕𝐵(𝑥,𝑠)

|𝑢(𝑧) − 𝑢(𝑥)| 𝑑𝑆(𝑧) ≤ 𝑠𝑛−1∫
𝐵(𝑥,𝑟)

|𝐷𝑢(𝑦)|
|𝑥 − 𝑦|𝑛−1 𝑑𝑦.

Now integrate with respect to 𝑠 from 0 to 𝑟 :

∫
𝐵(𝑥,𝑟)

|𝑢(𝑦) − 𝑢(𝑥)| 𝑑𝑦 ≤ 𝑟𝑛
𝑛 ∫

𝐵(𝑥,𝑟)

|𝐷𝑢(𝑦)|
|𝑥 − 𝑦|𝑛−1 𝑑𝑦.

This implies (21).
2. Now fix 𝑥 ∈ ℝ𝑛. We apply inequality (21) as follows:

|𝑢(𝑥)| ≤ ⨍
𝐵(𝑥,1)

|𝑢(𝑥) − 𝑢(𝑦)| 𝑑𝑦 +⨍
𝐵(𝑥,1)

|𝑢(𝑦)| 𝑑𝑦

≤ 𝐶∫
𝐵(𝑥,1)

|𝐷𝑢(𝑦)|
|𝑥 − 𝑦|𝑛−1 𝑑𝑦 + 𝐶‖𝑢‖𝐿𝑝(𝐵(𝑥,1))

≤ 𝐶 (∫
ℝ𝑛
|𝐷𝑢|𝑝 𝑑𝑦)

1/𝑝
(∫

𝐵(𝑥,1)

1
|𝑥 − 𝑦| (𝑛−1) 𝑝

𝑝−1
𝑑𝑦)

𝑝−1
𝑝

+ 𝐶‖𝑢‖𝐿𝑝(ℝ𝑛)

≤ 𝐶‖𝑢‖𝑊1,𝑝(ℝ𝑛).

The last estimate holds since 𝑝 > 𝑛 implies (𝑛 − 1) 𝑝
𝑝−1 < 𝑛, so that

∫
𝐵(𝑥,1)

1
|𝑥 − 𝑦| (𝑛−1) 𝑝

𝑝−1
𝑑𝑦 < ∞.

As 𝑥 ∈ ℝ𝑛 is arbitrary, it follows that

(23) sup
ℝ𝑛

|𝑢| ≤ 𝐶‖𝑢‖𝑊1,𝑝(ℝ𝑛).

3. Next, choose any two points 𝑥, 𝑦 ∈ ℝ𝑛 and write 𝑟 ≔ |𝑥 − 𝑦|. Let
𝑊 ≔ 𝐵(𝑥, 𝑟) ∩ 𝐵(𝑦, 𝑟). Then

(24) |𝑢(𝑥) − 𝑢(𝑦)| ≤ ⨍
𝑊
|𝑢(𝑥) − 𝑢(𝑧)| 𝑑𝑧 +⨍

𝑊
|𝑢(𝑦) − 𝑢(𝑧)| 𝑑𝑧.



5.6. Sobolev Inequalities 267

But inequality (21) allows us to estimate

(25)

⨍
𝑊
|𝑢(𝑥) − 𝑢(𝑧)| 𝑑𝑧 ≤ 𝐶⨍

𝐵(𝑥,𝑟)
|𝑢(𝑥) − 𝑢(𝑧)| 𝑑𝑧

≤ 𝐶 (∫
𝐵(𝑥,𝑟)

|𝐷𝑢|𝑝 𝑑𝑧)
1/𝑝

(∫
𝐵(𝑥,𝑟)

𝑑𝑧
|𝑥 − 𝑧|(𝑛−1)

𝑝
𝑝−1

)

𝑝−1
𝑝

≤ 𝐶 (𝑟𝑛−(𝑛−1)
𝑝

𝑝−1 )
𝑝−1
𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛)

= 𝐶𝑟1−
𝑛
𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛).

Likewise,
⨍
𝑊
|𝑢(𝑦) − 𝑢(𝑧)| 𝑑𝑧 ≤ 𝐶𝑟1−

𝑛
𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛).

Our substituting this estimate and (25) into (24) yields

|𝑢(𝑥) − 𝑢(𝑦)| ≤ 𝐶𝑟1−
𝑛
𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛) = 𝐶|𝑥 − 𝑦|1−

𝑛
𝑝 ‖𝐷𝑢‖𝐿𝑝(ℝ𝑛).

Thus
[𝑢]𝐶0,1−𝑛/𝑝(ℝ𝑛) = sup

𝑥≠𝑦
{ |𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦|1−𝑛/𝑝 } ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(ℝ𝑛).

This inequality and (23) complete the proof of (20). □

Remark. A slight variant of the proof above provides the estimate

|𝑢(𝑦) − 𝑢(𝑥)| ≤ 𝐶𝑟1−
𝑛
𝑝 (∫

𝐵(𝑥,2𝑟)
|𝐷𝑢(𝑧)|𝑝 𝑑𝑧)

1/𝑝

for all 𝑢 ∈ 𝐶1(𝐵(𝑥, 2𝑟)), 𝑦 ∈ 𝐵(𝑥, 𝑟), 𝑛 < 𝑝 < ∞. By an approximation the
same bound is valid for 𝑢 ∈ 𝑊 1,𝑝(𝐵(𝑥, 2𝑟)), 𝑛 < 𝑝 < ∞. We will use this
inequality later, in §5.8.3. (This estimate is in fact valid if on the right-hand
side we integrate over 𝐵(𝑥, 𝑟), instead of 𝐵(𝑥, 2𝑟), but the proof is a bit trickier.)

DEFINITION. We say 𝑢∗ is a version of a given function 𝑢 provided
𝑢 = 𝑢∗ a.e.

THEOREM 5 (Estimates for 𝑊 1,𝑝, 𝑛 < 𝑝 ≤ ∞). Let 𝑈 be a bounded, open
subset ofℝ𝑛, and suppose 𝜕𝑈 is𝐶1. Assume 𝑛 < 𝑝 ≤ ∞ and 𝑢 ∈ 𝑊 1,𝑝(𝑈). Then
𝑢 has a version 𝑢∗ ∈ 𝐶0,𝛾(𝑈̄), for 𝛾 = 1 − 𝑛

𝑝 , with the estimate

‖𝑢∗‖𝐶0,𝛾(𝑈̄) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈).
The constant 𝐶 depends only on 𝑝, 𝑛 and 𝑈.

In view of Theorem 5, we will henceforth always identify a function 𝑢 ∈
𝑊 1,𝑝(𝑈) (𝑝 > 𝑛) with its continuous version.
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Proof. Since 𝜕𝑈 is𝐶1, there exists according to Theorem 1 in §5.4 an extension
𝐸𝑢 = 𝑢̄ ∈ 𝑊 1,𝑝(ℝ𝑛) such that

(26)
⎧
⎨
⎩

𝑢̄ = 𝑢 in 𝑈,
𝑢̄ has compact support, and
‖𝑢̄‖𝑊1,𝑝(ℝ𝑛) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈).

Assume first 𝑛 < 𝑝 < ∞. Since 𝑢̄ has compact support, we obtain from Theo-
rem 1 in §5.3 the existence of functions 𝑢𝑚 ∈ 𝐶∞

𝑐 (ℝ𝑛) such that

(27) 𝑢𝑚 → 𝑢̄ in 𝑊 1,𝑝(ℝ𝑛).

Now according to Theorem 4, ‖𝑢𝑚−𝑢𝑙‖𝐶0,1−𝑛/𝑝(ℝ𝑛) ≤ 𝐶‖𝑢𝑚−𝑢𝑙‖𝑊1,𝑝(ℝ𝑛) for all
𝑙, 𝑚 ≥ 1, whence there exists a function 𝑢∗ ∈ 𝐶0,1−𝑛/𝑝(ℝ𝑛) such that

(28) 𝑢𝑚 → 𝑢∗ in 𝐶0,1−𝑛/𝑝(ℝ𝑛).

Owing to (27) and (28), we see that 𝑢∗ = 𝑢 a.e. on 𝑈, so that 𝑢∗ is a version of
𝑢. Since Theorem 4 also implies ‖𝑢𝑚‖𝐶0,1−𝑛/𝑝(ℝ𝑛) ≤ 𝐶‖𝑢𝑚‖𝑊1,𝑝(ℝ𝑛), assertions
(27) and (28) yield

‖𝑢∗‖𝐶0,1−𝑛/𝑝(ℝ𝑛) ≤ 𝐶‖𝑢̄‖𝑊1,𝑝(ℝ𝑛).
This inequality and (26) complete the proof if 𝑛 < 𝑝 < ∞. The case 𝑝 = ∞ is
easy to prove directly. □

5.6.3. General Sobolev inequalities. We can now concatenate the estimates
established in §§5.6.1 and 5.6.2 to obtain more complicated (and hard–to–
remember) inequalities.

THEOREM 6 (General Sobolev inequalities). Let 𝑈 be a bounded open subset
of ℝ𝑛, with a 𝐶1 boundary. Assume 𝑢 ∈ 𝑊 𝑘,𝑝(𝑈).

(i) If

(29) 𝑘 < 𝑛
𝑝,

then 𝑢 ∈ 𝐿𝑞(𝑈), where
1
𝑞 =

1
𝑝 − 𝑘

𝑛.

We have in addition the estimate

(30) ‖𝑢‖𝐿𝑞(𝑈) ≤ 𝐶‖𝑢‖𝑊𝑘,𝑝(𝑈),

the constant 𝐶 depending only on 𝑘, 𝑝, 𝑛 and 𝑈.



5.6. Sobolev Inequalities 269

(ii) If

(31) 𝑘 > 𝑛
𝑝,

then 𝑢 ∈ 𝐶𝑘−[ 𝑛𝑝 ]−1,𝛾(𝑈̄), where

𝛾 = {
[𝑛𝑝 ] + 1 − 𝑛

𝑝 , if
𝑛
𝑝 is not an integer

any positive number < 1, if 𝑛𝑝 is an integer.

We have in addition the estimate

(32) ‖𝑢‖
𝐶𝑘−[ 𝑛𝑝 ]−1,𝛾(𝑈̄)

≤ 𝐶‖𝑢‖𝑊𝑘,𝑝(𝑈),

the constant 𝐶 depending only on 𝑘, 𝑝, 𝑛, 𝛾 and 𝑈.

Proof.

1. Assume (29). Then since 𝐷𝛼𝑢 ∈ 𝐿𝑝(𝑈) for all |𝛼| ≤ 𝑘, the Gagliardo–
Nirenberg–Sobolev inequality implies

‖𝐷𝛽𝑢‖𝐿𝑝∗ (𝑈) ≤ 𝐶‖𝑢‖𝑊𝑘,𝑝(𝑈) if |𝛽| ≤ 𝑘 − 1,

and so 𝑢 ∈ 𝑊 𝑘−1,𝑝∗(𝑈). Similarly, we find 𝑢 ∈ 𝑊 𝑘−2,𝑝∗∗(𝑈), where 1
𝑝∗∗ =

1
𝑝∗ −

1
𝑛 = 1

𝑝 − 2
𝑛 . Continuing, we eventually discover after 𝑘 steps that

𝑢 ∈ 𝑊 0,𝑞(𝑈) = 𝐿𝑞(𝑈), for 1
𝑞 = 1

𝑝 −
𝑘
𝑛 . The stated estimate (30) follows from

multiplying the relevant estimates at each stage of the above argument.
2. Assume now condition (31) holds and 𝑛

𝑝 is not an integer. Then as above
we see

(33) 𝑢 ∈ 𝑊 𝑘−𝑙,𝑟(𝑈),

for

(34) 1
𝑟 =

1
𝑝 − 𝑙

𝑛,

provided 𝑙𝑝 < 𝑛. We choose the integer 𝑙 so that

(35) 𝑙 < 𝑛
𝑝 < 𝑙 + 1;

that is, we set 𝑙 = [𝑛𝑝 ]. Consequently (34) and (35) imply 𝑟 = 𝑝𝑛
𝑛−𝑝𝑙 > 𝑛. Hence

(33) and Morrey’s inequality imply that𝐷𝛼𝑢 ∈ 𝐶0,1− 𝑛
𝑟 (𝑈̄) for all |𝛼| ≤ 𝑘−𝑙−1.

Observe also that 1− 𝑛
𝑟 = 1− 𝑛

𝑝+𝑙 = [𝑛𝑝 ]+1−
𝑛
𝑝 .Thus 𝑢 ∈ 𝐶𝑘−[ 𝑛𝑝 ]−1,[

𝑛
𝑝 ]+1−

𝑛
𝑝 (𝑈̄),

and the stated estimate follows easily.
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3. Finally, suppose (31) holds, with 𝑛
𝑝 an integer. Set 𝑙 = [𝑛𝑝 ] − 1 = 𝑛

𝑝 − 1.
Consequently, we have as above 𝑢 ∈ 𝑊 𝑘−𝑙,𝑟(𝑈) for 𝑟 = 𝑝𝑛

𝑛−𝑝𝑙 = 𝑛. Hence the
Gagliardo–Nirenberg–Sobolev inequality shows 𝐷𝛼𝑢 ∈ 𝐿𝑞(𝑈) for all 𝑛 ≤ 𝑞 <
∞ and all |𝛼| ≤ 𝑘−𝑙−1 = 𝑘−[𝑛𝑝 ]. Therefore Morrey’s inequality further implies

𝐷𝛼𝑢 ∈ 𝐶0,1− 𝑛
𝑞 (𝑈̄) for all 𝑛 < 𝑞 < ∞ and all |𝛼| ≤ 𝑘 − [𝑛𝑝 ] − 1. Consequently

𝑢 ∈ 𝐶𝑘−[ 𝑛𝑝 ]−1,𝛾(𝑈̄) for each 0 < 𝛾 < 1. As before, the stated estimate follows
as well. □

Various general Sobolev-type inequalities can also be proved using the
Fourier transform: see Problem 20.

5.7. COMPACTNESS

We have seen in §5.6 that the Gagliardo–Nirenberg–Sobolev inequality implies
the embedding of 𝑊 1,𝑝(𝑈) into 𝐿𝑝∗(𝑈) for 1 ≤ 𝑝 < 𝑛, 𝑝∗ = 𝑝𝑛

𝑛−𝑝 . We will now
demonstrate that 𝑊 1,𝑝(𝑈) is in fact compactly embedded in 𝐿𝑞(𝑈) for 1 ≤ 𝑞 <
𝑝∗. This compactness will be fundamental for our applications of linear and
nonlinear functional analysis to PDE in Chapters 6–9.

DEFINITION. Let 𝑋 and 𝑌 be Banach spaces, 𝑋 ⊂ 𝑌 . We say that 𝑋 is com-
pactly embedded in 𝑌 , written

𝑋 ⊂⊂ 𝑌,

provided

(i) ‖𝑢‖𝑌 ≤ 𝐶‖𝑢‖𝑋 (𝑢 ∈ 𝑋) for some constant 𝐶 and
(ii) each bounded sequence in 𝑋 is precompact in 𝑌 .

More precisely, condition (ii) means that if {𝑢𝑘}∞𝑘=1 is a sequence in 𝑋 with
sup𝑘 ‖𝑢𝑘‖𝑋 < ∞, then some subsequence {𝑢𝑘𝑗 }∞𝑗=1 ⊆ {𝑢𝑘}∞𝑘=1 converges in 𝑌 to
some limit 𝑢:

lim
𝑗→∞

‖𝑢𝑘𝑗 − 𝑢‖𝑌 = 0.

THEOREM 1 (Rellich–Kondrachov Compactness Theorem). Assume 𝑈 is a
bounded open subset of ℝ𝑛 and 𝜕𝑈 is 𝐶1. Suppose 1 ≤ 𝑝 < 𝑛. Then

𝑊 1,𝑝(𝑈) ⊂⊂ 𝐿𝑞(𝑈)

for each 1 ≤ 𝑞 < 𝑝∗.
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Proof.
1. Fix 1 ≤ 𝑞 < 𝑝∗ and note that since 𝑈 is bounded, Theorem 2 in §5.6.1

implies
𝑊 1,𝑝(𝑈) ⊂ 𝐿𝑞(𝑈), ‖𝑢‖𝐿𝑞(𝑈) ≤ 𝐶‖𝑢‖𝑊1,𝑝(𝑈).

It remains therefore to show that if {𝑢𝑚}∞𝑚=1 is a bounded sequence in𝑊 1,𝑝(𝑈),
there exists a subsequence {𝑢𝑚𝑗 }∞𝑗=1 which converges in 𝐿𝑞(𝑈).

2. In view of the Extension Theorem from §5.4 we may with no loss of
generality assume that 𝑈 = ℝ𝑛 and the functions {𝑢𝑚}∞𝑚=1 all have compact
support in some bounded open set 𝑉 ⊂ ℝ𝑛. We also may assume

(1) sup
𝑚

‖𝑢𝑚‖𝑊1,𝑝(𝑉) < ∞.

3. Let us first study the smoothed functions

𝑢𝜀𝑚 ≔ 𝜂𝜀 ∗ 𝑢𝑚 (𝜀 > 0, 𝑚 = 1, 2, . . . ),
𝜂𝜀 denoting the usual mollifier. We may suppose the functions {𝑢𝜀𝑚}∞𝑚=1 all have
support in 𝑉 as well.

4. We first claim

(2) 𝑢𝜀𝑚 → 𝑢𝑚 in 𝐿𝑞(𝑉) as 𝜀 → 0, uniformly in 𝑚.

To prove this, we first note that if 𝑢𝑚 is smooth, then

𝑢𝜀𝑚(𝑥) − 𝑢𝑚(𝑥) =
1
𝜀𝑛 ∫𝐵(𝑥,𝜀)

𝜂 (𝑥 − 𝑧
𝜀 ) (𝑢𝑚(𝑧) − 𝑢𝑚(𝑥)) 𝑑𝑧

= ∫
𝐵(0,1)

𝜂(𝑦)(𝑢𝑚(𝑥 − 𝜀𝑦) − 𝑢𝑚(𝑥)) 𝑑𝑦

= ∫
𝐵(0,1)

𝜂(𝑦)∫
1

0

𝑑
𝑑𝑡 (𝑢𝑚(𝑥 − 𝜀𝑡𝑦)) 𝑑𝑡𝑑𝑦

= −𝜀∫
𝐵(0,1)

𝜂(𝑦)∫
1

0
𝐷𝑢𝑚(𝑥 − 𝜀𝑡𝑦) ⋅ 𝑦 𝑑𝑡𝑑𝑦.

Thus

∫
𝑉
|𝑢𝜀𝑚(𝑥) − 𝑢𝑚(𝑥)| 𝑑𝑥 ≤ 𝜀∫

𝐵(0,1)
𝜂(𝑦)∫

1

0
∫
𝑉
|𝐷𝑢𝑚(𝑥 − 𝜀𝑡𝑦)| 𝑑𝑥𝑑𝑡𝑑𝑦

≤ 𝜀∫
𝑉
|𝐷𝑢𝑚(𝑧)| 𝑑𝑧.

By approximation this estimate holds if 𝑢𝑚 ∈ 𝑊 1,𝑝(𝑉). Hence

‖𝑢𝜀𝑚 − 𝑢𝑚‖𝐿1(𝑉) ≤ 𝜀‖𝐷𝑢𝑚‖𝐿1(𝑉) ≤ 𝜀𝐶‖𝐷𝑢𝑚‖𝐿𝑝(𝑉),
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the latter inequality holding since 𝑉 is bounded. Owing to (1), we thereby dis-
cover

(3) 𝑢𝜀𝑚 → 𝑢𝑚 in 𝐿1(𝑉), uniformly in 𝑚.

But then since 1 ≤ 𝑞 < 𝑝∗, we see using the interpolation inequality for 𝐿𝑝-
norms (§B.2) that

‖𝑢𝜀𝑚 − 𝑢𝑚‖𝐿𝑞(𝑉) ≤ ‖𝑢𝜀𝑚 − 𝑢𝑚‖𝜃𝐿1(𝑉)‖𝑢𝜀𝑚 − 𝑢𝑚‖1−𝜃𝐿𝑝∗ (𝑉),

where 1
𝑞 = 𝜃 + (1−𝜃)

𝑝∗ , 0 < 𝜃 < 1. Consequently (1) and the Gagliardo–
Nirenberg–Sobolev inequality imply

‖𝑢𝜀𝑚 − 𝑢𝑚‖𝐿𝑞(𝑉) ≤ 𝐶‖𝑢𝜀𝑚 − 𝑢𝑚‖𝜃𝐿1(𝑉),

whence assertion (2) follows from (3).
5. Next we claim

(4) {for each fixed 𝜀 > 0, the sequence {𝑢𝜀𝑚}∞𝑚=1
is uniformly bounded and equicontinuous.

Indeed, if 𝑥 ∈ ℝ𝑛, then

|𝑢𝜀𝑚(𝑥)| ≤ ∫
𝐵(𝑥,𝜀)

𝜂𝜀(𝑥 − 𝑦)|𝑢𝑚(𝑦)| 𝑑𝑦

≤ ‖𝜂𝜀‖𝐿∞(ℝ𝑛)‖𝑢𝑚‖𝐿1(𝑉) ≤
𝐶
𝜀𝑛 < ∞

for 𝑚 = 1, 2, . . . . Similarly

|𝐷𝑢𝜀𝑚(𝑥)| ≤ ∫
𝐵(𝑥,𝜀)

|𝐷𝜂𝜀(𝑥 − 𝑦)||𝑢𝑚(𝑦)| 𝑑𝑦

≤ ‖𝐷𝜂𝜀‖𝐿∞(ℝ𝑛)‖𝑢𝑚‖𝐿1(𝑉) ≤
𝐶
𝜀𝑛+1 < ∞,

for 𝑚 = 1, . . . . Assertion (4) follows from these two estimates.
6. Now fix 𝛿 > 0. We will show there exists a subsequence {𝑢𝑚𝑗 }∞𝑗=1 ⊂

{𝑢𝑚}∞𝑚=1 such that

(5) lim sup
𝑗,𝑘→∞

‖𝑢𝑚𝑗 − 𝑢𝑚𝑘‖𝐿𝑞(𝑉) ≤ 𝛿.

To see this, let us first employ assertion (2) to select 𝜀 > 0 so small that

(6) ‖𝑢𝜀𝑚 − 𝑢𝑚‖𝐿𝑞(𝑉) ≤ 𝛿/2
for 𝑚 = 1, 2, . . . .

We now observe that since the functions {𝑢𝑚}∞𝑚=1, and thus the functions
{𝑢𝜀𝑚}∞𝑚=1, have support in some fixed bounded set 𝑉 ⊂ ℝ𝑛, we may utilize (4)
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and the Arzela–Ascoli compactness criterion, §C.8, to obtain a subsequence
{𝑢𝜀𝑚𝑗 }∞𝑗=1 ⊂ {𝑢𝜀𝑚}∞𝑚=1 which converges uniformly on 𝑉 . In particular therefore

(7) lim sup
𝑗,𝑘→∞

‖𝑢𝜀𝑚𝑗 − 𝑢𝜀𝑚𝑘‖𝐿𝑞(𝑉) = 0.

But then (6) and (7) imply

lim sup
𝑗,𝑘→∞

‖𝑢𝑚𝑗 − 𝑢𝑚𝑘‖𝐿𝑞(𝑉) ≤ 𝛿,

and so (5) is proved.
7. We next employ assertion (5) with 𝛿 = 1, 1

2 , 1
3 , . . . and use a standard

diagonal argument to extract a subsequence {𝑢𝑚𝑙 }∞𝑙=1 ⊂ {𝑢𝑚}∞𝑚=1 satisfying

lim sup
𝑙,𝑘→∞

‖𝑢𝑚𝑙 − 𝑢𝑚𝑘‖𝐿𝑞(𝑉) = 0. □

Remark. Observe that since 𝑝∗ > 𝑝 and 𝑝∗ → ∞ as 𝑝 → 𝑛, we have in
particular

𝑊 1,𝑝(𝑈) ⊂⊂ 𝐿𝑝(𝑈)
for all 1 ≤ 𝑝 ≤ ∞. Observe that if 𝑛 < 𝑝 ≤ ∞, this follows from Morrey’s
inequality and the Arzela–Ascoli compactness criterion (§C.8). Note also that

𝑊1,𝑝
0 (𝑈) ⊂⊂ 𝐿𝑝(𝑈),

even if we do not assume 𝜕𝑈 to be 𝐶1.

5.8. ADDITIONAL TOPICS

5.8.1. Poincaré’s inequalities. We now illustrate how the compactness as-
sertion in §5.7 can be used to generate new inequalities.

NOTATION. (𝑢)𝑈 = ⨍𝑈 𝑢𝑑𝑦 = average of 𝑢 over 𝑈.

THEOREM1 (Poincaré’s inequality). Let𝑈 be a bounded, connected, open sub-
set of ℝ𝑛, with a 𝐶1 boundary 𝜕𝑈. Assume 1 ≤ 𝑝 ≤ ∞. Then there exists a
constant 𝐶, depending only on 𝑛, 𝑝 and 𝑈, such that

(1) ‖𝑢 − (𝑢)𝑈‖𝐿𝑝(𝑈) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(𝑈)

for each function 𝑢 ∈ 𝑊 1,𝑝(𝑈).

The significance of (1) is that only the gradient of 𝑢 appears on the right-
hand side.
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Proof. We argue by contradiction. Were the stated estimate false, there would
exist for each integer 𝑘 = 1, . . . a function 𝑢𝑘 ∈ 𝑊 1,𝑝(𝑈) satisfying

(2) ‖𝑢𝑘 − (𝑢𝑘)𝑈‖𝐿𝑝(𝑈) > 𝑘‖𝐷𝑢𝑘‖𝐿𝑝(𝑈).

We renormalize by defining

(3) 𝑣𝑘 ≔
𝑢𝑘 − (𝑢𝑘)𝑈

‖𝑢𝑘 − (𝑢𝑘)𝑈‖𝐿𝑝(𝑈)
(𝑘 = 1, . . . ).

Then
(𝑣𝑘)𝑈 = 0, ‖𝑣𝑘‖𝐿𝑝(𝑈) = 1;

and (2) implies

(4) ‖𝐷𝑣𝑘‖𝐿𝑝(𝑈) <
1
𝑘 (𝑘 = 1, 2, . . . ).

In particular the functions {𝑣𝑘}∞𝑘=1 are bounded in 𝑊 1,𝑝(𝑈).
In view of the remark after the proof of the Rellich–Kondrachov Theorem

in §5.7, there exist a subsequence {𝑣𝑘𝑗 }∞𝑗=1 ⊂ {𝑣𝑘}∞𝑘=1 and a function 𝑣 ∈ 𝐿𝑝(𝑈)
such that

(5) 𝑣𝑘𝑗 → 𝑣 in 𝐿𝑝(𝑈).

From (3) it follows that

(6) (𝑣)𝑈 = 0, ‖𝑣‖𝐿𝑝(𝑈) = 1.

On the other hand, (4) implies for each 𝑖 = 1, . . . , 𝑛 and 𝜙 ∈ 𝐶∞
𝑐 (𝑈) that

∫
𝑈
𝑣𝜙𝑥𝑖 𝑑𝑥 = lim

𝑘𝑗→∞
∫
𝑈
𝑣𝑘𝑗𝜙𝑥𝑖 𝑑𝑥 = − lim

𝑘𝑗→∞
∫
𝑈
𝑣𝑘𝑗 ,𝑥𝑖𝜙𝑑𝑥 = 0.

Consequently 𝑣 ∈ 𝑊 1,𝑝(𝑈), with 𝐷𝑣 = 0 a.e. Thus 𝑣 is constant, since 𝑈
is connected (see Problem 11). However this conclusion is at variance with
(6): since 𝑣 is constant and (𝑣)𝑈 = 0, we must have 𝑣 ≡ 0, in which case
‖𝑣‖𝐿𝑝(𝑈) = 0. This contradiction establishes estimate (1). □

A particularly important special case follows.

NOTATION. (𝑢)𝑥,𝑟 = ⨍𝐵(𝑥,𝑟) 𝑢𝑑𝑦 = average of 𝑢 over the ball 𝐵(𝑥, 𝑟).

THEOREM 2 (Poincaré’s inequality for a ball). Assume 1 ≤ 𝑝 ≤ ∞. Then
there exists a constant 𝐶, depending only on 𝑛 and 𝑝, such that

(7) ‖𝑢 − (𝑢)𝑥,𝑟‖𝐿𝑝(𝐵(𝑥,𝑟)) ≤ 𝐶𝑟‖𝐷𝑢‖𝐿𝑝(𝐵(𝑥,𝑟))
for each ball 𝐵(𝑥, 𝑟) ⊂ ℝ𝑛 and each function 𝑢 ∈ 𝑊 1,𝑝(𝐵0(𝑥, 𝑟)).
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Proof. The case 𝑈 = 𝐵0(0, 1) follows from Theorem 1. In general, if 𝑢 ∈
𝑊 1,𝑝(𝐵0(𝑥, 𝑟)), write

𝑣(𝑦) ≔ 𝑢(𝑥 + 𝑟𝑦) (𝑦 ∈ 𝐵(0, 1)).
Then 𝑣 ∈ 𝑊 1,𝑝(𝐵0(0, 1)), and we have

‖𝑣 − (𝑣)0,1‖𝐿𝑝(𝐵(0,1)) ≤ 𝐶‖𝐷𝑣‖𝐿𝑝(𝐵(0,1)).
Changing variables, we recover estimate (7). □

BMO and W1,n. Assume 𝑢 ∈ 𝑊 1,𝑛(ℝ𝑛) ∩ 𝐿1(ℝ𝑛), and let 𝐵(𝑥, 𝑟) be any ball.
Then Theorem 2 with 𝑝 = 1 implies

⨍
𝐵(𝑥,𝑟)

|𝑢 − (𝑢)𝑥,𝑟| 𝑑𝑦 ≤ 𝐶𝑟⨍
𝐵(𝑥,𝑟)

|𝐷𝑢| 𝑑𝑦

≤ 𝐶𝑟 (⨍
𝐵(𝑥,𝑟)

|𝐷𝑢|𝑛 𝑑𝑦)
1/𝑛

≤ 𝐶 (∫
ℝ𝑛
|𝐷𝑢|𝑛 𝑑𝑦)

1/𝑛
.

Thus 𝑢 ∈ BMO(ℝ𝑛), the space of functions of bounded mean oscillation in ℝ𝑛,
with the seminorm

[𝑢]BMO(ℝ𝑛) ≔ sup
𝐵(𝑥,𝑟)⊂ℝ𝑛

{⨍
𝐵(𝑥,𝑟)

|𝑢 − (𝑢)𝑥,𝑟| 𝑑𝑦} .

See Stein [Se, Chapter IV] for the theory of the space BMO.

5.8.2. Difference quotients. When we later apply Sobolev space theory to
PDE, we will be forced to study difference quotient approximations to weak
derivatives. Following is the relevant theory, which the reader may wish to
postpone studying until the need arises, in §6.3.
a. Difference quotients andW1,p. Assume 𝑢 ∶ 𝑈 → ℝ is a locally summa-
ble function and 𝑉 ⊂⊂ 𝑈.

DEFINITIONS.
(i) The 𝑖th-difference quotient of size ℎ is

𝐷ℎ
𝑖 𝑢(𝑥) =

𝑢(𝑥 + ℎ𝑒𝑖) − 𝑢(𝑥)
ℎ (𝑖 = 1, . . . , 𝑛)

for 𝑥 ∈ 𝑉 and ℎ ∈ ℝ, 0 < |ℎ| < dist(𝑉, 𝜕𝑈).
(ii) 𝐷ℎ𝑢 ≔ (𝐷ℎ

1 𝑢, . . . , 𝐷ℎ
𝑛𝑢).

THEOREM 3 (Difference quotients and weak derivatives).
(i) Suppose 1 ≤ 𝑝 < ∞ and 𝑢 ∈ 𝑊 1,𝑝(𝑈). Then for each 𝑉 ⊂⊂ 𝑈

(8) ‖𝐷ℎ𝑢‖𝐿𝑝(𝑉) ≤ 𝐶‖𝐷𝑢‖𝐿𝑝(𝑈)

for some constant 𝐶 and all 0 < |ℎ| < 1
2 dist(𝑉, 𝜕𝑈).
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(ii) Assume 1 < 𝑝 < ∞, 𝑢 ∈ 𝐿𝑝(𝑉), and there exists a constant 𝐶 such that
(9) ‖𝐷ℎ𝑢‖𝐿𝑝(𝑉) ≤ 𝐶
for all 0 < |ℎ| < 1

2 dist(𝑉, 𝜕𝑈). Then
𝑢 ∈ 𝑊 1,𝑝(𝑉), with ‖𝐷𝑢‖𝐿𝑝(𝑉) ≤ 𝐶.

Assertion (ii) is false for 𝑝 = 1 (Problem 12). See Theorem 4 below for
𝑝 = ∞.

Proof.
1. Assume 1 ≤ 𝑝 < ∞, and temporarily suppose 𝑢 is smooth. Then for

each 𝑥 ∈ 𝑉 , 𝑖 = 1, . . . , 𝑛, and 0 < |ℎ| < 1
2 dist(𝑉, 𝜕𝑈), we have

𝑢(𝑥 + ℎ𝑒𝑖) − 𝑢(𝑥) = ℎ∫
1

0
𝑢𝑥𝑖(𝑥 + 𝑡ℎ𝑒𝑖) 𝑑𝑡,

so that

|𝑢(𝑥 + ℎ𝑒𝑖) − 𝑢(𝑥)| ≤ |ℎ|∫
1

0
|𝐷𝑢(𝑥 + 𝑡ℎ𝑒𝑖)| 𝑑𝑡.

Consequently

∫
𝑉
|𝐷ℎ𝑢|𝑝 𝑑𝑥 ≤ 𝐶

𝑛
∑
𝑖=1

∫
𝑉
∫

1

0
|𝐷𝑢(𝑥 + 𝑡ℎ𝑒𝑖)|𝑝 𝑑𝑡𝑑𝑥

= 𝐶
𝑛
∑
𝑖=1

∫
1

0
∫
𝑉
|𝐷𝑢(𝑥 + 𝑡ℎ𝑒𝑖)|𝑝 𝑑𝑥𝑑𝑡.

Thus
∫
𝑉
|𝐷ℎ𝑢|𝑝 𝑑𝑥 ≤ 𝐶∫

𝑈
|𝐷𝑢|𝑝 𝑑𝑥.

This estimate holds should 𝑢 be smooth, and thus is valid by approximation for
arbitrary 𝑢 ∈ 𝑊 1,𝑝(𝑈).

2. Now suppose estimate (9) holds for all 0 < |ℎ| < 1
2 dist(𝑉, 𝜕𝑈) and some

constant 𝐶. Choose 𝑖 = 1, . . . , 𝑛, 𝜙 ∈ 𝐶∞
𝑐 (𝑉), and note for small enough ℎ that

∫
𝑉
𝑢(𝑥) [𝜙(𝑥 + ℎ𝑒𝑖) − 𝜙(𝑥)

ℎ ] 𝑑𝑥 = −∫
𝑉
[𝑢(𝑥) − 𝑢(𝑥 − ℎ𝑒𝑖)

ℎ ] 𝜙(𝑥) 𝑑𝑥;

that is,

(10) ∫
𝑉
𝑢(𝐷ℎ

𝑖 𝜙) 𝑑𝑥 = −∫
𝑉
(𝐷−ℎ

𝑖 𝑢)𝜙 𝑑𝑥.

This is the “integration–by–parts” formula for difference quotients. Estimate
(9) implies

sup
ℎ
‖𝐷−ℎ

𝑖 𝑢‖𝐿𝑝(𝑉) < ∞;
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and therefore, since 1 < 𝑝 < ∞, there exists a function 𝑣𝑖 ∈ 𝐿𝑝(𝑉) and a
subsequence ℎ𝑘 → 0 such that

(11) 𝐷−ℎ𝑘
𝑖 𝑢 ⇀ 𝑣𝑖 weakly in 𝐿𝑝(𝑉).

(See §D.4 for weak convergence.) But then

∫
𝑉
𝑢𝜙𝑥𝑖 𝑑𝑥 = ∫

𝑈
𝑢𝜙𝑥𝑖 𝑑𝑥 = lim

ℎ𝑘→0
∫
𝑈
𝑢𝐷ℎ𝑘

𝑖 𝜙𝑑𝑥

= − lim
ℎ𝑘→0

∫
𝑉
𝐷−ℎ𝑘
𝑖 𝑢𝜙𝑑𝑥

= −∫
𝑉
𝑣𝑖𝜙𝑑𝑥 = −∫

𝑈
𝑣𝑖𝜙𝑑𝑥.

Thus 𝑣𝑖 = 𝑢𝑥𝑖 in the weak sense (𝑖 = 1, . . . , 𝑛), and so 𝐷𝑢 ∈ 𝐿𝑝(𝑉). As 𝑢 ∈
𝐿𝑝(𝑉), we deduce therefore that 𝑢 ∈ 𝑊 1,𝑝(𝑉). □

Difference quotients near the boundary. Variants of Theorem 3 can be
valid even if it is not true that 𝑉 ⊂⊂ 𝑈. For example if 𝑈 is the open half-
ball 𝐵0(0, 1) ∩ {𝑥𝑛 > 0}, 𝑉 = 𝐵0(0, 1/2) ∩ {𝑥𝑛 > 0}, we have the bound
∫𝑉 |𝐷ℎ

𝑖 𝑢|𝑝 𝑑𝑥 ≤ ∫𝑈 |𝑢𝑥𝑖 |𝑝 𝑑𝑥 for 𝑖 = 1, . . . , 𝑛 − 1. The proof is similar to that
just given.

We will need this comment in Chapter 6, §6.3.2.
b. Lipschitz continuous functions andW1,∞.

THEOREM4 (Characterization of𝑊 1,∞). Let𝑈 be open and bounded, with 𝜕𝑈
of class 𝐶1. Then 𝑢 ∶ 𝑈 → ℝ is Lipschitz continuous if and only if 𝑢 ∈ 𝑊 1,∞(𝑈).

Proof.
1. First assume 𝑈 = ℝ𝑛 and 𝑢 has compact support.
Suppose 𝑢 ∈ 𝑊 1,∞(ℝ𝑛). Then 𝑢𝜀 ≔ 𝜂𝜀 ∗ 𝑢, where 𝜂𝜀 is the usual mollifier,

is smooth and satisfies

{𝑢
𝜀 → 𝑢 uniformly as 𝜀 → 0,
‖𝐷𝑢𝜀‖𝐿∞(ℝ𝑛) ≤ ‖𝐷𝑢‖𝐿∞(ℝ𝑛).

Choose any two points 𝑥, 𝑦 ∈ ℝ𝑛, 𝑥 ≠ 𝑦. We have

𝑢𝜀(𝑥) − 𝑢𝜀(𝑦) = ∫
1

0

𝑑
𝑑𝑡𝑢

𝜀(𝑡𝑥 + (1 − 𝑡)𝑦) 𝑑𝑡

= ∫
1

0
𝐷𝑢𝜀(𝑡𝑥 + (1 − 𝑡)𝑦) 𝑑𝑡 ⋅ (𝑥 − 𝑦),
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and so

|𝑢𝜀(𝑥) − 𝑢𝜀(𝑦)| ≤ ‖𝐷𝑢𝜀‖𝐿∞(ℝ𝑛)|𝑥 − 𝑦| ≤ ‖𝐷𝑢‖𝐿∞(ℝ𝑛)|𝑥 − 𝑦|.

We let 𝜀 → 0 to discover

|𝑢(𝑥) − 𝑢(𝑦)| ≤ ‖𝐷𝑢‖𝐿∞(ℝ𝑛)|𝑥 − 𝑦|.

Hence 𝑢 is Lipschitz continuous.
2. On the other hand assume now𝑢 is Lipschitz continuous; we must prove

that 𝑢 has essentially bounded weak first derivatives. Since 𝑢 is Lipschitz, we
see

‖𝐷−ℎ
𝑖 𝑢‖𝐿∞(ℝ𝑛) ≤ Lip(𝑢),

and thus there exists a function 𝑣𝑖 ∈ 𝐿∞(ℝ𝑛) and a subsequence ℎ𝑘 → 0 such
that

(12) 𝐷−ℎ𝑘
𝑖 𝑢 ⇀ 𝑣𝑖 weakly in 𝐿2loc(ℝ𝑛).

Consequently

∫
ℝ𝑛
𝑢𝜙𝑥𝑖 𝑑𝑥 = lim

ℎ𝑘→0
∫
ℝ𝑛
𝑢𝐷ℎ𝑘

𝑖 𝜙𝑑𝑥

= − lim
ℎ𝑘→0

∫
ℝ𝑛
𝐷−ℎ𝑘
𝑖 𝑢𝜙𝑑𝑥 = −∫

ℝ𝑛
𝑣𝑖𝜙𝑑𝑥

by (12). The above equality holds for all 𝜙 ∈ 𝐶∞
𝑐 (ℝ𝑛), and so 𝑣𝑖 = 𝑢𝑥𝑖 in the

weak sense (𝑖 = 1, . . . , 𝑛). Consequently 𝑢 ∈ 𝑊 1,∞(ℝ𝑛).
3. In the general case that 𝑈 is bounded, with 𝜕𝑈 of class 𝐶1, we as usual

extend 𝑢 to 𝐸𝑢 = 𝑢̄ and apply the above argument. □

Remark. The argument above adapts easily to prove that for any open set 𝑈,
𝑢 ∈ 𝑊1,∞

loc (𝑈) if and only if 𝑢 is locally Lipschitz continuous in 𝑈. There is no
corresponding characterization of the spaces 𝑊 1,𝑝 for 1 ≤ 𝑝 < ∞. If 𝑛 < 𝑝 <
∞, then each function 𝑢 ∈ 𝑊 1,𝑝 belongs to 𝐶0,1−𝑛/𝑝; but a function Hölder
continuous with exponent less than one need not belong to any Sobolev space
𝑊 1,𝑝.

5.8.3. Differentiability a.e. Next we examine more closely the connections
between weak partial derivatives and partial derivatives in the usual calculus
sense.

DEFINITION. A function 𝑢 ∶ 𝑈 → ℝ is differentiable at 𝑥 ∈ 𝑈 if there exists
𝑎 ∈ ℝ𝑛 such that

(13) 𝑢(𝑦) = 𝑢(𝑥) + 𝑎 ⋅ (𝑦 − 𝑥) + 𝑜(|𝑦 − 𝑥|) as 𝑦 → 𝑥.
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In other words,

lim
𝑦→𝑥

|𝑢(𝑦) − 𝑢(𝑥) − 𝑎 ⋅ (𝑦 − 𝑥)|
|𝑦 − 𝑥| = 0.

It is easy to check that 𝑎, if it exists, is unique. We henceforth write

𝐷𝑢(𝑥)

for 𝑎 and call 𝐷𝑢 the gradient of 𝑢.
To be sure that this notation is consistent, we need to study the relation-

ships between the various notions of derivatives:

THEOREM 5 (Differentiability almost everywhere). Assume 𝑢 ∈ 𝑊1,𝑝
loc(𝑈) for

some 𝑛 < 𝑝 ≤ ∞. Then 𝑢 is differentiable a.e. in 𝑈, and its gradient equals its
weak gradient a.e.

Recall that we always identify 𝑢 with its continuous version.

Proof.

1. Assume first 𝑛 < 𝑝 < ∞. From the remark after the proof of Theorem 4
in §5.6.2, we recall Morrey’s estimate

(14) |𝑣(𝑦) − 𝑣(𝑥)| ≤ 𝐶𝑟1−
𝑛
𝑝 (∫

𝐵(𝑥,2𝑟)
|𝐷𝑣(𝑧)|𝑝 𝑑𝑧)

1/𝑝

(𝑦 ∈ 𝐵(𝑥, 𝑟)),

valid for any 𝐶1 function 𝑣 and thus, by approximation, for any 𝑣 ∈ 𝑊 1,𝑝.
2. Choose 𝑢 ∈ 𝑊1,𝑝

loc(𝑈). Now for a.e. 𝑥 ∈ 𝑈, a version of Lebesgue’s Dif-
ferentiation Theorem (§E.4) implies

(15) ⨍
𝐵(𝑥,𝑟)

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑧)|𝑝 𝑑𝑧 → 0

as 𝑟 → 0, 𝐷𝑢 denoting as usual the weak derivative of 𝑢. Fix any such point 𝑥
and set

𝑣(𝑦) ≔ 𝑢(𝑦) − 𝑢(𝑥) − 𝐷𝑢(𝑥) ⋅ (𝑦 − 𝑥)

in estimate (14), where

(16) 𝑟 = |𝑥 − 𝑦|.
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We find

|𝑢(𝑦) − 𝑢(𝑥) − 𝐷𝑢(𝑥) ⋅ (𝑦 − 𝑥)|

≤ 𝐶𝑟1−𝑛/𝑝 (∫
𝐵(𝑥,2𝑟)

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑧)|𝑝 𝑑𝑧)
1/𝑝

≤ 𝐶𝑟 (⨍
𝐵(𝑥,2𝑟)

|𝐷𝑢(𝑥) − 𝐷𝑢(𝑧)|𝑝 𝑑𝑧)
1/𝑝

= 𝑜(𝑟) by (15)
= 𝑜(|𝑥 − 𝑦|) by (16).

Thus 𝑢 is differentiable at 𝑥, and its gradient equals its weak gradient at 𝑥.
3. In case 𝑝 = ∞, we note 𝑊1,∞

loc (𝑈) ⊂ 𝑊1,𝑝
loc(𝑈) for all 1 ≤ 𝑝 < ∞ and

apply the reasoning above. □

Finally, in view of Theorem 5, we obtain

THEOREM 6 (Rademacher’s Theorem). Let 𝑢 be locally Lipschitz continuous
in 𝑈. Then 𝑢 is differentiable almost everywhere in 𝑈.

5.8.4. Hardy’s inequality. In Chapter 12 we will need

THEOREM 7 (Hardy’s inequality). Assume 𝑛 ≥ 3 and 𝑟 > 0. Suppose that
𝑢 ∈ 𝐻1(𝐵(0, 𝑟)).

Then ᵆ
|𝑥| ∈ 𝐿2(𝐵(0, 𝑟)), with the estimate

(17) ∫
𝐵(0,𝑟)

𝑢2
|𝑥|2 𝑑𝑥 ≤ 𝐶∫

𝐵(0,𝑟)
|𝐷𝑢|2 + 𝑢2

𝑟2 𝑑𝑥.

Observe that this is not a consequence of the Gagliardo–Nirenberg–Sobolev
inequality.

Proof. We may assume 𝑢 ∈ 𝐶∞(𝐵(0, 𝑟)). Note that 𝐷 ( 1
|𝑥|) = − 𝑥

|𝑥|3 . Thus

∫
𝐵(0,𝑟)

𝑢2
|𝑥|2 𝑑𝑥 = −∫

𝐵(0,𝑟)
𝑢2𝐷 ( 1|𝑥|) ⋅

𝑥
|𝑥| 𝑑𝑥

= ∫
𝐵(0,𝑟)

2𝑢𝐷𝑢 ⋅ 𝑥
|𝑥|2 + (𝑛 − 1) 𝑢

2

|𝑥|2 𝑑𝑥 −∫
𝜕𝐵(0,𝑟)

𝑢2𝜈 ⋅ 𝑥
|𝑥|2 𝑑𝑆.

Therefore

(2 − 𝑛)∫
𝐵(0,𝑟)

𝑢2
|𝑥|2 𝑑𝑥 = 2∫

𝐵(0,𝑟)
𝑢𝐷𝑢 ⋅ 𝑥

|𝑥|2 𝑑𝑥 −
1
𝑟 ∫𝜕𝐵(0,𝑟)

𝑢2 𝑑𝑆,
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and consequently

(18) ∫
𝐵(0,𝑟)

𝑢2
|𝑥|2 𝑑𝑥 ≤ 𝐶∫

𝐵(0,𝑟)
|𝐷𝑢|2 𝑑𝑥 + 𝐶

𝑟 ∫𝜕𝐵(0,𝑟)
𝑢2 𝑑𝑆.

Observe next that

𝑟∫
𝜕𝐵(0,𝑟)

𝑢2 𝑑𝑆 = ∫
𝐵(0,𝑟)

div(𝑥𝑢2) 𝑑𝑥 = ∫
𝐵(0,𝑟)

𝑛𝑢2 + 2𝑢𝐷𝑢 ⋅ 𝑥 𝑑𝑥

≤ 𝐶∫
𝐵(0,𝑟)

𝑢2 + 𝑟2|𝐷𝑢|2 𝑑𝑥.

Dividing by 𝑟2, we obtain the trace inequality
1
𝑟 ∫𝜕𝐵(0,𝑟)

𝑢2 𝑑𝑆 ≤ 𝐶∫
𝐵(0,𝑟)

|𝐷𝑢|2 + 𝑢2
𝑟2 𝑑𝑥.

Employing this inequality in (18) finishes the proof of (17). □

5.8.5. Fourier transform methods. Next we employ the Fourier transform
(§4.3) to give an alternate characterization of the spaces 𝐻𝑘(ℝ𝑛). For this sub-
section all functions are complex-valued.

THEOREM 8 (Characterization of 𝐻𝑘 by Fourier transform). Let 𝑘 be a non-
negative integer.

(i) A function 𝑢 ∈ 𝐿2(ℝ𝑛) belongs to𝐻𝑘(ℝ𝑛) if and only if
(19) (1 + |𝑦|𝑘)𝑢̂ ∈ 𝐿2(ℝ𝑛).

(ii) In addition, there exists a positive constant 𝐶 such that

(20) 1
𝐶‖𝑢‖𝐻𝑘(ℝ𝑛) ≤ ‖(1 + |𝑦|𝑘)𝑢̂‖𝐿2(ℝ𝑛) ≤ 𝐶‖𝑢‖𝐻𝑘(ℝ𝑛)

for each 𝑢 ∈ 𝐻𝑘(ℝ𝑛).

Proof.
1. Assume first 𝑢 ∈ 𝐻𝑘(ℝ𝑛). Then for each multiindex |𝛼| ≤ 𝑘, we have

𝐷𝛼𝑢 ∈ 𝐿2(ℝ𝑛). Now if 𝑢 ∈ 𝐶𝑘 has compact support, we have

(21) 𝐷𝛼𝑢 = (𝑖𝑦)𝛼𝑢̂
according to Theorem 2 in §4.3.1. Approximating by smooth functions, we
deduce formula (21) provided 𝑢 ∈ 𝐻𝑘(ℝ𝑛). Thus (𝑖𝑦)𝛼𝑢̂ ∈ 𝐿2(ℝ𝑛) for each
|𝛼| ≤ 𝑘. In particular choosing 𝛼 = (𝑘, 0, . . . , 0), (0, 𝑘, . . . , 0), . . . , (0, . . . , 𝑘), we
deduce

∫
ℝ𝑛
|𝑦|2𝑘|𝑢̂|2 𝑑𝑦 ≤ 𝐶∫

ℝ𝑛
|𝐷𝑘𝑢|2 𝑑𝑥 < ∞.
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Thus
∫
ℝ𝑛
(1 + |𝑦|𝑘)2|𝑢̂|2 𝑑𝑦 ≤ 𝐶‖𝑢‖2𝐻𝑘(ℝ𝑛),

and so (1 + |𝑦|𝑘)𝑢̂ ∈ 𝐿2(ℝ𝑛).
2. Suppose conversely (1 + |𝑦|𝑘)𝑢̂ ∈ 𝐿2(ℝ𝑛) and |𝛼| ≤ 𝑘. Then

(22) ‖(𝑖𝑦)𝛼𝑢̂‖2𝐿2(ℝ𝑛) ≤ ∫
ℝ𝑛
|𝑦|2|𝛼||𝑢̂|2 𝑑𝑦 ≤ 𝐶‖(1 + |𝑦|𝑘)𝑢̂‖2𝐿2(ℝ𝑛).

Set
𝑢𝛼 ≔ ℱ−1((𝑖𝑦)𝛼𝑢̂)

Then for each 𝜙 ∈ 𝐶∞
𝑐 (ℝ𝑛)

∫
ℝ𝑛
(𝐷𝛼𝜙)𝑢̄ 𝑑𝑥 = ∫

ℝ𝑛
(𝐷𝛼𝜙) ̄𝑢̂ 𝑑𝑦

= ∫
ℝ𝑛
(𝑖𝑦)𝛼 ̂𝜙 ̄𝑢̂ 𝑑𝑦

= (−1)|𝛼|∫
ℝ𝑛
𝜙𝑢̄𝛼 𝑑𝑥.

Thus 𝑢𝛼 = 𝐷𝛼𝑢 in the weak sense and, by (22), 𝐷𝛼𝑢 ∈ 𝐿2(ℝ𝑛). Hence 𝑢 ∈
𝐻𝑘(𝑈), as required. □

It is sometimes useful to define also fractional Sobolev spaces.

DEFINITION. Assume 0 < 𝑠 < ∞ and 𝑢 ∈ 𝐿2(ℝ𝑛). Then 𝑢 ∈ 𝐻𝑠(ℝ𝑛) if
(1 + |𝑦|𝑠)𝑢̂ ∈ 𝐿2(ℝ𝑛). For noninteger 𝑠, we set

‖𝑢‖𝐻𝑠(ℝ𝑛) ≔ ‖(1 + |𝑦|𝑠)𝑢̂‖𝐿2(ℝ𝑛).

5.9. OTHER SPACES OF FUNCTIONS

5.9.1. The space H−1. As we will see later in our systematic study in Chap-
ters 6 and 7 of linear elliptic, parabolic and hyperbolic PDE, it is important to
have an explicit characterization of the dual space of 𝐻1

0. (See Appendix D for
definitions.)

DEFINITION. We denote by 𝐻−1(𝑈) the dual space to 𝐻1
0(𝑈).

In other words 𝑓 belongs to 𝐻−1(𝑈) provided 𝑓 is a bounded linear func-
tional on 𝐻1

0(𝑈). Note very carefully that we do not identify the space𝐻1
0 with its

dual. Instead, as we will see in a moment, it is more useful to write

𝐻1
0(𝑈) ⊂ 𝐿2(𝑈) ⊂ 𝐻−1(𝑈).
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NOTATION. We will write ⟨ , ⟩ to denote the pairing between 𝐻−1(𝑈) and
𝐻1
0(𝑈).

DEFINITION. If 𝑓 ∈ 𝐻−1(𝑈), we define the norm
‖𝑓‖𝐻−1(𝑈) ≔ sup{ ⟨𝑓, 𝑢⟩ ∣ 𝑢 ∈ 𝐻1

0(𝑈), ‖𝑢‖𝐻1
0(𝑈) ≤ 1 } .

THEOREM 1 (Characterization of 𝐻−1).
(i) Assume 𝑓 ∈ 𝐻−1(𝑈). Then there exist functions 𝑓0, 𝑓1, . . . , 𝑓𝑛 in 𝐿2(𝑈)

such that

(1) ⟨𝑓, 𝑣⟩ = ∫
𝑈
𝑓0𝑣 +

𝑛
∑
𝑖=1

𝑓𝑖𝑣𝑥𝑖 𝑑𝑥 (𝑣 ∈ 𝐻1
0(𝑈)).

(ii) Furthermore,

‖𝑓‖𝐻−1(𝑈) = inf{(∫
𝑈

𝑛
∑
𝑖=0

|𝑓𝑖|2 𝑑𝑥)
1/2

|| 𝑓 satisfies (1) for 𝑓0, . . . , 𝑓𝑛 ∈ 𝐿2(𝑈)}.

(iii) In particular, we have
(2) (𝑣, 𝑢)𝐿2(𝑈) = ⟨𝑣, 𝑢⟩
for all 𝑢 ∈ 𝐻1

0(𝑈), 𝑣 ∈ 𝐿2(𝑈) ⊂ 𝐻−1(𝑈).

NOTATION. We write “𝑓 = 𝑓0 −∑𝑛
𝑖=1 𝑓𝑖𝑥𝑖” whenever (1) holds.

Proof.
1. Given 𝑢, 𝑣 ∈ 𝐻1

0(𝑈), we define the inner product (𝑢, 𝑣) ≔ ∫𝑈 𝐷𝑢 ⋅ 𝐷𝑣 +
𝑢𝑣 𝑑𝑥. Let 𝑓 ∈ 𝐻−1(𝑈). We apply the Riesz Representation Theorem (§D.3) to
deduce the existence of a unique function 𝑢 ∈ 𝐻1

0(𝑈) satisfying (𝑢, 𝑣) = ⟨𝑓, 𝑣⟩
for all 𝑣 ∈ 𝐻1

0(𝑈); that is,

(3) ∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 + 𝑢𝑣 𝑑𝑥 = ⟨𝑓, 𝑣⟩

for each 𝑣 ∈ 𝐻1
0(𝑈). This establishes (1) for

(4) {𝑓
0 = 𝑢
𝑓𝑖 = 𝑢𝑥𝑖 (𝑖 = 1, . . . , 𝑛).

2. Assume now 𝑓 ∈ 𝐻−1(𝑈),

(5) ⟨𝑓, 𝑣⟩ = ∫
𝑈
𝑔0𝑣 +

𝑛
∑
𝑖=1

𝑔𝑖𝑣𝑥𝑖 𝑑𝑥

for 𝑔0, 𝑔1, . . . , 𝑔𝑛 ∈ 𝐿2(𝑈). Setting 𝑣 = 𝑢 in (3) and using (5), we deduce

∫
𝑈
|𝐷𝑢|2 + |𝑢|2 𝑑𝑥 ≤ ∫

𝑈

𝑛
∑
𝑖=0

|𝑔𝑖|2 𝑑𝑥.
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Thus (4) implies

(6) ∫
𝑈

𝑛
∑
𝑖=0

|𝑓𝑖|2 𝑑𝑥 ≤ ∫
𝑈

𝑛
∑
𝑖=0

|𝑔𝑖|2 𝑑𝑥.

3. From (1) it follows that

|⟨𝑓, 𝑣⟩| ≤ (∫
𝑈

𝑛
∑
𝑖=0

|𝑓𝑖|2 𝑑𝑥)
1/2

if ‖𝑣‖𝐻1
0(𝑈) ≤ 1. Consequently

‖𝑓‖𝐻−1(𝑈) ≤ (∫
𝑈

𝑛
∑
𝑖=0

|𝑓𝑖|2 𝑑𝑥)
1/2

.

Setting 𝑣 = ᵆ
‖ᵆ‖𝐻1

0(𝑈)
in (3), we deduce that in fact

‖𝑓‖𝐻−1(𝑈) = (∫
𝑈

𝑛
∑
𝑖=0

|𝑓𝑖|2 𝑑𝑥)
1/2

.

Assertion (ii) follows now from (4)–(6).
4. The identity (2) follows from assertion (i). □

5.9.2. Spaces involving time. We study next some other sorts of Sobolev
spaces, these comprising functions mapping time into Banach spaces. These
will prove essential in our constructions of weak solutions to linear parabolic
and hyperbolic PDE in Chapter 7 and to nonlinear parabolic PDE in Chapter 9.

Let 𝑋 denote a real Banach space, with norm ‖ ‖. The reader should first
of all read §E.5 about measure and integration theory for mappings taking val-
ues in 𝑋 .

DEFINITION. The space
𝐿𝑝(0, 𝑇; 𝑋)

consists of all strongly measurable functions u ∶ [0, 𝑇] → 𝑋 with

(i) ‖u‖𝐿𝑝(0,𝑇;𝑋) ≔ (∫
𝑇

0
‖u(𝑡)‖𝑝𝑑𝑡)

1/𝑝

< ∞

for 1 ≤ 𝑝 < ∞ and

(ii) ‖u‖𝐿∞(0,𝑇;𝑋) ≔ ess sup
0≤𝑡≤𝑇

‖u(𝑡)‖ < ∞.
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DEFINITION. The space
𝐶([0, 𝑇]; 𝑋)

comprises all continuous functions u ∶ [0, 𝑇] → 𝑋 with

‖u‖𝐶([0,𝑇];𝑋) ≔ max
0≤𝑡≤𝑇

‖u(𝑡)‖ < ∞.

DEFINITION. Let u ∈ 𝐿1(0, 𝑇; 𝑋). We say v ∈ 𝐿1(0, 𝑇; 𝑋) is the weak deriva-
tive of u, written

u′ = v,
provided

∫
𝑇

0
𝜙′(𝑡)u(𝑡) 𝑑𝑡 = −∫

𝑇

0
𝜙(𝑡)v(𝑡) 𝑑𝑡

for all real valued test functions 𝜙 ∈ 𝐶∞
𝑐 (0, 𝑇).

DEFINITIONS.
(i) The Sobolev space

𝑊 1,𝑝(0, 𝑇; 𝑋)
consists of all functions u ∈ 𝐿𝑝(0, 𝑇; 𝑋) such that u′ exists in the weak sense
and belongs to 𝐿𝑝(0, 𝑇; 𝑋). Furthermore,

‖u‖𝑊1,𝑝(0,𝑇;𝑋) ≔ {(∫
𝑇
0 ‖u(𝑡)‖𝑝 + ‖u′(𝑡)‖𝑝 𝑑𝑡)

1/𝑝
(1 ≤ 𝑝 < ∞)

ess sup0≤𝑡≤𝑇(‖u(𝑡)‖ + ‖u′(𝑡)‖) (𝑝 = ∞).

(ii) We write 𝐻1(0, 𝑇; 𝑋) = 𝑊 1,2(0, 𝑇; 𝑋).

THEOREM 2 (Calculus in an abstract space). Let u ∈ 𝑊 1,𝑝(0, 𝑇; 𝑋) for some
1 ≤ 𝑝 ≤ ∞. Then

(i) u ∈ 𝐶([0, 𝑇]; 𝑋) (after possibly being redefined ona set ofmeasure zero).
(ii) u(𝑡) = u(𝑠) + ∫𝑡

𝑠 u′(𝜏) 𝑑𝜏 for all 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇.
(iii) Furthermore, we have the estimate

(7) max
0≤𝑡≤𝑇

‖u(𝑡)‖ ≤ 𝐶‖u‖𝑊1,𝑝(0,𝑇;𝑋),

the constant 𝐶 depending only on 𝑇.

Proof.
1. Extend u to be 0 on (−∞, 0) and (𝑇,∞), and then set u𝜀 = 𝜂𝜀 ∗ u, 𝜂𝜀

denoting the usual mollifier on ℝ1. We check as in the proof of Theorem 1 in
§5.3.1 that (u𝜀)′ = 𝜂𝜀 ∗ u′ on (𝜀, 𝑇 − 𝜀).
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Then as 𝜀 → 0,

(8) {u
𝜀 → u in 𝐿𝑝(0, 𝑇; 𝑋)

(u𝜀)′ → u′ in 𝐿𝑝𝑙𝑜𝑐(0, 𝑇; 𝑋).
Fixing 0 < 𝑠 < 𝑡 < 𝑇, we compute

u𝜀(𝑡) = u𝜀(𝑠) +∫
𝑡

𝑠
u𝜀′(𝜏) 𝑑𝜏.

Thus

(9) u(𝑡) = u(𝑠) +∫
𝑡

𝑠
u′(𝜏) 𝑑𝜏

for a.e. 0 < 𝑠 < 𝑡 < 𝑇, according to (8). As the mapping 𝑡 ↦ ∫𝑡
0 u′(𝜏) 𝑑𝜏 is

continuous, assertions (i), (ii) follow.
2. Estimate (7) follows easily from (9). □

The next two propositions concern what happens when u and u′ lie in dif-
ferent spaces.

THEOREM 3 (More calculus). Suppose u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), with u′ ∈

𝐿2(0, 𝑇;𝐻−1(𝑈)).
(i) Then

u ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈))
(after possibly being redefined on a set of measure zero).

(ii) The mapping
𝑡 ↦ ‖u(𝑡)‖2𝐿2(𝑈)

is absolutely continuous, with
𝑑
𝑑𝑡‖u(𝑡)‖

2
𝐿2(𝑈) = 2⟨u′(𝑡),u(𝑡)⟩

for a.e. 0 ≤ 𝑡 ≤ 𝑇.
(iii) Furthermore, we have the estimate

(10) max
0≤𝑡≤𝑇

‖u(𝑡)‖𝐿2(𝑈) ≤ 𝐶(‖u‖𝐿2(0,𝑇;𝐻1
0(𝑈)) + ‖u′‖𝐿2(0,𝑇;𝐻−1(𝑈))),

the constant 𝐶 depending only on 𝑇.

Proof.
1. Use reflection and then a cutoff function, to extend u to the larger in-

terval [−𝜎, 𝑇 + 𝜎] for some small 𝜎 > 0; and define then the regularizations
u𝜀 = 𝜂𝜀 ∗ u, as in the earlier proof. Then for 𝜀, 𝛿 > 0,

𝑑
𝑑𝑡‖u

𝜀(𝑡) − u𝛿(𝑡)‖2𝐿2(𝑈) = 2⟨u𝜀′(𝑡) − u𝛿′(𝑡),u𝜀(𝑡) − u𝛿(𝑡)⟩.
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Thus

(11)
‖u𝜀(𝑡) − u𝛿(𝑡)‖2𝐿2(𝑈) = ‖u𝜀(𝑠) − u𝛿(𝑠)‖2𝐿2(𝑈)

+ 2∫
𝑡

𝑠
⟨u𝜀′(𝜏) − u𝛿′(𝜏),u𝜀(𝜏) − u𝛿(𝜏)⟩ 𝑑𝜏

for all 0 ≤ 𝑠, 𝑡 ≤ 𝑇. Fix any point 𝑠 ∈ (0, 𝑇) for which

u𝜀(𝑠) → u(𝑠) in 𝐿2(𝑈).

Consequently (11) implies

lim sup
𝜀,𝛿→0

sup
0≤𝑡≤𝑇

‖u𝜀(𝑡)−u𝛿(𝑡)‖2𝐿2(𝑈) ≤ lim
𝜀,𝛿→0

∫
𝑇

0
‖u𝜀′(𝜏) − u𝛿′(𝜏)‖2𝐻−1(𝑈)

+ ‖u𝜀(𝜏) − u𝛿(𝜏)‖2𝐻1
0(𝑈) 𝑑𝜏

= 0.

Thus the smoothed functions {u𝜀}0<𝜀≤1 converge in 𝐶([0, 𝑇]; 𝐿2(𝑈)) to a limit
v ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈)). Since we also know u𝜀(𝑡) → u(𝑡) for a.e. 𝑡, we deduce
u = v a.e.

2. We similarly have

‖u𝜀(𝑡)‖2𝐿2(𝑈) = ‖u𝜀(𝑠)‖2𝐿2(𝑈) + 2∫
𝑡

𝑠
⟨u𝜀′(𝜏),u𝜀(𝜏)⟩ 𝑑𝜏,

and so, identifying u with v above,

(12) ‖u(𝑡)‖2𝐿2(𝑈) = ‖u(𝑠)‖2𝐿2(𝑈) + 2∫
𝑡

𝑠
⟨u′(𝜏),u(𝜏)⟩ 𝑑𝜏

for all 0 ≤ 𝑠, 𝑡 ≤ 𝑇.
3. To obtain (10), we integrate (12) with respect to 𝑠, recall the inequality

|⟨u′,u⟩| ≤ ‖u′‖𝐻−1(𝑈)‖u‖𝐻1
0(𝑈), and make some simple estimates. □

For use later in the regularity theory for second-order parabolic and hyper-
bolic equations in Chapter 7, we will also need this extension of Theorem 3.

THEOREM 4 (Mappings into better spaces). Assume that𝑈 is open, bounded,
and 𝜕𝑈 is smooth. Take𝑚 to be a nonnegative integer.

Suppose u ∈ 𝐿2(0, 𝑇;𝐻𝑚+2(𝑈)), with u′ ∈ 𝐿2(0, 𝑇;𝐻𝑚(𝑈)).
(i) Then

u ∈ 𝐶([0, 𝑇]; 𝐻𝑚+1(𝑈))
(after possibly being redefined on a set of measure zero).
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(ii) Furthermore, we have the estimate
(13) max

0≤𝑡≤𝑇
‖u(𝑡)‖𝐻𝑚+1(𝑈) ≤ 𝐶(‖u‖𝐿2(0,𝑇;𝐻𝑚+2(𝑈)) + ‖u′‖𝐿2(0,𝑇;𝐻𝑚(𝑈))),

the constant 𝐶 depending only on 𝑇, 𝑈, and𝑚.

Proof.
1. Suppose first that 𝑚 = 0, in which case

u ∈ 𝐿2(0, 𝑇;𝐻2(𝑈)), u′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)).
We select a bounded open set 𝑉 ⊃⊃ 𝑈 and then construct a corresponding
extension ū = 𝐸u, as in §5.4. In view of estimate (10) from that section, we see

ū ∈ 𝐿2(0, 𝑇;𝐻2(𝑉))
and
(14) ‖ū‖𝐿2(0,𝑇;𝐻2(𝑉)) ≤ 𝐶‖u‖𝐿2(0,𝑇;𝐻2(𝑈)),
for an appropriate constant 𝐶. In addition, ū′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑉)), with the esti-
mate
(15) ‖ū′‖𝐿2(0,𝑇;𝐿2(𝑉)) ≤ 𝐶‖u′‖𝐿2(0,𝑇;𝐿2(𝑈)).
This follows if we consider difference quotients in the 𝑡-variable, remember the
methods in §5.8.2, and observe also that 𝐸 is a bounded linear operator from
𝐿2(𝑈) into 𝐿2(𝑉).

2. Assume for the moment that ū is smooth. We then compute

|| 𝑑𝑑𝑡 (∫𝑉
|𝐷ū|2 𝑑𝑥)|| = 2||∫

𝑉
𝐷ū ⋅ 𝐷ū′ 𝑑𝑥|| = 2||∫

𝑉
Δū ū′ 𝑑𝑥||

≤ 𝐶(‖ū‖2𝐻2(𝑉) + ‖ū′‖2𝐿2(𝑉)).
There is no boundary term when we integrate by parts, since the extension
ū = 𝐸u has compact support within 𝑉 . Integrating and recalling (14), (15), it
follows that
(16) max

0≤𝑡≤𝑇
‖u(𝑡)‖𝐻1(𝑈) ≤ 𝐶(‖u‖𝐿2(0,𝑇;𝐻2(𝑈)) + ‖u′‖𝐿2(0,𝑇;𝐿2(𝑈))).

We obtain the same estimate if u is not smooth, upon approximating by
u𝜀 ≔ 𝜂𝜀 ∗ u, as before. As in the previous proofs, it also follows that u ∈
𝐶([0, 𝑇]; 𝐻1(𝑈)).

3. In the general case that𝑚 ≥ 1, we let 𝛼 be a multiindex of order |𝛼| ≤ 𝑚
and set v ≔ 𝐷𝛼u. Then

v ∈ 𝐿2(0, 𝑇;𝐻2(𝑈)), v′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)).
We apply estimate (16), with v replacing u, and sum over all indices |𝛼| ≤ 𝑚,
to derive (13). □
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5.10. PROBLEMS

In these exercises 𝑈 always denotes an open subset of ℝ𝑛, with a smooth
boundary 𝜕𝑈. As usual, all given functions are assumed smooth, unless other-
wise stated.

1. Suppose 𝑘 ∈ {0, 1, . . . }, 0 < 𝛾 ≤ 1. Prove 𝐶𝑘,𝛾(𝑈̄) is a Banach space.
2. Assume 0 < 𝛽 < 𝛾 ≤ 1. Prove the interpolation inequality

‖𝑢‖𝐶0,𝛾(𝑈) ≤ ‖𝑢‖
1−𝛾
1−𝛽
𝐶0,𝛽(𝑈) ‖𝑢‖

𝛾−𝛽
1−𝛽
𝐶0,1(𝑈).

3. Denote by 𝑈 the open square { 𝑥 ∈ ℝ2 ∣ |𝑥1| < 1, |𝑥2| < 1 }. Define

𝑢(𝑥) =
⎧⎪
⎨⎪
⎩

1 − 𝑥1 if 𝑥1 > 0, |𝑥2| < 𝑥1
1 + 𝑥1 if 𝑥1 < 0, |𝑥2| < −𝑥1
1 − 𝑥2 if 𝑥2 > 0, |𝑥1| < 𝑥2
1 + 𝑥2 if 𝑥2 < 0, |𝑥1| < −𝑥2.

For which 1 ≤ 𝑝 ≤ ∞ does 𝑢 belong to 𝑊 1,𝑝(𝑈)?
4. Assume 𝑛 = 1 and 𝑢 ∈ 𝑊 1,𝑝(0, 1) for some 1 ≤ 𝑝 < ∞.

(a) Show that 𝑢 is equal a.e. to an absolutely continuous function and 𝑢′
(which exists a.e.) belongs to 𝐿𝑝(0, 1).

(b) Prove that if 1 < 𝑝 < ∞, then

|𝑢(𝑥) − 𝑢(𝑦)| ≤ |𝑥 − 𝑦|1−
1
𝑝 (∫

1

0
|𝑢′|𝑝𝑑𝑡)

1/𝑝

for a.e. 𝑥, 𝑦 ∈ [0, 1].
5. Let 𝑈, 𝑉 be open sets, with 𝑉 ⊂⊂ 𝑈. Show there exists a smooth function
𝜁 such that 𝜁 ≡ 1 on 𝑉 , 𝜁 = 0 near 𝜕𝑈. (Hint: Take 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈 and
mollify 𝜒𝑊 .)

6. Assume 𝑈 is bounded and 𝑈 ⊂⊂ ⋃𝑁
𝑖=1 𝑉 𝑖. Show there exist 𝐶∞ functions

𝜁𝑖 (𝑖 = 1, . . . , 𝑁) such that

{0 ≤ 𝜁𝑖 ≤ 1, spt 𝜁𝑖 ⊂ 𝑉 𝑖 (𝑖 = 1, . . . , 𝑁)
∑𝑁

𝑖=1 𝜁𝑖 = 1 on 𝑈.

The functions {𝜁𝑖}𝑁𝑖=1 form a partition of unity.
7. Assume that 𝑈 is bounded and there exists a smooth vector field 𝜶 such

that 𝜶 ⋅ 𝝂 ≥ 1 along 𝜕𝑈, where 𝝂 as usual denotes the outward unit normal.
Assume 1 ≤ 𝑝 < ∞.
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Apply the Gauss–Green Theorem to ∫𝜕𝑈 |𝑢|𝑝𝜶 ⋅ 𝝂 𝑑𝑆, to derive a new
proof of the trace inequality

∫
𝜕𝑈

|𝑢|𝑝 𝑑𝑆 ≤ 𝐶∫
𝑈
|𝐷𝑢|𝑝 + |𝑢|𝑝 𝑑𝑥

for all 𝑢 ∈ 𝐶1(𝑈̄).
8. Let 𝑈 be bounded, with a 𝐶1 boundary. Show that a “typical” function
𝑢 ∈ 𝐿𝑝(𝑈) (1 ≤ 𝑝 < ∞) does not have a trace on 𝜕𝑈. More precisely, prove
there does not exist a bounded linear operator

𝑇 ∶ 𝐿𝑝(𝑈) → 𝐿𝑝(𝜕𝑈)

such that 𝑇𝑢 = 𝑢|𝜕𝑈 whenever 𝑢 ∈ 𝐶(𝑈̄) ∩ 𝐿𝑝(𝑈).
9. Integrate by parts to prove the interpolation inequality:

‖𝐷𝑢‖𝐿2 ≤ 𝐶‖𝑢‖1/2𝐿2 ‖𝐷2𝑢‖1/2𝐿2
for all 𝑢 ∈ 𝐶∞

𝑐 (𝑈). Assume 𝑈 is bounded, 𝜕𝑈 is smooth, and prove this
inequality if 𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1

0(𝑈).
(Hint: Take sequences {𝑣𝑘}∞𝑘=1 ⊂ 𝐶∞

𝑐 (𝑈) converging to 𝑢 in 𝐻1
0(𝑈) and

{𝑤𝑘}∞𝑘=1 ⊂ 𝐶∞(𝑈̄) converging to 𝑢 in 𝐻2(𝑈).)
10. (a) Integrate by parts to prove

‖𝐷𝑢‖𝐿𝑝 ≤ 𝐶‖𝑢‖1/2𝐿𝑝 ‖𝐷2𝑢‖1/2𝐿𝑝
for 2 ≤ 𝑝 < ∞ and all 𝑢 ∈ 𝐶∞

𝑐 (𝑈).
(Hint: ∫𝑈 |𝐷𝑢|𝑝 𝑑𝑥 = ∑𝑛

𝑖=1 ∫𝑈 𝑢𝑥𝑖𝑢𝑥𝑖 |𝐷𝑢|𝑝−2 𝑑𝑥.)
(b) Prove

‖𝐷𝑢‖𝐿2𝑝 ≤ 𝐶‖𝑢‖1/2𝐿∞‖𝐷2𝑢‖1/2𝐿𝑝
for 1 ≤ 𝑝 < ∞ and all 𝑢 ∈ 𝐶∞

𝑐 (𝑈).
11. Suppose 𝑈 is connected and 𝑢 ∈ 𝑊 1,𝑝(𝑈) satisfies

𝐷𝑢 = 0 a.e. in 𝑈.

Prove 𝑢 is constant a.e. in 𝑈.
12. Show by example that if we have ‖𝐷ℎ𝑢‖𝐿1(𝑉) ≤ 𝐶 for all 0 < |ℎ| <

1
2 dist(𝑉, 𝜕𝑈), it does not necessarily follow that 𝑢 ∈ 𝑊 1,1(𝑉).

13. Give an example of an open set𝑈 ⊂ ℝ𝑛 and a function 𝑢 ∈ 𝑊 1,∞(𝑈), such
that 𝑢 is not Lipschitz continuous on 𝑈. (Hint: Take 𝑈 to be the open unit
disk in ℝ2, with a slit removed.)

14. Verify that if 𝑛 > 1, the unbounded function 𝑢 = log log(1 + 1
|𝑥|) belongs

to 𝑊 1,𝑛(𝑈), for 𝑈 = 𝐵0(0, 1).
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15. Fix 𝛼 > 0 and let 𝑈 = 𝐵0(0, 1). Show there exists a constant 𝐶, depending
only on 𝑛 and 𝛼, such that

∫
𝑈
𝑢2 𝑑𝑥 ≤ 𝐶∫

𝑈
|𝐷𝑢|2 𝑑𝑥,

provided
|{ 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) = 0 }| ≥ 𝛼 , 𝑢 ∈ 𝐻1(𝑈).

16. (Variant of Hardy’s inequality) Show that for each 𝑛 ≥ 3 there exists a
constant 𝐶 so that

∫
ℝ𝑛

𝑢2
|𝑥|2 𝑑𝑥 ≤ 𝐶∫

ℝ𝑛
|𝐷𝑢|2 𝑑𝑥

for all 𝑢 ∈ 𝐻1(ℝ𝑛).
(Hint: |𝐷𝑢 + 𝜆 𝑥

|𝑥|2𝑢|
2 ≥ 0 for each 𝜆 ∈ ℝ.)

17. (Chain rule) Assume 𝐹 ∶ ℝ → ℝ is 𝐶1, with 𝐹′ bounded. Suppose 𝑈 is
bounded and 𝑢 ∈ 𝑊 1,𝑝(𝑈) for some 1 ≤ 𝑝 ≤ ∞. Show

𝑣 ≔ 𝐹(𝑢) ∈ 𝑊 1,𝑝(𝑈) and 𝑣𝑥𝑖 = 𝐹′(𝑢)𝑢𝑥𝑖 (𝑖 = 1, . . . , 𝑛).
18. Assume 1 ≤ 𝑝 ≤ ∞ and 𝑈 is bounded.

(a) Prove that if 𝑢 ∈ 𝑊 1,𝑝(𝑈), then |𝑢| ∈ 𝑊 1,𝑝(𝑈).
(b) Prove 𝑢 ∈ 𝑊 1,𝑝(𝑈) implies 𝑢+, 𝑢− ∈ 𝑊 1,𝑝(𝑈), and

𝐷𝑢+ = {𝐷𝑢 a.e. on {𝑢 > 0}
0 a.e. on {𝑢 ≤ 0},

𝐷𝑢− = {0 a.e. on {𝑢 ≥ 0}
−𝐷𝑢 a.e. on {𝑢 < 0}.

(Hint: 𝑢+ = lim𝜀→0 𝐹𝜀(𝑢), for

𝐹𝜀(𝑧) ≔ {(𝑧
2 + 𝜀2)1/2 − 𝜀 if 𝑧 ≥ 0

0 if 𝑧 < 0.)

(c) Prove that if 𝑢 ∈ 𝑊 1,𝑝(𝑈), then

𝐷𝑢 = 0 a.e. on the set {𝑢 = 0}.
19. Provide details for the following alternative proof that if 𝑢 ∈ 𝐻1(𝑈), then

𝐷𝑢 = 0 a.e. on the set {𝑢 = 0}.
Let 𝜙 be a smooth, bounded and nondecreasing function, such that 𝜙′ is
bounded and 𝜙(𝑧) = 𝑧 if |𝑧| ≤ 1. Set

𝑢𝜖(𝑥) ≔ 𝜖𝜙(𝑢/𝜖).
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Show that 𝑢𝜖 ⇀ 0 weakly in 𝐻1(𝑈) and therefore

∫
𝑈
𝐷𝑢𝜖 ⋅ 𝐷𝑢 𝑑𝑥 = ∫

𝑈
𝜙′(𝑢/𝜖)|𝐷𝑢|2 𝑑𝑥 → 0.

Employ this observation to finish the proof.
20. Use the Fourier transform to prove that if 𝑢 ∈ 𝐻𝑠(ℝ𝑛) for 𝑠 > 𝑛/2, then

𝑢 ∈ 𝐿∞(ℝ𝑛), with the bound
‖𝑢‖𝐿∞(ℝ𝑛) ≤ 𝐶‖𝑢‖𝐻𝑠(ℝ𝑛)

for a constant 𝐶 depending only on 𝑠 and 𝑛.
21. Show that if 𝑢, 𝑣 ∈ 𝐻𝑠(ℝ𝑛) for 𝑠 > 𝑛/2, then 𝑢𝑣 ∈ 𝐻𝑠(ℝ𝑛) and

‖𝑢𝑣‖𝐻𝑠(ℝ𝑛) ≤ 𝐶‖𝑢‖𝐻𝑠(ℝ𝑛)‖𝑣‖𝐻𝑠(ℝ𝑛),
the constant 𝐶 depending only on 𝑠 and 𝑛.

5.11. REFERENCES

Sections 5.2–8: See Gilbarg–Trudinger [G-T, Chapter 7], Lieb–Loss [L-L],
Ziemer [Z] and [E-G] for more on Sobolev spaces.

Section 5.5: W. Schlag showed me the proof of Theorem 2.
Section 5.6: J. Ralston suggested an improvement in the proof of Theorem 4.
Section 5.9: See Temam [Te, pp. 248–273].
Section 5.10: Problem 16: see Tartar [Tr, Chapter 17]. H. Brezis taught me

the trick in Problem 19.



Chapter 6

Second-Order Elliptic
Equations

This chapter investigates the solvability of uniformly elliptic, second-order par-
tial differential equations, subject to prescribed boundary conditions. We will
exploit two essentially distinct techniques, energy methods within Sobolev
spaces (§§6.1–6.3) and maximum principle methods (§6.4).

6.1. DEFINITIONS

6.1.1. Elliptic equations. We will in this chapter mostly study the boundary-
value problem

(1) {
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈,

where 𝑈 is an open, bounded subset of ℝ𝑛 and 𝑢 ∶ 𝑈̄ → ℝ is the unknown,
𝑢 = 𝑢(𝑥). Here 𝑓 ∶ 𝑈 → ℝ is given, and 𝐿 denotes a second-order partial
differential operator having either the form

(2) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥)𝑢𝑥𝑖)𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥)𝑢𝑥𝑖 + 𝑐(𝑥)𝑢

or else

(3) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥)𝑢𝑥𝑖 + 𝑐(𝑥)𝑢,

for given coefficient functions 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛).

293
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We say that the PDE 𝐿𝑢 = 𝑓 is in divergence form if 𝐿 is given by (2) and is
in nondivergence form provided 𝐿 is given by (3). The requirement that 𝑢 = 0
on 𝜕𝑈 in (1) is sometimes called Dirichlet’s boundary condition.

Remark. If the highest-order coefficients 𝑎𝑖𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛) are 𝐶1 functions,
then an operator given in divergence form can be rewritten into nondivergence
structure, and vice versa. Indeed the divergence form equation (2) becomes

(2’) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

̃𝑏𝑖(𝑥)𝑢𝑥𝑖 + 𝑐(𝑥)𝑢

for ̃𝑏𝑖 ≔ 𝑏𝑖 − ∑𝑛
𝑗=1 𝑎

𝑖𝑗
𝑥𝑗 (𝑖 = 1, . . . , 𝑛), and (2’) is obviously in nondivergence

form. We will see, however, that there are definite advantages to considering
the two different representations of 𝐿 separately. The divergence form is most
natural for energy methods, based upon integration by parts (§§6.1–6.3), and
the nondivergence form is most appropriate for maximum principle techniques
(§6.4).

We henceforth assume as well the symmetry condition

𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).

DEFINITION. We say the partial differential operator 𝐿 is (uniformly) elliptic
if there exists a constant 𝜃 > 0 such that

(4)
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2

for a.e. 𝑥 ∈ 𝑈 and all 𝜉 ∈ ℝ𝑛.

Ellipticity thus means that for each point 𝑥 ∈ 𝑈, the symmetric 𝑛×𝑛matrix
A(𝑥) = ((𝑎𝑖𝑗(𝑥))) is positive definite, with smallest eigenvalue greater than or
equal to 𝜃.

An obvious example is 𝑎𝑖𝑗 ≡ 𝛿𝑖𝑗, 𝑏𝑖 ≡ 0, 𝑐 ≡ 0, in which case the operator 𝐿
is−Δ. Indeed we will see that solutions of the general second-order elliptic PDE
𝐿𝑢 = 0 are similar in many ways to harmonic functions. However, for these
partial differential equations we do not have available the various explicit for-
mulas developed for harmonic functions in Chapter 2: we must instead work
directly with the PDE. Readers should continually be alert in the following cal-
culations for uses of the structural condition of ellipticity (4).
Physical interpretation. As just noted, second-order elliptic PDE general-
ize Laplace’s and Poisson’s equations. As in the derivation of Laplace’s equa-
tion set forth in §2.2, 𝑢 in applications typically represents the density of some
quantity, say a chemical concentration, at equilibrium within a region 𝑈. The
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second-order term A ∶ 𝐷2𝑢 = ∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 represents the diffusion of 𝑢

within 𝑈, the coefficients ((𝑎𝑖𝑗)) describing the possibly anisotropic, heteroge-
neous nature of the medium. In particular, F ≔ −A𝐷𝑢 is the diffusive flux
density, and the ellipticity condition implies

F ⋅ 𝐷𝑢 ≤ 0;

that is, the flow is from regions of higher to lower concentration. The first-order
term b ⋅ 𝐷𝑢 = ∑𝑛

𝑖=1 𝑏𝑖𝑢𝑥𝑖 represents transport within 𝑈, and the zeroth-order
term 𝑐𝑢 describes the local increase or depletion of the chemical (owing, say, to
reactions). A careful analysis of these interpretations requires the probabilistic
study of diffusion processes.

Nonlinear second-order elliptic PDE also arise naturally in the calculus
of variations (as the Euler–Lagrange equations of convex energy integrands)
and in differential geometry (as expressions involving curvatures). We will en-
counter some such nonlinear equations later, in Chapters 8 and 9.

6.1.2. Weak solutions. Let us consider first the boundary-value problem (1)
when 𝐿 has the divergence form (2). Our overall plan is first to define and then
construct an appropriate weak solution 𝑢 of (1) and only later to investigate the
smoothness and other properties of 𝑢.

We will assume in the following exposition that

(5) 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐿∞(𝑈) (𝑖, 𝑗 = 1, . . . , 𝑛)

and

(6) 𝑓 ∈ 𝐿2(𝑈).

Motivation for definition of weak solution. How should we define a weak
or generalized solution? Assuming for the moment 𝑢 is really a smooth solu-
tion, let us multiply the PDE 𝐿𝑢 = 𝑓 by a smooth test function 𝑣 ∈ 𝐶∞

𝑐 (𝑈) and
integrate over 𝑈, to find

(7) ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖𝑣 + 𝑐𝑢𝑣 𝑑𝑥 = ∫
𝑈
𝑓𝑣 𝑑𝑥,

where we have integrated by parts in the first term on the left-hand side. There
are no boundary terms since 𝑣 = 0 on 𝜕𝑈. By approximation we find the same
identity holds with the smooth function 𝑣 replaced by any 𝑣 ∈ 𝐻1

0(𝑈), and the
resulting identity makes sense if only 𝑢 ∈ 𝐻1

0(𝑈). (We choose the space 𝐻1
0(𝑈)

to incorporate the boundary condition from (1) that “𝑢 = 0 on 𝜕𝑈”.)
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DEFINITIONS.
(i) The bilinear form 𝐵[ , ] associated with the divergence form elliptic op-

erator 𝐿 defined by (2) is

(8) 𝐵[𝑢, 𝑣] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖𝑣 + 𝑐𝑢𝑣 𝑑𝑥

for 𝑢, 𝑣 ∈ 𝐻1
0(𝑈).

(ii) We say that 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of the boundary-value prob-

lem (1) if

(9) 𝐵[𝑢, 𝑣] = (𝑓, 𝑣)

for all 𝑣 ∈ 𝐻1
0(𝑈), where ( , ) denotes the inner product in 𝐿2(𝑈).

The identity (9) is sometimes called the variational formulation of (1). This
terminology will be explained later, in Example 2 of §8.1.2.

More generally, let us consider the boundary-value problem

(10)
⎧
⎨
⎩

𝐿𝑢 = 𝑓0 −
𝑛
∑
𝑖=1

𝑓𝑖𝑥𝑖 in 𝑈

𝑢 = 0 on 𝜕𝑈,

where 𝐿 is defined by (2) and 𝑓𝑖 ∈ 𝐿2(𝑈) (𝑖 = 0, . . . , 𝑛). In view of the theory
set forth in §5.9.1 we see that the right-hand term 𝑓 = 𝑓0 −∑𝑛

𝑖=1 𝑓𝑖𝑥𝑖 belongs to
𝐻−1(𝑈), the dual space of 𝐻1

0(𝑈).

DEFINITION. We say 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of problem (10) provided

𝐵[𝑢, 𝑣] = ⟨𝑓, 𝑣⟩

for all 𝑣 ∈ 𝐻1
0(𝑈), where ⟨𝑓, 𝑣⟩ = ∫𝑈 𝑓0𝑣+∑𝑛

𝑖=1 𝑓𝑖𝑣𝑥𝑖 𝑑𝑥 and ⟨ , ⟩ is the pairing
of 𝐻−1(𝑈) and 𝐻1

0(𝑈).

Other boundary conditions. We will hereafter, as above, focus our attention
exclusively on the case of zero boundary conditions, but in fact a problem with
prescribed, nonzero boundary values can easily be transformed into this set-
ting. We spell this out by supposing now that 𝜕𝑈 is 𝐶1 and 𝑢 ∈ 𝐻1(𝑈) is a
weak solution of

{
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 𝑔 on 𝜕𝑈.

This means that 𝑢 = 𝑔 on 𝜕𝑈 in the trace sense and furthermore that the bi-
linear form identity (9) holds for all 𝑣 ∈ 𝐻1

0(𝑈). For this to be possible, it is
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necessary for 𝑔 to be the trace of some 𝐻1 function, say 𝑤. But then 𝑢̃ ≔ 𝑢 −𝑤
belongs to 𝐻1

0(𝑈) and is a weak solution of the boundary-value problem

{
𝐿𝑢̃ = ̃𝑓 in 𝑈
𝑢̃ = 0 on 𝜕𝑈,

where ̃𝑓 ≔ 𝑓 − 𝐿𝑤 ∈ 𝐻−1(𝑈).
See Problems 3–6 to learn how to cast some other sorts of PDE and bound-

ary conditions into weak formulations.

6.2. EXISTENCE OFWEAK SOLUTIONS

6.2.1. Lax–Milgram Theorem. We now introduce a fairly simple abstract
principle from linear functional analysis, which will later in §6.2.2 provide in
certain circumstances the existence and uniqueness of a weak solution to our
boundary-value problem.

We assume for this section 𝐻 is a real Hilbert space, with norm ‖ ‖ and
inner product ( , ). We let ⟨ , ⟩ denote the pairing of 𝐻 with its dual space.
Readers should review as necessary the basic Hilbert space theory described in
§D.2–D.3.

THEOREM 1 (Lax–Milgram Theorem). Assume that

𝐵 ∶ 𝐻 × 𝐻 → ℝ
is a bilinear mapping, for which there exist constants 𝛼, 𝛽 > 0 such that
(i) |𝐵[𝑢, 𝑣]| ≤ 𝛼‖𝑢‖ ‖𝑣‖ (𝑢, 𝑣 ∈ 𝐻)
and

(ii) 𝛽‖𝑢‖2 ≤ 𝐵[𝑢, 𝑢] (𝑢 ∈ 𝐻).
Finally, let 𝑓 ∶ 𝐻 → ℝ be a bounded linear functional on𝐻.

Then there exists a unique element 𝑢 ∈ 𝐻 such that

(1) 𝐵[𝑢, 𝑣] = ⟨𝑓, 𝑣⟩
for all 𝑣 ∈ 𝐻.

Proof.
1. For each fixed element 𝑢 ∈ 𝐻, the mapping 𝑣 ↦ 𝐵[𝑢, 𝑣] is a bounded

linear functional on 𝐻, whence the Riesz Representation Theorem (§D.3) as-
serts the existence of a unique element 𝑤 ∈ 𝐻 satisfying

(2) 𝐵[𝑢, 𝑣] = (𝑤, 𝑣) (𝑣 ∈ 𝐻).
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Let us write 𝐴𝑢 = 𝑤 whenever (2) holds, so that

(3) 𝐵[𝑢, 𝑣] = (𝐴𝑢, 𝑣) (𝑢, 𝑣 ∈ 𝐻).
2. We first claim 𝐴 ∶ 𝐻 → 𝐻 is a bounded linear operator. Indeed if

𝜆1, 𝜆2 ∈ ℝ and 𝑢1, 𝑢2 ∈ 𝐻, we see for each 𝑣 ∈ 𝐻 that

(𝐴(𝜆1𝑢1 + 𝜆2𝑢2), 𝑣) = 𝐵[𝜆1𝑢1 + 𝜆2𝑢2, 𝑣] by (3)
= 𝜆1𝐵[𝑢1, 𝑣] + 𝜆2𝐵[𝑢2, 𝑣]
= 𝜆1(𝐴𝑢1, 𝑣) + 𝜆2(𝐴𝑢2, 𝑣) by (3) again
= (𝜆1𝐴𝑢1 + 𝜆2𝐴𝑢2, 𝑣).

This equality obtains for each 𝑣 ∈ 𝐻, and so 𝐴 is linear. Furthermore

‖𝐴𝑢‖2 = (𝐴𝑢, 𝐴𝑢) = 𝐵[𝑢, 𝐴𝑢] ≤ 𝛼‖𝑢‖ ‖𝐴𝑢‖.
Consequently ‖𝐴𝑢‖ ≤ 𝛼‖𝑢‖ for all 𝑢 ∈ 𝐻, and so 𝐴 is bounded.

3. Next we assert

(4) {𝐴 is one-to-one and
𝑅(𝐴), the range of 𝐴, is closed in 𝐻.

To prove this, let us compute

𝛽‖𝑢‖2 ≤ 𝐵[𝑢, 𝑢] = (𝐴𝑢, 𝑢) ≤ ‖𝐴𝑢‖ ‖𝑢‖.
Hence 𝛽‖𝑢‖ ≤ ‖𝐴𝑢‖. This inequality easily implies (4).

4. We demonstrate now

(5) 𝑅(𝐴) = 𝐻.
For if not, then, since 𝑅(𝐴) is closed, there would exist a nonzero element 𝑤 ∈
𝐻 with 𝑤 ∈ 𝑅(𝐴)⊥. But this fact in turn implies the contradiction 𝛽‖𝑤‖2 ≤
𝐵[𝑤,𝑤] = (𝐴𝑤,𝑤) = 0.

5. Next, we observe once more from the Riesz Representation Theorem
that

⟨𝑓, 𝑣⟩ = (𝑤, 𝑣) for all 𝑣 ∈ 𝐻
for some element 𝑤 ∈ 𝐻. We then utilize (4) and (5) to find 𝑢 ∈ 𝐻 satisfying
𝐴𝑢 = 𝑤. Then

𝐵[𝑢, 𝑣] = (𝐴𝑢, 𝑣) = (𝑤, 𝑣) = ⟨𝑓, 𝑣⟩ (𝑣 ∈ 𝐻),
and this is (1).

6. Finally, we show there is at most one element 𝑢 ∈ 𝐻 verifying (1). For
if both 𝐵[𝑢, 𝑣] = ⟨𝑓, 𝑣⟩ and 𝐵[𝑢̃, 𝑣] = ⟨𝑓, 𝑣⟩, then 𝐵[𝑢 − 𝑢̃, 𝑣] = 0 (𝑣 ∈ 𝐻). We
set 𝑣 = 𝑢 − 𝑢̃ to find 𝛽‖𝑢 − 𝑢̃‖2 ≤ 𝐵[𝑢 − 𝑢̃, 𝑢 − 𝑢̃] = 0. □
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Remark. If the bilinear form 𝐵[ , ] is symmetric, that is, if

𝐵[𝑢, 𝑣] = 𝐵[𝑣, 𝑢] (𝑢, 𝑣 ∈ 𝐻),

we can fashion a much simpler proof by noting ((𝑢, 𝑣)) ≔ 𝐵[𝑢, 𝑣] is a new in-
ner product on𝐻, to which the Riesz Representation Theorem directly applies.
Consequently, the Lax–Milgram Theorem is primarily significant in that it does
not require symmetry of 𝐵[ , ].

6.2.2. Energy estimates. We return now to the specific bilinear form 𝐵[ , ],
defined in §6.1.2 by the formula

𝐵[𝑢, 𝑣] = ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖𝑣 + 𝑐𝑢𝑣 𝑑𝑥

for 𝑢, 𝑣 ∈ 𝐻1
0(𝑈), and try to verify the hypothesis of the Lax–Milgram Theorem.

THEOREM 2 (Energy estimates). There exist constants 𝛼, 𝛽 > 0 and 𝛾 ≥ 0
such that

(i) |𝐵[𝑢, 𝑣]| ≤ 𝛼‖𝑢‖𝐻1
0(𝑈)‖𝑣‖𝐻1

0(𝑈)

and

(ii) 𝛽‖𝑢‖2𝐻1
0(𝑈) ≤ 𝐵[𝑢, 𝑢] + 𝛾‖𝑢‖2𝐿2(𝑈)

for all 𝑢, 𝑣 ∈ 𝐻1
0(𝑈).

Proof.

1. We readily check

|𝐵[𝑢, 𝑣]| ≤
𝑛
∑
𝑖,𝑗=1

‖𝑎𝑖𝑗‖𝐿∞ ∫
𝑈
|𝐷𝑢| |𝐷𝑣| 𝑑𝑥

+
𝑛
∑
𝑖=1

‖𝑏𝑖‖𝐿∞ ∫
𝑈
|𝐷𝑢| |𝑣| 𝑑𝑥 + ‖𝑐‖𝐿∞ ∫

𝑈
|𝑢| |𝑣| 𝑑𝑥

≤ 𝛼‖𝑢‖𝐻1
0(𝑈)‖𝑣‖𝐻1

0(𝑈),

for some appropriate constant 𝛼.
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2. Furthermore, in view of the ellipticity condition (4) from §6.1 we have

(6)

𝜃∫
𝑈
|𝐷𝑢|2 𝑑𝑥 ≤ ∫

𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗 𝑑𝑥

= 𝐵[𝑢, 𝑢] −∫
𝑈

𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖𝑢 + 𝑐𝑢2 𝑑𝑥

≤ 𝐵[𝑢, 𝑢] +
𝑛
∑
𝑖=1

‖𝑏𝑖‖𝐿∞ ∫
𝑈
|𝐷𝑢| |𝑢| 𝑑𝑥 + ‖𝑐‖𝐿∞∫

𝑈
𝑢2 𝑑𝑥.

Now from Cauchy’s inequality with 𝜀 (§B.2), we observe

∫
𝑈
|𝐷𝑢| |𝑢| 𝑑𝑥 ≤ 𝜀∫

𝑈
|𝐷𝑢|2 𝑑𝑥 + 1

4𝜀 ∫𝑈
𝑢2 𝑑𝑥 (𝜀 > 0).

We insert this estimate into (6) and then choose 𝜀 > 0 so small that

𝜀
𝑛
∑
𝑖=1

‖𝑏𝑖‖𝐿∞ < 𝜃
2 .

Thus
𝜃
2 ∫𝑈

|𝐷𝑢|2 𝑑𝑥 ≤ 𝐵[𝑢, 𝑢] + 𝐶∫
𝑈
𝑢2 𝑑𝑥

for some appropriate constant𝐶. In addition we recall from Poincaré’s inequal-
ity in §5.6.1 that

‖𝑢‖𝐿2(𝑈) ≤ 𝐶‖𝐷𝑢‖𝐿2(𝑈).
It easily follows that

𝛽‖𝑢‖2𝐻1
0(𝑈) ≤ 𝐵[𝑢, 𝑢] + 𝛾‖𝑢‖2𝐿2(𝑈)

for appropriate constants 𝛽 > 0, 𝛾 ≥ 0. □

Observe now that if 𝛾 > 0 in these energy estimates, then 𝐵[ , ] does not
precisely satisfy the hypotheses of the Lax–Milgram Theorem. The following
existence assertion for weak solutions must confront this possibility:

THEOREM3 (First Existence Theorem for weak solutions). There is a number
𝛾 ≥ 0 such that for each
(7) 𝜇 ≥ 𝛾
and each function

𝑓 ∈ 𝐿2(𝑈),
there exists a unique weak solution 𝑢 ∈ 𝐻1

0(𝑈) of the boundary-value problem

(8) {
𝐿𝑢 + 𝜇𝑢 = 𝑓 in 𝑈

𝑢 = 0 on 𝜕𝑈.
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Proof.

1. Take 𝛾 from Theorem 2, let 𝜇 ≥ 𝛾, and define then the bilinear form

𝐵𝜇[𝑢, 𝑣] ≔ 𝐵[𝑢, 𝑣] + 𝜇(𝑢, 𝑣) (𝑢, 𝑣 ∈ 𝐻1
0(𝑈)),

which corresponds as in §6.1 to the operator 𝐿𝜇𝑢 ≔ 𝐿𝑢 + 𝜇𝑢. As before ( , )
means the inner product in 𝐿2(𝑈). Then 𝐵𝜇[ , ] satisfies the hypotheses of the
Lax–Milgram Theorem.

2. Now fix 𝑓 ∈ 𝐿2(𝑈) and set ⟨𝑓, 𝑣⟩ ≔ (𝑓, 𝑣)𝐿2(𝑈). This is a bounded linear
functional on 𝐿2(𝑈) and thus on 𝐻1

0(𝑈).
We apply the Lax–Milgram Theorem to find a unique function 𝑢 ∈ 𝐻1

0(𝑈)
satisfying

𝐵𝜇[𝑢, 𝑣] = ⟨𝑓, 𝑣⟩

for all 𝑣 ∈ 𝐻1
0(𝑈); 𝑢 is consequently the unique weak solution of (8). □

Mapping H1
0 to H−1. We can similarly show that for all

𝑓𝑖 ∈ 𝐿2(𝑈) (𝑖 = 0, . . . , 𝑛),

there exists a unique weak solution 𝑢 of the PDE

(9)
⎧
⎨
⎩

𝐿𝑢 + 𝜇𝑢 = 𝑓0 −
𝑛
∑
𝑖=1

𝑓𝑖𝑥𝑖 in 𝑈

𝑢 = 0 on 𝜕𝑈.

Indeed, it is enough to note ⟨𝑓, 𝑣⟩ = ∫𝑈 𝑓0𝑣+∑𝑛
𝑖=1 𝑓𝑖𝑣𝑥𝑖 𝑑𝑥 is a bounded linear

functional on 𝐻1
0(𝑈), as previously discussed in §5.9.1.

In particular, we deduce that the mapping

𝐿𝜇 = 𝐿 + 𝜇𝐼 ∶ 𝐻1
0(𝑈) → 𝐻−1(𝑈) (𝜇 ≥ 𝛾)

is an isomorphism.

Examples. In the case 𝐿𝑢 = −Δ𝑢, so that 𝐵[𝑢, 𝑣] = ∫𝑈 𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥, we easily
check using Poincaré’s inequality that Theorem 2 holds with 𝛾 = 0. A similar
assertion holds for the general operator 𝐿𝑢 = −∑𝑛

𝑖,𝑗=1 (𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗+𝑐𝑢, provided
𝑐 ≥ 0 in 𝑈.

6.2.3. Fredholm alternative. We next employ the Fredholm theory for com-
pact operators (discussed in §D.5) to glean more detailed information regarding
the solvability of second-order elliptic PDE.
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DEFINITIONS.
(i) The operator 𝐿∗, the formal adjoint of 𝐿, is

𝐿∗𝑣 ≔ −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑣𝑥𝑗 )𝑥𝑖 −
𝑛
∑
𝑖=1

𝑏𝑖𝑣𝑥𝑖 + (𝑐 −
𝑛
∑
𝑖=1

𝑏𝑖𝑥𝑖)𝑣,

provided 𝑏𝑖 ∈ 𝐶1(𝑈̄) (𝑖 = 1, . . . , 𝑛).
(ii) The adjoint bilinear form

𝐵∗ ∶ 𝐻1
0(𝑈) × 𝐻1

0(𝑈) → ℝ
is defined by

𝐵∗[𝑣, 𝑢] ≔ 𝐵[𝑢, 𝑣]
for all 𝑢, 𝑣 ∈ 𝐻1

0(𝑈).
(iii) We say that 𝑣 ∈ 𝐻1

0(𝑈) is a weak solution of the adjoint problem

{
𝐿∗𝑣 = 𝑓 in 𝑈
𝑣 = 0 on 𝜕𝑈,

provided
𝐵∗[𝑣, 𝑢] = (𝑓, 𝑢)

for all 𝑢 ∈ 𝐻1
0(𝑈).

THEOREM 4 (Second Existence Theorem for weak solutions).
(i) Precisely one of the following statements holds: either

(𝛼)
⎧⎪
⎨⎪
⎩

for each 𝑓 ∈ 𝐿2(𝑈) there exists a unique
weak solution 𝑢 of the boundary-value problem

(10) {
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈

or else

(𝛽)
⎧⎪
⎨⎪
⎩

there exists a weak solution 𝑢 ≢ 0 of
the homogeneous problem

(11) {
𝐿𝑢 = 0 in 𝑈
𝑢 = 0 on 𝜕𝑈.

(ii) Furthermore, should assertion (𝛽) hold, the dimension of the subspace
𝑁 ⊂ 𝐻1

0(𝑈) of weak solutions of (11) is finite and equals the dimension of the
subspace 𝑁∗ ⊂ 𝐻1

0(𝑈) of weak solutions of

(12) {
𝐿∗𝑣 = 0 in 𝑈
𝑣 = 0 on 𝜕𝑈.
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(iii) Finally, the boundary-value problem (10) has aweak solution if and only
if

(𝑓, 𝑣) = 0 for all 𝑣 ∈ 𝑁∗.

The dichotomy (𝛼), (𝛽) is the Fredholm alternative.

Proof.
1. Choose 𝜇 = 𝛾 as in Theorem 3 and define the bilinear form

𝐵𝛾[𝑢, 𝑣] ≔ 𝐵[𝑢, 𝑣] + 𝛾(𝑢, 𝑣),
corresponding to the operator 𝐿𝛾𝑢 ≔ 𝐿𝑢+𝛾𝑢. We may assume 𝛾 > 0. Then for
each 𝑔 ∈ 𝐿2(𝑈) there exists a unique function 𝑢 ∈ 𝐻1

0(𝑈) solving
(13) 𝐵𝛾[𝑢, 𝑣] = (𝑔, 𝑣) for all 𝑣 ∈ 𝐻1

0(𝑈).
Let us write
(14) 𝑢 = 𝐿−1𝛾 𝑔
whenever (13) holds.

2. Observe next 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of (10) if and only if

(15) 𝐵𝛾[𝑢, 𝑣] = (𝛾𝑢 + 𝑓, 𝑣) for all 𝑣 ∈ 𝐻1
0(𝑈),

that is, if and only if
(16) 𝑢 = 𝐿−1𝛾 (𝛾𝑢 + 𝑓).
We rewrite this equality to read
(17) 𝑢 − 𝐾𝑢 = ℎ,
for
(18) 𝐾𝑢 ≔ 𝛾𝐿−1𝛾 𝑢
and
(19) ℎ ≔ 𝐿−1𝛾 𝑓.

3. We now claim 𝐾 ∶ 𝐿2(𝑈) → 𝐿2(𝑈) is a bounded, linear, compact opera-
tor. Indeed, from our choice of 𝛾 and the energy estimates from §6.2.2 we note
that if (13) holds, then

𝛽‖𝑢‖2𝐻1
0(𝑈) ≤ 𝐵𝛾[𝑢, 𝑢] = (𝑔, 𝑢) ≤ ‖𝑔‖𝐿2(𝑈)‖𝑢‖𝐿2(𝑈) ≤ ‖𝑔‖𝐿2(𝑈)‖𝑢‖𝐻1

0(𝑈),
so that (18) implies

‖𝐾𝑔‖𝐻1
0(𝑈) ≤ 𝐶‖𝑔‖𝐿2(𝑈) (𝑔 ∈ 𝐿2(𝑈))

for some appropriate constant 𝐶. But since 𝐻1
0(𝑈) ⊂⊂ 𝐿2(𝑈) according to the

Rellich–Kondrachov compactness theorem (§5.7), we deduce that 𝐾 is a com-
pact operator.
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4. We may consequently apply the Fredholm alternative from §D.5: either

(𝛼)
⎧
⎨
⎩

for each ℎ ∈ 𝐿2(𝑈) the equation
𝑢 − 𝐾𝑢 = ℎ
has a unique solution 𝑢 ∈ 𝐿2(𝑈)

(20)

or else

(𝛽)
⎧
⎨
⎩

the equation
𝑢 − 𝐾𝑢 = 0
has nonzero solutions in 𝐿2(𝑈).

(21)

Should assertion (𝛼) hold, then according to (15)–(19) there exists a unique
weak solution of problem (10). On the other hand, should assertion (𝛽) be
valid, then necessarily 𝛾 ≠ 0 and we recall further from §D.5 that the dimension
of the space 𝑁 of the solutions of (21) is finite and equals the dimension of the
space 𝑁∗ of solutions of

(22) 𝑣 − 𝐾∗𝑣 = 0.
We readily check however that (21) holds if and only if 𝑢 is a weak solution of
(11) and that (22) holds if and only if 𝑣 is a weak solution of (12).

5. Finally, we recall (20) has a solution if and only if

(23) (ℎ, 𝑣) = 0
for all 𝑣 solving (22). But from (18), (19) and (22) we compute

(ℎ, 𝑣) = 1
𝛾(𝐾𝑓, 𝑣) =

1
𝛾(𝑓, 𝐾

∗𝑣) = 1
𝛾(𝑓, 𝑣) .

Consequently the boundary-value problem (10) has a solution if and only if
(𝑓, 𝑣) = 0 for all weak solutions 𝑣 of (12). □

THEOREM 5 (Third Existence Theorem for weak solutions).
(i) There exists an at most countable set Σ ⊂ ℝ such that the boundary-value

problem

(24) {
𝐿𝑢 = 𝜆𝑢 + 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈

has a unique weak solution for each 𝑓 ∈ 𝐿2(𝑈) if and only if 𝜆 ∉ Σ.
(ii) If Σ is infinite, then Σ = {𝜆𝑘}∞𝑘=1, the values of a nondecreasing sequence

with
𝜆𝑘 → +∞.

DEFINITION. We call Σ the (real) spectrum of the operator 𝐿.
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Note in particular that the boundary-value problem

{
𝐿𝑢 = 𝜆𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈

has a nontrivial solution 𝑤 ≢ 0 if and only if 𝜆 ∈ Σ, in which case 𝜆 is called
an eigenvalue of 𝐿, 𝑤 a corresponding eigenfunction. The partial differential
equation 𝐿𝑢 = 𝜆𝑢 for 𝐿 = −Δ is sometimes called Helmholtz’s equation.

Proof.
1. Let 𝛾 be the constant from Theorem 2 and assume

(25) 𝜆 > −𝛾.

Assume also with no loss of generality that 𝛾 > 0.
2. According to the Fredholm alternative, the boundary-value problem

(24) has a unique weak solution for each 𝑓 ∈ 𝐿2(𝑈) if and only if 𝑢 ≡ 0 is
the only weak solution of the homogeneous problem

{
𝐿𝑢 = 𝜆𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈.

This is in turn true if and only if 𝑢 ≡ 0 is the only weak solution of

(26) {
𝐿𝑢 + 𝛾𝑢 = (𝛾 + 𝜆)𝑢 in 𝑈

𝑢 = 0 on 𝜕𝑈.

Now (26) holds exactly when

(27) 𝑢 = 𝐿−1𝛾 (𝛾 + 𝜆)𝑢 = 𝛾 + 𝜆
𝛾 𝐾𝑢,

where, as in the proof of Theorem 4, we have set 𝐾𝑢 = 𝛾𝐿−1𝛾 𝑢. Recall also from
that proof that 𝐾 ∶ 𝐿2(𝑈) → 𝐿2(𝑈) is a bounded, linear, compact operator.

Now if 𝑢 ≡ 0 is the only solution of (27), we see

(28) 𝛾
𝛾 + 𝜆 is not an eigenvalue of 𝐾.

Consequently we see the PDE (24) has a unique weak solution for each 𝑓 ∈
𝐿2(𝑈) if and only if (28) holds.

3. According to Theorem 6 in §D.5 the collection of all eigenvalues of 𝐾
comprises either a finite set or else the values of a sequence converging to zero.
In the second case we see, according to (25) and (27), that the PDE (24) has a
unique weak solution for all 𝑓 ∈ 𝐿2(𝑈), except for a sequence 𝜆𝑘 → +∞. □

Finally, we explicitly note:
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THEOREM 6 (Boundedness of the inverse). If 𝜆 ∉ Σ, there exists a constant 𝐶
such that

(29) ‖𝑢‖𝐿2(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈),

whenever 𝑓 ∈ 𝐿2(𝑈) and 𝑢 ∈ 𝐻1
0(𝑈) is the unique weak solution of

{
𝐿𝑢 = 𝜆𝑢 + 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈.

The constant 𝐶 depends only on 𝜆, 𝑈 and the coefficients of 𝐿.

We have 𝐶 → ∞ as 𝜆 approaches an eigenvalue.

Proof. If not, there would exist sequences {𝑓𝑘}∞𝑘=1 ⊂ 𝐿2(𝑈) and {𝑢𝑘}∞𝑘=1 ⊂
𝐻1
0(𝑈) such that

{
𝐿𝑢𝑘 = 𝜆𝑢𝑘 + 𝑓𝑘 in 𝑈
𝑢𝑘 = 0 on 𝜕𝑈

in the weak sense, but

‖𝑢𝑘‖𝐿2(𝑈) > 𝑘‖𝑓𝑘‖𝐿2(𝑈) (𝑘 = 1, . . . ).

As we may with no loss suppose ‖𝑢𝑘‖𝐿2(𝑈) = 1, we see 𝑓𝑘 → 0 in 𝐿2(𝑈).
According to the usual energy estimates the sequence {𝑢𝑘}∞𝑘=1 is bounded in
𝐻1
0(𝑈). Thus there exists a subsequence {𝑢𝑘𝑗 }∞𝑗=1 ⊂ {𝑢𝑘}∞𝑘=1 such that

(30) {𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝐻1
0(𝑈),

𝑢𝑘𝑗 → 𝑢 in 𝐿2(𝑈).

(See §D.4 for weak convergence.) Then 𝑢 is a weak solution of

{
𝐿𝑢 = 𝜆𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Since 𝜆 ∉ Σ, 𝑢 ≡ 0. However (30) implies as well that ‖𝑢‖𝐿2(𝑈) = 1, a contra-
diction. □

Complex solutions. The foregoing theory extends easily to include complex-
valued solutions. Given complex-valued 𝑢, 𝑣 ∈ 𝐻1(𝑈), write

(𝑢, 𝑣)𝐿2(𝑈) ≔∫
𝑈
𝑢 ̄𝑣 𝑑𝑥, (𝑢, 𝑣)𝐻1(𝑈) ≔∫

𝑈
𝐷𝑢 ⋅ 𝐷 ̄𝑣 + 𝑢 ̄𝑣 𝑑𝑥,

and set

𝐵[𝑢, 𝑣] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖 ̄𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 ̄𝑣 + 𝑐𝑢 ̄𝑣 𝑑𝑥,
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where ̄ denotes complex conjugate. We check
|𝐵[𝑢, 𝑣]| ≤ 𝛼‖𝑢‖𝐻1

0(𝑈)‖𝑣‖𝐻1
0(𝑈),

𝛽‖𝑢‖2𝐻1
0(𝑈) ≤ Re𝐵[𝑢, 𝑢] + 𝛾‖𝑢‖2𝐿2(𝑈) (𝑢, 𝑣 ∈ 𝐻1

0(𝑈))
for appropriate constants 𝛼, 𝛽 > 0, 𝛾 ≥ 0. Complex variants of the Lax–
Milgram Theorem and Fredholm alternative lead to analogues of Theorems
3–6 above.

6.3. REGULARITY

We now address the question as to whether a weak solution 𝑢 of the PDE
(1) 𝐿𝑢 = 𝑓 in 𝑈
is in fact smooth: this is the regularity problem for weak solutions.
Motivation: formal derivation of estimates. To see that there is some hope
that a weak solution may be better than a typical function in 𝐻1

0(𝑈), let us
consider the model problem
(2) −Δ𝑢 = 𝑓 in ℝ𝑛.
We assume for heuristic purposes that 𝑢 is smooth and vanishes sufficiently
rapidly as |𝑥| → ∞ to justify the following calculations. We then compute

(3)

∫
ℝ𝑛
𝑓2 𝑑𝑥 = ∫

ℝ𝑛
(Δ𝑢)2 𝑑𝑥 =

𝑛
∑
𝑖,𝑗=1

∫
ℝ𝑛
𝑢𝑥𝑖𝑥𝑖𝑢𝑥𝑗𝑥𝑗 𝑑𝑥

= −
𝑛
∑
𝑖,𝑗=1

∫
ℝ𝑛
𝑢𝑥𝑖𝑥𝑖𝑥𝑗𝑢𝑥𝑗 𝑑𝑥

=
𝑛
∑
𝑖,𝑗=1

∫
ℝ𝑛
𝑢𝑥𝑖𝑥𝑗𝑢𝑥𝑖𝑥𝑗 𝑑𝑥 = ∫

ℝ𝑛
|𝐷2𝑢|2 𝑑𝑥.

Thus we see the 𝐿2-norm of the second derivatives of 𝑢 can be estimated by (and
in fact equals) the 𝐿2-norm of 𝑓. Similarly, we can differentiate the PDE (2), to
find

−Δ𝑢̃ = ̃𝑓,
for 𝑢̃ ≔ 𝑢𝑥𝑘 and ̃𝑓 ≔ 𝑓𝑥𝑘 (𝑘 = 1, . . . , 𝑛). Applying the same method, we
discover that the 𝐿2-norm of the third derivatives of 𝑢 can be estimated by the
first derivatives of 𝑓. Continuing, we see the 𝐿2-norm of the (𝑚 + 2)nd order
partial derivatives of 𝑢 can be controlled by the 𝐿2-norm of the 𝑚th derivatives
of 𝑓, for 𝑚 = 0, 1, . . .

These computations suggest that for Poisson’s equation (2), we can expect a
weak solution 𝑢 ∈ 𝐻1

0 to belong to𝐻𝑚+2 whenever the inhomogeneous term 𝑓
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belongs to𝐻𝑚 (𝑚 = 1, . . . ). Informally we say that 𝑢 has “two more derivatives
in 𝐿2 than 𝑓 has”. This will be particularly interesting for 𝑚 = ∞, in which
case 𝑢 belongs to 𝐻𝑚 for all 𝑚 = 1, . . . and thus belongs to 𝐶∞.

Observe, however, the calculations above do not really constitute a proof.
We assumed 𝑢 was smooth, or at least say 𝐶3, in order to carry out the calcu-
lation (3), whereas if we start with merely a weak solution in 𝐻1

0, we cannot
immediately justify these computations. We will instead have to rely upon an
analysis of certain difference quotients.

The following calculations are often technically difficult but eventually
yield extremely powerful and useful assertions concerning the smoothness of
weak solutions. As always, the heart of each computation is the invocation of
ellipticity: the goal is to derive analytic estimates from the structural, algebraic
assumption of ellipticity.

6.3.1. Interior regularity. We as always assume that 𝑈 ⊂ ℝ𝑛 is a bounded,
open set. Suppose also 𝑢 ∈ 𝐻1

0(𝑈) is a weak solution of the PDE (1), where 𝐿
has the divergence form

(4) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥)𝑢𝑥𝑖)𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥)𝑢𝑥𝑖 + 𝑐(𝑥)𝑢.

We continue to require the uniform ellipticity condition from §6.1.1 and will
as necessary make various additional assumptions about the smoothness of the
coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐.

THEOREM 1 (Interior 𝐻2-regularity). Assume

(5) 𝑎𝑖𝑗 ∈ 𝐶1(𝑈), 𝑏𝑖, 𝑐 ∈ 𝐿∞(𝑈) (𝑖, 𝑗 = 1, . . . , 𝑛)

and

(6) 𝑓 ∈ 𝐿2(𝑈).

Suppose furthermore that 𝑢 ∈ 𝐻1(𝑈) is a weak solution of the elliptic PDE

𝐿𝑢 = 𝑓 in 𝑈.

Then

(7) 𝑢 ∈ 𝐻2
loc(𝑈) ;

and for each open subset 𝑉 ⊂⊂ 𝑈 we have the estimate

(8) ‖𝑢‖𝐻2(𝑉) ≤ 𝐶 (‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐿2(𝑈)) ,

the constant 𝐶 depending only on 𝑉 , 𝑈, and the coefficients of 𝐿.
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Remarks.
(i) Note carefully that we do not require 𝑢 ∈ 𝐻1

0(𝑈); that is, we are not
necessarily assuming the boundary condition 𝑢 = 0 on 𝜕𝑈 in the trace sense.

(ii) Observe additionally that since 𝑢 ∈ 𝐻2
loc(𝑈), we have

𝐿𝑢 = 𝑓 a.e. in 𝑈.
Thus 𝑢 actually solves the PDE, at least for a.e. point within 𝑈. (To see this,
note that for each 𝑣 ∈ 𝐶∞

𝑐 (𝑈), we have
𝐵[𝑢, 𝑣] = (𝑓, 𝑣).

Since 𝑢 ∈ 𝐻2
loc(𝑈), we can integrate by parts:

𝐵[𝑢, 𝑣] = (𝐿𝑢, 𝑣).
Thus (𝐿𝑢 − 𝑓, 𝑣) = 0 for all 𝑣 ∈ 𝐶∞

𝑐 (𝑈), and so 𝐿𝑢 = 𝑓 a.e.)

Proof.
1. Fix any open set 𝑉 ⊂⊂ 𝑈, and choose an open set 𝑊 such that 𝑉 ⊂⊂

𝑊 ⊂⊂ 𝑈. Then select a smooth function 𝜁 satisfying

{𝜁 ≡ 1 on 𝑉, 𝜁 ≡ 0 on ℝ𝑛 −𝑊,
0 ≤ 𝜁 ≤ 1.

We call 𝜁 a cutoff function. Its purpose in the subsequent calculations will be to
restrict all expressions to the subset 𝑊 , which is a positive distance away from
𝜕𝑈. This is necessary as we have no information concerning the behavior of 𝑢
near 𝜕𝑈. (As an interesting technical point, notice carefully in the following
calculations why we put “𝜁2” and not just “𝜁” in (11) below.)

2. Now since 𝑢 is a weak solution of (1), we have 𝐵[𝑢, 𝑣] = (𝑓, 𝑣) for all
𝑣 ∈ 𝐻1

0(𝑈). Consequently

(9)
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥 = ∫

𝑈
̃𝑓𝑣 𝑑𝑥,

where

(10) ̃𝑓 ≔ 𝑓 −
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 − 𝑐𝑢.

3. Now let |ℎ| > 0 be small, choose 𝑘 ∈ {1, . . . , 𝑛}, and then substitute
(11) 𝑣 ≔ −𝐷−ℎ

𝑘 (𝜁2𝐷ℎ
𝑘𝑢)

into (9), where as in §5.8.2 the expression 𝐷ℎ
𝑘𝑢 denotes the difference quotient

𝐷ℎ
𝑘𝑢(𝑥) =

𝑢(𝑥 + ℎ𝑒𝑘) − 𝑢(𝑥)
ℎ (ℎ ∈ ℝ, ℎ ≠ 0).
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We write the resulting expression as
(12) 𝐴 = 𝐵,
for

(13) 𝐴 ≔
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥

and

(14) 𝐵 ≔ ∫
𝑈

̃𝑓𝑣 𝑑𝑥.

4. Estimate of 𝐴. We have

(15)

𝐴 = −
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗𝑢𝑥𝑖 [𝐷−ℎ

𝑘 (𝜁2𝐷ℎ
𝑘𝑢)]𝑥𝑗 𝑑𝑥

=
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝐷ℎ
𝑘 (𝑎𝑖𝑗𝑢𝑥𝑖) (𝜁2𝐷ℎ

𝑘𝑢)𝑥𝑗 𝑑𝑥

=
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗,ℎ (𝐷ℎ

𝑘𝑢𝑥𝑖) (𝜁2𝐷ℎ
𝑘𝑢)𝑥𝑗

+ (𝐷ℎ
𝑘𝑎𝑖𝑗) 𝑢𝑥𝑖 (𝜁2𝐷ℎ

𝑘𝑢)𝑥𝑗 𝑑𝑥.

Here we used the formulas

(16) ∫
𝑈
𝑣𝐷−ℎ

𝑘 𝑤𝑑𝑥 = −∫
𝑈
𝑤𝐷ℎ

𝑘𝑣 𝑑𝑥

and
(17) 𝐷ℎ

𝑘 (𝑣𝑤) = 𝑣ℎ𝐷ℎ
𝑘𝑤 + 𝑤𝐷ℎ

𝑘𝑣,
for 𝑣ℎ(𝑥) ≔ 𝑣(𝑥 + ℎ𝑒𝑘).

Returning now to (15), we find

(18)

𝐴 =
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗,ℎ𝐷ℎ

𝑘𝑢𝑥𝑖𝐷ℎ
𝑘𝑢𝑥𝑗𝜁2 𝑑𝑥

+
𝑛
∑
𝑖,𝑗=1

∫
𝑈
[𝑎𝑖𝑗,ℎ𝐷ℎ

𝑘𝑢𝑥𝑖𝐷ℎ
𝑘𝑢2𝜁𝜁𝑥𝑗 + (𝐷ℎ

𝑘𝑎𝑖𝑗) 𝑢𝑥𝑖𝐷ℎ
𝑘𝑢𝑥𝑗𝜁2

+ (𝐷ℎ
𝑘𝑎𝑖𝑗) 𝑢𝑥𝑖𝐷ℎ

𝑘𝑢2𝜁𝜁𝑥𝑗 ] 𝑑𝑥
≕ 𝐴1 + 𝐴2.

The uniform ellipticity condition implies

(19) 𝐴1 ≥ 𝜃∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥.
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Furthermore we see from (5) that

|𝐴2| ≤ 𝐶∫
𝑈
𝜁|𝐷ℎ

𝑘𝐷𝑢| |𝐷ℎ
𝑘𝑢| + 𝜁|𝐷ℎ

𝑘𝐷𝑢| |𝐷𝑢| + 𝜁|𝐷ℎ
𝑘𝑢| |𝐷𝑢| 𝑑𝑥,

for some appropriate constant 𝐶. But then Cauchy’s inequality with 𝜖 (§B.2)
yields the bound

|𝐴2| ≤ 𝜖∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 +
𝐶
𝜖 ∫𝑊

|𝐷ℎ
𝑘𝑢|2 + |𝐷𝑢|2 𝑑𝑥.

We choose 𝜖 = 𝜃
2 and further recall from Theorem 3(i) in §5.8.2 the estimate

∫
𝑊
|𝐷ℎ

𝑘𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑈
|𝐷𝑢|2 𝑑𝑥,

thereby obtaining the inequality

|𝐴2| ≤
𝜃
2 ∫𝑈

𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥 + 𝐶∫

𝑈
|𝐷𝑢|2 𝑑𝑥.

This estimate, (19) and (18) imply finally

(20) 𝐴 ≥ 𝜃
2 ∫𝑈

𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥 − 𝐶∫

𝑈
|𝐷𝑢|2 𝑑𝑥.

5. Estimate of 𝐵. Recalling now (10), (11), and (14), we estimate

(21) |𝐵| ≤ 𝐶∫
𝑈
(|𝑓| + |𝐷𝑢| + |𝑢|)|𝑣| 𝑑𝑥.

Now Theorem 3(i) in §5.8.2 implies

∫
𝑈
|𝑣|2 𝑑𝑥 ≤ 𝐶∫

𝑈
|𝐷(𝜁2𝐷ℎ

𝑘𝑢)|2 𝑑𝑥

≤ 𝐶∫
𝑊
|𝐷ℎ

𝑘𝑢|2 + 𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥

≤ 𝐶∫
𝑈
|𝐷𝑢|2 + 𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥.

Thus (21) and Cauchy’s inequality with 𝜖 imply

|𝐵| ≤ 𝜖∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 +
𝐶
𝜖 ∫𝑈

𝑓2 + 𝑢2 𝑑𝑥 + 𝐶
𝜖 ∫𝑈

|𝐷𝑢|2 𝑑𝑥.

Select 𝜖 = 𝜃
4 , to obtain

(22) |𝐵| ≤ 𝜃
4 ∫𝑈

𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥 + 𝐶∫

𝑈
𝑓2 + 𝑢2 + |𝐷𝑢|2 𝑑𝑥.
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6. We finally combine (12), (20) and (22), to discover

∫
𝑉
|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 ≤ ∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑈
𝑓2 + 𝑢2 + |𝐷𝑢|2 𝑑𝑥

for 𝑘 = 1, . . . , 𝑛 and all sufficiently small |ℎ| ≠ 0.
In view of Theorem 3(ii) in §5.8.2, we deduce 𝐷𝑢 ∈ 𝐻1

loc(𝑈;ℝ𝑛), and thus
𝑢 ∈ 𝐻2

loc(𝑈), with the estimate

(23) ‖𝑢‖𝐻2(𝑉) ≤ 𝐶 (‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐻1(𝑈)) .
7. We now refine estimate (23) by noting that if 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈, then the

same argument shows

(24) ‖𝑢‖𝐻2(𝑉) ≤ 𝐶 (‖𝑓‖𝐿2(𝑊) + ‖𝑢‖𝐻1(𝑊)) ,
for an appropriate constant 𝐶 depending on 𝑉 , 𝑊 , etc. Choose a new cutoff
function 𝜁 satisfying

{𝜁 ≡ 1 on 𝑊, spt 𝜁 ⊂ 𝑈,
0 ≤ 𝜁 ≤ 1.

Now set 𝑣 = 𝜁2𝑢 in identity (9) and perform elementary calculations, to dis-
cover

∫
𝑈
𝜁2|𝐷𝑢|2 𝑑𝑥 ≤ 𝐶∫

𝑈
𝑓2 + 𝑢2 𝑑𝑥.

Thus
‖𝑢‖𝐻1(𝑊) ≤ 𝐶 (‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐿2(𝑈)) .

This inequality and (24) yield (8). □

Our intention next is to iterate the argument above, thereby deducing our
weak solution lies in various higher Sobolev spaces (provided the coefficients
are smooth enough and the right-hand side lies in sufficiently good spaces).

THEOREM 2 (Higher interior regularity). Let𝑚 be a nonnegative integer, and
assume

(25) 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶𝑚+1(𝑈) (𝑖, 𝑗 = 1, . . . , 𝑛)
and

(26) 𝑓 ∈ 𝐻𝑚(𝑈).
Suppose 𝑢 ∈ 𝐻1(𝑈) is a weak solution of the elliptic PDE

𝐿𝑢 = 𝑓 in 𝑈.
Then

(27) 𝑢 ∈ 𝐻𝑚+2
loc (𝑈);
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and for each 𝑉 ⊂⊂ 𝑈 we have the estimate

(28) ‖𝑢‖𝐻𝑚+2(𝑉) ≤ 𝐶(‖𝑓‖𝐻𝑚(𝑈) + ‖𝑢‖𝐿2(𝑈)),
the constant 𝐶 depending only on𝑚, 𝑈, 𝑉 and the coefficients of 𝐿.

Proof.
1. We will establish (27), (28) by induction on 𝑚, the case 𝑚 = 0 being

Theorem 1 above.
2. Assume now assertions (27) and (28) are valid for some nonnegative

integer 𝑚 and all open sets 𝑈, coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐, etc., as above. Suppose
then

(29) 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶𝑚+2(𝑈),

(30) 𝑓 ∈ 𝐻𝑚+1(𝑈),
and 𝑢 ∈ 𝐻1(𝑈) is a weak solution of 𝐿𝑢 = 𝑓 in𝑈. By the induction hypotheses,
we have

(31) 𝑢 ∈ 𝐻𝑚+2
loc (𝑈),

with the estimate

(32) ‖𝑢‖𝐻𝑚+2(𝑊) ≤ 𝐶(‖𝑓‖𝐻𝑚(𝑈) + ‖𝑢‖𝐿2(𝑈)),
for each 𝑊 ⊂⊂ 𝑈 and an appropriate constant 𝐶, depending only on 𝑊 , the
coefficients of 𝐿, etc. Fix 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈.

3. Now let 𝛼 be any multiindex with

(33) |𝛼| = 𝑚 + 1,
and choose any test function ̃𝑣 ∈ 𝐶∞

𝑐 (𝑊). Insert

𝑣 ≔ (−1)|𝛼|𝐷𝛼 ̃𝑣
into the identity 𝐵[𝑢, 𝑣] = (𝑓, 𝑣)𝐿2(𝑈), and perform some integrations by parts,
eventually to discover

(34) 𝐵[𝑢̃, ̃𝑣] = ( ̃𝑓, ̃𝑣)
for

(35) 𝑢̃ ≔ 𝐷𝛼𝑢 ∈ 𝐻1(𝑊)
and
(36)

̃𝑓≔𝐷𝛼𝑓− ∑
𝛽≤𝛼𝛽≠𝛼

(𝛼𝛽)[−
𝑛
∑
𝑖,𝑗=1

(𝐷𝛼−𝛽𝑎𝑖𝑗𝐷𝛽𝑢𝑥𝑖)𝑥𝑗+
𝑛
∑
𝑖=1

𝐷𝛼−𝛽𝑏𝑖𝐷𝛽𝑢𝑥𝑖+𝐷𝛼−𝛽𝑐𝐷𝛽𝑢].
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Since the identity (34) holds for each ̃𝑣 ∈ 𝐶∞
𝑐 (𝑊), we see that 𝑢̃ is a weak

solution of

𝐿𝑢̃ = ̃𝑓 in 𝑊.

In view of (29)–(32) and (36), we have ̃𝑓 ∈ 𝐿2(𝑊), with

(37) ‖ ̃𝑓‖𝐿2(𝑊) ≤ 𝐶(‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)).

4. In light of Theorem 1 then, we see 𝑢̃ ∈ 𝐻2(𝑉), with the estimate

‖𝑢̃‖𝐻2(𝑉) ≤ 𝐶(‖ ̃𝑓‖𝐿2(𝑊) + ‖𝑢̃‖𝐿2(𝑊))
≤ 𝐶(‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)).

This inequality holds for each multiindex 𝛼 with |𝛼| = 𝑚 + 1 and 𝑢̃ = 𝐷𝛼𝑢 as
above. Consequently 𝑢 ∈ 𝐻𝑚+3(𝑉), and

‖𝑢‖𝐻𝑚+3(𝑉) ≤ 𝐶(‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)). □

We can now repeatedly apply Theorem 2 for 𝑚 = 0, 1, 2, . . . to deduce the
infinite differentiability of 𝑢.

THEOREM 3 (Infinite differentiability in the interior). Assume

𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶∞(𝑈) (𝑖, 𝑗 = 1, . . . , 𝑛)

and

𝑓 ∈ 𝐶∞(𝑈).

Suppose 𝑢 ∈ 𝐻1(𝑈) is a weak solution of the elliptic PDE

𝐿𝑢 = 𝑓 in 𝑈.

Then

𝑢 ∈ 𝐶∞(𝑈).

We are again making no assumptions here about the behavior of 𝑢 on 𝜕𝑈.
Therefore, in particular, we are asserting that any possible singularities of 𝑢 on
the boundary do not “propagate” into the interior.

Proof. According to Theorem 2, we have 𝑢 ∈ 𝐻𝑚
loc(𝑈) for each integer 𝑚 = 1,

2, . . . . Hence Theorem 6 in §5.6.3 implies 𝑢 ∈ 𝐶𝑘(𝑈) for each 𝑘 = 1, 2, . . . . □
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6.3.2. Boundary regularity. Now we extend the estimates from §6.3.1 to
study the smoothness of weak solutions up to the boundary.

THEOREM 4 (Boundary 𝐻2-regularity). Assume

(38) 𝑎𝑖𝑗 ∈ 𝐶1(𝑈̄), 𝑏𝑖, 𝑐 ∈ 𝐿∞(𝑈) (𝑖, 𝑗 = 1, . . . , 𝑛)
and

(39) 𝑓 ∈ 𝐿2(𝑈).
Suppose that𝑢 ∈ 𝐻1

0(𝑈) is aweak solution of the elliptic boundary-value problem

(40) {
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Assume finally

(41) 𝜕𝑈 is 𝐶2.
Then

𝑢 ∈ 𝐻2(𝑈),
and we have the estimate

(42) ‖𝑢‖𝐻2(𝑈) ≤ 𝐶(‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐿2(𝑈)),
the constant 𝐶 depending only on 𝑈 and the coefficients of 𝐿.

Remarks.
(i) If 𝑢 ∈ 𝐻1

0(𝑈) is the unique weak solution of (40), estimate (42) simpli-
fies to read

‖𝑢‖𝐻2(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈).
This follows from Theorem 6 in §6.2.

(ii) Observe also that in contrast to Theorem 1 in §6.3.1, we are now as-
suming 𝑢 = 0 along 𝜕𝑈 (in the trace sense).

Proof.
1. We first investigate the special case that 𝑈 is a half-ball:

(43) 𝑈 = 𝐵0(0, 1) ∩ ℝ𝑛
+.

Set 𝑉 ≔ 𝐵0(0, 12 ) ∩ ℝ
𝑛
+. Then select a smooth cutoff function 𝜁 satisfying

{𝜁 ≡ 1 on 𝐵(0, 12 ), 𝜁 ≡ 0 on ℝ𝑛 − 𝐵(0, 1),
0 ≤ 𝜁 ≤ 1.

So 𝜁 ≡ 1 on 𝑉 and 𝜁 vanishes near the curved part of 𝜕𝑈.
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2. Since 𝑢 is a weak solution of (40), we have 𝐵[𝑢, 𝑣] = (𝑓, 𝑣) for all 𝑣 ∈
𝐻1
0(𝑈); consequently

(44)
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥 = ∫

𝑈
̃𝑓𝑣 𝑑𝑥,

for

(45) ̃𝑓 ≔ 𝑓 −
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 − 𝑐𝑢.

3. Now let ℎ > 0 be small, choose 𝑘 ∈ {1, . . . , 𝑛 − 1}, and write

𝑣 ≔ −𝐷−ℎ
𝑘 (𝜁2𝐷ℎ

𝑘𝑢).
Let us note carefully

𝑣(𝑥) = −1ℎ𝐷
−ℎ
𝑘 (𝜁2(𝑥)[𝑢(𝑥 + ℎ𝑒𝑘) − 𝑢(𝑥)])

= 1
ℎ2 (𝜁

2(𝑥 − ℎ𝑒𝑘)[𝑢(𝑥) − 𝑢(𝑥 − ℎ𝑒𝑘)]
− 𝜁2(𝑥)[𝑢(𝑥 + ℎ𝑒𝑘) − 𝑢(𝑥)])

if 𝑥 ∈ 𝑈. Now since 𝑢 = 0 along {𝑥𝑛 = 0} in the trace sense and 𝜁 ≡ 0 near the
curved portion of 𝜕𝑈, we see 𝑣 ∈ 𝐻1

0(𝑈).
We may therefore substitute 𝑣 into the identity (44) and write the resulting

expression as

(46) 𝐴 = 𝐵,
for

(47) 𝐴 ≔
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥

and

(48) 𝐵 ≔ ∫
𝑈

̃𝑓𝑣 𝑑𝑥.

4. We can now estimate the terms 𝐴 and 𝐵 in almost exactly the same way
that we estimated their counterparts in the proof of Theorem 1. After some
calculations we find

(49) 𝐴 ≥ 𝜃
2 ∫𝑈

𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥 − 𝐶∫

𝑈
|𝐷𝑢|2 𝑑𝑥

and

(50) |𝐵| ≤ 𝜃
4 ∫𝑈

𝜁2|𝐷ℎ
𝑘𝐷𝑢|2 𝑑𝑥 + 𝐶∫

𝑈
𝑓2 + 𝑢2 + |𝐷𝑢|2 𝑑𝑥,
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for appropriate constants 𝐶. We then combine (46), (49), and (50) to discover

∫
𝑉
|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑈
𝑓2 + 𝑢2 + |𝐷𝑢|2 𝑑𝑥

for 𝑘 = 1, . . . , 𝑛 − 1. Thus recalling the remark after the proof of Theorem 3 in
§5.8.2, we deduce

𝑢𝑥𝑘 ∈ 𝐻1(𝑉) (𝑘 = 1, . . . , 𝑛 − 1),
with the estimate

(51)
𝑛
∑
𝑘,𝑙=1
𝑘+𝑙<2𝑛

‖𝑢𝑥𝑘𝑥𝑙‖𝐿2(𝑉) ≤ 𝐶(‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐻1(𝑈)).

5. We must now augment (51) with an estimate of the 𝐿2-norm of 𝑢𝑥𝑛𝑥𝑛
over 𝑉 . For this we recall from the Remarks after Theorem 1 that 𝐿𝑢 = 𝑓
a.e. in 𝑈. Remembering the definition of 𝐿, we can rewrite this equality into
nondivergence form, as

(52) −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

̃𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢 = 𝑓,

for ̃𝑏𝑖 ≔ 𝑏𝑖 −∑𝑛
𝑗=1 𝑎

𝑖𝑗
𝑥𝑗 (𝑖 = 1, . . . , 𝑛). So we discover

(53) 𝑎𝑛𝑛𝑢𝑥𝑛𝑥𝑛 = −
𝑛
∑
𝑖,𝑗=1
𝑖+𝑗<2𝑛

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

̃𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢 − 𝑓.

Now according to the uniform ellipticity condition, ∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2

for all 𝑥 ∈ 𝑈, 𝜉 ∈ ℝ𝑛. We set 𝜉 = 𝑒𝑛 = (0, . . . , 0, 1), to conclude

(54) 𝑎𝑛𝑛(𝑥) ≥ 𝜃 > 0

for all 𝑥 ∈ 𝑈. But then (38), (53) and (54) imply

(55) |𝑢𝑥𝑛𝑥𝑛 | ≤ 𝐶(
𝑛
∑
𝑖,𝑗=1
𝑖+𝑗<2𝑛

|𝑢𝑥𝑖𝑥𝑗 | + |𝐷𝑢| + |𝑢| + |𝑓|)

in 𝑈. Utilizing this estimate in inequality (51), we conclude 𝑢 ∈ 𝐻2(𝑉) and

(56) ‖𝑢‖𝐻2(𝑉) ≤ 𝐶(‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐿2(𝑈))

for some appropriate constant 𝐶.
6. We now drop the assumption that 𝑈 is a half-ball and so has the special

form (43). In the general case we choose any point 𝑥0 ∈ 𝜕𝑈 and note that
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since 𝜕𝑈 is 𝐶2, we may assume—upon relabeling the coordinate axes if needs
be—that

𝑈 ∩ 𝐵(𝑥0, 𝑟) = { 𝑥 ∈ 𝐵(𝑥0, 𝑟) ∣ 𝑥𝑛 > 𝛾(𝑥1, . . . , 𝑥𝑛−1) }
for some 𝑟 > 0 and some 𝐶2 function 𝛾 ∶ ℝ𝑛−1 → ℝ. As usual, we change
variables utilizing §C.1 and write

(57) 𝑦 = 𝚽(𝑥), 𝑥 = 𝚿(𝑦).

7. Choose 𝑠 > 0 so small that the half-ball 𝑈′ ≔ 𝐵0(0, 𝑠) ∩ {𝑦𝑛 > 0} lies in
𝚽(𝑈 ∩ 𝐵(𝑥0, 𝑟)). Set 𝑉 ′ ≔ 𝐵0(0, 𝑠/2) ∩ {𝑦𝑛 > 0}. Finally define

(58) 𝑢′(𝑦) ≔ 𝑢(𝚿(𝑦)) (𝑦 ∈ 𝑈′).
It is straightforward to check

(59) 𝑢′ ∈ 𝐻1(𝑈′)
and

(60) 𝑢′ = 0 on 𝜕𝑈′ ∩ {𝑦𝑛 = 0}
in the trace sense.

8. We now claim 𝑢′ is a weak solution of the PDE

(61) 𝐿′𝑢′ = 𝑓′ in 𝑈′,
for

(62) 𝑓′(𝑦) ≔ 𝑓(𝚿(𝑦))
and

(63) 𝐿′𝑢′ ≔ −
𝑛
∑
𝑘,𝑙=1

(𝑎′𝑘𝑙𝑢′𝑦𝑘)𝑦𝑙 +
𝑛
∑
𝑘=1

𝑏′𝑘𝑢′𝑦𝑘 + 𝑐′𝑢′,

where

(64) 𝑎′𝑘𝑙(𝑦) ≔
𝑛
∑
𝑟,𝑠=1

𝑎𝑟𝑠(𝚿(𝑦))Φ𝑘
𝑥𝑟(𝚿(𝑦))Φ𝑙

𝑥𝑠(𝚿(𝑦)) (𝑘, 𝑙 = 1, . . . , 𝑛),

(65) 𝑏′𝑘(𝑦) ≔
𝑛
∑
𝑟=1

𝑏𝑟(𝚿(𝑦))Φ𝑘
𝑥𝑟(𝚿(𝑦)) (𝑘 = 1, . . . , 𝑛),

and

(66) 𝑐′(𝑦) ≔ 𝑐(𝚿(𝑦))
for 𝑦 ∈ 𝑈′, 𝑘, 𝑙 = 1, . . . , 𝑛.
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If 𝑣′ ∈ 𝐻1
0(𝑈′) and 𝐵′[ , ] denotes the bilinear form associated with the

operator 𝐿′, we have

(67) 𝐵′[𝑢′, 𝑣′] = ∫
𝑈′

𝑛
∑
𝑘,𝑙=1

𝑎′𝑘𝑙𝑢′𝑦𝑘𝑣′𝑦𝑙 +
𝑛
∑
𝑘=1

𝑏′𝑘𝑢′𝑦𝑘𝑣′ + 𝑐′𝑢′𝑣′ 𝑑𝑦.

Now define
𝑣(𝑥) ≔ 𝑣′(Φ(𝑥)).

Then from (67) we calculate

(68)
𝐵′[𝑢′, 𝑣′] =

𝑛
∑
𝑖,𝑗=1

𝑛
∑
𝑘,𝑙=1

∫
𝑈′
𝑎′𝑘𝑙𝑢𝑥𝑖Ψ𝑖

𝑦𝑘𝑣𝑥𝑗Ψ
𝑗
𝑦𝑙 𝑑𝑦

+
𝑛
∑
𝑖=1

𝑛
∑
𝑘=1

∫
𝑈′
𝑏′𝑘𝑢𝑥𝑖Ψ𝑖

𝑦𝑘𝑣 𝑑𝑦 +∫
𝑈′
𝑐′𝑢𝑣 𝑑𝑦.

Now according to (64), we find for each 𝑖, 𝑗 = 1, . . . , 𝑛 that
𝑛
∑
𝑘,𝑙=1

𝑎′𝑘𝑙Ψ𝑖
𝑦𝑘Ψ

𝑗
𝑦𝑙 =

𝑛
∑
𝑟,𝑠=1

𝑛
∑
𝑘,𝑙=1

𝑎𝑟𝑠Φ𝑘
𝑥𝑟Φ𝑙

𝑥𝑠Ψ𝑖
𝑦𝑘Ψ

𝑗
𝑦𝑙 = 𝑎𝑖𝑗,

since 𝐷𝚽 = (𝐷𝚿)−1. Similarly for 𝑖 = 1, . . . , 𝑛, we have
𝑛
∑
𝑘=1

𝑏′𝑘Ψ𝑖
𝑦𝑘 =

𝑛
∑
𝑘=1

𝑛
∑
𝑟=1

𝑏𝑟Φ𝑘
𝑥𝑟Ψ𝑖

𝑦𝑘 = 𝑏𝑖.

Substituting these calculations into (68) and changing variables yields, since
| det 𝐷𝚽| = 1,

𝐵′[𝑢′, 𝑣′] = ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖𝑣 + 𝑐𝑢𝑣 𝑑𝑥

= 𝐵[𝑢, 𝑣] = (𝑓, 𝑣)𝐿2(𝑈) = (𝑓′, 𝑣′)𝐿2(𝑈′).
This establishes (61).

9. We now check that the operator 𝐿′ is uniformly elliptic in 𝑈′. Indeed if
𝑦 ∈ 𝑈′ and 𝜉 ∈ ℝ𝑛, we note that

(69)

𝑛
∑
𝑘,𝑙=1

𝑎′𝑘𝑙(𝑦)𝜉𝑘𝜉𝑙 =
𝑛
∑
𝑟,𝑠=1

𝑛
∑
𝑘,𝑙=1

𝑎𝑟𝑠(𝚿(𝑦))Φ𝑘
𝑥𝑟Φ𝑙

𝑥𝑠𝜉𝑘𝜉𝑙

=
𝑛
∑
𝑟,𝑠=1

𝑎𝑟𝑠(𝚿(𝑦))𝜂𝑟𝜂𝑠 ≥ 𝜃|𝜂|2,

where 𝜂 = 𝜉𝐷𝚽; that is, 𝜂𝑟 = ∑𝑛
𝑘=1Φ𝑘

𝑥𝑟𝜉𝑘 (𝑟 = 1, . . . , 𝑛). But then, since
𝐷𝚽𝐷𝚿 = 𝐼, we have 𝜉 = 𝜂𝐷𝚿; and so |𝜉| ≤ 𝐶|𝜂| for some constant 𝐶. This
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inequality and (69) imply

(70)
𝑛
∑
𝑘,𝑙=1

𝑎′𝑘𝑙(𝑦)𝜉𝑘𝜉𝑙 ≥ 𝜃′|𝜉|2

for some 𝜃′ > 0 and all 𝑦 ∈ 𝑈′, 𝜉 ∈ ℝ𝑛.
Observe also from (64) that the coefficients 𝑎′𝑘𝑙 are 𝐶1, since 𝚽 and 𝚿 are

𝐶2.
10. In view of (61) and (70), we may apply the results from steps 1–5 in the

proof above to ascertain that 𝑢′ ∈ 𝐻2(𝑉 ′), with the bound

‖𝑢′‖𝐻2(𝑉 ′) ≤ 𝐶(‖𝑓′‖𝐿2(𝑈′) + ‖𝑢′‖𝐿2(𝑈′)).
Consequently

(71) ‖𝑢‖𝐻2(𝑉) ≤ 𝐶(‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐿2(𝑈))
for 𝑉 ≔ 𝚿(𝑉 ′).

Since 𝜕𝑈 is compact, we can as usual cover 𝜕𝑈 with finitely many sets 𝑉1,
. . . , 𝑉 𝑁 as above. We sum the resulting estimates, along with the interior esti-
mate, to find 𝑢 ∈ 𝐻2(𝑈), with the inequality (42). □

Now we derive higher regularity for our weak solutions, all the way up to
𝜕𝑈.

THEOREM 5 (Higher boundary regularity). Let 𝑚 be a nonnegative integer,
and assume

(72) 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶𝑚+1(𝑈̄) (𝑖, 𝑗 = 1, . . . , 𝑛)
and

(73) 𝑓 ∈ 𝐻𝑚(𝑈).
Suppose that 𝑢 ∈ 𝐻1

0(𝑈) is a weak solution of the boundary-value problem

(74) {
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Assume finally

(75) 𝜕𝑈 is 𝐶𝑚+2.

Then

(76) 𝑢 ∈ 𝐻𝑚+2(𝑈),
and we have the estimate

(77) ‖𝑢‖𝐻𝑚+2(𝑈) ≤ 𝐶 (‖𝑓‖𝐻𝑚(𝑈) + ‖𝑢‖𝐿2(𝑈)) ,
the constant 𝐶 depending only on𝑚, 𝑈 and the coefficients of 𝐿.
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Remark. If 𝑢 is the unique solution of (74), then estimate (77) simplifies to
read

‖𝑢‖𝐻𝑚+2(𝑈) ≤ 𝐶‖𝑓‖𝐻𝑚(𝑈).

Proof.
1. We first investigate the special case

(78) 𝑈 ≔ 𝐵0(0, 𝑠) ∩ ℝ𝑛
+

for some 𝑠 > 0. Fix 0 < 𝑡 < 𝑠 and set 𝑉 ≔ 𝐵0(0, 𝑡) ∩ ℝ𝑛
+.

2. We intend to prove by induction on 𝑚 that whenever 𝑢 = 0 along {𝑥𝑛 =
0} in the trace sense, (72) and (73) imply

(79) 𝑢 ∈ 𝐻𝑚+2(𝑉),
with the estimate

(80) ‖𝑢‖𝐻𝑚+2(𝑉) ≤ 𝐶 (‖𝑓‖𝐻𝑚(𝑈) + ‖𝑢‖𝐿2(𝑈)) ,
for a constant 𝐶 depending only on 𝑈, 𝑉 and the coefficients of 𝐿. The case
𝑚 = 0 follows as in the proof of Theorem 4 above.

Suppose then

(81) 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶𝑚+2(𝑈̄),

(82) 𝑓 ∈ 𝐻𝑚+1(𝑈),
and 𝑢 is a weak solution of 𝐿𝑢 = 𝑓 in 𝑈, which vanishes in the trace sense
along {𝑥𝑛 = 0}. Fix any 0 < 𝑡 < 𝑟 < 𝑠, and write 𝑊 ≔ 𝐵0(0, 𝑟) ∩ ℝ𝑛

+. By the
induction assumption we have

(83) 𝑢 ∈ 𝐻𝑚+2(𝑊),
with the estimate

(84) ‖𝑢‖𝐻𝑚+2(𝑊) ≤ 𝐶 (‖𝑓‖𝐻𝑚(𝑈) + ‖𝑢‖𝐿2(𝑈)) .

Furthermore according to the interior regularity Theorem 2, 𝑢 ∈ 𝐻𝑚+3
loc (𝑈).

3. Next, let 𝛼 be any multiindex with

(85) |𝛼| = 𝑚 + 1
and

(86) 𝛼𝑛 = 0.
Then

(87) 𝑢̃ ≔ 𝐷𝛼𝑢
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belongs to 𝐻1(𝑈) and vanishes along the plane {𝑥𝑛 = 0} in the trace sense.
Furthermore, as in the proof of Theorem 2, 𝑢̃ is a weak solution of 𝐿𝑢̃ = ̃𝑓 in
𝑈, for

̃𝑓 ≔ 𝐷𝛼𝑓 − ∑
𝛽≤𝛼
𝛽≠𝛼

(𝛼𝛽)[
𝑛
∑
𝑖,𝑗=1

− (𝐷𝛼−𝛽𝑎𝑖𝑗𝐷𝛽𝑢𝑥𝑖)𝑥𝑗

+
𝑛
∑
𝑖=1

𝐷𝛼−𝛽𝑏𝑖𝐷𝛽𝑢𝑥𝑖 + 𝐷𝛼−𝛽𝑐𝐷𝛽𝑢].

In view of (72), (73), (82) and (84), we see ̃𝑓 ∈ 𝐿2(𝑊), with

(88) ‖ ̃𝑓‖𝐿2(𝑊) ≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)) .
Consequently the proof of Theorem 4 shows 𝑢̃ ∈ 𝐻2(𝑉), with the estimate

‖𝑢̃‖𝐻2(𝑉) ≤ 𝐶 (‖ ̃𝑓‖𝐿2(𝑊) + ‖𝑢̃‖𝐿2(𝑊))
≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)) .

In light of (85)–(88), we thus deduce

(89) ‖𝐷𝛽𝑢‖𝐿2(𝑉) ≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈))
for any multiindex 𝛽 with |𝛽| = 𝑚 + 3 and

(90) 𝛽𝑛 = 0, 1, or 2.
4. We must extend estimate (89) to remove the restriction (90). For this, let

us suppose by induction

(91) ‖𝐷𝛽𝑢‖𝐿2(𝑉) ≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈))
for any multiindex 𝛽 with |𝛽| = 𝑚 + 3 and

(92) 𝛽𝑛 = 0, 1, . . . , 𝑗,
for some 𝑗 ∈ {2, . . . , 𝑚 + 2}. Assume then |𝛽| = 𝑚 + 3,

(93) 𝛽𝑛 = 𝑗 + 1.
Let us write 𝛽 = 𝛾 + 𝛿, for 𝛿 = (0, . . . , 2) and |𝛾| = 𝑚 + 1. Since 𝑢 ∈ 𝐻𝑚+3

loc (𝑈)
and 𝐿𝑢 = 𝑓 in 𝑈, we have 𝐷𝛾𝐿𝑢 = 𝐷𝛾𝑓 a.e. in 𝑈. Now

𝐷𝛾𝐿𝑢 = 𝑎𝑛𝑛𝐷𝛽𝑢 + { sum of terms involving at most 𝑗
derivatives of 𝑢 with respect to 𝑥𝑛 and
at most 𝑚+ 3 derivatives in all }.

Since 𝑎𝑛𝑛 ≥ 𝜃 > 0, we thus find by utilizing (91), (92) that

(94) ‖𝐷𝛽𝑢‖𝐿2(𝑉) ≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈))



6.4. Maximum Principles 323

provided |𝛽| = 𝑚 + 3 and 𝛽𝑛 = 𝑗 + 1. By induction on 𝑗 then, we have

‖𝑢‖𝐻𝑚+3(𝑈) ≤ 𝐶 (‖𝑓‖𝐻𝑚+1(𝑈) + ‖𝑢‖𝐿2(𝑈)) .
This estimate in turn completes the induction on 𝑚, begun in step 2.

5. We have now shown that (72) and (73) imply (79) and (80), provided 𝑈
has the form (78). The general case follows once we straighten out the bound-
ary, using the ideas explained in the proof of Theorem 4. □

We finally iterate the foregoing estimates to obtain

THEOREM 6 (Infinite differentiability up to the boundary). Assume
𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶∞(𝑈̄) (𝑖, 𝑗 = 1, . . . , 𝑛)

and
𝑓 ∈ 𝐶∞(𝑈̄).

Suppose 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of the boundary-value problem

{
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Assume also that 𝜕𝑈 is 𝐶∞. Then

𝑢 ∈ 𝐶∞(𝑈̄).

Proof. According to Theorem 5 we have 𝑢 ∈ 𝐻𝑚(𝑈) for each integer 𝑚 = 1,
2, . . . . Thus Theorem 6 in §5.6.3 implies 𝑢 ∈ 𝐶𝑘(𝑈̄) for each 𝑘 = 1, 2, . . . . □

The computations in this section have basically been repeated applications
of “energy” methods to higher and higher partial derivatives. The basic tool
of integration by parts has eventually taken us from weak solutions (belonging
merely to 𝐻1

0(𝑈)) to smooth, classical solutions.

6.4. MAXIMUM PRINCIPLES

This section develops the maximum principle for second-order elliptic partial
differential equations.

Maximum principle methods are based upon the observation that if a 𝐶2

function 𝑢 attains its maximum over an open set 𝑈 at a point 𝑥0 ∈ 𝑈, then

(1) 𝐷𝑢(𝑥0) = 0, 𝐷2𝑢(𝑥0) ≤ 0,
the latter inequality meaning that the symmetric matrix𝐷2𝑢 = ((𝑢𝑥𝑖𝑥𝑗 )) is non-
positive definite at 𝑥0. Deductions based upon (1) are consequently pointwise
in character and are thus utterly different from the integral-based energy meth-
ods set forth in §§6.1–6.3.
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Furthermore we will need to require that our solutions 𝑢 are at least 𝐶2,
so that it makes sense to consider the pointwise values of 𝐷𝑢,𝐷2𝑢. (In view of
the regularity theory from §6.3 we know however that a weak solution is this
smooth, at least provided the coefficients are sufficiently regular.) As we will
shortly learn, it is also most appropriate now to consider elliptic operators 𝐿
having the nondivergence form

(2) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢,

where the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 are continuous and—as always—the uniform
ellipticity condition (4) in §6.1 holds. We continue also to assume, without loss
of generality, the symmetry condition 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).

6.4.1. Weak maximum principle. First, we identify circumstances under
which a function must attain its maximum (or minimum) on the boundary.
We always assume 𝑈 ⊂ ℝ𝑛 is open, bounded.

THEOREM 1 (Weak maximum principle). Assume 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄) and
𝑐 ≡ 0 in 𝑈.

(i) If
(3) 𝐿𝑢 ≤ 0 in 𝑈,

then
max
𝑈̄

𝑢 = max
𝜕𝑈

𝑢.

(ii) If
(4) 𝐿𝑢 ≥ 0 in 𝑈,

then
min
𝑈̄

𝑢 = min
𝜕𝑈

𝑢.

Remark. A function satisfying (3) is called a subsolution. We are thus asserting
that a subsolution attains its maximum on 𝜕𝑈. Similarly, if (4) holds, 𝑢 is a
supersolution and attains its minimum on 𝜕𝑈.

Proof.
1. Let us first suppose we have the strict inequality

(5) 𝐿𝑢 < 0 in 𝑈,
and yet there exists a point 𝑥0 ∈ 𝑈 with
(6) 𝑢(𝑥0) = max

𝑈̄
𝑢.
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Now at this maximum point 𝑥0, we have
(7) 𝐷𝑢(𝑥0) = 0
and
(8) 𝐷2𝑢(𝑥0) ≤ 0.

2. Since the matrix𝐴 = ((𝑎𝑖𝑗(𝑥0))) is symmetric and positive definite, there
exists an orthogonal matrix 𝑂 = ((𝑜𝑖𝑗)) so that

(9) 𝑂𝐴𝑂𝑇 = diag(𝑑1, . . . , 𝑑𝑛), 𝑂𝑂𝑇 = 𝐼,
with 𝑑𝑘 > 0 (𝑘 = 1, . . . , 𝑛). Write 𝑦 = 𝑥0+𝑂(𝑥−𝑥0). Then 𝑥−𝑥0 = 𝑂𝑇(𝑦−𝑥0),
and so

𝑢𝑥𝑖 =
𝑛
∑
𝑘=1

𝑢𝑦𝑘𝑜𝑘𝑖, 𝑢𝑥𝑖𝑥𝑗 =
𝑛
∑
𝑘,𝑙=1

𝑢𝑦𝑘𝑦𝑙𝑜𝑘𝑖𝑜𝑙𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛).

Hence at the point 𝑥0,

(10)

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 =
𝑛
∑
𝑘,𝑙=1

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑦𝑘𝑦𝑙𝑜𝑘𝑖𝑜𝑙𝑗

=
𝑛
∑
𝑘=1

𝑑𝑘𝑢𝑦𝑘𝑦𝑘 by (9)

≤ 0,
since 𝑑𝑘 > 0 and 𝑢𝑦𝑘𝑦𝑘(𝑥0) ≤ 0 (𝑘 = 1, . . . , 𝑛), according to (8).

3. Thus at 𝑥0

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 ≥ 0,

in light of (7) and (10). So (5) and (6) are incompatible, and we have a contra-
diction.

4. In the general case that (3) holds, write
𝑢𝜖(𝑥) ≔ 𝑢(𝑥) + 𝜖𝑒𝜆𝑥1 (𝑥 ∈ 𝑈),

where 𝜆 > 0 will be selected below and 𝜖 > 0. Recall (as in the proof of Theo-
rem 4 in §6.3.2) that the uniform ellipticity condition implies 𝑎𝑖𝑖(𝑥) ≥ 𝜃 (𝑖 = 1,
. . . , 𝑛, 𝑥 ∈ 𝑈). Therefore

𝐿𝑢𝜖 = 𝐿𝑢 + 𝜖𝐿(𝑒𝜆𝑥1)
≤ 𝜖𝑒𝜆𝑥1 [−𝜆2𝑎11 + 𝜆𝑏1]
≤ 𝜖𝑒𝜆𝑥1[−𝜆2𝜃 + ‖b‖𝐿∞𝜆]
< 0 in 𝑈,
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provided we choose 𝜆 > 0 sufficiently large. Then according to steps 1 and 2
abovemax𝑈̄ 𝑢𝜖 = max𝜕𝑈 𝑢𝜖. Let 𝜖 → 0 to findmax𝑈̄ 𝑢 = max𝜕𝑈 𝑢. This proves
(i).

5. Since −𝑢 is a subsolution whenever 𝑢 is a supersolution, assertion (ii)
follows. □

We next modify the maximum principle to allow for a nonnegative zeroth-
order coefficient 𝑐. Remember from §A.3 that𝑢+=max(𝑢, 0), 𝑢−=−min(𝑢, 0).

THEOREM2 (Weak maximum principle for 𝑐 ≥ 0). Assume𝑢 ∈ 𝐶2(𝑈)∩𝐶(𝑈̄)
and

𝑐 ≥ 0 in 𝑈.
(i) If

𝐿𝑢 ≤ 0 in 𝑈,
then

(11) max
𝑈̄

𝑢 ≤ max
𝜕𝑈

𝑢+.

(ii) Likewise, if
𝐿𝑢 ≥ 0 in 𝑈,

then

(12) min
𝑈̄

𝑢 ≥ −max
𝜕𝑈

𝑢−.

Remark. So in particular, if 𝐿𝑢 = 0 in 𝑈, then

(13) max
𝑈̄

|𝑢| = max
𝜕𝑈

|𝑢|.

Proof.

1. Let 𝑢 be a subsolution and set 𝑉 ≔ { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) > 0 }. Then

𝐾𝑢 ≔ 𝐿𝑢 − 𝑐𝑢
≤ −𝑐𝑢 ≤ 0 in 𝑉 .

The operator 𝐾 has no zeroth-order term and consequently Theorem 1 implies
max𝑉̄ 𝑢 = max𝜕𝑉 𝑢 = max𝜕𝑈 𝑢+. This gives (11) in the case that 𝑉 ≠ ∅. Oth-
erwise 𝑢 ≤ 0 everywhere in 𝑈, and (11) likewise follows.

2. Assertion (ii) follows from (i) applied to −𝑢, once we observe that
(−𝑢)+ = 𝑢−. □
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6.4.2. Strong maximum principle. We next substantially strengthen the
foregoing assertions, by demonstrating that a subsolution 𝑢 cannot attain its
maximum at an interior point of a connected region at all, unless 𝑢 is constant.
This statement is the strong maximum principle, which depends on the follow-
ing subtle analysis of the outer normal derivative 𝜕ᵆ

𝜕𝜈 at a boundary maximum
point.

LEMMA (Hopf’s Lemma). Assume 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶1(𝑈̄) and

𝑐 ≡ 0 in 𝑈.

Suppose further

𝐿𝑢 ≤ 0 in 𝑈

and there exists a point 𝑥0 ∈ 𝜕𝑈 such that

(14) 𝑢(𝑥0) > 𝑢(𝑥) for all 𝑥 ∈ 𝑈.

Assume finally that𝑈 satisfies the interior ball condition at 𝑥0; that is, there exists
an open ball 𝐵 ⊂ 𝑈 with 𝑥0 ∈ 𝜕𝐵.

(i) Then
𝜕𝑢
𝜕𝜈 (𝑥

0) > 0,

where 𝜈 is the outer unit normal to 𝐵 at 𝑥0.
(ii) If

𝑐 ≥ 0 in 𝑈,

the same conclusion holds provided

𝑢(𝑥0) ≥ 0.

The importance of (i) is the strict inequality: that 𝜕ᵆ
𝜕𝜈 (𝑥

0) ≥ 0 is obvious.
Note that the interior ball condition automatically holds if 𝜕𝑈 is 𝐶2.

Proof.

1. Assume 𝑐 ≥ 0. We may as well further assume 𝐵 = 𝐵0(0, 𝑟) for some
radius 𝑟 > 0. Define

𝑣(𝑥) ≔ 𝑒−𝜆|𝑥|2 − 𝑒−𝜆𝑟2 (𝑥 ∈ 𝐵(0, 𝑟))
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for 𝜆 > 0 as selected below. Then using the uniform ellipticity condition, we
compute

𝐿𝑣 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑣𝑥𝑖 + 𝑐𝑣

= 𝑒−𝜆|𝑥|2
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗 (−4𝜆2𝑥𝑖𝑥𝑗 + 2𝜆𝛿𝑖𝑗)

− 𝑒−𝜆|𝑥|2
𝑛
∑
𝑖=1

𝑏𝑖2𝜆𝑥𝑖 + 𝑐(𝑒−𝜆|𝑥|2 − 𝑒−𝜆𝑟2)

≤ 𝑒−𝜆|𝑥|2(−4𝜃𝜆2|𝑥|2 + 2𝜆 trA + 2𝜆|b||𝑥| + 𝑐),
for A = ((𝑎𝑖𝑗)), b = (𝑏1, . . . , 𝑏𝑛). Consider next the open annular region 𝑅 ≔
𝐵0(0, 𝑟) − 𝐵(0, 𝑟/2). We have
(15) 𝐿𝑣 ≤ 𝑒−𝜆|𝑥|2(−𝜃𝜆2𝑟2 + 2𝜆 trA + 2𝜆|b|𝑟 + 𝑐) ≤ 0
in 𝑅, provided 𝜆 > 0 is fixed large enough.

2. In view of (14) there exists a constant 𝜖 > 0 so small that
(16) 𝑢(𝑥0) ≥ 𝑢(𝑥) + 𝜖𝑣(𝑥) (𝑥 ∈ 𝜕𝐵(0, 𝑟/2)).
In addition note
(17) 𝑢(𝑥0) ≥ 𝑢(𝑥) + 𝜖𝑣(𝑥) (𝑥 ∈ 𝜕𝐵(0, 𝑟)),
since 𝑣 ≡ 0 on 𝜕𝐵(0, 𝑟).

3. From (15) we see
𝐿(𝑢 + 𝜖𝑣 − 𝑢(𝑥0)) ≤ −𝑐𝑢(𝑥0) ≤ 0 in 𝑅,

and from (16), (17) we observe
𝑢 + 𝜖𝑣 − 𝑢(𝑥0) ≤ 0 on 𝜕𝑅.
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In view of the weak maximum principle, Theorem 2, 𝑢 + 𝜖𝑣 − 𝑢(𝑥0) ≤ 0 in 𝑅.
But 𝑢(𝑥0) + 𝜖𝑣(𝑥0) − 𝑢(𝑥0) = 0, and so

𝜕𝑢
𝜕𝜈 (𝑥

0) + 𝜖𝜕𝑣𝜕𝜈(𝑥
0) ≥ 0.

Consequently
𝜕𝑢
𝜕𝜈 (𝑥

0) ≥ −𝜖𝜕𝑣𝜕𝜈(𝑥
0) = −𝜖𝑟𝐷𝑣(𝑥

0) ⋅ 𝑥0 = 2𝜆𝜖𝑟𝑒−𝜆𝑟2 > 0,

as required. □

Hopf’s Lemma is the primary technical tool in the next proof:

THEOREM 3 (Strong maximum principle). Assume 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄) and
𝑐 ≡ 0 in 𝑈.

Suppose also 𝑈 is connected, open and bounded.

(i) If
𝐿𝑢 ≤ 0 in 𝑈

and 𝑢 attains its maximum over 𝑈̄ at an interior point, then

𝑢 is constant within 𝑈.
(ii) Similarly, if

𝐿𝑢 ≥ 0 in 𝑈
and 𝑢 attains its minimum over 𝑈̄ at an interior point, then

𝑢 is constant within 𝑈.

Proof. Write 𝑀 ≔ max𝑈̄ 𝑢 and 𝐶 ≔ { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) = 𝑀 }. Then if 𝑢 ≢ 𝑀, set

𝑉 ≔ { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) < 𝑀 }.
Choose a point 𝑦 ∈ 𝑉 satisfying dist(𝑦, 𝐶) < dist(𝑦, 𝜕𝑈), and let 𝐵 denote the
largest ball with center 𝑦 whose interior lies in 𝑉 . Then there exists some point
𝑥0 ∈ 𝐶, with 𝑥0 ∈ 𝜕𝐵. Clearly 𝑉 satisfies the interior ball condition at 𝑥0,
whence Hopf’s Lemma, (i), implies 𝜕ᵆ

𝜕𝜈 (𝑥
0) > 0. But this is a contradiction:

since 𝑢 attains its maximum at 𝑥0 ∈ 𝑈, we have 𝐷𝑢(𝑥0) = 0. □

If the zeroth-order term 𝑐 is nonnegative, we have this version of the strong
maximum principle:

THEOREM 4 (Strong maximum principle with 𝑐 ≥ 0). Assume 𝑢 ∈ 𝐶2(𝑈) ∩
𝐶(𝑈̄) and

𝑐 ≥ 0 in 𝑈.
Suppose also 𝑈 is connected.
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(i) If
𝐿𝑢 ≤ 0 in 𝑈

and 𝑢 attains a nonnegative maximum over 𝑈̄ at an interior point, then
𝑢 is constant within 𝑈.

(ii) Similarly, if
𝐿𝑢 ≥ 0 in 𝑈

and 𝑢 attains a nonpositive minimum over 𝑈̄ at an interior point, then
𝑢 is constant within 𝑈.

The proof is like that above, except that we use statement (ii) in Hopf’s
Lemma.

6.4.3. Harnack’s inequality. Harnack’s inequality states that the values of a
nonnegative solution are comparable, at least in any subregion away from the
boundary. We assume as usual that

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢.

THEOREM 5 (Harnack’s inequality). Assume 𝑢 ≥ 0 is a 𝐶2 solution of
𝐿𝑢 = 0 in 𝑈,

and suppose 𝑉 ⊂⊂ 𝑈 is connected. Then there exists a constant 𝐶 such that
(18) sup

𝑉
𝑢 ≤ 𝐶 inf

𝑉
𝑢.

The constant 𝐶 depends only on 𝑉 and the coefficients of 𝐿.

This assertion is true if the coefficients are merely bounded and measur-
able: see Gilbarg–Trudinger [G-T]. We will however provide a proof only for
the special case that 𝑏𝑖 ≡ 𝑐 ≡ 0 and the 𝑎𝑖𝑗 are smooth (𝑖, 𝑗 = 1, . . . , 𝑛).

Proof.
1. We may assume 𝑢 > 0 in 𝑈, for otherwise we could apply the result to

𝑢 + 𝜖 and then let 𝜖 → 0+.
Set

(19) 𝑣 ≔ log 𝑢.
Since 𝐿𝑢 = 0, we compute

(20)
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 + 𝑎𝑖𝑗𝑣𝑥𝑖𝑣𝑥𝑗 = 0 in 𝑈.
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Define

(21) 𝑤 ≔
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑣𝑥𝑗 ,

so that (20) says

(22) −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 = 𝑤.

2. We calculate for 𝑘, 𝑙 = 1, . . . , 𝑛 that

𝑤𝑥𝑘𝑥𝑙 =
𝑛
∑
𝑖,𝑗=1

2𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑘𝑥𝑙𝑣𝑥𝑗 + 2𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 + 𝑅,

where the remainder term 𝑅, resulting from derivatives falling upon the coef-
ficients, satisfies an estimate of the form

(23) |𝑅| ≤ 𝜖|𝐷2𝑣|2 + 𝐶(𝜖)|𝐷𝑣|2

for each 𝜖 > 0. Thus

(24)

−
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤𝑥𝑘𝑥𝑙 = 2
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑗 (−
𝑛
∑
𝑘,𝑙=1

𝑎𝑙𝑘𝑣𝑥𝑖𝑥𝑘𝑥𝑙)

− 2
𝑛
∑

𝑖,𝑗,𝑘,𝑙=1
𝑎𝑖𝑗𝑎𝑘𝑙𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 − 𝑅.

Differentiating (22), we see that

(25) −
𝑛
∑
𝑘,𝑙=1

𝑎𝑙𝑘𝑣𝑥𝑖𝑥𝑘𝑥𝑙 = 𝑤𝑥𝑖 + 𝑅𝑖 (𝑖 = 1, . . . , 𝑛),

where 𝑅𝑖 denotes another remainder term such that |𝑅𝑖| ≤ 𝐶|𝐷2𝑣|. Further-
more, the uniform ellipticity condition implies

(26)
𝑛
∑

𝑖,𝑗,𝑘,𝑙=1
𝑎𝑖𝑗𝑎𝑘𝑙𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 ≥ 𝜃2|𝐷2𝑣|2.

Substituting (25) and (26) into (24) and then choosing 𝜖 > 0 small enough, we
derive the differential inequality

(27) −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑤𝑥𝑘 ≤ −𝜃
2

2 |𝐷
2𝑣|2 + 𝐶|𝐷𝑣|2,

where

(28) 𝑏𝑘 ≔ −2
𝑛
∑
𝑙=1

𝑎𝑘𝑙𝑣𝑥𝑙 (𝑘 = 1, . . . , 𝑛).
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3. Suppose next 𝑉 ⊂⊂ 𝑈 is an open ball of radius 𝑟 > 0. Choose a cutoff
function 𝜁 ∈ 𝐶∞(𝑈) such that

0 ≤ 𝜁 ≤ 1, 𝜁 = 0 on 𝜕𝑈, 𝜁 ≡ 1 on 𝑉 .

Let

(29) 𝑧 ≔ 𝜁4𝑤.

We now assume

(30) 𝑧 attains its maximum at some point 𝑥0 ∈ 𝑈.

Then at 𝑥0 we have

(31) 𝜁𝑤𝑥𝑘 + 4𝜁𝑥𝑘𝑤 = 0 (𝑘 = 1, . . . , 𝑛).

Furthermore, at this point we have the inequality

0 ≤ −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑧𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑧𝑥𝑘 = −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙(𝜁4𝑤)𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘(𝜁4𝑤)𝑥𝑘 .

Hence

(32) 0 ≤ 𝜁4 (−
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑤𝑥𝑘) + 𝑅̂,

where the remainder term 𝑅̂, which comprises terms for which derivatives fall
upon the cutoff function 𝜁, satisfies the estimate

|𝑅̂| ≤ 𝐶(𝜁2𝑤 + 𝜁3|𝐷𝑤|).

Recalling now (31), we see that in fact

(33) |𝑅̂| ≤ 𝐶𝜁2𝑤.

Insert this estimate and (27) into (32):

𝜁4|𝐷2𝑣|2 ≤ 𝐶𝜁4|𝐷𝑣|2 + 𝐶𝜁2𝑤.

But 𝜃|𝐷𝑣|2 ≤ 𝑤, and furthermore𝑤 ≤ 𝐶|𝐷2𝑣|, according to (22). It follows that

𝜁4𝑤2 ≤ 𝐶𝜁2𝑤,

and therefore
𝑧 = 𝜁4𝑤 ≤ 𝐶 at the point 𝑥0.

Since 𝑧 attains its maximum at 𝑥0 and since 𝜁 ≡ 1 on 𝑉 , we consequently have
the estimate

(34) |𝐷𝑣| ≤ 𝐶 within the region 𝑉.
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4. Now select 𝑥1, 𝑥2 ∈ 𝑉 . Then

𝑣(𝑥2) − 𝑣(𝑥1) ≤ sup
𝑉

|𝐷𝑣| 𝑟 ≤ 𝐶,

where we recall that 𝑟 is the radius of the ball 𝑉 . We exponentiate to deduce

𝑢(𝑥2) ≤ 𝑢(𝑥1)𝑒𝐶 .
This inequality is valid for all 𝑥1, 𝑥2 ∈ 𝑉 , and so the Harnack inequality (18) is
valid if 𝑉 is a ball. In the general case we cover 𝑉 ⊂⊂ 𝑈 with overlapping balls
and repeatedly apply the inequality above. □

6.5. EIGENVALUES AND EIGENFUNCTIONS

We consider in this section the boundary-value problem

(1) {
𝐿𝑤 = 𝜆𝑤 in 𝑈
𝑤 = 0 on 𝜕𝑈,

where 𝑈 is open and bounded, and recall that 𝜆 is an eigenvalue of 𝐿 provided
there exists a nontrivial solution 𝑤 of (1). From the theory developed in §6.2
we recall that the set Σ of eigenvalues of 𝐿 is at most countable.

The theorems in §6.5.1 below are analogues for elliptic PDE of the standard
linear algebra assertion that a real symmetric matrix possesses real eigenval-
ues and an orthonormal basis of eigenvectors. Similarly, the results in §6.5.2
are PDE versions of the Perron–Frobenius theorem that a matrix with positive
entries has a real, positive eigenvalue and a corresponding eigenvector with
positive entries (cf. Gantmacher [Ga]).

6.5.1. Eigenvalues of symmetric elliptic operators. For simplicity, we
consider now an elliptic operator having the divergence form

(2) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗 ,

where 𝑎𝑖𝑗 ∈ 𝐶∞(𝑈̄) (𝑖, 𝑗 = 1, . . . , 𝑛). We suppose the usual uniform ellipticity
condition to hold and as usual suppose

(3) 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).
The operator 𝐿 is thus formally symmetric, and in particular the associated
bilinear form 𝐵[ , ] satisfies 𝐵[𝑢, 𝑣] = 𝐵[𝑣, 𝑢] (𝑢, 𝑣 ∈ 𝐻1

0(𝑈)). Assume also 𝑈 is
connected.

THEOREM 1 (Eigenvalues of symmetric elliptic operators).
(i) Each eigenvalue of 𝐿 is real.



334 6. Second-Order Elliptic Equations

(ii) Furthermore, if we repeat each eigenvalue according to its (finite) multi-
plicity, we have

Σ = {𝜆𝑘}∞𝑘=1,
where

0 < 𝜆1 ≤ 𝜆2 ≤ 𝜆3 ≤ ⋯
and

𝜆𝑘 →∞ as 𝑘 → ∞.
(iii) Finally, there exists an orthonormal basis {𝑤𝑘}∞𝑘=1 of 𝐿2(𝑈), where𝑤𝑘 ∈

𝐻1
0(𝑈) is an eigenfunction corresponding to 𝜆𝑘:

(4) {
𝐿𝑤𝑘 = 𝜆𝑘𝑤𝑘 in 𝑈
𝑤𝑘 = 0 on 𝜕𝑈,

for 𝑘 = 1, 2, . . . .

Owing to the regularity theory in §6.3,𝑤𝑘 ∈ 𝐶∞(𝑈), and furthermore𝑤𝑘 ∈
𝐶∞(𝑈̄) if 𝜕𝑈 is smooth, for 𝑘 = 1, 2, . . . .

Proof.
1. As in §6.2,

𝑆 ≔ 𝐿−1

is a bounded, linear, compact operator mapping 𝐿2(𝑈) into itself.
2. We claim further that 𝑆 is symmetric. To see this, select 𝑓, 𝑔 ∈ 𝐿2(𝑈).

Then 𝑆𝑓 = 𝑢 means 𝑢 ∈ 𝐻1
0(𝑈) is the weak solution of

{
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈,

and likewise 𝑆𝑔 = 𝑣 means 𝑣 ∈ 𝐻1
0(𝑈) solves

{
𝐿𝑣 = 𝑔 in 𝑈
𝑣 = 0 on 𝜕𝑈

in the weak sense. Thus

(𝑆𝑓, 𝑔) = (𝑢, 𝑔) = 𝐵[𝑣, 𝑢]

and
(𝑓, 𝑆𝑔) = (𝑓, 𝑣) = 𝐵[𝑢, 𝑣].

Since 𝐵[𝑢, 𝑣] = 𝐵[𝑣, 𝑢], we see (𝑆𝑓, 𝑔) = (𝑓, 𝑆𝑔) for all 𝑓, 𝑔 ∈ 𝐿2(𝑈). Therefore
𝑆 is symmetric.
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3. Notice also

(𝑆𝑓, 𝑓) = (𝑢, 𝑓) = 𝐵[𝑢, 𝑢] ≥ 0 (𝑓 ∈ 𝐿2(𝑈)).

Consequently the theory of compact, symmetric operators from §D.6 implies
that all the eigenvalues of 𝑆 are real, positive, and there are corresponding
eigenfunctions which make up an orthonormal basis of 𝐿2(𝑈). But observe
as well that for 𝜂 ≠ 0, we have 𝑆𝑤 = 𝜂𝑤 if and only if 𝐿𝑤 = 𝜆𝑤 for 𝜆 = 1

𝜂 . The
theorem follows. □

Weyl’s Law. The study of the distribution of the eigenvalues of elliptic op-
erators is extremely important in mathematical physics. A landmark assertion
concerning the asymptotic distribution of eigenvalues is due to H. Weyl. For the
special case of the eigenvalues {𝜆𝑘}∞𝑘=1 of the Laplacian in the smooth, bounded
open set 𝑈 ⊂ ℝ𝑛, taken with zero boundary conditions, Weyl’s Law asserts

lim
𝑘→∞

𝜆𝑘
𝑛
2

𝑘 = (2𝜋)𝑛
|𝑈|𝛼(𝑛) .

Here |𝑈| denotes the volume of 𝑈.
We next scrutinize more carefully the first eigenvalue of 𝐿.

DEFINITION. We call 𝜆1 > 0 the principal eigenvalue of 𝐿.

THEOREM 2 (Variational principle for the principal eigenvalue).
(i) We have

(5) 𝜆1 = min{ 𝐵[𝑢, 𝑢] ∣ 𝑢 ∈ 𝐻1
0(𝑈), ‖𝑢‖𝐿2 = 1 }.

(ii) Furthermore, the above minimum is attained for a function 𝑤1, positive
within 𝑈, which solves

{
𝐿𝑤1 = 𝜆1𝑤1 in 𝑈
𝑤1 = 0 on 𝜕𝑈.

(iii) Finally, if 𝑢 ∈ 𝐻1
0(𝑈) is any weak solution of

{
𝐿𝑢 = 𝜆1𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈,

then 𝑢 is a multiple of 𝑤1.

Remarks.
(i) Assertion (iii) says the principal eigenvalue 𝜆1 is simple. In particular

0 < 𝜆1 < 𝜆2 ≤ 𝜆3 ≤ ⋯ .
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(ii) Expression (5) is Rayleigh’s formula and is equivalent to the statement

𝜆1 = min
ᵆ∈𝐻1

0(𝑈)
ᵆ≢0

𝐵[𝑢, 𝑢]
‖𝑢‖2𝐿2(𝑈)

.

Proof.
1. In view of (4) we see

(6) 𝐵[𝑤𝑘, 𝑤𝑘] = 𝜆𝑘‖𝑤𝑘‖2𝐿2(𝑈) = 𝜆𝑘
and

(7) 𝐵[𝑤𝑘, 𝑤𝑙] = 𝜆𝑘(𝑤𝑘, 𝑤𝑙) = 0

for 𝑘, 𝑙 = 1, 2, . . . , 𝑘 ≠ 𝑙.
2. As {𝑤𝑘}∞𝑘=1 is an orthonormal basis of𝐿2(𝑈), if𝑢∈𝐻1

0(𝑈) and ‖𝑢‖𝐿2(𝑈) =
1, we can write

(8) 𝑢 =
∞
∑
𝑘=1

𝑑𝑘𝑤𝑘

for 𝑑𝑘 = (𝑢,𝑤𝑘)𝐿2(𝑈), the series converging in 𝐿2(𝑈): see §D.2. In addition

(9)
∞
∑
𝑘=1

𝑑2𝑘 = ‖𝑢‖2𝐿2(𝑈) = 1.

3. Furthermore from (6) and (7) we see that { 𝑤𝑘
𝜆1/2𝑘

}
∞

𝑘=1
is an orthonormal

subset of 𝐻1
0(𝑈), endowed with the new inner product 𝐵[ , ].

We claim further that { 𝑤𝑘
𝜆1/2𝑘

}
∞

𝑘=1
is in fact an orthonormal basis of 𝐻1

0(𝑈),
with this new inner product. To see this, it suffices to verify that

𝐵[𝑤𝑘, 𝑢] = 0 (𝑘 = 1, 2, . . . )

implies 𝑢 ≡ 0. But this assertion is clearly true, since the identities

𝐵[𝑤𝑘, 𝑢] = 𝜆𝑘(𝑤𝑘, 𝑢) = 0 (𝑘 = 1, . . . )

force 𝑢 ≡ 0, as {𝑤𝑘}∞𝑘=1 is a basis of 𝐿2(𝑈). Consequently

𝑢 =
∞
∑
𝑘=1

𝜇𝑘
𝑤𝑘
𝜆1/2𝑘

for 𝜇𝑘 = 𝐵 [𝑢, 𝑤𝑘
𝜆1/2𝑘

], the series converging in 𝐻1
0(𝑈). But then according to (8),

𝜇𝑘 = 𝑑𝑘𝜆1/2𝑘 ; and so the series (8) in fact converges also in 𝐻1
0(𝑈).
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4. Thus (6) and (8) imply

𝐵[𝑢, 𝑢] =
∞
∑
𝑘=1

𝑑2𝑘𝜆𝑘 ≥ 𝜆1 by (9).

As equality holds for 𝑢 = 𝑤1, we obtain formula (5).
5. We next claim that if 𝑢 ∈ 𝐻1

0(𝑈) and ‖𝑢‖𝐿2(𝑈) = 1, then 𝑢 is a weak
solution of

(10) {
𝐿𝑢 = 𝜆1𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈

if only only if
(11) 𝐵[𝑢, 𝑢] = 𝜆1.
Obviously (10) implies (11). On the other hand, suppose (11) is valid. Then,
writing 𝑑𝑘 = (𝑢,𝑤𝑘) as above, we have

(12)
∞
∑
𝑘=1

𝑑2𝑘𝜆1 = 𝜆1 = 𝐵[𝑢, 𝑢] =
∞
∑
𝑘=1

𝑑2𝑘𝜆𝑘.

Hence

(13)
∞
∑
𝑘=1

(𝜆𝑘 − 𝜆1)𝑑2𝑘 = 0.

Consequently
𝑑𝑘 = (𝑢,𝑤𝑘) = 0 if 𝜆𝑘 > 𝜆1.

Since 𝜆1 has finite multiplicity, it follows that

(14) 𝑢 =
𝑚
∑
𝑘=1

(𝑢, 𝑤𝑘)𝑤𝑘

for some 𝑚, where 𝐿𝑤𝑘 = 𝜆1𝑤𝑘. Therefore

(15) 𝐿𝑢 =
𝑚
∑
𝑘=1

(𝑢, 𝑤𝑘)𝐿𝑤𝑘 = 𝜆1𝑢.

This proves (10).
6. Next we will show that if 𝑢 ∈ 𝐻1

0(𝑈) is a weak solution of (10), 𝑢 ≢ 0,
then either
(16) 𝑢 > 0 in 𝑈
or else
(17) 𝑢 < 0 in 𝑈.
To see this, let us assume without loss of generality that ‖𝑢‖𝐿2 = 1 and note
(18) 𝛼 + 𝛽 = 1
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for
𝛼 ≔ ∫

𝑈
(𝑢+)2 𝑑𝑥, 𝛽 ≔ ∫

𝑈
(𝑢−)2 𝑑𝑥.

Furthermore since 𝑢± ∈ 𝐻1
0(𝑈), with

𝐷𝑢+ = {𝐷𝑢 a.e. on {𝑢 ≥ 0}
0 a.e. on {𝑢 ≤ 0},

𝐷𝑢− = {0 a.e. on {𝑢 ≥ 0}
−𝐷𝑢 a.e. on {𝑢 ≤ 0}

(cf. Problem 18 in Chapter 5), we have 𝐵[𝑢+, 𝑢−] = 0. Accordingly
𝜆1 = 𝐵[𝑢, 𝑢] = 𝐵[𝑢+, 𝑢+] + 𝐵[𝑢−, 𝑢−]
≥ 𝜆1‖𝑢+‖2𝐿2(𝑈) + 𝜆1‖𝑢−‖2𝐿2(𝑈) by (5)
= (𝛼 + 𝛽)𝜆1 = 𝜆1.

But then we see that the inequality above must in fact be an equality, and so
𝐵[𝑢+, 𝑢+] = 𝜆1‖𝑢+‖2𝐿2(𝑈), 𝐵[𝑢−, 𝑢−] = 𝜆1‖𝑢−‖2𝐿2(𝑈).

Therefore the claim proved in step 5 asserts

(19) {
𝐿𝑢+ = 𝜆1𝑢+ in 𝑈
𝑢+ = 0 on 𝜕𝑈

and

(20) {
𝐿𝑢− = 𝜆1𝑢− in 𝑈
𝑢− = 0 on 𝜕𝑈

in the weak sense.
7. Next, since the coefficients 𝑎𝑖𝑗 are smooth, we deduce from (19) that

𝑢+ ∈ 𝐶∞(𝑈) and
𝐿𝑢+ = 𝜆1𝑢+ ≥ 0 in 𝑈.

The function 𝑢+ is therefore a supersolution. Thus the strong maximum prin-
ciple implies either 𝑢+ > 0 in 𝑈 or else 𝑢+ ≡ 0 in 𝑈. Similar arguments apply
to 𝑢−, and so either (16) or (17) holds.

8. Finally assume that 𝑢 and 𝑢̃ are two nontrivial weak solutions of (10).
In view of steps 6 and 7 above

∫
𝑈
𝑢̃ 𝑑𝑥 ≠ 0,

and so there exists a real constant 𝜒 such that

(21) ∫
𝑈
𝑢 − 𝜒𝑢̃ 𝑑𝑥 = 0.
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But since 𝑢 − 𝜒𝑢̃ is also a weak solution of (10), steps 6 and 7 and the equality
(21) imply 𝑢 ≡ 𝜒𝑢̃ in 𝑈. Hence the eigenvalue 𝜆1 is simple. □

6.5.2. Eigenvalues of nonsymmetric elliptic operators. We will now con-
sider a uniformly elliptic operator 𝐿 in the nondivergence form:

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢.

Let us for simplicity assume that 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶∞(𝑈̄), that 𝑈 is open, bounded
and connected, and that 𝜕𝑈 is smooth. We suppose also 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 =
1, . . . , 𝑛) and
(22) 𝑐 ≥ 0 in 𝑈.
Notice however that in general the operator 𝐿 will not equal its formal adjoint.
We therefore cannot invoke as above the abstract theory from §D.6. And in fact
𝐿 will in general have complex eigenvalues and eigenfunctions.

Remarkably, however, the principal eigenvalue of 𝐿 is real, and the corre-
sponding eigenfunction is of one sign within 𝑈.

THEOREM 3 (Principal eigenvalue for nonsymmetric elliptic operators).
(i) There exists a real eigenvalue 𝜆1 > 0 for the operator 𝐿, taken with zero

boundary conditions, such that if 𝜆 ∈ ℂ is any other eigenvalue, we have
Re(𝜆) ≥ 𝜆1.

(ii) There exists a corresponding eigenfunction 𝑤1, which is positive within
𝑈.

(iii) The eigenvalue 𝜆1 is simple; that is, if 𝑢 is any solution of (1), then 𝑢 is a
multiple of 𝑤1.

Proof∗.
1. Choose𝑚 = [𝑛2 ]+3 and consider the Banach space𝑋 = 𝐻𝑚(𝑈)∩𝐻1

0(𝑈).
According to Theorem 6 in §5.6.3, 𝑋 ⊂ 𝐶2(𝑈̄). We define the linear, compact
operator 𝐴 ∶ 𝑋 → 𝑋 by setting 𝐴𝑓 = 𝑢, where 𝑢 is the unique solution of

(23) {
𝐿𝑢 = 𝑓 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Next define the cone
𝐶 = { 𝑢 ∈ 𝑋 ∣ 𝑢 ≥ 0 in 𝑈 }.

∗Omit on first reading.
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According to the maximum principle, 𝐴 ∶ 𝐶 → 𝐶.
2. Hereafter fix any function 𝑤 ∈ 𝐶, 𝑤 ≢ 0. Employing the strong maxi-

mum principle and Hopf’s Lemma, we deduce

(24) 𝑣 > 0 in 𝑈, 𝜕𝑣
𝜕𝜈 < 0 on 𝜕𝑈

for 𝑣 = 𝐴(𝑤).
Remember that 𝑤 = 0 on 𝜕𝑈. So in view of (24) there exists a constant

𝜇 > 0 so that

(25) 𝜇𝑣 ≥ 𝑤 in 𝑈.
3. Fix 𝜖 > 0, 𝜂 > 0, and consider then the equation

(26) 𝑢 = 𝜂𝐴[𝑢 + 𝜖𝑤]
for the unknown 𝑢 ∈ 𝐶. We claim that

(27) if (26) has a solution 𝑢, then 𝜂 ≤ 𝜇.

To verify this assertion, suppose in fact 𝑢 ∈ 𝐶 solves (26). We compute

𝑢 ≥ 𝜂𝐴[𝜖𝑤] = 𝜂𝜖𝑣 ≥ 𝜂
𝜇 𝜖𝑤,

according to (25). Hence

𝑢 ≥ 𝜂𝐴𝑢 ≥ 𝜂2𝜖
𝜇 𝐴𝑤 = 𝜂2𝜖

𝜇 𝑣 ≥ (𝜂𝜇)
2
𝜖𝑤.

Continuing, we deduce

𝑢 ≥ (𝜂𝜇)
𝑘
𝜖𝑤 (𝑘 = 1, . . . ),

a contradiction unless 𝜂 ≤ 𝜇. This observation confirms the assertion (27).
4. Define

𝑆𝜖 ≔ {𝑢 ∈ 𝐶 ∣ there exists 0 ≤ 𝜂 ≤ 2𝜇 such that 𝑢 = 𝜂𝐴[𝑢 + 𝜖𝑤] }.
We assert that

(28) 𝑆𝜖 is unbounded in 𝑋.
Indeed, if this were not so, it would follow that the equation

𝑢 = 2𝜇𝐴[𝑢 + 𝜖𝑤]
has a solution, in contradiction to (27). To draw this conclusion we have ap-
plied the variant for mappings on convex sets of Schaefer’s fixed point theorem,
stated in §9.2.2.
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5. Owing to (28), there exist

(29) 0 ≤ 𝜂𝜖 ≤ 2𝜇

and 𝑣𝜖 ∈ 𝐶, with ‖𝑣𝜖‖𝑋 ≥ 1
𝜖 , satisfying

(30) 𝑣𝜖 = 𝜂𝜖𝐴[𝑣𝜖 + 𝜖𝑤].

Renormalize by setting

(31) 𝑢𝜖 ≔
𝑣𝜖

‖𝑣𝜖‖𝑋
.

Using (29)–(31) and the compactness of the operator 𝐴, we obtain a subse-
quence 𝜖𝑘 → 0 so that

𝜂𝜖𝑘 → 𝜂 and 𝑢𝜖𝑘 → 𝑢 in 𝑋.

Then (31) implies

(32) ‖𝑢‖𝑋 = 1, 𝑢 ∈ 𝐶.

Since 𝑢𝜖 = 𝜂𝜖𝐴 [𝑢𝜖 + 𝜖𝑤
‖𝑣𝜖‖𝑋

] , we deduce in the limit that 𝑢 = 𝜂𝐴𝑢. In view of
(32), 𝜂 > 0. We may consequently rewrite the above to read

{
𝐿𝑤1 = 𝜆1𝑤1 in 𝑈
𝑤1 = 0 on 𝜕𝑈,

for 𝜆1 = 𝜂, 𝑢 = 𝑤1. Thus 𝜆1 is a real eigenvalue for the operator 𝐿, taken with
zero boundary conditions, and 𝑤1 ≥ 0 is a corresponding eigenfunction. In
view of the strong maximum principle and Hopf’s Lemma, we have

(33) 𝑤1 > 0 in 𝑈, 𝜕𝑤1
𝜕𝜈 < 0 on 𝜕𝑈.

Additionally, we know 𝑤1 is smooth, owing to the regularity theory in §6.3.
6. All expressions occurring in steps 1–5 above are real. Suppose now 𝜆 ∈

ℂ and 𝑢 is a complex-valued solution of

(34) {
𝐿𝑢 = 𝜆𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈.

Now choose any smooth function𝑤 ∶ 𝑈 → ℝ, with𝑤 > 0 in𝑈, and set 𝑣 ≔ ᵆ
𝑤 .

We compute

(35)
𝜆𝑣 = 1

𝑤𝐿(𝑣𝑤) by (34)

= 𝐿𝑣 − 𝑐𝑣 − 2
𝑤

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑤𝑥𝑗𝑣𝑥𝑖 +
𝑣
𝑤𝐿𝑤.
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Writing

𝐾𝑣 ≔ −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏′𝑖𝑣𝑥𝑖

for 𝑏′𝑖 ≔ 𝑏𝑖 − 2
𝑤 ∑𝑛

𝑗=1 𝑎𝑖𝑗𝑤𝑥𝑗 (𝑖 = 1, . . . , 𝑛), we deduce from (35) that

(36) 𝐾𝑣 + (𝐿𝑤𝑤 − 𝜆) 𝑣 = 0 in 𝑈.

Take complex conjugates:

(37) 𝐾 ̄𝑣 + (𝐿𝑤𝑤 − ̄𝜆) ̄𝑣 = 0 in 𝑈.

Next we compute

(38) 𝐾(|𝑣|2) = 𝐾(𝑣 ̄𝑣) = ̄𝑣𝐾𝑣 + 𝑣𝐾 ̄𝑣 − 2
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖 ̄𝑣𝑥𝑗 ≤ ̄𝑣𝐾𝑣 + 𝑣𝐾 ̄𝑣,

since
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝜉𝑖 ̄𝜉𝑗 =
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(Re(𝜉𝑖) Re(𝜉𝑗) + Im(𝜉𝑖) Im(𝜉𝑗)) ≥ 0

for 𝜉 ∈ ℂ𝑛. Combining (36)–(38), we discover

𝐾(|𝑣|2) ≤ 2 (Re 𝜆 − 𝐿𝑤
𝑤 ) |𝑣|2.

Now choose

(39) 𝑤 ≔ 𝑤1−𝜖
1

for 0 < 𝜖 < 1. Then

𝐿𝑤 = (1 − 𝜖)
𝑤𝜖
1

𝐿𝑤1 +
𝜖(1 − 𝜖)
𝑤1+𝜖
1

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑤1,𝑥𝑖𝑤1,𝑥𝑗 + 𝜖𝑐𝑤1−𝜖
1 ≥ (1 − 𝜖)𝜆1𝑤.

Consequently
𝐾(|𝑣|2) ≤ 2(Re 𝜆 − (1 − 𝜖)𝜆1)|𝑣|2 in 𝑈.

Thus if Re(𝜆) ≤ (1 − 𝜖)𝜆1, then 𝐾(|𝑣|2) ≤ 0 in 𝑈. As 𝑣 = 0 on 𝜕𝑈, according
to (33) and (39), we deduce from the maximum principle that 𝑣 = ᵆ

𝑤 = 0 in 𝑈.
Thus 𝑢 ≡ 0 in 𝑈 and so 𝜆 cannot be an eigenvalue. This conclusion obtains for
each 𝜖 > 0, and so Re 𝜆 ≥ 𝜆1 if 𝜆 is any complex eigenvalue.

7. Finally, let 𝑢 be any (possibly complex-valued) solution of

(40) {
𝐿𝑢 = 𝜆1𝑢 in 𝑈
𝑢 = 0 on 𝜕𝑈.
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Since Re(𝑢) and Im(𝑢) also solve (40), we may as well suppose from the outset
𝑢 is real-valued. Replacing 𝑢 by −𝑢 if needs be, we may also suppose 𝑢 > 0
somewhere in 𝑈. Now set

(41) 𝜒 ≔ sup{ 𝜇 > 0 ∣ 𝑤1 − 𝜇𝑢 ≥ 0 in 𝑈 }.
Then 0 < 𝜒 < ∞. Write 𝑣 = 𝑤1 − 𝜒𝑢; so that 𝑣 ≥ 0 in 𝑈 and

{
𝐿𝑣 = 𝜆1𝑣 ≥ 0 in 𝑈
𝑣 = 0 on 𝜕𝑈.

Now if 𝑣 is not identically zero, the strong maximum principle and Hopf’s
Lemma imply

𝑣 > 0 in 𝑈, 𝜕𝑣
𝜕𝜈 < 0 on 𝜕𝑈.

Thus
𝑣 − 𝜖𝑢 ≥ 0 in 𝑈 for some 𝜖 > 0,

and so
𝑤1 − (𝜒 + 𝜖)𝑢 ≥ 0 in 𝑈,

a contradiction to (41). Hence 𝑣 ≡ 0 in 𝑈, and so 𝑢 is a multiple of 𝑤1. □

6.6. PROBLEMS

In the following exercises we assume the coefficients of the various PDE are
smooth and satisfy the uniform ellipticity condition. Also 𝑈 ⊂ ℝ𝑛 is always an
open, bounded set, with smooth boundary 𝜕𝑈.

1. Consider Laplace’s equation with potential function 𝑐:
(∗) −Δ𝑢 + 𝑐𝑢 = 0,

and the divergence structure equation:

(∗∗) −div(𝑎𝐷𝑣) = 0,
where the function 𝑎 is positive.
(a) Show that if 𝑢 solves (∗) and𝑤 > 0 also solves (∗), then 𝑣 ≔ 𝑢/𝑤 solves

(∗∗) for 𝑎 ≔ 𝑤2.
(b) Conversely, show that if 𝑣 solves (∗∗), then 𝑢 ≔ 𝑣𝑎1/2 solves (∗) for

some potential 𝑐.
2. Let

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗 + 𝑐𝑢.
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Prove that there exists a constant 𝜇 > 0 such that the corresponding bi-
linear form 𝐵[⋅, ⋅] satisfies the hypotheses of the Lax–Milgram Theorem,
provided

𝑐(𝑥) ≥ −𝜇 (𝑥 ∈ 𝑈).
3. A function 𝑢 ∈ 𝐻2

0(𝑈) is a weak solution of this boundary-value problem
for the biharmonic equation

(∗) {
Δ2𝑢 = 𝑓 in 𝑈

𝑢 = 𝜕𝑢
𝜕𝜈 = 0 on 𝜕𝑈

provided

∫
𝑈
Δ𝑢Δ𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥

for all 𝑣 ∈ 𝐻2
0(𝑈). Given 𝑓 ∈ 𝐿2(𝑈), prove that there exists a unique weak

solution of (∗).
4. Assume 𝑈 is connected. A function 𝑢 ∈ 𝐻1(𝑈) is a weak solution of Neu-
mann’s problem

(∗) {
−Δ𝑢 = 𝑓 in 𝑈
𝜕𝑢
𝜕𝜈 = 0 on 𝜕𝑈

if

∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥

for all 𝑣 ∈ 𝐻1(𝑈). Suppose 𝑓 ∈ 𝐿2(𝑈). Prove (∗) has a weak solution if and
only if

∫
𝑈
𝑓 𝑑𝑥 = 0.

5. Explain how to define 𝑢 ∈ 𝐻1(𝑈) to be a weak solution of Poisson’s equa-
tion with Robin boundary conditions:

{
−Δ𝑢 = 𝑓 in 𝑈

𝑢 + 𝜕𝑢
𝜕𝜈 = 0 on 𝜕𝑈.

Discuss the existence and uniqueness of a weak solution for a given 𝑓 ∈
𝐿2(𝑈).

6. Suppose 𝑈 is connected and 𝜕𝑈 consists of two disjoint, closed sets Γ1 and
Γ2. Define what it means for 𝑢 to be a weak solution of Poisson’s equation
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with mixed Dirichlet–Neumann boundary conditions:

⎧⎪
⎨⎪
⎩

−Δ𝑢 = 𝑓 in 𝑈
𝑢 = 0 on Γ1

𝜕𝑢
𝜕𝜈 = 0 on Γ2.

Discuss the existence and uniqueness of weak solutions.
7. Let 𝑢 ∈ 𝐻1(ℝ𝑛) have compact support and be a weak solution of the semi-

linear PDE
−Δ𝑢 + 𝑐(𝑢) = 𝑓 in ℝ𝑛,

where 𝑓 ∈ 𝐿2(ℝ𝑛) and 𝑐 ∶ ℝ → ℝ is smooth, with 𝑐(0) = 0 and 𝑐 ′ ≥ 0.
Assume also 𝑐(𝑢) ∈ 𝐿2(ℝ𝑛)

Derive the estimate

‖𝐷2𝑢‖𝐿2 ≤ 𝐶‖𝑓‖𝐿2 .

(Hint: Mimic the proof of Theorem 1 in §6.3.1, but without the cutoff func-
tion 𝜁.)

8. Let 𝑢 be a smooth solution of the uniformly elliptic equation

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑢𝑥𝑖𝑥𝑗 = 0

in 𝑈. Assume that the coefficients have bounded derivatives.
Set 𝑣 ≔ |𝐷𝑢|2 + 𝜆𝑢2 and show that

𝐿𝑣 ≤ 0 in 𝑈

if 𝜆 is large enough. Deduce

‖𝐷𝑢‖𝐿∞(𝑈) ≤ 𝐶(‖𝐷𝑢‖𝐿∞(𝜕𝑈) + ‖𝑢‖𝐿∞(𝜕𝑈)).

9. Assume 𝑢 is a smooth solution of 𝐿𝑢 = −∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 = 𝑓 in 𝑈, 𝑢 = 0

on 𝜕𝑈, where 𝑓 is bounded. Fix 𝑥0 ∈ 𝜕𝑈. A barrier at 𝑥0 is a 𝐶2 function
𝑤 such that

𝐿𝑤 ≥ 1 in 𝑈, 𝑤(𝑥0) = 0, 𝑤 ≥ 0 on 𝜕𝑈.

Show that if 𝑤 is a barrier at 𝑥0, there exists a constant 𝐶 such that

|𝐷𝑢(𝑥0)| ≤ 𝐶 |||
𝜕𝑤
𝜕𝜈 (𝑥

0)||| .
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10. Assume 𝑈 is connected. Use (a) energy methods and (b) the maxi-
mum principle to show that the only smooth solutions of the Neumann
boundary-value problem

{
−Δ𝑢 = 0 in 𝑈
𝜕𝑢
𝜕𝜈 = 0 on 𝜕𝑈

are 𝑢 ≡ 𝐶, for some constant 𝐶.
11. Assume 𝑢 ∈ 𝐻1(𝑈) is a bounded weak solution of

−
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗 = 0 in 𝑈.

Let 𝜙 ∶ ℝ → ℝ be convex and smooth, and set𝑤 = 𝜙(𝑢). Show𝑤 is a weak
subsolution; that is, 𝐵[𝑤, 𝑣] ≤ 0 for all 𝑣 ∈ 𝐻1

0(𝑈), 𝑣 ≥ 0.
12. We say that the uniformly elliptic operator

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢

satisfies the weak maximum principle if for all 𝑢 ∈ 𝐶2(𝑈) ∩ 𝐶(𝑈̄)

{𝐿𝑢 ≤ 0 in 𝑈
𝑢 ≤ 0 on 𝜕𝑈

implies that 𝑢 ≤ 0 in 𝑈.
Suppose that there exists a function 𝑣 ∈ 𝐶2(𝑈)∩𝐶(𝑈̄) such that 𝐿𝑣 ≥ 0

in 𝑈 and 𝑣 > 0 on 𝑈̄. Show that 𝐿 satisfies the weak maximum principle.
(Hint: Find an elliptic operator 𝑀 with no zeroth-order term such that

𝑤 ≔ 𝑢/𝑣 satisfies 𝑀𝑤 ≤ 0 in the region {𝑢 > 0}. To do this, first compute
(𝑣2𝑤𝑥𝑖)𝑥𝑗 .)

13. (Courant minimax principle) Let 𝐿 = −∑𝑛
𝑖,𝑗=1(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗 , where ((𝑎𝑖𝑗)) is

symmetric. Assume the operator 𝐿, with zero boundary conditions, has
eigenvalues 0 < 𝜆1 < 𝜆2 ≤ ⋯ . Show

𝜆𝑘 = max
𝑆∈Σ𝑘−1

min
ᵆ∈𝑆⊥

‖ᵆ‖𝐿2=1

𝐵[𝑢, 𝑢] (𝑘 = 1, 2, . . . ).

Here Σ𝑘−1 denotes the collection of (𝑘 − 1)-dimensional subspaces of
𝐻1
0(𝑈).

14. Let 𝜆1 be the principal eigenvalue of the uniformly elliptic, nonsymmetric
operator

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢,
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taken with zero boundary conditions. Prove the “max-min” representation
formula:

𝜆1 = sup
ᵆ
inf
𝑥
𝐿𝑢(𝑥)
𝑢(𝑥) ,

the “sup” taken over functions 𝑢 ∈ 𝐶∞(𝑈̄) with 𝑢 > 0 in 𝑈, 𝑢 = 0 on 𝜕𝑈,
and the “inf” taken over points 𝑥 ∈ 𝑈.

(Hint: Consider the eigenfunction 𝑤∗
1 corresponding to 𝜆1 for the ad-

joint operator 𝐿∗.)
15. (Eigenvalues and domain variations) Consider a family of smooth,

bounded domains 𝑈(𝜏) ⊂ ℝ𝑛 that depend smoothly upon the parameter
𝜏 ∈ ℝ. As 𝜏 changes, each point on 𝜕𝑈(𝜏) moves with velocity v.

For each 𝜏, we consider eigenvalues 𝜆 = 𝜆(𝜏) and corresponding eigen-
functions 𝑤 = 𝑤(𝑥, 𝜏):

{
−Δ𝑤 = 𝜆𝑤 in 𝑈(𝜏)

𝑤 = 0 on 𝜕𝑈(𝜏),
normalized so that ‖𝑤‖𝐿2(𝑈(𝜏)) = 1. Suppose that 𝜆 and 𝑤 are smooth
functions of 𝜏 and 𝑥.

Prove Hadamard’s variational formula

̇𝜆 = −∫
𝜕𝑈(𝜏)

|||
𝜕𝑤
𝜕𝜈

|||
2
v ⋅ 𝜈 𝑑𝑆,

where ⋅ = 𝑑
𝑑𝜏 and v ⋅ 𝜈 is the normal velocity of 𝜕𝑈(𝜏).

(Hint: Use the calculus formula from §C.4.)
16. (Radiation condition) If we separate variables to look for a complex-valued

solution of the wave equation having the form 𝑢 = 𝑒−𝑖𝜍𝑡𝑤 for 𝑤 = 𝑤(𝑥)
and 𝜎 ∈ ℝ, 𝜎 ≠ 0, we are led to the eigenvalue problem

(∗) −Δ𝑤 = 𝜆𝑤 in ℝ𝑛

where 𝜆 ≔ 𝜎2.
(a) Show that 𝑤 = 𝑒𝑖𝜍𝜔⋅𝑥 solves (∗), provided |𝜔| = 1. Then 𝑢 = 𝑒𝑖𝜍(𝜔⋅𝑥−𝑡)

is a traveling wave solution of the wave equation.
(b) Show that for 𝑛 = 3, the function Φ ≔ 𝑒𝑖𝜍|𝑥|

4𝜋|𝑥| solves

−ΔΦ = 𝜆Φ + 𝛿0 in ℝ3.
(c) The Sommerfeld radiation condition requires for a solution of (∗) that

lim
𝑟→∞

𝑟(𝑤𝑟 − 𝑖𝜎𝑤) = 0,

for 𝑤𝑟 ≔ 𝐷𝑤 ⋅ 𝑥
|𝑥| . Prove that the solution 𝑤 from (a) does not satisfy

this condition but that Φ from (b) does.
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17. (Continuation) Prove that if 𝑤 is a complex-valued solution of eigenvalue
problem (∗) in ℝ3 and if 𝑤 satisfies the radiation condition, then 𝑤 ≡ 0.

(Hints: First observe that

0 = ∫
𝐵(0,𝑅)

𝑤̄Δ𝑤 − 𝑤Δ𝑤̄ 𝑑𝑥 = ∫
𝜕𝐵(0,𝑅)

𝑤̄𝑤𝑟 − 𝑤𝑤̄𝑟 𝑑𝑆.

Use this and the radiation condition to show

∫
𝜕𝐵(0,𝑅)

|𝑤𝑟|2 + 𝜎2|𝑤|2 𝑑𝑆 = ∫
𝜕𝐵(0,𝑅)

|𝑤𝑟 − 𝑖𝜎𝑤|2 𝑑𝑆 → 0

as 𝑅 → ∞. Given now a point 𝑥0 ∈ ℝ3, select 𝑅 > |𝑥0|. Then

𝑤(𝑥0) = ∫
𝜕𝐵(0,𝑅)

Φ𝑤𝑟 − 𝑤Φ𝑟 𝑑𝑆,

where Φ = Φ(𝑥 − 𝑥0). Show the integral goes to zero as 𝑅 → ∞.)
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Chapter 7

Linear Evolution
Equations

This long chapter studies various linear partial differential equations that in-
volve time. We often call such PDE evolution equations, the idea being that the
solution evolves in time from a given initial configuration. We will study by
energy methods general second-order parabolic and hyperbolic equations and
also certain first-order hyperbolic systems. The Fourier transform, utilized in
§7.3, and the semigroup technique, discussed in §7.4, provide alternative ap-
proaches.

7.1. SECOND-ORDER PARABOLIC EQUATIONS

Second-order parabolic PDE are natural generalizations of the heat equation
(§2.3). We will study in this section the existence and uniqueness of appropri-
ately defined weak solutions, their smoothness and other properties.

7.1.1. Definitions.
a. Parabolic equations. For this chapter we assume 𝑈 to be an open,
bounded subset of ℝ𝑛 and as before set 𝑈𝑇 = 𝑈 × (0, 𝑇] for some fixed time
𝑇 > 0.

We will first study the initial/boundary-value problem

(1)
⎧
⎨
⎩

𝑢𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

349
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where 𝑓 ∶ 𝑈𝑇 → ℝ and 𝑔 ∶ 𝑈 → ℝ are given and 𝑢 ∶ 𝑈̄𝑇 → ℝ is the
unknown, 𝑢 = 𝑢(𝑥, 𝑡). The letter 𝐿 denotes for each time 𝑡 a second-order
partial differential operator, having either the divergence form

(2) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥, 𝑡)𝑢𝑥𝑖)𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥, 𝑡)𝑢𝑥𝑖 + 𝑐(𝑥, 𝑡)𝑢

or else the nondivergence form

(3) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥, 𝑡)𝑢𝑥𝑖 + 𝑐(𝑥, 𝑡)𝑢,

for given coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛).

DEFINITION. We say that the partial differential operator 𝜕
𝜕𝑡+𝐿 is (uniformly)

parabolic if there exists a constant 𝜃 > 0 such that

(4)
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2

for all (𝑥, 𝑡) ∈ 𝑈𝑇 , 𝜉 ∈ ℝ𝑛.

Remark. Note in particular that for each fixed time 0 ≤ 𝑡 ≤ 𝑇 the operator 𝐿
is a uniformly elliptic operator in the spatial variable 𝑥.

An obvious example is 𝑎𝑖𝑗 ≡ 𝛿𝑖𝑗, 𝑏𝑖 ≡ 𝑐 ≡ 𝑓 ≡ 0, in which case 𝐿 = −Δ
and the PDE 𝜕ᵆ

𝜕𝑡 + 𝐿𝑢 = 0 becomes the heat equation. We will see in fact that
solutions of the general second-order parabolic PDE are similar in many ways
to solutions of the heat equation.

General second-order parabolic equations describe in physical applications
the time-evolution of the density of some quantity 𝑢, say a chemical concen-
tration, within the region 𝑈. As noted for the equilibrium setting (i.e., second-
order elliptic PDE, in §6.1.1), the second-order term ∑𝑛

𝑖,𝑗=1 𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 describes
diffusion, the first-order term ∑𝑛

𝑖=1 𝑏𝑖𝑢𝑥𝑖 describes transport, and the zeroth-
order term 𝑐𝑢 describes creation or depletion.

The Fokker–Planck and Kolmogorov equations from the probabilistic study
of diffusion processes are also second-order parabolic equations.
b. Weak solutions. Mimicking the developments in §6.1.2 for elliptic equa-
tions, we consider first the case that𝐿has the divergence form (2) and try to find
an appropriate notion of weak solution for the initial/boundary-value problem
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(1). We assume for now that

𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐿∞(𝑈𝑇) (𝑖, 𝑗 = 1, . . . , 𝑛),(5)
𝑓 ∈ 𝐿2(𝑈𝑇),(6)
𝑔 ∈ 𝐿2(𝑈).(7)

We will also always suppose 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).
Let us now define, by analogy with the notation introduced in Chapter 6,

the time-dependent bilinear form

(8) 𝐵[𝑢, 𝑣; 𝑡] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(⋅, 𝑡)𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(⋅, 𝑡)𝑢𝑥𝑖𝑣 + 𝑐(⋅, 𝑡)𝑢𝑣 𝑑𝑥

for 𝑢, 𝑣 ∈ 𝐻1
0(𝑈) and a.e. 0 ≤ 𝑡 ≤ 𝑇.

Motivation for definition of weak solution. To make plausible the follow-
ing definition of weak solution, let us first temporarily suppose that 𝑢 = 𝑢(𝑥, 𝑡)
is in fact a smooth solution of our parabolic problem (1). We now switch our
viewpoint, by associating with 𝑢 a mapping

u ∶ [0, 𝑇] → 𝐻1
0(𝑈)

defined by
[u(𝑡)](𝑥) ≔ 𝑢(𝑥, 𝑡) (𝑥 ∈ 𝑈, 0 ≤ 𝑡 ≤ 𝑇).

In other words, we are going to consider 𝑢 not as a function of 𝑥 and 𝑡 together,
but rather as a mappingu of 𝑡 into the space𝐻1

0(𝑈) of functions of 𝑥. This point
of view will greatly clarify the following presentation.

Returning to problem (1), let us similarly define

f ∶ [0, 𝑇] → 𝐿2(𝑈)

by
[f(𝑡)](𝑥) ≔ 𝑓(𝑥, 𝑡) (𝑥 ∈ 𝑈, 0 ≤ 𝑡 ≤ 𝑇).

Then if we fix a function 𝑣 ∈ 𝐻1
0(𝑈), we can multiply the PDE 𝜕ᵆ

𝜕𝑡 + 𝐿𝑢 = 𝑓 by
𝑣 and integrate by parts, to find

(9) (u′, 𝑣) + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣) (′ = 𝑑
𝑑𝑡)

for each 0 ≤ 𝑡 ≤ 𝑇, the pairing ( , ) denoting inner product in 𝐿2(𝑈).
Next, observe that

(10) 𝑢𝑡 = 𝑔0 +
𝑛
∑
𝑗=1

𝑔𝑗𝑥𝑗 in 𝑈𝑇
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for 𝑔0 ≔ 𝑓−∑𝑛
𝑖=1 𝑏𝑖𝑢𝑥𝑖−𝑐𝑢 and 𝑔𝑗 ≔ ∑𝑛

𝑖=1 𝑎𝑖𝑗𝑢𝑥𝑖 (𝑗 = 1, . . . , 𝑛). Consequently
(10) and the definitions from §5.9.1 imply the right-hand side of (10) lies in the
Sobolev space 𝐻−1(𝑈), with

‖𝑢𝑡‖𝐻−1(𝑈) ≤ (
𝑛
∑
𝑗=0

‖𝑔𝑗‖2𝐿2(𝑈))
1/2

≤ 𝐶 (‖𝑢‖𝐻1
0(𝑈) + ‖𝑓‖𝐿2(𝑈)) .

This estimate suggests it may be reasonable to look for a weak solution with
u′ ∈ 𝐻−1(𝑈) for a.e. time 0 ≤ 𝑡 ≤ 𝑇, in which case the first term in (9) can be
reexpressed as ⟨u′, 𝑣⟩, ⟨ , ⟩ being the pairing of 𝐻−1(𝑈) and 𝐻1

0(𝑈).
All these considerations motivate the following

DEFINITION. We say a function

u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), with u′ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)),

is a weak solution of the parabolic initial/boundary-value problem (1) provided

(i) ⟨u′, 𝑣⟩ + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣) for each 𝑣 ∈ 𝐻1
0(𝑈) and a.e. time 0 ≤ 𝑡 ≤ 𝑇

and
(ii) u(0) = 𝑔.

Remark. In view of Theorem 3 in §5.9.2, we seeu ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈)), and thus
the equality (ii) makes sense.

7.1.2. Existence of weak solutions.
a. Galerkin approximations. We intend to build a weak solution of the par-
abolic problem

(11)
⎧
⎨
⎩

𝑢𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}

by first constructing solutions of certain finite-dimensional approximations to
(11) and then passing to limits. This is called Galerkin’s method.

More precisely, assume the functions 𝑤𝑘 = 𝑤𝑘(𝑥) (𝑘 = 1, . . . ) are smooth,

(12) {𝑤𝑘}∞𝑘=1 is an orthogonal basis of 𝐻1
0(𝑈),

and

(13) {𝑤𝑘}∞𝑘=1 is an orthonormal basis of 𝐿2(𝑈).

(For instance, we could take {𝑤𝑘}∞𝑘=1 to be the complete set of appropriately
normalized eigenfunctions for 𝐿 = −Δ in 𝐻1

0(𝑈): see §6.5.1.)
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Fix now a positive integer 𝑚. We will look for a function u𝑚 ∶ [0, 𝑇] →
𝐻1
0(𝑈) of the form

(14) u𝑚(𝑡) ≔
𝑚
∑
𝑘=1

𝑑𝑘𝑚(𝑡)𝑤𝑘,

where we hope to select the coefficients 𝑑𝑘𝑚(𝑡) (0 ≤ 𝑡 ≤ 𝑇, 𝑘 = 1, . . . , 𝑚) so that

(15) 𝑑𝑘𝑚(0) = (𝑔, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚)

and

(16) (u′𝑚, 𝑤𝑘) + 𝐵[u𝑚, 𝑤𝑘; 𝑡] = (f, 𝑤𝑘) (0 ≤ 𝑡 ≤ 𝑇, 𝑘 = 1, . . . , 𝑚).

(Here, as before, ( , ) denotes the inner product in 𝐿2(𝑈).)
Thus we seek a function u𝑚 of the form (14) that satisfies the “projection”

(16) of problem (11) onto the finite-dimensional subspace spanned by {𝑤𝑘}𝑚𝑘=1.

THEOREM 1 (Construction of approximate solutions). For each integer𝑚 =
1, 2, . . . there exists a unique function u𝑚 of the form (14) satisfying (15), (16).

Proof. Assuming u𝑚 has the structure (14), we first note from (13) that

(17) (u′𝑚(𝑡), 𝑤𝑘) = 𝑑𝑘𝑚
′(𝑡).

Furthermore

(18) 𝐵[u𝑚, 𝑤𝑘; 𝑡] =
𝑚
∑
𝑙=1

𝑒𝑘𝑙(𝑡)𝑑𝑙𝑚(𝑡),

for 𝑒𝑘𝑙(𝑡) ≔ 𝐵[𝑤𝑙, 𝑤𝑘; 𝑡] (𝑘, 𝑙 = 1, . . . ,𝑚). Let us further write 𝑓𝑘(𝑡) ≔ (f(𝑡), 𝑤𝑘)
(𝑘 = 1, . . . , 𝑚). Then (16) becomes the linear system of ODE

(19) 𝑑𝑘𝑚
′(𝑡) +

𝑚
∑
𝑙=1

𝑒𝑘𝑙(𝑡)𝑑𝑙𝑚(𝑡) = 𝑓𝑘(𝑡) (𝑘 = 1, . . . , 𝑚),

subject to the initial conditions (15). According to standard existence theory
for ordinary differential equations, there exists a unique absolutely continuous
function d𝑚(𝑡) = (𝑑1𝑚(𝑡), . . . , 𝑑𝑚𝑚(𝑡)) satisfying (15) and (19) for a.e. 0 ≤ 𝑡 ≤ 𝑇.
And then u𝑚 defined by (14) solves (16) for a.e. 0 ≤ 𝑡 ≤ 𝑇. □

b. Energy estimates. We propose now to send 𝑚 to infinity and to show a
subsequence of our solutions u𝑚 of the approximate problems (15), (16) con-
verges to a weak solution of (11). For this we will need some uniform estimates.
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THEOREM 2 (Energy estimates). There exists a constant𝐶, depending only on
𝑈, 𝑇 and the coefficients of 𝐿, such that

(20)
max
0≤𝑡≤𝑇

‖u𝑚(𝑡)‖𝐿2(𝑈) + ‖u𝑚‖𝐿2(0,𝑇;𝐻1
0(𝑈)) + ‖u′𝑚‖𝐿2(0,𝑇;𝐻−1(𝑈))

≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐿2(𝑈))
for𝑚 = 1, 2, . . . .

Proof.
1. Multiply equation (16) by 𝑑𝑘𝑚(𝑡), sum for 𝑘 = 1, . . . , 𝑚, and then recall

(14) to find

(21) (u′𝑚,u𝑚) + 𝐵[u𝑚,u𝑚; 𝑡] = (f,u𝑚)
for a.e. 0 ≤ 𝑡 ≤ 𝑇. We proved in §6.2.2 that there exist constants 𝛽 > 0, 𝛾 ≥ 0
such that

(22) 𝛽‖u𝑚‖2𝐻1
0(𝑈) ≤ 𝐵[u𝑚,u𝑚; 𝑡] + 𝛾‖u𝑚‖2𝐿2(𝑈)

for all 0 ≤ 𝑡 ≤ 𝑇, 𝑚 = 1, . . . . Furthermore |(f,u𝑚)| ≤ 1
2‖f‖

2
𝐿2(𝑈) +

1
2‖u𝑚‖

2
𝐿2(𝑈),

and (u′𝑚,u𝑚) =
𝑑
𝑑𝑡(

1
2‖u𝑚‖

2
𝐿2(𝑈)) for a.e. 0 ≤ 𝑡 ≤ 𝑇. Consequently (21) yields

the inequality

(23) 𝑑
𝑑𝑡 (‖u𝑚‖

2
𝐿2(𝑈)) + 2𝛽‖u𝑚‖2𝐻1

0(𝑈) ≤ 𝐶1‖u𝑚‖2𝐿2(𝑈) + 𝐶2‖f‖2𝐿2(𝑈)

for a.e. 0 ≤ 𝑡 ≤ 𝑇 and appropriate constants 𝐶1 and 𝐶2.
2. Now write

(24) 𝜂(𝑡) ≔ ‖u𝑚(𝑡)‖2𝐿2(𝑈)

and

(25) 𝜉(𝑡) ≔ ‖f(𝑡)‖2𝐿2(𝑈).
Then (23) implies

𝜂′(𝑡) ≤ 𝐶1𝜂(𝑡) + 𝐶2𝜉(𝑡)
for a.e. 0 ≤ 𝑡 ≤ 𝑇. Thus the differential form of Gronwall’s inequality (§B.2)
yields the estimate

(26) 𝜂(𝑡) ≤ 𝑒𝐶1𝑡 (𝜂(0) + 𝐶2∫
𝑡

0
𝜉(𝑠) 𝑑𝑠) (0 ≤ 𝑡 ≤ 𝑇).

Since 𝜂(0) = ‖u𝑚(0)‖2𝐿2(𝑈) ≤ ‖𝑔‖2𝐿2(𝑈) by (15), we obtain from (24)–(26) the
estimate

max
0≤𝑡≤𝑇

‖u𝑚(𝑡)‖2𝐿2(𝑈) ≤ 𝐶 (‖𝑔‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))) .
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3. Returning once more to inequality (23), we integrate from 0 to 𝑇 and
employ the inequality above to find

‖u𝑚‖2𝐿2(0,𝑇;𝐻1
0(𝑈)) = ∫

𝑇

0
‖u𝑚‖2𝐻1

0(𝑈) 𝑑𝑡

≤ 𝐶 (‖𝑔‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))) .

4. Fix any 𝑣 ∈ 𝐻1
0(𝑈), with ‖𝑣‖𝐻1

0(𝑈) ≤ 1, and write 𝑣 = 𝑣1 + 𝑣2, where
𝑣1 ∈ span{𝑤𝑘}𝑚𝑘=1 and (𝑣2, 𝑤𝑘) = 0 (𝑘 = 1, . . . ,𝑚). Since the functions {𝑤𝑘}∞𝑘=0
are orthogonal in 𝐻1

0(𝑈), ‖𝑣1‖𝐻1
0(𝑈) ≤ ‖𝑣‖𝐻1

0(𝑈) ≤ 1. Utilizing (16), we deduce
for a.e. 0 ≤ 𝑡 ≤ 𝑇 that

(u′𝑚, 𝑣1) + 𝐵[u𝑚, 𝑣1; 𝑡] = (f, 𝑣1).
Then (14) implies

⟨u′𝑚, 𝑣⟩ = (u′𝑚, 𝑣) = (u′𝑚, 𝑣1) = (f, 𝑣1) − 𝐵[u𝑚, 𝑣1; 𝑡].
Consequently

|⟨u′𝑚, 𝑣⟩| ≤ 𝐶(‖f‖𝐿2(𝑈) + ‖u𝑚‖𝐻1
0(𝑈)),

since ‖𝑣1‖𝐻1
0(𝑈) ≤ 1. Thus

‖u′𝑚‖𝐻−1(𝑈) ≤ 𝐶(‖f‖𝐿2(𝑈) + ‖u𝑚‖𝐻1
0(𝑈)),

and therefore

∫
𝑇

0
‖u′𝑚‖2𝐻−1(𝑈) 𝑑𝑡 ≤ 𝐶∫

𝑇

0
‖f‖2𝐿2(𝑈) + ‖u𝑚‖2𝐻1

0(𝑈) 𝑑𝑡

≤ 𝐶(‖𝑔‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))). □

c. Existence and uniqueness. Next we pass to limits as 𝑚 → ∞, to build a
weak solution of our initial/boundary-value problem (11).

THEOREM3 (Existence of weak solution). There exists aweak solution of (11).

Proof.
1. According to the energy estimates (20), we see that the sequence {u𝑚}∞𝑚=1

is bounded in 𝐿2(0, 𝑇;𝐻1
0(𝑈)) and {u′𝑚}∞𝑚=1 is bounded in 𝐿2(0, 𝑇;𝐻−1(𝑈)).

Consequently there exists a subsequence {u𝑚𝑙 }∞𝑙=1 ⊂ {u𝑚}∞𝑚=1 and a func-
tion u ∈ 𝐿2(0, 𝑇;𝐻1

0(𝑈)), with u′ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)), such that

(27) {u𝑚𝑙 ⇀ u weakly in 𝐿2(0, 𝑇;𝐻1
0(𝑈))

u′𝑚𝑙
⇀ u′ weakly in 𝐿2(0, 𝑇;𝐻−1(𝑈)).

(See §D.4 and Problem 5.)
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2. Next fix an integer𝑁 and choose a function v ∈ 𝐶1([0, 𝑇]; 𝐻1
0(𝑈))having

the form

(28) v(𝑡) =
𝑁
∑
𝑘=1

𝑑𝑘(𝑡)𝑤𝑘,

where {𝑑𝑘}𝑁𝑘=1 are given smooth functions. We choose 𝑚 ≥ 𝑁, multiply (16)
by 𝑑𝑘(𝑡), sum 𝑘 = 1, . . . , 𝑁, and then integrate with respect to 𝑡 to find

(29) ∫
𝑇

0
⟨u′𝑚, v⟩ + 𝐵[u𝑚, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.

We set 𝑚 = 𝑚𝑙 and recall (27), to find upon passing to weak limits that

(30) ∫
𝑇

0
⟨u′, v⟩ + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.

This equality then holds for all functions v ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), as functions of

the form (28) are dense in this space. Hence in particular

(31) ⟨u′, 𝑣⟩ + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣)
for each 𝑣 ∈ 𝐻1

0(𝑈) and a.e. 0 ≤ 𝑡 ≤ 𝑇. From Theorem 3 in §5.9.2 we see that
furthermore u ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈)).

3. In order to prove u(0) = 𝑔, we first note from (30) that

(32) ∫
𝑇

0
−⟨v′,u⟩ + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (u(0), v(0))

for each v ∈ 𝐶1([0, 𝑇]; 𝐻1
0(𝑈)) with v(𝑇) = 0. Similarly, from (29) we deduce

(33) ∫
𝑇

0
−⟨v′,u𝑚⟩ + 𝐵[u𝑚, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (u𝑚(0), v(0)).

We set 𝑚 = 𝑚𝑙 and once again employ (27) to find

(34) ∫
𝑇

0
−⟨v′,u⟩ + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (𝑔, v(0)),

since u𝑚𝑙(0) → 𝑔 in 𝐿2(𝑈). As v(0) is arbitrary, comparing (32) and (34), we
conclude u(0) = 𝑔. □

THEOREM 4 (Uniqueness of weak solutions). A weak solution of (11) is
unique.

Proof. It suffices to check that the only weak solution of (11) with f ≡ 𝑔 ≡ 0
is

(35) u ≡ 0.
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To prove this, observe that by setting v = u in identity (31) (for f ≡ 0) we learn,
using Theorem 3 in §5.9.2, that

(36) 𝑑
𝑑𝑡(

1
2‖u‖

2
𝐿2(𝑈)) + 𝐵[u,u; 𝑡] = ⟨u′,u⟩ + 𝐵[u,u; 𝑡] = 0.

Since
𝐵[u,u; 𝑡] ≥ 𝛽‖u‖2𝐻1

0(𝑈) − 𝛾‖u‖2𝐿2(𝑈) ≥ −𝛾‖u‖2𝐿2(𝑈),

Gronwall’s inequality and (36) imply (35). □

7.1.3. Regularity. In this section we discuss the regularity of our weak solu-
tions u to the initial/boundary-value problem for second-order parabolic equa-
tions. Our eventual goal is to prove that u is smooth, provided the coefficients
of the PDE, the boundary of the domain, etc. are smooth. The following pre-
sentation mirrors that from §6.3.
Motivation: formal derivation of estimates. (i) To gain some insight as to
what regularity assertions could possibly be valid, let us temporarily suppose
𝑢 = 𝑢(𝑥, 𝑡) is a smooth solution of this initial-value problem for the heat equa-
tion:

(37) {
𝑢𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0, 𝑇]

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0},

and assume also 𝑢 goes to zero as |𝑥| → ∞ sufficiently rapidly to justify the
following computations. We then calculate for 0 ≤ 𝑡 ≤ 𝑇

(38)

∫
ℝ𝑛
𝑓2 𝑑𝑥 = ∫

ℝ𝑛
(𝑢𝑡 − Δ𝑢)2 𝑑𝑥

= ∫
ℝ𝑛
𝑢2𝑡 − 2Δ𝑢𝑢𝑡 + (Δ𝑢)2 𝑑𝑥

= ∫
ℝ𝑛
𝑢2𝑡 + 2𝐷𝑢 ⋅ 𝐷𝑢𝑡 + (Δ𝑢)2 𝑑𝑥.

Now 2𝐷𝑢 ⋅ 𝐷𝑢𝑡 = 𝑑
𝑑𝑡 (|𝐷𝑢|

2), and consequently

∫
𝑡

0
∫
ℝ𝑛
2𝐷𝑢 ⋅ 𝐷𝑢𝑡 𝑑𝑥𝑑𝑠 = ∫

ℝ𝑛
|𝐷𝑢|2 𝑑𝑥||𝑠=𝑡𝑠=0.

Furthermore, as demonstrated in §6.3,

∫
ℝ𝑛
(Δ𝑢)2 𝑑𝑥 = ∫

ℝ𝑛
|𝐷2𝑢|2 𝑑𝑥.
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We utilize the two equalities above in (38) and integrate in time, to obtain

(39)
sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝐷𝑢|2 𝑑𝑥 +∫

𝑇

0
∫
ℝ𝑛
𝑢2𝑡 + |𝐷2𝑢|2 𝑑𝑥𝑑𝑡

≤ 𝐶 (∫
𝑇

0
∫
ℝ𝑛
𝑓2 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷𝑔|2 𝑑𝑥) .

We therefore see that we can estimate the 𝐿2-norms of 𝑢𝑡 and 𝐷2𝑢 within ℝ𝑛 ×
(0, 𝑇), in terms of the 𝐿2-norm of 𝑓 onℝ𝑛×(0, 𝑇) and the 𝐿2-norm of𝐷𝑔 onℝ𝑛.

(ii) Next differentiate the PDE with respect to 𝑡 and set 𝑢̃ ≔ 𝑢𝑡. Then

(40) {
𝑢̃𝑡 − Δ𝑢̃ = ̃𝑓 in ℝ𝑛 × (0, 𝑇]

𝑢̃ = ̃𝑔 on ℝ𝑛 × {𝑡 = 0},
for ̃𝑓 ≔ 𝑓𝑡, ̃𝑔 ≔ 𝑢𝑡(⋅, 0) = 𝑓(⋅, 0) + Δ𝑔. Multiplying by 𝑢̃, integrating by parts
and invoking Gronwall’s inequality, we deduce

(41)
sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝑢𝑡|2 𝑑𝑥 +∫

𝑇

0
∫
ℝ𝑛
|𝐷𝑢𝑡|2 𝑑𝑥𝑑𝑡

≤ 𝐶 (∫
𝑇

0
∫
ℝ𝑛
𝑓2𝑡 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷2𝑔|2 + 𝑓(⋅, 0)2 𝑑𝑥) .

But

(42) max
0≤𝑡≤𝑇

‖𝑓(⋅, 𝑡)‖𝐿2(ℝ𝑛) ≤ 𝐶(‖𝑓‖𝐿2(ℝ𝑛×(0,𝑇)) + ‖𝑓𝑡‖𝐿2(ℝ𝑛×(0,𝑇))),

according to Theorem 2(iii) of §5.9.2. Furthermore, writing −Δ𝑢 = 𝑓 − 𝑢𝑡, we
find as in §6.3 that

(43) ∫
ℝ𝑛
|𝐷2𝑢|2 𝑑𝑥 ≤ 𝐶∫

ℝ𝑛
𝑓2 + 𝑢2𝑡 𝑑𝑥.

Combining (41)–(43) leads us to the estimate

(44)
sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝑢𝑡|2 + |𝐷2𝑢|2 𝑑𝑥 +∫

𝑇

0
∫
ℝ𝑛
|𝐷𝑢𝑡|2 𝑑𝑥𝑑𝑡

≤ 𝐶 (∫
𝑇

0
∫
ℝ𝑛
𝑓2𝑡 + 𝑓2 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷2𝑔|2 𝑑𝑥) ,

for some constant 𝐶.
The foregoing formal computations suggest that we have estimates corre-

sponding to (39) and (44) for our weak solution to a general second-order par-
abolic PDE. These calculations do not constitute a proof, however, since our
weak solution of (11), constructed in §7.1.2, is not smooth enough to justify
the foregoing computations.
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We will instead calculate using the Galerkin approximations. To streamline
the presentation, we hereafter assume that {𝑤𝑘}∞𝑘=1 is the complete collection of
eigenfunctions for−Δ on𝐻1

0(𝑈) and that𝑈 is bounded, open, with 𝜕𝑈 smooth.
We furthermore suppose that

(45) {the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛) are smooth on
𝑈̄ and do not depend on 𝑡.

THEOREM 5 (Improved regularity).
(i) Assume

𝑔 ∈ 𝐻1
0(𝑈), f ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)).

Suppose also u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), with u′ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)), is the weak

solution of

⎧
⎨
⎩

𝑢𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}.

Then in fact

u ∈ 𝐿2(0, 𝑇;𝐻2(𝑈)) ∩ 𝐿∞(0, 𝑇;𝐻1
0(𝑈)), u′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)),

and we have the estimate

(46)
ess sup
0≤𝑡≤𝑇

‖u(𝑡)‖𝐻1
0(𝑈) + ‖u‖𝐿2(0,𝑇;𝐻2(𝑈)) + ‖u′‖𝐿2(0,𝑇;𝐿2(𝑈))

≤ 𝐶 (‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻1
0(𝑈)) ,

the constant 𝐶 depending only on 𝑈, 𝑇 and the coefficients of 𝐿.
(ii) If, in addition,

𝑔 ∈ 𝐻2(𝑈), f′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)),

then

u ∈ 𝐿∞(0, 𝑇;𝐻2(𝑈)), u′ ∈ 𝐿∞(0, 𝑇; 𝐿2(𝑈)) ∩ 𝐿2(0, 𝑇;𝐻1
0(𝑈)),

u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)),

with the estimate

(47)
ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻2(𝑈) + ‖u′(𝑡)‖𝐿2(𝑈)) + ‖u′‖𝐿2(0,𝑇;𝐻1
0(𝑈))

+‖u″‖𝐿2(0,𝑇;𝐻−1(𝑈)) ≤ 𝐶(‖f‖𝐻1(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻2(𝑈)).

Assertions (i), (ii) of Theorem 5 are precise versions of the formal estimates
(39), (44) (for the heat equation on 𝑈 = ℝ𝑛).



360 7. Linear Evolution Equations

Proof.
1. Fixing 𝑚 ≥ 1, we multiply equation (16) in §7.1.2 by 𝑑𝑘𝑚

′(𝑡) and sum
𝑘 = 1, . . . , 𝑚, to discover

(u′𝑚,u′𝑚) + 𝐵[u𝑚,u′𝑚] = (f,u′𝑚)

for a.e. 0 ≤ 𝑡 ≤ 𝑇. Now

𝐵[u𝑚,u′𝑚] = ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗u𝑚,𝑥𝑖u
′
𝑚,𝑥𝑗 𝑑𝑥

+∫
𝑈

𝑛
∑
𝑖=1

𝑏𝑖u𝑚,𝑥𝑖u
′
𝑚 + 𝑐u𝑚u′𝑚 𝑑𝑥

≕ 𝐴 + 𝐵.

Since 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛) and these coefficients do not depend on 𝑡, we
see 𝐴 = 𝑑

𝑑𝑡(
1
2𝐴[u𝑚,u𝑚]), for the symmetric bilinear form

𝐴[𝑢, 𝑣] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥 (𝑢, 𝑣 ∈ 𝐻1
0(𝑈)).

Furthermore,

|𝐵| ≤ 𝐶
𝜖 ‖u𝑚‖

2
𝐻1

0(𝑈) + 𝜖‖u′𝑚‖2𝐿2(𝑈), |(f,u′𝑚)| ≤
𝐶
𝜖 ‖f‖

2
𝐿2(𝑈) + 𝜖‖u′𝑚‖2𝐿2(𝑈)

for each 𝜖 > 0.
2. Combining the above inequalities, we deduce

‖u′𝑚‖2𝐿2(𝑈) +
𝑑
𝑑𝑡(

1
2𝐴[u𝑚,u𝑚])

≤ 𝐶
𝜖 (‖u𝑚‖

2
𝐻1

0(𝑈) + ‖f‖2𝐿2(𝑈)) + 2𝜖‖u′𝑚‖2𝐿2(𝑈).

Choosing 𝜖 = 1
4 and integrating, we find

∫
𝑇

0
‖u′𝑚‖2𝐿2(𝑈)𝑑𝑡 + sup

0≤𝑡≤𝑇
𝐴[u𝑚(𝑡),u𝑚(𝑡)]

≤ 𝐶 (𝐴[u𝑚(0),u𝑚(0)] +∫
𝑇

0
‖u𝑚‖2𝐻1

0(𝑈) + ‖f‖2𝐿2(𝑈)𝑑𝑡)

≤ 𝐶(‖𝑔‖2𝐻1
0(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))),

according to Theorem 2 in §7.1.2, where we estimated

‖u𝑚(0)‖𝐻1
0(𝑈) ≤ ‖𝑔‖𝐻1

0(𝑈).
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As 𝐴[𝑢, 𝑢] ≥ 𝜃 ∫𝑈 |𝐷𝑢|2 𝑑𝑥 for each 𝑢 ∈ 𝐻1
0(𝑈), we find that

(48) sup
0≤𝑡≤𝑇

‖u𝑚(𝑡)‖2𝐻1
0(𝑈) ≤ 𝐶(‖𝑔‖2𝐻1

0(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))).

Passing to limits as 𝑚 = 𝑚𝑙 → ∞, we deduce u ∈ 𝐿∞(0, 𝑇;𝐻1
0(𝑈)), u′ ∈

𝐿2(0, 𝑇; 𝐿2(𝑈)), with the stated bounds; cf. Problem 6.
3. In particular, for a.e. 𝑡 we have the identity

(u′, 𝑣) + 𝐵[u, 𝑣] = (f, 𝑣)

for each 𝑣 ∈ 𝐻1
0(𝑈). This equality we rewrite to read

𝐵[u, 𝑣] = (h, 𝑣)

for h ≔ f − u′. Since h(𝑡) ∈ 𝐿2(𝑈) for a.e. 0 ≤ 𝑡 ≤ 𝑇, we deduce from the
elliptic regularity Theorem 4 in §6.3.2 that u(𝑡) ∈ 𝐻2(𝑈) for a.e. 0 ≤ 𝑡 ≤ 𝑇,
with the estimate

(49)
‖u‖2𝐻2(𝑈) ≤ 𝐶(‖h‖2𝐿2(𝑈) + ‖u‖2𝐿2(𝑈))

≤ 𝐶(‖f‖2𝐿2(𝑈) + ‖u′‖2𝐿2(𝑈) + ‖u‖2𝐿2(𝑈)).

Integrating and utilizing the estimates from step 2, we complete the proof of (i).
4. The goal next is to establish higher regularity for our weak solution. So

now suppose 𝑔 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈), f ∈ 𝐻1(0, 𝑇; 𝐿2(𝑈)). Fix 𝑚 ≥ 1 and differen-

tiate equation (16) in §7.1.2 with respect to 𝑡. Owing to (45), we find

(50) (ũ′𝑚, 𝑤𝑘) + 𝐵[ũ𝑚, 𝑤𝑘] = (f′, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚),

where ũ𝑚 ≔ u′𝑚. Multiply (50) by 𝑑𝑘′𝑚(𝑡) and sum 𝑘 = 1, . . . , 𝑚:

(ũ′𝑚, ũ𝑚) + 𝐵[ũ𝑚, ũ𝑚] = (f′, ũ𝑚).

Employing Gronwall’s inequality, we deduce

(51)
sup
0≤𝑡≤𝑇

‖u′𝑚(𝑡)‖2𝐿2(𝑈) +∫
𝑇

0
‖u′𝑚‖2𝐻1

0(𝑈) 𝑑𝑡

≤ 𝐶(‖u′𝑚(0)‖2𝐿2(𝑈) + ‖f′‖2𝐿2(0,𝑇;𝐿2(𝑈)))
≤ 𝐶(‖f‖2𝐻1(0,𝑇;𝐿2(𝑈)) + ‖u𝑚(0)‖2𝐻2(𝑈)).

We employed (16) in the last inequality.
5. We must estimate the last term in (51). Remember that we have taken

{𝑤𝑘}∞𝑘=1 to be the complete collection of (smooth) eigenfunctions for −Δ on
𝐻1
0(𝑈). In particular, Δu𝑚 = 0 on 𝜕𝑈. Thus

‖u𝑚(0)‖2𝐻2(𝑈) ≤ 𝐶‖Δu𝑚(0)‖2𝐿2(𝑈) = 𝐶(u𝑚(0), Δ2u𝑚(0)).
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Since Δ2u𝑚(0) ∈ span{𝑤𝑘}𝑚𝑘=1 and (u𝑚(0), 𝑤𝑘) = (𝑔, 𝑤𝑘) for 𝑘 = 1, . . . , 𝑚, we
have

‖u𝑚(0)‖2𝐻2(𝑈) ≤ 𝐶(𝑔, Δ2u𝑚(0)) = 𝐶(Δ𝑔, Δu𝑚(0))

≤ 1
2‖u𝑚(0)‖

2
𝐻2(𝑈) + 𝐶‖𝑔‖2𝐻2(𝑈).

Hence ‖u𝑚(0)‖𝐻2(𝑈) ≤ 𝐶‖𝑔‖𝐻2(𝑈). Therefore (51) implies

(52)
sup
0≤𝑡≤𝑇

‖u′𝑚(𝑡)‖2𝐿2(𝑈) +∫
𝑇

0
‖u′𝑚‖2𝐻1

0(𝑈) 𝑑𝑡

≤ 𝐶(‖f‖2𝐻1(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖2𝐻2(𝑈)).
6. Now

𝐵[u𝑚, 𝑤𝑘] = (f − u′𝑚, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚).
Let 𝜆𝑘 denote the 𝑘th eigenvalue of −Δ on 𝐻1

0(𝑈). Multiplying the above iden-
tity by 𝜆𝑘𝑑𝑘𝑚(𝑡) and summing 𝑘 = 1, . . . , 𝑚, we deduce for 0 ≤ 𝑡 ≤ 𝑇 that

(53) 𝐵[u𝑚, −Δu𝑚] = (f − u′𝑚, −Δu𝑚).
Since Δu𝑚 = 0 on 𝜕𝑈, we see 𝐵[u𝑚, −Δu𝑚] = (𝐿u𝑚, −Δu𝑚). Next we invoke
the inequality

(54) 𝛽‖𝑢‖2𝐻2(𝑈) ≤ (𝐿𝑢,−Δ𝑢) + 𝛾‖𝑢‖2𝐿2(𝑈) (𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈))

for constants 𝛽 > 0, 𝛾 ≥ 0. (See Problem 9 and also the remark following the
proof.)

We thereupon conclude from (53) that

‖u𝑚‖𝐻2(𝑈) ≤ 𝐶(‖f‖𝐿2(𝑈) + ‖u′𝑚‖𝐿2(𝑈) + ‖u𝑚‖𝐿2(𝑈)).
This inequality, (52), (48) and Theorem 2 in §5.9.2 imply

sup
0≤𝑡≤𝑇

(‖u′𝑚(𝑡)‖2𝐿2(𝑈) + ‖u𝑚(𝑡)‖2𝐻2(𝑈)) +∫
𝑇

0
‖u′𝑚‖2𝐻1

0(𝑈) 𝑑𝑡

≤ 𝐶(‖f‖2𝐻1(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖2𝐻2(𝑈)).
Passing to limits as 𝑚 = 𝑚𝑙 →∞, we deduce the same bound for u.

7. It remains to show u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)). To do so, take 𝑣 ∈ 𝐻1
0(𝑈),

with ‖𝑣‖𝐻1
0(𝑈) ≤ 1, and write 𝑣 = 𝑣1 + 𝑣2, as in the proof of Theorem 2 in

§7.1.2. Then for a.e. time 0 ≤ 𝑡 ≤ 𝑇
⟨u″𝑚, 𝑣⟩ = (u″𝑚, 𝑣) = (u″𝑚, 𝑣1) = (f′, 𝑣1) − 𝐵[u′𝑚, 𝑣1]

according to (50), since u″𝑚 = ũ′𝑚. Consequently

|⟨u″𝑚, 𝑣⟩| ≤ 𝐶(‖f′‖𝐿2(𝑈) + ‖u′𝑚‖𝐻1
0(𝑈)),
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since ‖𝑣1‖𝐻1
0(𝑈) ≤ 1. Thus

‖u″𝑚‖𝐻−1(𝑈) ≤ 𝐶(‖f′‖𝐿2(𝑈) + ‖u′𝑚‖𝐻1
0(𝑈)),

and so u″𝑚 is bounded in 𝐿2(0, 𝑇;𝐻−1(𝑈)). Passing to limits, we deduce that
u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)), with the stated estimate. □

Remark. If 𝐿were symmetric, we could alternatively have taken {𝑤𝑘}∞𝑘=1 to be
a basis of eigenfunctions of 𝐿 on 𝐻1

0(𝑈) and so avoided the need for inequality
(54).

Let us now build upon the previous regularity assertion:

THEOREM 6 (Higher regularity). Assume

𝑔 ∈ 𝐻2𝑚+1(𝑈), 𝑑
𝑘f
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻2𝑚−2𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚).

Suppose also that the following𝑚𝑡ℎ-order compatibility conditions hold:

{𝑔0 ≔ 𝑔 ∈ 𝐻1
0(𝑈), 𝑔1 ≔ f(0) − 𝐿𝑔0 ∈ 𝐻1

0(𝑈),
. . . , 𝑔𝑚 ≔ 𝑑𝑚−1f

𝑑𝑡𝑚−1 (0) − 𝐿𝑔𝑚−1 ∈ 𝐻1
0(𝑈).

Then
𝑑𝑘u
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻2𝑚+2−2𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1);

and we have the estimate

(55)

𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+2−2𝑘(𝑈))

≤ 𝐶 (
𝑚
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚−2𝑘(𝑈))

+ ‖𝑔‖𝐻2𝑚+1(𝑈)) ,

the constant 𝐶 depending only on𝑚, 𝑈, 𝑇 and the coefficients of 𝐿.

Remark. Taking into account Theorem 4 in §5.9.2, we see that

f(0) ∈ 𝐻2𝑚−1(𝑈), f′(0) ∈ 𝐻2𝑚−3(𝑈), . . . , f(𝑚−1)(0) ∈ 𝐻1(𝑈),

and consequently

𝑔0 ∈ 𝐻2𝑚+1(𝑈), 𝑔1 ∈ 𝐻2𝑚−1(𝑈), . . . , 𝑔𝑚 ∈ 𝐻1(𝑈).

The compatibility conditions are consequently the requirements that in addi-
tion each of these functions equals 0 on 𝜕𝑈, in the trace sense.
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Proof.

1. The proof is an induction on 𝑚, the case 𝑚 = 0 being Theorem 5(i)
above.

Assume now the theorem is valid for some nonnegative integer𝑚, and sup-
pose then

(56) 𝑔 ∈ 𝐻2𝑚+3(𝑈), 𝑑
𝑘f
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻2𝑚+2−2𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1)

and the (𝑚+1)th-order compatibility conditions hold. Now set ũ ≔ u′. Differ-
entiating the PDE with respect to 𝑡, we check that ũ is the unique weak solution
of

(57)
⎧
⎨
⎩

𝑢̃𝑡 + 𝐿𝑢̃ = ̃𝑓 in 𝑈𝑇
𝑢̃ = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢̃ = ̃𝑔 on 𝑈 × {𝑡 = 0},

for ̃𝑓 ≔ 𝑓𝑡, ̃𝑔 ≔ 𝑓(⋅, 0)−𝐿𝑔. In particular, for𝑚 = 0we rely upon Theorem 5(ii)
to be sure that ũ ∈ 𝐿2(0, 𝑇;𝐻1

0(𝑈)), ũ′ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)).
Since 𝑓 and 𝑔 satisfy the (𝑚+1)th-order compatibility conditions, it follows

that ̃𝑓 and ̃𝑔 satisfy the 𝑚th-order compatibility condition. Thus applying the
induction assumption, we deduce

𝑑𝑘ũ
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻2𝑚+2−2𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1)

and

𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘ũ
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+2−2𝑘(𝑈))

≤ 𝐶 (
𝑚
∑
𝑘=0

‖
‖‖
𝑑𝑘 ̃f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚−2𝑘(𝑈))

+ ‖ ̃𝑔‖𝐻2𝑚+1(𝑈))

for ̃f ≔ f′. Since ũ = u′, we can rewrite the foregoing:

𝑑𝑘u
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻2𝑚+4−2𝑘(𝑈)) (𝑘 = 1, . . . , 𝑚 + 2),
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(58)
𝑚+2
∑
𝑘=1

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+4−2𝑘(𝑈))

≤ 𝐶 (
𝑚+1
∑
𝑘=1

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+2−2𝑘(𝑈))

+ ‖f(0)‖𝐻2𝑚+1(𝑈) + ‖𝐿𝑔‖𝐻2𝑚+1(𝑈))

≤ 𝐶 (
𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+2−2𝑘(𝑈))

+ ‖𝑔‖𝐻2𝑚+3(𝑈)) .

Here we used the estimate

(59) ‖f(0)‖𝐻2𝑚+1(𝑈) ≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐻2𝑚+2(𝑈)) + ‖f′‖𝐿2(0,𝑇;𝐻2𝑚(𝑈))),

which follows from Theorem 4 in §5.9.2.
2. Now write for a.e. 0 ≤ 𝑡 ≤ 𝑇: 𝐿u = f−u′ ≕ h. According to Theorem 5

in §6.3.2, we have

‖u‖𝐻2𝑚+4(𝑈) ≤ 𝐶(‖h‖𝐻2𝑚+2(𝑈) + ‖u‖𝐿2(𝑈))
≤ 𝐶(‖f‖𝐻2𝑚+2(𝑈) + ‖u′‖𝐻2𝑚+2(𝑈) + ‖u‖𝐿2(𝑈)).

Integrating with respect to 𝑡 from 0 to 𝑇 and adding the resulting expression to
(58), we deduce

(60)
𝑚+2
∑
𝑘=0

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+4−2𝑘(𝑈))

≤ 𝐶(
𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻2𝑚+2−2𝑘(𝑈))

+ ‖𝑔‖𝐻2𝑚+3(𝑈) + ‖u‖𝐿2(0,𝑇;𝐿2(𝑈))).

Since
‖u‖𝐿2(0,𝑇;𝐿2(𝑈)) ≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐿2(𝑈)),

we thereby obtain the assertion of the theorem for 𝑚+ 1. □

THEOREM 7 (Infinite differentiability). Assume

𝑔 ∈ 𝐶∞(𝑈̄), 𝑓 ∈ 𝐶∞(𝑈̄𝑇),

and the𝑚𝑡ℎ-order compatibility conditions hold for𝑚 = 0, 1, . . . . Then the par-
abolic initial/boundary-value problem (11) has a unique solution

𝑢 ∈ 𝐶∞(𝑈̄𝑇).

Proof. Apply Theorem 6 for 𝑚 = 0, 1, . . . . □
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As we did for elliptic operators in Chapter 6, we have succeeded in repeat-
edly applying fairly straightforward “energy” estimates to produce a smooth
solution of our parabolic initial/boundary-value problem (1). This assertion
requires that the compatibility conditions hold for all 𝑚, and it is easy to see
that these conditions are necessary for the existence of a solution smooth on
all of 𝑈̄𝑇 .

Interior estimates, analogous to those developed for elliptic PDE in §6.3.1,
can also be derived, and these in particular do not require the compatibility
conditions.

7.1.4. Maximum principles. This section develops the maximum principle
and Harnack’s inequality for second-order parabolic operators.
a. Weak maximum principle. We will from now on assume that the oper-
ator 𝐿 has the nondivergence form

(61) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢,

where the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 are continuous. We will always suppose the uni-
form parabolicity condition from §7.1.1 and also that 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).
Recall also that the parabolic boundary of 𝑈𝑇 is Γ𝑇 = 𝑈̄𝑇 − 𝑈𝑇 .

THEOREM 8 (Weak maximum principle). Assume 𝑢 ∈ 𝐶2
1 (𝑈𝑇) ∩ 𝐶(𝑈̄𝑇) and

(62) 𝑐 ≡ 0 in 𝑈𝑇 .
(i) If

(63) 𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇 ,

then
max
𝑈̄𝑇

𝑢 = max
Γ𝑇

𝑢.

(ii) Likewise, if

(64) 𝑢𝑡 + 𝐿𝑢 ≥ 0 in 𝑈𝑇 ,

then
min
𝑈̄𝑇

𝑢 = min
Γ𝑇

𝑢.

A function 𝑢 satisfying the inequality (63) is called a subsolution, and so we
are asserting that a subsolution attains its maximum on the parabolic boundary
Γ𝑇 . Similarly, 𝑢 is a supersolution provided (64) holds, in which case 𝑢 attains
its minimum on Γ𝑇 .
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Proof.
1. Let us first suppose we have the strict inequality

(65) 𝑢𝑡 + 𝐿𝑢 < 0 in 𝑈𝑇 ,
but there exists a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 with 𝑢(𝑥0, 𝑡0) = max𝑈̄𝑇 𝑢.

2. If 0 < 𝑡0 < 𝑇, then (𝑥0, 𝑡0) belongs to the interior of𝑈𝑇 and consequently

(66) 𝑢𝑡 = 0 at (𝑥0, 𝑡0),
since 𝑢 attains its maximum at this point. On the other hand 𝐿𝑢 ≥ 0 at (𝑥0, 𝑡0),
as explained in the proof of Theorem 1 in §6.4. Thus 𝑢𝑡 + 𝐿𝑢 ≥ 0 at (𝑥0, 𝑡0), a
contradiction to (65).

3. Now suppose 𝑡0 = 𝑇. Then since 𝑢 attains its maximum over 𝑈̄𝑇 at
(𝑥0, 𝑡0), we see

𝑢𝑡 ≥ 0 at (𝑥0, 𝑡0).
Since we still have the inequality 𝐿𝑢 ≥ 0 at (𝑥0, 𝑡0), we once more deduce the
contradiction

𝑢𝑡 + 𝐿𝑢 ≥ 0 at (𝑥0, 𝑡0).
4. In the general case that (63) holds, write 𝑢𝜖(𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑡) − 𝜖𝑡 where

𝜖 > 0. Then
𝑢𝜖𝑡 + 𝐿𝑢𝜖 = 𝑢𝑡 + 𝐿𝑢 − 𝜖 < 0 in 𝑈𝑇 ,

and so max𝑈̄𝑇 𝑢𝜖 = maxΓ𝑇 𝑢𝜖. Let 𝜖 → 0 to find max𝑈̄𝑇 𝑢 = maxΓ𝑇 𝑢. This
proves assertion (i).

5. As −𝑢 is a subsolution whenever 𝑢 is a supersolution, assertion (ii) fol-
lows at once. □

Next we allow for zeroth-order terms.

THEOREM 9 (Weak maximum principle for 𝑐 ≥ 0). Assume 𝑢 ∈ 𝐶2
1 (𝑈𝑇) ∩

𝐶(𝑈̄𝑇) and
𝑐 ≥ 0 in 𝑈𝑇 .

(i) If
𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇 ,

then
max
𝑈̄𝑇

𝑢 ≤ max
Γ𝑇

𝑢+.

(ii) If
𝑢𝑡 + 𝐿𝑢 ≥ 0 in 𝑈𝑇 ,

then
min
𝑈̄𝑇

𝑢 ≥ −max
Γ𝑇

𝑢−.



368 7. Linear Evolution Equations

Remark. In particular, if 𝑢𝑡 + 𝐿𝑢 = 0 within 𝑈𝑇 , then

max
𝑈̄𝑇

|𝑢| = max
Γ𝑇

|𝑢|.

Proof.
1. Assume 𝑢 satisfies

(67) 𝑢𝑡 + 𝐿𝑢 < 0 in 𝑈𝑇
and attains a positive maximum at a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 . Since 𝑢(𝑥0, 𝑡0) > 0
and 𝑐 ≥ 0, we as above derive the contradiction

𝑢𝑡 + 𝐿𝑢 ≥ 0 at (𝑥0, 𝑡0).
2. If instead of (67), we have only

𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇 ,
then as before 𝑢𝜖(𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑡) − 𝜖𝑡 satisfies

𝑢𝜖𝑡 + 𝐿𝑢𝜖 < 0 in 𝑈𝑇 .
Furthermore if 𝑢 attains a positive maximum at some point in 𝑈𝑇 , then 𝑢𝜖 also
attains a positive maximum at some point belonging to 𝑈𝑇 , provided 𝜖 > 0 is
small enough. But then, as in the previous proof, we obtain a contradiction.

3. Assertion (ii) follows similarly. □

Remark. Unlike the situation for elliptic PDE, various versions of the maxi-
mum principle hold for parabolic PDE, even if the zeroth-order coefficient is
negative: see Problem 8.

b. Harnack’s inequality. Harnack’s inequality states that if 𝑢 is a nonneg-
ative solution of our parabolic PDE, then the maximum of 𝑢 in some interior
region at a positive time can be estimated by the minimum of 𝑢 in the same
region at a later time.

THEOREM 10 (Parabolic Harnack inequality). Assume 𝑢 ∈ 𝐶2
1 (𝑈𝑇) solves

(68) 𝑢𝑡 + 𝐿𝑢 = 0 in 𝑈𝑇
and

𝑢 ≥ 0 in 𝑈𝑇 .
Suppose 𝑉 ⊂⊂ 𝑈 is connected. Then for each 0 < 𝑡1 < 𝑡2 ≤ 𝑇, there exists a
constant 𝐶 such that

(69) sup
𝑉

𝑢(⋅, 𝑡1) ≤ 𝐶 inf
𝑉
𝑢(⋅, 𝑡2).

The constant 𝐶 depends only on 𝑉 , 𝑡1, 𝑡2, and the coefficients of 𝐿.
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This is true if the coefficients are continuous, or even merely bounded and
measurable; see Lieberman [Lb]. We will however provide a proof only for the
special case that 𝑏𝑖 ≡ 𝑐 ≡ 0 and the 𝑎𝑖𝑗 are smooth (𝑖, 𝑗 = 1, . . . , 𝑛). The
following computations are elementary but tricky.

Proof∗.
1. We may assume 𝑢 > 0 in 𝑈𝑇 , for otherwise we could apply the result to

𝑢 + 𝜖 and then let 𝜖 → 0+.
Set

(70) 𝑣 ≔ log 𝑢 in 𝑈𝑇 .
Using (68), we compute

(71) 𝑣𝑡 =
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 + 𝑎𝑖𝑗𝑣𝑥𝑖𝑣𝑥𝑗 in 𝑈𝑇 .

Define

(72) 𝑤 ≔
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 , 𝑤̃ ≔
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑣𝑥𝑗 ;

then (71) reads

(73) 𝑣𝑡 = 𝑤 + 𝑤̃.
2. We calculate using (72), (73) for 𝑘, 𝑙 = 1, . . . , 𝑛 that

𝑣𝑥𝑘𝑥𝑙𝑡 = 𝑤𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑖,𝑗=1

2𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑘𝑥𝑙𝑣𝑥𝑗 + 2𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 + 𝑅,

where the remainder term 𝑅 satisfies an estimate of the form

(74) |𝑅| ≤ 𝜖|𝐷2𝑣|2 + 𝐶(𝜖)|𝐷𝑣|2

for each 𝜖 > 0. Thus

𝑤𝑡 =
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑣𝑥𝑘𝑥𝑙𝑡 + 𝑎𝑘𝑙𝑡 𝑣𝑥𝑘𝑥𝑙

=
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤𝑥𝑘𝑥𝑙 + 2
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑗𝑤𝑥𝑖

+ 2
𝑛
∑

𝑖,𝑗,𝑘,𝑙=1
𝑎𝑖𝑗𝑎𝑘𝑙𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 + 𝑅,

∗Omit on first reading. A simpler version of these calculations appears in §6.4.3
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where 𝑅 now denotes another remainder term satisfying estimate (74). There-
fore choosing 𝜖 > 0 small enough in (74) and remembering the uniform
parabolicity condition, we discover

(75) 𝑤𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑤𝑥𝑘 ≥ 𝜃2|𝐷2𝑣|2 − 𝐶|𝐷𝑣|2 − 𝐶,

where

(76) 𝑏𝑘 ≔ −2
𝑛
∑
𝑙=1

𝑎𝑘𝑙𝑣𝑥𝑙 (𝑘 = 1, . . . , 𝑛).

3. Estimate (75) is a differential inequality for 𝑤, and our task next is to
obtain a similar inequality for 𝑤̃. Indeed, using (72) and (71), we compute

𝑤̃𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤̃𝑥𝑘𝑥𝑙 = 2
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖(𝑣𝑡𝑥𝑗 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑣𝑥𝑘𝑥𝑙𝑥𝑗)

− 2
𝑛
∑

𝑖,𝑗,𝑘,𝑙=1
𝑎𝑖𝑗𝑎𝑘𝑙𝑣𝑥𝑖𝑥𝑘𝑣𝑥𝑗𝑥𝑙 + 𝑅,

𝑅 yet another remainder term satisfying (74) for each 𝜖 > 0. Recalling (71) and
(76), we simplify to discover that

(77)
𝑤̃𝑡 −

𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤̃𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑤̃𝑥𝑘

≥ −𝐶|𝐷2𝑣|2 − 𝐶|𝐷𝑣|2 − 𝐶 in 𝑈𝑇 .
4. Next set

(78) 𝑤̂ ≔ 𝑤 + 𝜅𝑤̃,

𝜅 > 0 to be selected below. Combining (75) and (77), we deduce

(79) 𝑤̂𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤̂𝑥𝑘𝑥𝑙 +
𝑛
∑
𝑘=1

𝑏𝑘𝑤̂𝑥𝑘 ≥
𝜃2
2 |𝐷

2𝑣|2 − 𝐶|𝐷𝑣|2 − 𝐶

provided 0 < 𝜅 ≤ 1
2 is now fixed to be sufficiently small.

5. Suppose next 𝑉 ⊂⊂ 𝑈 is an open ball and 0 < 𝑡1 < 𝑡2 ≤ 𝑇. Choose a
cutoff function 𝜁 ∈ 𝐶∞(𝑈𝑇) such that

(80) {0 ≤ 𝜁 ≤ 1, 𝜁 = 0 on Γ𝑇 ,
𝜁 ≡ 1 on 𝑉 × [𝑡1, 𝑡2].

Note that 𝜁 vanishes along {𝑡 = 0}.
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Let 𝜇 be a positive constant (to be adjusted below), and assume then

(81) {𝜁
4𝑤̂ + 𝜇𝑡 attains a negative minimum

at some point (𝑥0, 𝑡0) ∈ 𝑈 × (0, 𝑇].
Consequently

(82) 𝜁𝑤̂𝑥𝑘 + 4𝜁𝑥𝑘𝑤̂ = 0 at (𝑥0, 𝑡0) (𝑘 = 1, . . . , 𝑛).
In addition

0 ≥ (𝜁4𝑤̂ + 𝜇𝑡)𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙(𝜁4𝑤̂ + 𝜇𝑡)𝑥𝑘𝑥𝑙 at (𝑥0, 𝑡0).

Hence at the point (𝑥0, 𝑡0),

(83) 0 ≥ 𝜇 + 𝜁4(𝑤̂𝑡 −
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙𝑤̂𝑥𝑘𝑥𝑙) − 2
𝑛
∑
𝑘,𝑙=1

𝑎𝑘𝑙(𝜁4)𝑥𝑙𝑤̂𝑥𝑘 + 𝑅̂,

where

(84) |𝑅̂| ≤ 𝐶𝜁2|𝑤̂|.
Recall now (79) and (82):

0 ≥ 𝜇 + 𝜁4 (𝜃
2

2 |𝐷
2𝑣|2 − 𝐶|𝐷𝑣|2 − 𝐶 −

𝑛
∑
𝑘=1

𝑏𝑘𝑤̂𝑥𝑘) + 𝑅̂,

𝑅̂ another remainder term satisfying estimate (84). Utilizing (82) and (76), we
deduce

(85) 0 ≥ 𝜇 + 𝜁4 (𝜃
2

2 |𝐷
2𝑣|2 − 𝐶|𝐷𝑣|2 − 𝐶) + 𝑅̃,

where now

(86) |𝑅̃| ≤ 𝐶𝜁2|𝑤̂| + 𝐶𝜁3|𝐷𝑣| |𝑤̂|.
Remember that (85), (86) are valid at the point (𝑥0, 𝑡0) where 𝜁4𝑤̂ + 𝜇𝑡 attains
a negative minimum. In particular, at this point 𝑤̂ = 𝑤 + 𝜅𝑤̃ < 0. Recalling
the definition (72) of 𝑤, 𝑤̃, we deduce

(87) |𝐷𝑣|2 ≤ 𝐶|𝐷2𝑣|,
and so

|𝑤̂| ≤ 𝐶|𝐷2𝑣| at (𝑥0, 𝑡0).
Consequently (86) implies the estimate

(88) |𝑅̃| ≤ 𝐶𝜁2|𝐷2𝑣| + 𝐶𝜁3|𝐷2𝑣|3/2 ≤ 𝜖𝜁4|𝐷2𝑣|2 + 𝐶(𝜖),
where we employed Young’s inequality with 𝜖 from §B.2. Making use of (85),
(87), (88), we at last discover a contradiction to (81), provided𝜇 is large enough.
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6. Therefore 𝜁4𝑤̂ + 𝜇𝑡 ≥ 0 in 𝑈𝑇 , and so in particular

𝑤̂ + 𝜇𝑡 ≥ 0 in 𝑉 × [𝑡1, 𝑡2].

Using (73), we deduce then that

(89) 𝑣𝑡 ≥ 𝛼|𝐷𝑣|2 − 𝛽 in 𝑉 × [𝑡1, 𝑡2]

for appropriate constants 𝛼, 𝛽 > 0.
7. The differential inequality (89) for 𝑣 = log 𝑢now leads us to the Harnack

inequality, as follows. Fix 𝑥1, 𝑥2 ∈ 𝑉 , 𝑡2 > 𝑡1. Then

𝑣(𝑥2, 𝑡2) − 𝑣(𝑥1, 𝑡1) = ∫
1

0

𝑑
𝑑𝑠𝑣(𝑠𝑥2 + (1 − 𝑠)𝑥1, 𝑠𝑡2 + (1 − 𝑠)𝑡1) 𝑑𝑠

= ∫
1

0
𝐷𝑣 ⋅ (𝑥2 − 𝑥1) + 𝑣𝑡(𝑡2 − 𝑡1) 𝑑𝑠

≥ ∫
1

0
−|𝐷𝑣| |𝑥2 − 𝑥1| + (𝑡2 − 𝑡1)[𝛼|𝐷𝑣|2 − 𝛽] 𝑑𝑠 by (89)

≥ −𝛾,

where 𝛾 depends only upon 𝛼, 𝛽, |𝑥1 − 𝑥2|, |𝑡1 − 𝑡2|. Thus (70) implies

log 𝑢(𝑥2, 𝑡2) ≥ log 𝑢(𝑥1, 𝑡1) − 𝛾,

and so
𝑢(𝑥2, 𝑡2) ≥ 𝑒−𝛾𝑢(𝑥1, 𝑡1).

This inequality is valid for each 𝑥1, 𝑥2 ∈ 𝑉 , and so (69) is valid in the case 𝑉 is
a ball. In the general case we cover 𝑉 ⊂⊂ 𝑈 with balls and repeatedly apply
the estimate above. □

c. Strongmaximumprinciple. Now we employ Harnack’s inequality to es-
tablish

THEOREM11 (Strong maximum principle). Assume𝑢 ∈ 𝐶2
1 (𝑈𝑇)∩𝐶(𝑈̄𝑇) and

𝑐 ≡ 0 in 𝑈𝑇 .

Suppose also 𝑈 is connected.

(i) If
𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇

and 𝑢 attains its maximum over 𝑈̄𝑇 at a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 , then

𝑢 is constant on 𝑈𝑡0 .
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Parabolic strong maximum principle

(ii) Likewise, if
𝑢𝑡 + 𝐿𝑢 ≥ 0 in 𝑈𝑇

and 𝑢 attains its minimum over 𝑈̄𝑇 at a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 , then
𝑢 is constant on 𝑈𝑡0 .

Thus our uniformly parabolic partial differential equations support “infi-
nite propagation speed of disturbances”.

We will for the following proofs assume that 𝑢 and the coefficients of 𝐿 are
in fact smooth.

Proof.
1. Assume 𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇 and 𝑢 attains its maximum at some point

(𝑥0, 𝑡0) ∈ 𝑈𝑇 .
Select a smooth, open set 𝑊 ⊂⊂ 𝑈, with 𝑥0 ∈ 𝑊 . Let 𝑣 solve

{
𝑣𝑡 + 𝐿𝑣 = 0 in 𝑊 𝑇

𝑣 = 𝑢 on Δ𝑇 ,

where Δ𝑇 denotes the parabolic boundary of 𝑊 𝑇 .
Then by the weak maximum principle 𝑢 ≤ 𝑣. Since

𝑢 ≤ 𝑣 ≤ 𝑀,
for 𝑀 ≔ max𝑈̄𝑇 𝑢, we deduce that 𝑣 = 𝑀 at (𝑥0, 𝑡0).
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2. Now write ̃𝑣 ≔ 𝑀 − 𝑣. Then, since 𝑐 ≡ 0, we have

(90) ̃𝑣𝑡 + 𝐿 ̃𝑣 = 0, ̃𝑣 ≥ 0 in 𝑊 𝑇 .
Choose any 𝑉 ⊂⊂ 𝑊 with 𝑥0 ∈ 𝑉 , 𝑉 connected. Let 0 < 𝑡 < 𝑡0. Then owing
to the Harnack inequality,

(91) max
𝑉

̃𝑣(⋅, 𝑡) ≤ 𝐶 inf
𝑉

̃𝑣(⋅, 𝑡0).

But inf𝑉 ̃𝑣(⋅, 𝑡0) ≤ ̃𝑣(𝑥0, 𝑡0) = 0. As ̃𝑣 ≥ 0, (91) therefore implies ̃𝑣 ≡ 0 on
𝑉 × {𝑡}, for each 0 < 𝑡 < 𝑡0. This deduction holds for each set 𝑉 as above, and
so ̃𝑣 ≡ 0 in 𝑊𝑡0 . But therefore 𝑣 ≡ 𝑀 in 𝑊𝑡0 . As 𝑣 = 𝑢 on Δ𝑇 , we conclude
𝑢 ≡ 𝑀 on 𝜕𝑊 × [0, 𝑡0].

This conclusion holds for all sets 𝑊 as above, and therefore 𝑢 ≡ 𝑀 on
𝑈𝑡0 . □

THEOREM 12 (Strong maximum principle for 𝑐 ≥ 0). Assume 𝑢 ∈ 𝐶2
1 (𝑈𝑇) ∩

𝐶(𝑈̄𝑇) and
𝑐 ≥ 0 in 𝑈𝑇 .

Suppose also 𝑈 is connected.

(i) If
𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇

and 𝑢 attains a nonnegativemaximumover 𝑈̄𝑇 at a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 ,
then

𝑢 is constant on 𝑈𝑡0 .
(ii) Similarly, if

𝑢𝑡 + 𝐿𝑢 ≥ 0 in 𝑈𝑇
and 𝑢 attains a nonpositive minimum over 𝑈̄𝑇 at a point (𝑥0, 𝑡0) ∈ 𝑈𝑇 ,
then

𝑢 is constant on 𝑈𝑡0 .

Proof.
1. As above, set 𝑀 ≔ max𝑈̄𝑇 𝑢. Assume 𝑀 ≥ 0, 𝑢𝑡 + 𝐿𝑢 ≤ 0 in 𝑈𝑇 , and 𝑢

attains this maximum of 𝑀 at some point (𝑥0, 𝑡0) ∈ 𝑈𝑇 .
If 𝑀 = 0, the foregoing proof directly applies, as then

̃𝑣𝑡 + 𝐿 ̃𝑣 = 0, ̃𝑣 ≥ 0 in 𝑊 𝑇 .
2. Assume instead that 𝑀 > 0. Select as in the previous proof a smooth,

open set 𝑊 ⊂⊂ 𝑈, with 𝑥0 ∈ 𝑊 . Now let 𝑣 solve

{
𝑣𝑡 + 𝐾𝑣 = 0 in 𝑊 𝑇

𝑣 = 𝑢+ on Δ𝑇 ,
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where
𝐾𝑣 ≔ 𝐿𝑣 − 𝑐𝑣.

Note 0 ≤ 𝑣 ≤ 𝑀. Since 𝑢𝑡 + 𝐾𝑢 ≤ −𝑐𝑢 ≤ 0 on {𝑢 ≥ 0}, we deduce from the
weak maximum principle that 𝑢 ≤ 𝑣. As before it follows that 𝑣 = 𝑀 at (𝑥0, 𝑡0).

3. Now write ̃𝑣 ≔ 𝑀 − 𝑣. Then, since the operator 𝐾 has no zeroth-order
term, we have

̃𝑣𝑡 + 𝐾 ̃𝑣 = 0, ̃𝑣 ≥ 0 in 𝑊 𝑇 .
Select any 𝑉 ⊂⊂ 𝑊 with 𝑥0 ∈ 𝑉 , 𝑉 connected. Let 0 < 𝑡 < 𝑡0. Then the
Harnack inequality implies as above that 𝑣 ≡ 𝑢+ ≡ 𝑀 on 𝜕𝑊 × [0, 𝑡0]. Since
𝑀 > 0, we conclude that 𝑢 ≡ 𝑀 on 𝜕𝑊 × [0, 𝑡0].

This deduction is valid for all sets 𝑊 as above, and therefore 𝑢 ≡ 𝑀 on 𝑈𝑡0 .
□

7.2. SECOND-ORDER HYPERBOLIC EQUATIONS

Second-order hyperbolic equations are natural generalizations of the wave
equation (§2.4). We will build in this section appropriately defined weak solu-
tions and study their uniqueness, smoothness and other properties. It is inter-
esting, given the utterly different physical character of second-order parabolic
and hyperbolic PDE, that we can provide rather similar functional analytic con-
structions of weak solutions.

7.2.1. Definitions.
a. Hyperbolic equations. As in §7.1 we write 𝑈𝑇 = 𝑈 × (0, 𝑇], where 𝑇 > 0
and 𝑈 ⊂ ℝ𝑛 is an open, bounded set.

We will next study the initial/boundary-value problem

(1)
⎧
⎨
⎩

𝑢𝑡𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0},
where 𝑓 ∶ 𝑈𝑇 → ℝ, 𝑔, ℎ ∶ 𝑈 → ℝ are given, and 𝑢 ∶ 𝑈̄𝑇 → ℝ is the unknown,
𝑢 = 𝑢(𝑥, 𝑡). The symbol 𝐿 denotes for each time 𝑡 a second-order partial differ-
ential operator, having either the divergence form

(2) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥, 𝑡)𝑢𝑥𝑖)𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥, 𝑡)𝑢𝑥𝑖 + 𝑐(𝑥, 𝑡)𝑢

or else the nondivergence form

(3) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝑢𝑥𝑖𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(𝑥, 𝑡)𝑢𝑥𝑖 + 𝑐(𝑥, 𝑡)𝑢
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for given coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛).

DEFINITION. We say the partial differential operator 𝜕2
𝜕𝑡2 + 𝐿 is (uniformly)

hyperbolic if there exists a constant 𝜃 > 0 such that

(4)
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2

for all (𝑥, 𝑡) ∈ 𝑈𝑇 , 𝜉 ∈ ℝ𝑛.

If 𝑎𝑖𝑗 ≡ 𝛿𝑖𝑗, 𝑏𝑖 ≡ 𝑐 ≡ 𝑓 ≡ 0, then 𝐿 = −Δ and the partial differential
equation becomes the wave equation, already studied in Chapter 2. General
second-order hyperbolic PDE model wave transmission in heterogeneous, non-
isotropic media.
b. Weak solutions. As before, in §6.1.2 and §7.1.1, we first assume 𝐿 has the
divergence form (2) and look for an appropriate notion of weak solution for
problem (1). We will suppose initially that

𝑎𝑖𝑗, 𝑏𝑖, 𝑐 ∈ 𝐶1(𝑈̄𝑇) (𝑖, 𝑗 = 1, . . . , 𝑛),(5)
𝑓 ∈ 𝐿2(𝑈𝑇),(6)
𝑔 ∈ 𝐻1

0(𝑈), ℎ ∈ 𝐿2(𝑈)(7)

and always assume 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).
As in §7.1.1, let us also introduce the time-dependent bilinear form

(8) 𝐵[𝑢, 𝑣; 𝑡] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(⋅, 𝑡)𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖(⋅, 𝑡)𝑢𝑥𝑖𝑣 + 𝑐(⋅, 𝑡)𝑢𝑣 𝑑𝑥

for 𝑢, 𝑣 ∈ 𝐻1
0(𝑈) and 0 ≤ 𝑡 ≤ 𝑇.

Motivation for definition of weak solution. We begin by supposing 𝑢 =
𝑢(𝑥, 𝑡) to be a smooth solution of (1) and defining the associated mapping

u ∶ [0, 𝑇] → 𝐻1
0(𝑈),

by
[u(𝑡)](𝑥) ≔ 𝑢(𝑥, 𝑡) (𝑥 ∈ 𝑈, 0 ≤ 𝑡 ≤ 𝑇).

We similarly introduce the function
f ∶ [0, 𝑇] → 𝐿2(𝑈)

defined by
[f(𝑡)](𝑥) ≔ 𝑓(𝑥, 𝑡) (𝑥 ∈ 𝑈, 0 ≤ 𝑡 ≤ 𝑇).

Now fix any function 𝑣 ∈ 𝐻1
0(𝑈), multiply the PDE 𝑢𝑡𝑡 +𝐿𝑢 = 𝑓 by 𝑣, and

integrate by parts, to obtain the identity
(9) (u″, 𝑣) + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣)
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for 0 ≤ 𝑡 ≤ 𝑇, where ( , ) denotes the inner product in 𝐿2(𝑈). Almost exactly
as in the parallel discussion for parabolic PDE in §7.1.1, we see from the PDE
𝑢𝑡𝑡 + 𝐿𝑢 = 𝑓 that

𝑢𝑡𝑡 = 𝑔0 +
𝑛
∑
𝑗=1

𝑔𝑗𝑥𝑗

for 𝑔0 ≔ 𝑓−∑𝑛
𝑖=1 𝑏𝑖𝑢𝑥𝑖 −𝑐𝑢 and 𝑔𝑗 ≔ ∑𝑛

𝑖=1 𝑎𝑖𝑗𝑢𝑥𝑖 (𝑗 = 1, . . . , 𝑛). This suggests
that we should look for a weak solution u with u″ ∈ 𝐻−1(𝑈) for a.e. 0 ≤ 𝑡 ≤ 𝑇
and then reinterpret the first term of (9) as ⟨u″, 𝑣⟩, ⟨ , ⟩ denoting as usual the
pairing between 𝐻−1(𝑈) and 𝐻1

0(𝑈).

DEFINITION. We say a function

u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), with u′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)), u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)),

is a weak solution of the hyperbolic initial/boundary-value problem (1) pro-
vided

(i) ⟨u″, 𝑣⟩ + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣) for each 𝑣 ∈ 𝐻1
0(𝑈) and a.e. time 0 ≤ 𝑡 ≤ 𝑇

and
(ii) u(0) = 𝑔, u′(0) = ℎ.

Remark. In view of Theorem 2 in §5.9.2, we know u ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈)) and
u′ ∈ 𝐶([0, 𝑇]; 𝐻−1(𝑈)). Consequently the equalities (ii) above make sense.

7.2.2. Existence of weak solutions.
a. Galerkin approximations. By analogy with the approach taken in §7.1.2
we will construct our weak solution of the hyperbolic initial/boundary-value
problem

(10)
⎧
⎨
⎩

𝑢𝑡𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0}

by first solving a finite-dimensional approximation. We thus once more employ
Galerkin’s method by selecting smooth functions 𝑤𝑘 = 𝑤𝑘(𝑥) (𝑘 = 1, . . . ) such
that

(11) {𝑤𝑘}∞𝑘=1 is an orthogonal basis of 𝐻1
0(𝑈)

and

(12) {𝑤𝑘}∞𝑘=1 is an orthonormal basis of 𝐿2(𝑈).
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Fix a positive integer 𝑚, and write

(13) u𝑚(𝑡) ≔
𝑚
∑
𝑘=1

𝑑𝑘𝑚(𝑡)𝑤𝑘,

where we intend to select the coefficients 𝑑𝑘𝑚(𝑡) (0 ≤ 𝑡 ≤ 𝑇, 𝑘 = 1, . . . , 𝑚) to
satisfy

𝑑𝑘𝑚(0) = (𝑔, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚),(14)

𝑑𝑘𝑚
′(0) = (ℎ, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚),(15)

and

(16) (u″𝑚, 𝑤𝑘) + 𝐵[u𝑚, 𝑤𝑘; 𝑡] = (f, 𝑤𝑘) (0 ≤ 𝑡 ≤ 𝑇, 𝑘 = 1, . . . , 𝑚).

THEOREM 1 (Construction of approximate solutions). For each integer𝑚 =
1, 2, . . . , there exists a unique function u𝑚 of the form (13) satisfying (14)–(16).

Proof. Assuming u𝑚 to be given by (13), we observe using (12)

(17) (u″𝑚(𝑡), 𝑤𝑘) = 𝑑𝑘𝑚
″(𝑡).

Furthermore, exactly as in the proof of Theorem 1 in §7.1.2, we have

𝐵[u𝑚, 𝑤𝑘; 𝑡] =
𝑚
∑
𝑙=1

𝑒𝑘𝑙(𝑡)𝑑𝑙𝑚(𝑡)

for 𝑒𝑘𝑙(𝑡) ≔ 𝐵[𝑤𝑙, 𝑤𝑘; 𝑡] ( 𝑘, 𝑙 = 1, . . . , 𝑚). We also write 𝑓𝑘(𝑡) ≔ (f(𝑡), 𝑤𝑘)
(𝑘 = 1, . . . , 𝑚). Consequently (16) becomes the linear system of ODE

(18) 𝑑𝑘𝑚
″(𝑡) +

𝑚
∑
𝑙=1

𝑒𝑘𝑙(𝑡)𝑑𝑙𝑚(𝑡) = 𝑓𝑘(𝑡) (0 ≤ 𝑡 ≤ 𝑇, 𝑘 = 1, . . . , 𝑚),

subject to the initial conditions (14), (15). According to standard theory
for ordinary differential equations, there exists a unique function d𝑚(𝑡) =
(𝑑1𝑚(𝑡), . . . , 𝑑𝑚𝑚(𝑡)), satisfying (14), (15) and solving (18) for 0 ≤ 𝑡 ≤ 𝑇. □

b. Energy estimates. Our plan is hereafter to send 𝑚 → ∞, and so we will
need some estimates, uniform in 𝑚.

THEOREM 2 (Energy estimates). There exists a constant𝐶, depending only on
𝑈, 𝑇 and the coefficients of 𝐿, such that

(19)
max
0≤𝑡≤𝑇

(‖u𝑚(𝑡)‖𝐻1
0(𝑈) + ‖u′𝑚(𝑡)‖𝐿2(𝑈)) + ‖u″𝑚‖𝐿2(0,𝑇;𝐻−1(𝑈))

≤ 𝐶 (‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻1
0(𝑈) + ‖ℎ‖𝐿2(𝑈)) ,

for𝑚 = 1, 2, . . . .
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Proof.
1. Multiply equality (16) by 𝑑𝑘′𝑚(𝑡), sum 𝑘 = 1, . . . , 𝑚, and recall (13) to

discover

(20) (u″𝑚,u′𝑚) + 𝐵[u𝑚,u′𝑚; 𝑡] = (f,u′𝑚)

for a.e. 0 ≤ 𝑡 ≤ 𝑇. Observe next (u″𝑚,u′𝑚) =
𝑑
𝑑𝑡(

1
2‖u

′
𝑚‖2𝐿2(𝑈)). Furthermore, we

can write

(21)

𝐵[u𝑚,u′𝑚; 𝑡] = ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗u𝑚,𝑥𝑖u
′
𝑚,𝑥𝑗 𝑑𝑥

+∫
𝑈

𝑛
∑
𝑖=1

𝑏𝑖u𝑚,𝑥𝑖u
′
𝑚 + 𝑐u𝑚u′𝑚 𝑑𝑥

≕ 𝐵1 + 𝐵2.

Since 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛), we see

(22) 𝐵1 =
𝑑
𝑑𝑡(

1
2𝐴[u𝑚,u𝑚; 𝑡]) −

1
2 ∫𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑡 u𝑚,𝑥𝑖u𝑚,𝑥𝑗 𝑑𝑥,

for the symmetric bilinear form

𝐴[𝑢, 𝑣; 𝑡] ≔ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑣𝑥𝑗 𝑑𝑥 (𝑢, 𝑣 ∈ 𝐻1
0(𝑈)).

The equality (22) implies

(23) 𝐵1 ≥
𝑑
𝑑𝑡(

1
2𝐴[u𝑚,u𝑚; 𝑡]) − 𝐶‖u𝑚‖2𝐻1

0(𝑈),

and we note also

(24) |𝐵2| ≤ 𝐶(‖u𝑚‖2𝐻1
0(𝑈) + ‖u′𝑚‖2𝐿2(𝑈)).

Combining estimates (20)–(24), we discover
(25)
𝑑
𝑑𝑡 (‖u

′
𝑚‖2𝐿2(𝑈) + 𝐴[u𝑚,u𝑚; 𝑡]) ≤ 𝐶 (‖u′𝑚‖2𝐿2(𝑈) + ‖u𝑚‖2𝐻1

0(𝑈) + ‖f‖2𝐿2(𝑈))

≤ 𝐶 (‖u′𝑚‖2𝐿2(𝑈) + 𝐴[u𝑚,u𝑚; 𝑡] + ‖f‖2𝐿2(𝑈)) ,

where we used the inequality

(26) 𝜃∫
𝑈
|𝐷𝑢|2 𝑑𝑥 ≤ 𝐴[𝑢, 𝑢; 𝑡] (𝑢 ∈ 𝐻1

0(𝑈)),

which follows from the uniform hyperbolicity condition.
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2. Now write

(27) 𝜂(𝑡) ≔ ‖u′𝑚(𝑡)‖2𝐿2(𝑈) + 𝐴[u𝑚(𝑡),u𝑚(𝑡); 𝑡]
and

(28) 𝜉(𝑡) ≔ ‖f(𝑡)‖2𝐿2(𝑈).
Then inequality (25) reads

𝜂′(𝑡) ≤ 𝐶1𝜂(𝑡) + 𝐶2𝜉(𝑡)
for 0 ≤ 𝑡 ≤ 𝑇 and appropriate constants 𝐶1, 𝐶2. Thus Gronwall’s inequality
(§B.2) yields the estimate

(29) 𝜂(𝑡) ≤ 𝑒𝐶1𝑡 (𝜂(0) + 𝐶2∫
𝑡

0
𝜉(𝑠) 𝑑𝑠) (0 ≤ 𝑡 ≤ 𝑇).

However,

𝜂(0) = ‖u′𝑚(0)‖2𝐿2(𝑈) + 𝐴[u𝑚(0),u𝑚(0); 0]

≤ 𝐶 (‖ℎ‖2𝐿2(𝑈) + ‖𝑔‖2𝐻1
0(𝑈)) ,

according to (14) and (15) and the estimate ‖u𝑚(0)‖𝐻1
0(𝑈) ≤ ‖𝑔‖𝐻1

0(𝑈). Thus
formulas (27)–(29) provide the bound

‖u′𝑚(𝑡)‖2𝐿2(𝑈) + 𝐴[u𝑚(𝑡),u𝑚(𝑡); 𝑡]

≤ 𝐶 (‖𝑔‖2𝐻1
0(𝑈) + ‖ℎ‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))) .

Since 0 ≤ 𝑡 ≤ 𝑇 was arbitrary, we see from this estimate and (26) that

max
0≤𝑡≤𝑇

(‖u𝑚(𝑡)‖2𝐻1
0(𝑈) + ‖u′𝑚(𝑡)‖2𝐿2(𝑈))

≤ 𝐶(‖𝑔‖2𝐻1
0(𝑈) + ‖ℎ‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))).

3. Fix any 𝑣 ∈ 𝐻1
0(𝑈), ‖𝑣‖𝐻1

0(𝑈) ≤ 1, and write 𝑣 = 𝑣1 + 𝑣2, where 𝑣1 ∈
span{𝑤𝑘}𝑚𝑘=1 and (𝑣2, 𝑤𝑘) = 0 (𝑘 = 1, . . . , 𝑚). Note ‖𝑣1‖𝐻1

0(𝑈) ≤ 1. Then (13)
and (16) imply

⟨u″𝑚, 𝑣⟩ = (u″𝑚, 𝑣) = (u″𝑚, 𝑣1) = (f, 𝑣1) − 𝐵[u𝑚, 𝑣1; 𝑡].
Thus

|⟨u″𝑚, 𝑣⟩| ≤ 𝐶(‖f‖𝐿2(𝑈) + ‖u𝑚‖𝐻1
0(𝑈)),

since ‖𝑣1‖𝐻1
0(𝑈) ≤ 1. Consequently

∫
𝑇

0
‖u″𝑚‖2𝐻−1(𝑈)𝑑𝑡 ≤ 𝐶∫

𝑇

0
‖f‖2𝐿2(𝑈) + ‖u𝑚‖2𝐻1

0(𝑈)𝑑𝑡

≤ 𝐶(‖𝑔‖2𝐻1
0(𝑈) + ‖ℎ‖2𝐿2(𝑈) + ‖f‖2𝐿2(0,𝑇;𝐿2(𝑈))). □



7.2. Second-Order Hyperbolic Equations 381

c. Existence and uniqueness. Now we pass to limits in our Galerkin ap-
proximations.

THEOREM3 (Existence of weak solution). There exists a weak solution of (1).

Proof.
1. According to the energy estimates (19), we see that the sequence {u𝑚}∞𝑚=1

is bounded in 𝐿2(0, 𝑇;𝐻1
0(𝑈)), {u′𝑚}∞𝑚=1 is bounded in 𝐿2(0, 𝑇; 𝐿2(𝑈)), and

{u″𝑚}∞𝑚=1 is bounded in 𝐿2(0, 𝑇;𝐻−1(𝑈)).
As a consequence there exists a subsequence {u𝑚𝑙 }

∞
𝑙=1 ⊂ {u𝑚}

∞
𝑚=1 and u ∈

𝐿2(0, 𝑇;𝐻1
0(𝑈)), with u′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)), u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)), such that

(30)
⎧
⎨
⎩

u𝑚𝑙 ⇀ u weakly in 𝐿2(0, 𝑇;𝐻1
0(𝑈))

u′𝑚𝑙
⇀ u′ weakly in 𝐿2(0, 𝑇; 𝐿2(𝑈))

u″𝑚𝑙
⇀ u″ weakly in 𝐿2(0, 𝑇;𝐻−1(𝑈)).

2. Next fix an integer𝑁 and choose a function v ∈ 𝐶1([0, 𝑇]; 𝐻1
0(𝑈)) of the

form

(31) v(𝑡) =
𝑁
∑
𝑘=1

𝑑𝑘(𝑡)𝑤𝑘,

where {𝑑𝑘}𝑁𝑘=1 are smooth functions. We select 𝑚 ≥ 𝑁, multiply (16) by 𝑑𝑘(𝑡),
sum 𝑘 = 1, . . . , 𝑁, and then integrate with respect to 𝑡, to discover

(32) ∫
𝑇

0
⟨u″𝑚, v⟩ + 𝐵[u𝑚, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.

We set 𝑚 = 𝑚𝑙 and recall (30), to find in the limit that

(33) ∫
𝑇

0
⟨u″, v⟩ + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.

This equality then holds for all functions v ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), since functions

of the form (31) are dense in this space. From (33) it follows further that

⟨u″, 𝑣⟩ + 𝐵[u, 𝑣; 𝑡] = (f, 𝑣)

for all 𝑣 ∈ 𝐻1
0(𝑈) and a.e. 0 ≤ 𝑡 ≤ 𝑇. Furthermore, u ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈)) and

u′ ∈ 𝐶([0, 𝑇]; 𝐻−1(𝑈)).
3. We must now verify

(34) u(0) = 𝑔,

(35) u′(0) = ℎ.
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For this, choose any function v ∈ 𝐶2([0, 𝑇]; 𝐻1
0(𝑈)), with v(𝑇) = v′(𝑇) = 0.

Then integrating by parts twice with respect to 𝑡 in (33), we find

(36) ∫
𝑇

0
(v″,u) + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡

− (u(0), v′(0)) + ⟨u′(0), v(0)⟩.
Similarly from (32) we deduce

∫
𝑇

0
(v″,u𝑚) + 𝐵[u𝑚, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡

− (u𝑚(0), v′(0)) + (u′𝑚(0), v(0)) .
We set 𝑚 = 𝑚𝑙 and recall (14), (15) and (30), to deduce

(37) ∫
𝑇

0
(v″,u) + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 − (𝑔, v′(0)) + (ℎ, v(0)).

Comparing identities (36) and (37), we conclude (34), (35), since v(0), v′(0) are
arbitrary. Hence u is a weak solution of (1). □

Recalling the energy estimates from Theorem 2, we observe that in factu ∈
𝐿∞(0, 𝑇;𝐻1

0(𝑈)), u′ ∈ 𝐿∞(0, 𝑇; 𝐿2(𝑈)), u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)): see Theorem 5
below.

THEOREM4 (Uniqueness of weak solution). Aweak solution of (1) is unique.

The following tricky demonstration would be greatly simplified if we knew
u′(𝑡) itself were smooth enough to insert in place of 𝑣 in the definition of weak
solution. This is not so, however.

Proof.
1. It suffices to show that the only weak solution of (1) with f ≡ 𝑔 ≡ ℎ ≡ 0

is

(38) u ≡ 0.
To verify this, fix 0 ≤ 𝑠 ≤ 𝑇 and set

v(𝑡) ≔ {∫
𝑠
𝑡 u(𝜏) 𝑑𝜏 if 0 ≤ 𝑡 ≤ 𝑠
0 if 𝑠 ≤ 𝑡 ≤ 𝑇.

Then v(𝑡) ∈ 𝐻1
0(𝑈) for each 0 ≤ 𝑡 ≤ 𝑇, and so

∫
𝑠

0
⟨u″, v⟩ + 𝐵[u, v; 𝑡] 𝑑𝑡 = 0.
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Since u′(0) = v(𝑠) = 0, we obtain after integrating by parts in the first term
above:

(39) ∫
𝑠

0
−(u′, v′) + 𝐵[u, v; 𝑡] 𝑑𝑡 = 0.

Now v′ = −u (0 ≤ 𝑡 ≤ 𝑠), and so

∫
𝑠

0
⟨u′,u⟩ − 𝐵[v′, v; 𝑡] 𝑑𝑡 = 0.

Thus

∫
𝑠

0

𝑑
𝑑𝑡(

1
2‖u‖

2
𝐿2(𝑈) −

1
2𝐵[v, v; 𝑡])𝑑𝑡 = −∫

𝑠

0
𝐶[u, v; 𝑡] + 𝐷[v, v; 𝑡] 𝑑𝑡,

where

𝐶[𝑢, 𝑣; 𝑡] ≔ −∫
𝑈

𝑛
∑
𝑖=1

𝑏𝑖𝑣𝑥𝑖𝑢 +
1
2𝑏

𝑖
𝑥𝑖𝑢𝑣 𝑑𝑥

and

𝐷[𝑢, 𝑣; 𝑡] ≔ 1
2 ∫𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑡 𝑢𝑥𝑖𝑣𝑥𝑗 +
𝑛
∑
𝑖=1

𝑏𝑖𝑡𝑢𝑥𝑖𝑣 + 𝑐𝑡𝑢𝑣 𝑑𝑥,

for 𝑢, 𝑣 ∈ 𝐻1
0(𝑈). Hence

1
2‖u(𝑠)‖

2
𝐿2(𝑈) +

1
2𝐵[v(0), v(0); 0] = −∫

𝑠

0
𝐶[u, v; 𝑡] + 𝐷[v, v; 𝑡] 𝑑𝑡,

and consequently

(40)
‖u(𝑠)‖2𝐿2(𝑈)+‖v(0)‖2𝐻1

0(𝑈)

≤ 𝐶(∫
𝑠

0
‖v‖2𝐻1

0(𝑈) + ‖u‖2𝐿2(𝑈)𝑑𝑡 + ‖v(0)‖2𝐿2(𝑈)).

2. Now let us write

w(𝑡) ≔ ∫
𝑡

0
u(𝜏) 𝑑𝜏 (0 ≤ 𝑡 ≤ 𝑇),

whereupon (40) becomes
(41)
‖u(𝑠)‖2𝐿2(𝑈) + ‖w(𝑠)‖2𝐻1

0(𝑈)

≤ 𝐶(∫
𝑠

0
‖w(𝑡) −w(𝑠)‖2𝐻1

0(𝑈) + ‖u(𝑡)‖2𝐿2(𝑈) 𝑑𝑡 + ‖w(𝑠)‖2𝐿2(𝑈)).
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But ‖w(𝑡) − w(𝑠)‖2𝐻1
0(𝑈) ≤ 2‖w(𝑡)‖2𝐻1

0(𝑈) + 2‖w(𝑠)‖2𝐻1
0(𝑈), and ‖w(𝑠)‖𝐿2(𝑈) ≤

∫𝑠
0 ‖u(𝑡)‖𝐿2(𝑈)𝑑𝑡. Therefore (41) implies

‖u(𝑠)‖2𝐿2(𝑈) + (1 − 2𝑠𝐶1)‖w(𝑠)‖2𝐻1
0(𝑈) ≤ 𝐶1∫

𝑠

0
‖w‖2𝐻1

0(𝑈) + ‖u‖2𝐿2(𝑈)𝑑𝑡.

Choose 𝑇1 so small that

1 − 2𝑇1𝐶1 ≥
1
2.

Then if 0 ≤ 𝑠 ≤ 𝑇1, we have

‖u(𝑠)‖2𝐿2(𝑈) + ‖w(𝑠)‖2𝐻1
0(𝑈) ≤ 𝐶∫

𝑠

0
‖u‖2𝐿2(𝑈) + ‖w‖2𝐻1

0(𝑈)𝑑𝑡.

Consequently the integral form of Gronwall’s inequality (§B.2) implies u ≡ 0
on [0, 𝑇1].

3. We apply the same argument on the intervals [𝑇1, 2𝑇1], [2𝑇1, 3𝑇1], etc.,
eventually to deduce (38). □

7.2.3. Regularity. As in our earlier treatments of second-order elliptic and
parabolic PDE, the next task is to study the smoothness of our weak solutions.
Motivation: formal derivation of estimates. (i) Suppose for the moment
𝑢 = 𝑢(𝑥, 𝑡) is a smooth solution of this initial-value problem for the wave equa-
tion:

{
𝑢𝑡𝑡 − Δ𝑢 = 𝑓 in ℝ𝑛 × (0, 𝑇]
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}

and assume also 𝑢 goes to zero as |𝑥| → ∞ sufficiently rapidly to justify the
following calculations. Then as in §2.4.3, we compute

𝑑
𝑑𝑡 (∫ℝ𝑛

|𝐷𝑢|2 + 𝑢2𝑡 𝑑𝑥) = 2∫
ℝ𝑛
𝐷𝑢 ⋅ 𝐷𝑢𝑡 + 𝑢𝑡𝑢𝑡𝑡 𝑑𝑥

= 2∫
ℝ𝑛
𝑢𝑡(𝑢𝑡𝑡 − Δ𝑢) 𝑑𝑥 = 2∫

ℝ𝑛
𝑢𝑡𝑓 𝑑𝑥

≤ ∫
ℝ𝑛
𝑢2𝑡 𝑑𝑥 +∫

ℝ𝑛
𝑓2 𝑑𝑥.

Applying Gronwall’s inequality, we deduce

(42) sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝐷𝑢|2 + 𝑢2𝑡 𝑑𝑥 ≤ 𝐶(∫

𝑇

0
∫
ℝ𝑛
𝑓2 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷𝑔|2 + ℎ2 𝑑𝑥),

with the constant 𝐶 depending only on 𝑇.
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(ii) Next differentiate the PDE with respect to 𝑡 and set 𝑢̃ ≔ 𝑢𝑡. Then

(43) {𝑢̃𝑡𝑡 − Δ𝑢̃ = ̃𝑓 in ℝ𝑛 × (0, 𝑇]
𝑢̃ = ̃𝑔, 𝑢̃𝑡 = ̃ℎ on ℝ𝑛 × {𝑡 = 0},

for ̃𝑓 ≔ 𝑓𝑡, ̃𝑔 ≔ ℎ, ̃ℎ ≔ 𝑢𝑡𝑡(⋅, 0) = 𝑓(⋅, 0) + Δ𝑔. Applying estimate (42) to 𝑢̃, we
discover

(44)
sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝐷𝑢𝑡|2 + 𝑢2𝑡𝑡 𝑑𝑥

≤ 𝐶(∫
𝑇

0
∫
ℝ𝑛
𝑓2𝑡 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷2𝑔|2 + |𝐷ℎ|2 + 𝑓(⋅, 0)2 𝑑𝑥).

Now

(45) max
0≤𝑡≤𝑇

‖𝑓(⋅, 𝑡)‖𝐿2(ℝ𝑛) ≤ 𝐶(‖𝑓‖𝐿2(ℝ𝑛×(0,𝑇)) + ‖𝑓𝑡‖𝐿2(ℝ𝑛×(0,𝑇))),

according to Theorem 2 in §5.9.2. Furthermore, writing −Δ𝑢 = 𝑓 − 𝑢𝑡𝑡, we
deduce as in §6.3 that

(46) ∫
ℝ𝑛
|𝐷2𝑢|2 𝑑𝑥 ≤ 𝐶∫

ℝ𝑛
𝑓2 + 𝑢2𝑡𝑡 𝑑𝑥

for each 0 ≤ 𝑡 ≤ 𝑇. Combining (44)–(46), we conclude

(47)
sup
0≤𝑡≤𝑇

∫
ℝ𝑛
|𝐷2𝑢|2 + |𝐷𝑢𝑡|2 + 𝑢2𝑡𝑡 𝑑𝑥

≤ 𝐶(∫
𝑇

0
∫
ℝ𝑛
𝑓2𝑡 + 𝑓2 𝑑𝑥𝑑𝑡 +∫

ℝ𝑛
|𝐷2𝑔|2 + |𝐷ℎ|2 𝑑𝑥),

the constant 𝐶 depending only on 𝑇.
This estimate suggests that bounds similar to (42) and (47) should be valid

for our weak solution of a general second-order hyperbolic PDE.
We will calculate using the Galerkin approximations. To simplify the pre-

sentation, we hereafter assume that {𝑤𝑘}∞𝑘=1 is the complete collection of eigen-
functions for −Δ on 𝐻1

0(𝑈) and also that 𝑈 is bounded, open, with 𝜕𝑈 smooth.
In addition we suppose

(48) {the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛) are smooth on
𝑈̄ and do not depend on 𝑡.

THEOREM 5 (Improved regularity).
(i) Assume

𝑔 ∈ 𝐻1
0(𝑈), ℎ ∈ 𝐿2(𝑈), f ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)),
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and suppose also u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈)), with

u′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)),u″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)),
is the weak solution of the problem

(49)
⎧
⎨
⎩

𝑢𝑡𝑡 + 𝐿𝑢 = 𝑓 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0}.
Then in fact

u ∈ 𝐿∞(0, 𝑇;𝐻1
0(𝑈)), u′ ∈ 𝐿∞(0, 𝑇; 𝐿2(𝑈)),

and we have the estimate

(50)
ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻1
0(𝑈) + ‖u′(𝑡)‖𝐿2(𝑈))

≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻1
0(𝑈) + ‖ℎ‖𝐿2(𝑈)).

(ii) If, in addition,

𝑔 ∈ 𝐻2(𝑈), ℎ ∈ 𝐻1
0(𝑈), f′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)),

then

u ∈ 𝐿∞(0, 𝑇;𝐻2(𝑈)), u′ ∈ 𝐿∞(0, 𝑇;𝐻1
0(𝑈)),

u″ ∈ 𝐿∞(0, 𝑇; 𝐿2(𝑈)), u‴ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)),
with the estimate

(51)
ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻2(𝑈) + ‖u′(𝑡)‖𝐻1
0(𝑈) + ‖u″(𝑡)‖𝐿2(𝑈))

+ ‖u‴‖𝐿2(0,𝑇;𝐻−1(𝑈)) ≤ 𝐶(‖f‖𝐻1(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻2(𝑈) + ‖ℎ‖𝐻1(𝑈)).

Assertions (i), (ii) of this theorem are precise versions of the formal esti-
mates (42), (47) (for the wave equation in 𝑈 = ℝ𝑛).

Proof.
1. In the proof of Theorem 2, we have already derived the bounds

(52)
sup
0≤𝑡≤𝑇

(‖u𝑚(𝑡)‖𝐻1
0(𝑈) + ‖u′𝑚(𝑡)‖𝐿2(𝑈))

≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖𝐻1
0(𝑈) + ‖ℎ‖𝐿2(𝑈)).

Passing to limits as 𝑚 = 𝑚𝑙 →∞, we deduce (50).
2. Assume now the hypotheses of assertion (ii). Fix a positive integer 𝑚,

and next differentiate the identity (16) with respect to 𝑡. Writing ũ𝑚 ≔ u′𝑚, we
obtain

(53) (ũ″𝑚, 𝑤𝑘) + 𝐵[ũ𝑚, 𝑤𝑘] = (f′, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚).
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Multiplying by 𝑑𝑘𝑚
″(𝑡) and adding for 𝑘 = 1, . . . , 𝑚, we discover

(54) (ũ″𝑚, ũ′𝑚) + 𝐵[ũ𝑚, ũ′𝑚] = (f′, ũ′𝑚).
Arguing as in the proof of the energy estimates, we observe

(55)
𝑑
𝑑𝑡 (‖ũ

′
𝑚‖2𝐿2(𝑈) + 𝐴[ũ𝑚, ũ𝑚])

≤ 𝐶(‖ũ′𝑚‖2𝐿2(𝑈) + 𝐴[ũ𝑚, ũ𝑚] + ‖f′‖2𝐿2(𝑈)),
the bilinear form 𝐴[ , ] defined as before.

3. Now

(56) 𝐵[u𝑚, 𝑤𝑘] = (f − u″𝑚, 𝑤𝑘) (𝑘 = 1, . . . , 𝑚).
Recall we are taking {𝑤𝑘}∞𝑘=1 to be the complete collection of eigenfunctions
for −Δ on 𝐻1

0(𝑈). Multiplying (56) by 𝜆𝑘𝑑𝑘𝑚(𝑡) and summing 𝑘 = 1, . . . , 𝑚, we
deduce

(57) 𝐵[u𝑚, −Δu𝑚] = (f − u″𝑚, −Δu𝑚).
Since Δu𝑚 = 0 on 𝜕𝑈, we have

(58) 𝐵[u𝑚, −Δu𝑚] = (𝐿u𝑚, −Δu𝑚).
Next we employ the inequality

(59) 𝛽‖𝑢‖2𝐻2(𝑈) ≤ (𝐿𝑢,−Δ𝑢) + 𝛾‖𝑢‖2𝐿2(𝑈) (𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈));

see Problem 9. We deduce from (56)–(59) that

(60) ‖u𝑚‖2𝐻2(𝑈) ≤ 𝐶(‖f‖2𝐿2(𝑈) + ‖u″𝑚‖2𝐿2(𝑈) + ‖u𝑚‖2𝐿2(𝑈)).
Using this estimate in (55), recalling ũ𝑚 = u′𝑚, and applying Gronwall’s in-
equality, we deduce

(61)
sup
0≤𝑡≤𝑇

(‖u𝑚(𝑡)‖2𝐻2(𝑈) + ‖u′𝑚(𝑡)‖2𝐻1(𝑈) + ‖u″𝑚(𝑡)‖2𝐿2(𝑈))

≤ 𝐶(‖f‖2𝐻1(0,𝑇;𝐿2(𝑈)) + ‖𝑔‖2𝐻2(𝑈) + ‖ℎ‖2𝐻1(𝑈)).
Here we estimated ‖u𝑚(0)‖𝐻2(𝑈) ≤ 𝐶‖𝑔‖𝐻2(𝑈), as in the proof of Theorem 5 in
§7.1.3.

Passing to limits as 𝑚 = 𝑚𝑙 →∞, we derive the same bound for u.
4. As in the earlier proof of Theorem 5 in §7.1.3, we likewise deduce u‴ ∈

𝐿2(0, 𝑇;𝐻−1(𝑈)), with the stated estimate. □

Remark. If 𝐿were symmetric, we could alternatively have taken {𝑤𝑘}∞𝑘=1 to be
a basis of eigenfunctions of 𝐿 on 𝐻1

0(𝑈) and so avoided the need for inequality
(59).

Now let 𝑚 be a nonnegative integer.
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THEOREM 6 (Higher regularity). Assume

{
𝑔 ∈ 𝐻𝑚+1(𝑈), ℎ ∈ 𝐻𝑚(𝑈),
𝑑𝑘f
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻𝑚−𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚).

Suppose also that the following𝑚𝑡ℎ-order compatibility conditions hold:

(62)

⎧⎪⎪
⎨⎪⎪
⎩

𝑔0 ≔ 𝑔 ∈ 𝐻1
0(𝑈), ℎ1 ≔ ℎ ∈ 𝐻1

0(𝑈), . . . ,

𝑔2𝑙 ≔
𝑑2𝑙−2f
𝑑𝑡2𝑙−2 (⋅, 0) − 𝐿𝑔2𝑙−2 ∈ 𝐻1

0(𝑈) (if𝑚 = 2𝑙)

ℎ2𝑙+1 ≔
𝑑2𝑙−1f
𝑑𝑡2𝑙−1 (⋅, 0) − 𝐿ℎ2𝑙−1 ∈ 𝐻1

0(𝑈) (if𝑚 = 2𝑙 + 1).

Then

(63) 𝑑𝑘u
𝑑𝑡𝑘 ∈ 𝐿∞(0, 𝑇;𝐻𝑚+1−𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1),

and we have the estimate

(64)
ess sup
0≤𝑡≤𝑇

𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐻𝑚+1−𝑘(𝑈)

≤ 𝐶 (
𝑚
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻𝑚−𝑘(𝑈))

+ ‖𝑔‖𝐻𝑚+1(𝑈) + ‖ℎ‖𝐻𝑚(𝑈)) .

Remark. In view of Theorem 2 in §5.9.2, we see that

(65) f(0) ∈ 𝐻𝑚−1(𝑈), f′(0) ∈ 𝐻𝑚−2(𝑈), . . . , f(𝑚−2)(0) ∈ 𝐻1(𝑈),

and consequently

(66)
𝑔0 ∈ 𝐻𝑚+1(𝑈), ℎ1 ∈ 𝐻𝑚(𝑈), 𝑔2 ∈ 𝐻𝑚−1(𝑈), ℎ3 ∈ 𝐻𝑚−2(𝑈),
. . . , 𝑔2𝑙 ∈ 𝐻1(𝑈) (if 𝑚 = 2𝑙), ℎ2𝑙+1 ∈ 𝐻1(𝑈) (if 𝑚 = 2𝑙 + 1).

The compatibility conditions are consequently the requirements that, in addi-
tion, each of these functions equals 0 on 𝜕𝑈, in the trace sense.

Proof.
1. The proof is by an induction, the case 𝑚 = 0 following from Theo-

rem 5(i) above.
2. Assume next the theorem is valid for some nonnegative integer 𝑚, and

suppose

(67) {
𝑔 ∈ 𝐻𝑚+2(𝑈), ℎ ∈ 𝐻𝑚+1(𝑈),
𝑑𝑘f
𝑑𝑡𝑘 ∈ 𝐿2(0, 𝑇;𝐻𝑚+1−𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1).
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Suppose also the (𝑚+1)th-order compatibility conditions obtain. Now set ũ ≔
u′. Differentiating the PDE with respect to 𝑡, we check that ũ is the unique,
weak solution of

(68)
⎧
⎨
⎩

𝑢̃𝑡𝑡 + 𝐿𝑢̃ = ̃𝑓 in 𝑈𝑇
𝑢̃ = 0 on 𝜕𝑈 × [0, 𝑇]

𝑢̃ = ̃𝑔, 𝑢̃𝑡 = ̃ℎ on 𝑈 × {𝑡 = 0},

for

(69) ̃𝑓 ≔ 𝑓𝑡, ̃𝑔 ≔ ℎ, ̃ℎ ≔ 𝑓(⋅, 0) − 𝐿𝑔.

In particular, for 𝑚 = 0 we rely upon Theorem 5(ii) to be sure that ũ ∈
𝐿2(0, 𝑇;𝐻1

0(𝑈)), ũ′ ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈)), ũ″ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈)).
Since 𝑓, 𝑔 and ℎ satisfy the (𝑚 + 1)th-order compatibility conditions, ̃𝑓, ̃𝑔

and ̃ℎ satisfy the𝑚th-order compatibility conditions. Thus applying the induc-
tion assumption, we see

𝑑𝑘ũ
𝑑𝑡𝑘 ∈ 𝐿∞(0, 𝑇;𝐻𝑚+1−𝑘(𝑈)) (𝑘 = 0, . . . , 𝑚 + 1),

with the estimate

ess sup
0≤𝑡≤𝑇

𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘ũ
𝑑𝑡𝑘

‖
‖‖𝐻𝑚+1−𝑘(𝑈)

≤ 𝐶 (
𝑚
∑
𝑘=0

‖
‖‖
𝑑𝑘 ̃f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻𝑚−𝑘(𝑈))

+ ‖ ̃𝑔‖𝐻𝑚+1(𝑈) + ‖ ̃ℎ‖𝐻𝑚(𝑈)) .

Since ũ = u′, we can rewrite:
(70)

ess sup
0≤𝑡≤𝑇

𝑚+2
∑
𝑘=1

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐻𝑚+2−𝑘(𝑈)

≤ 𝐶(
𝑚+1
∑
𝑘=1

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻𝑚+1−𝑘(𝑈))

+ ‖ℎ‖𝐻𝑚+1(𝑈) + ‖𝐿𝑔‖𝐻𝑚(𝑈) + ‖f(0)‖𝐻𝑚(𝑈))

≤ 𝐶 (
𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻𝑚+1−𝑘(𝑈))

+ ‖𝑔‖𝐻𝑚+2(𝑈) + ‖ℎ‖𝐻𝑚+1(𝑈)) .

Here we used the inequality

‖f‖𝐶([0,𝑇];𝐻𝑚(𝑈)) ≤ 𝐶(‖f‖𝐿2(0,𝑇;𝐻𝑚(𝑈)) + ‖f′‖𝐿2(0,𝑇;𝐻𝑚(𝑈))),

which follows from Theorem 2 in §5.9.2.
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3. Now write for a.e. 0 ≤ 𝑡 ≤ 𝑇 that 𝐿u = f − u″ ≕ h. We have

‖u‖𝐻𝑚+2(𝑈) ≤ 𝐶(‖h‖𝐻𝑚(𝑈) + ‖u‖𝐿2(𝑈))
≤ 𝐶(‖f‖𝐻𝑚(𝑈) + ‖u″‖𝐻𝑚(𝑈) + ‖u‖𝐿2(𝑈)).

Taking the essential supremum with respect to 𝑡, adding this inequality to (70)
and making standard estimates, we deduce

ess sup
0≤𝑡≤𝑇

𝑚+2
∑
𝑘=0

‖
‖‖
𝑑𝑘u
𝑑𝑡𝑘

‖
‖‖𝐻𝑚+2−𝑘(𝑈)

≤ 𝐶 (
𝑚+1
∑
𝑘=0

‖
‖‖
𝑑𝑘f
𝑑𝑡𝑘

‖
‖‖𝐿2(0,𝑇;𝐻𝑚+1−𝑘(𝑈))

+ ‖𝑔‖𝐻𝑚+2(𝑈) + ‖ℎ‖𝐻𝑚+1(𝑈)) .

This is the assertion of the theorem for 𝑚+ 1. □

THEOREM 7 (Infinite differentiability). Assume
𝑔, ℎ ∈ 𝐶∞(𝑈̄), 𝑓 ∈ 𝐶∞(𝑈̄𝑇),

and the𝑚𝑡ℎ-order compatibility conditions hold for𝑚 = 0, 1, . . . .
Then the hyperbolic initial/boundary-value problem (1) has a unique solu-

tion
𝑢 ∈ 𝐶∞(𝑈̄𝑇).

Proof. Apply Theorem 6 for 𝑚 = 0, 1, . . . . □

7.2.4. Propagation of disturbances. Our study of second-order hyperbolic
equations has thus far pretty much paralleled our treatment of second-order
parabolic PDE, in §7.1. In the corresponding earlier section §7.1.4, we dis-
cussed maximum principles for second-order parabolic equations and noted
in particular that the strong maximum principle implies an “infinite propaga-
tion speed” of initial disturbances for such PDE. Now strong maximum princi-
ples are false for second-order hyperbolic partial differential equations, and we
will instead address here the opposite phenomenon, namely the “finite prop-
agation speed” of initial disturbances. This study extends some ideas already
introduced in §2.4.3.

For simplicity we will consider in this subsection the case that𝑈 = ℝ𝑛 and
𝐿 has the simple nondivergence form

(71) 𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 ,

where the coefficients are smooth, independent of time, and there are no lower-
order terms. We as usual require the uniform hyperbolicity condition.
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Domain of dependence

Let us assume now 𝑢 is a smooth solution of the PDE
(72) 𝑢𝑡𝑡 + 𝐿𝑢 = 0 in ℝ𝑛 × (0,∞).
We wish to prove a uniqueness/finite propagation speed assertion analogous to
that obtained for the wave equation in §2.4.3. For this, we fix a point (𝑥0, 𝑡0) ∈
ℝ𝑛×(0,∞) and then try to find some sort of a curved “cone-like” region𝐶, with
vertex (𝑥0, 𝑡0), such that 𝑢 ≡ 0 within 𝐶 if 𝑢 ≡ 𝑢𝑡 ≡ 0 on 𝐶0 = 𝐶 ∩ {𝑡 = 0}.

Motivated by the geometric optics computation in Example 3 of §4.5.3, let
us guess that the boundary of such a region 𝐶 is given as a level set {𝑝 = 0},
where 𝑝 solves the Hamilton–Jacobi PDE

(73) 𝑝𝑡 − (
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑝𝑥𝑖𝑝𝑥𝑗)
1/2

= 0 in ℝ𝑛 × (0,∞).

We will simplify (73) by separating variables, to write
(74) 𝑝(𝑥, 𝑡) = 𝑞(𝑥) + 𝑡 − 𝑡0 (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑡0),
where 𝑞 solves

(75) {∑
𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑞𝑥𝑖𝑞𝑥𝑗 = 1, 𝑞 > 0 in ℝ𝑛 − {𝑥0}

𝑞(𝑥0) = 0.
We henceforth assume that 𝑞 is a smooth solution of (75) onℝ𝑛−{𝑥0}. (In fact
𝑞(𝑥) is the distance of 𝑥 to 𝑥0, in the Riemannian metric determined by ((𝑎𝑖𝑗)).)
We introduce the “curved” backwards wave cone

𝐾 ≔ { (𝑥, 𝑡) ∣ 𝑝(𝑥, 𝑡) < 0} = {(𝑥, 𝑡) ∣ 𝑞(𝑥) < 𝑡0 − 𝑡 }.
For each 𝑡 > 0, we further define
(76) 𝐾𝑡 ≔ {𝑥 ∣ 𝑞(𝑥) < 𝑡0 − 𝑡 } = cross section of 𝐾 at time 𝑡.
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Since (75) implies 𝐷𝑞 ≠ 0 in ℝ𝑛 − {𝑥0}, 𝜕𝐾𝑡 is a smooth, (𝑛 − 1)-dimensional
surface for 0 ≤ 𝑡 < 𝑡0.

THEOREM 8 (Finite propagation speed). Assume 𝑢 is a smooth solution of the
hyperbolic equation (72). If 𝑢 ≡ 𝑢𝑡 ≡ 0 on 𝐾0, then 𝑢 ≡ 0 within 𝐾.

We see in particular that if 𝑢 is a solution of (72) with the initial conditions

(77) 𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0},

then 𝑢(𝑥0, 𝑡0) depends only upon the values of 𝑔 and ℎ within 𝐾0.

Proof.
1. We modify a proof from §2.4.3 and so define the energy

𝑒(𝑡) ≔ 1
2 ∫𝐾𝑡

𝑢2𝑡 +
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑡0).

2. In order to compute ̇𝑒(𝑡), we first note that if 𝑓 is a continuous function
of 𝑥, then

𝑑
𝑑𝑡 (∫𝐾𝑡

𝑓 𝑑𝑥) = −∫
𝜕𝐾𝑡

𝑓
|𝐷𝑞| 𝑑𝑆

according to the coarea formula from §C.3. Thus

(78)

̇𝑒(𝑡) = ∫
𝐾𝑡

𝑢𝑡𝑢𝑡𝑡 +
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗𝑡 𝑑𝑥

− 1
2 ∫𝜕𝐾𝑡

(𝑢2𝑡 +
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗)
1

|𝐷𝑞| 𝑑𝑆

≕ 𝐴 − 𝐵.
Integrating by parts, we calculate

(79)

𝐴 = ∫
𝐾𝑡

𝑢𝑡(𝑢𝑡𝑡 −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗) 𝑑𝑥 +∫
𝜕𝐾𝑡

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝜈𝑗𝑢𝑡 𝑑𝑆

= −∫
𝐾𝑡

𝑢𝑡
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑥𝑗𝑢𝑥𝑖 𝑑𝑥 +∫
𝜕𝐾𝑡

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝜈𝑗𝑢𝑡 𝑑𝑆,

with 𝝂 = (𝜈1, . . . , 𝜈𝑛) being as usual the outer unit normal to 𝜕𝐾𝑡. But according
to the generalized Cauchy–Schwarz inequality (§B.2)

(80) |||
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝜈𝑗
||| ≤ (

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗)
1/2
(

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝜈𝑖𝜈𝑗)
1/2
.
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In addition, since 𝑞 = 𝑡0 − 𝑡 on 𝜕𝐾𝑡, we have 𝝂 = 𝐷𝑞
|𝐷𝑞| on 𝜕𝐾𝑡. Hence

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝜈𝑖𝜈𝑗 =
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑞𝑥𝑖𝑞𝑥𝑗
|𝐷𝑞|2 = 1

|𝐷𝑞|2

by (75). Consequently inequality (80) reads

(81) |||
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝜈𝑗
||| ≤ (

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗)
1/2 1
|𝐷𝑞| .

Then returning to (79), we estimate using (81) and Cauchy’s inequality:

|𝐴| ≤ 𝐶𝑒(𝑡) +∫
𝜕𝐾𝑡

(
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗)
1/2
|𝑢𝑡|

1
|𝐷𝑞| 𝑑𝑆

≤ 𝐶𝑒(𝑡) + 1
2 ∫𝜕𝐾𝑡

(𝑢2𝑡 +
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑢𝑥𝑗)
1

|𝐷𝑞| 𝑑𝑆

= 𝐶𝑒(𝑡) + 𝐵.
3. Therefore inequality (78) gives

̇𝑒(𝑡) ≤ 𝐶𝑒(𝑡).
Since hypothesis (76) implies 𝑒(0) = 0, we deduce using Gronwall’s inequality
that

𝑒(𝑡) = 0 for all 0 ≤ 𝑡 ≤ 𝑡0.
Hence 𝑢𝑡 ≡ 𝐷𝑢 ≡ 0 in 𝐾, and consequently 𝑢 ≡ 0 in 𝐾. □

7.2.5. Equations in two variables. In this subsection we briefly consider
second-order hyperbolic partial differential equations involving only two vari-
ables and demonstrate that in this setting rather more precise information can
be obtained. The very rough idea is that since a function of two variables has
“only” three second partial derivatives, algebraic and analytic simplifications
in the structure of the PDE may be possible, which are unavailable for more
than two variables.

We begin by considering a general linear second-order PDE in two variables

(82)
2
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗 +
2
∑
𝑖=1

𝑏𝑖𝑢𝑥𝑖 + 𝑐𝑢 = 0,

where the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, 2), with 𝑎𝑖𝑗 = 𝑎𝑗𝑖, and the unknown
𝑢 are functions of the two variables 𝑥1 and 𝑥2 in some region 𝑈 ⊂ ℝ2. Note
that for the moment, and in contrast to the theory developed above, we do not
identify either 𝑥1 or 𝑥2 with the variable 𝑡 denoting time.
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We now pose the following basic question: is it possible to simplify the struc-
ture of the PDE (82) by introducing new independent variables? In other words,
can we expect to convert the PDE into some “nicer” form by rewriting in terms
of new variables 𝑦 = 𝚽(𝑥)?

More precisely, let us set

(83) {𝑦1 = Φ1(𝑥1, 𝑥2)
𝑦2 = Φ2(𝑥1, 𝑥2)

for some appropriate function 𝚽 = (Φ1, Φ2). To investigate this possibility let
us now write
(84) 𝑢(𝑥) = 𝑣(𝚽(𝑥)).
That is, we define 𝑣(𝑦) ≔ 𝑢(𝚿(𝑦)), where 𝚿 = 𝚽−1.

From (84), we compute

{𝑢𝑥𝑖 = ∑2
𝑘=1 𝑣𝑦𝑘Φ𝑘

𝑥𝑖
𝑢𝑥𝑖𝑥𝑗 = ∑2

𝑘,𝑙=1 𝑣𝑦𝑘𝑦𝑙Φ𝑘
𝑥𝑖Φ𝑙

𝑥𝑗 +∑2
𝑘=1 𝑣𝑦𝑘Φ𝑘

𝑥𝑖𝑥𝑗

for 𝑖, 𝑗 = 1, 2. Substituting into (82), we discover that 𝑣 solves the PDE

(85)
2
∑
𝑘,𝑙=1

̃𝑎𝑘𝑙𝑣𝑦𝑘𝑦𝑙 +⋯ = 0,

for

(86) ̃𝑎𝑘𝑙 ≔
2
∑
𝑖,𝑗=1

𝑎𝑖𝑗Φ𝑘
𝑥𝑖Φ𝑙

𝑥𝑗 (𝑘, 𝑙 = 1, 2),

where the dots in (85) represent terms of lower order.
We examine the first term in the PDE (85) in the hope we can perhaps

choose the transformation 𝚽 = (Φ1, Φ2) so this expression is particularly sim-
ple. Let us try to achieve
(87) ̃𝑎11 ≡ ̃𝑎22 ≡ 0.
In view of formula (86) this will be possible provided we can choose both Φ1

and Φ2 to solve the nonlinear first-order PDE
(88) 𝑎11(𝑣𝑥1)2 + 2𝑎12𝑣𝑥1𝑣𝑥2 + 𝑎22(𝑣𝑥2)2 = 0 in 𝑈.
Observe this is the characteristic equation associated with the partial differen-
tial equation (82), as discussed in §4.6.2.

To proceed further, let us suppose
(89) detA = 𝑎11𝑎22 − (𝑎12)2 < 0 in 𝑈,
in which case we say the PDE (82) is hyperbolic.
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Utilizing condition (89), we can then factor equation (88) as follows:

(90)

(𝑎11𝑣𝑥1 + [𝑎12 + ((𝑎12)2 − 𝑎11𝑎22)1/2] 𝑣𝑥2)

⋅ (𝑎11𝑣𝑥1 + [𝑎12 − ((𝑎12)2 − 𝑎11𝑎22)1/2] 𝑣𝑥2)

= 𝑎11 (𝑎11(𝑣𝑥1)2 + 2𝑎12𝑣𝑥1𝑣𝑥2 + 𝑎22(𝑣𝑥2)2) = 0.

Now the left-hand side of (90) is the product of two linear first-order PDE:

(911) 𝑎11𝑣𝑥1 + [𝑎12 + ((𝑎12)2 − 𝑎11𝑎22)1/2] 𝑣𝑥2 = 0 in 𝑈

and

(912) 𝑎11𝑣𝑥1 + [𝑎12 − ((𝑎12)2 − 𝑎11𝑎22)1/2] 𝑣𝑥2 = 0 in 𝑈.

We now assume that we can choose Φ1 to be a smooth solution of the PDE
(911), with 𝐷Φ1 ≠ 0 in 𝑈. Then Φ1 is constant along trajectories x = (𝑥1, 𝑥2)
of the ODE

(92) {
̇𝑥1 = 𝑎11

̇𝑥2 = [𝑎12 + ((𝑎12)2 − 𝑎11𝑎22)1/2] .

Similarly, suppose Φ2 is a smooth solution of (912), with 𝐷Φ2 ≠ 0 in 𝑈; then
Φ2 is constant along trajectories x = (𝑥1, 𝑥2) of the ODE

(93) {
̇𝑥1 = 𝑎11

̇𝑥2 = [𝑎12 − ((𝑎12)2 − 𝑎11𝑎22)1/2] .

Curves which are trajectories of either the ODE (92) or (93) are called char-
acteristics of the original partial differential equation (82). Returning now to
(83), we see that trajectories of solutions of the characteristic ODE (92) and
(93) provide our new coordinate lines.

Additionally we can verify using (89) that

(94) ̃𝑎12 =
2
∑
𝑖,𝑗=1

𝑎𝑖𝑗Φ1
𝑥𝑖Φ2

𝑥𝑗 ≠ 0 in 𝑈.

Combining then (85), (86), (87) and (94), we see that our PDE (82) becomes in
the 𝑦 coordinates

(95) 𝑣𝑦1𝑦2 +⋯ = 0,

the dots as before denoting terms of lower order. Let us call equation (95) the
first canonical form for the hyperbolic PDE (82).
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If we change variables again by setting 𝑧1 = 𝑦1+𝑦2, 𝑧2 = 𝑦1−𝑦2, then (95)
becomes

(96) 𝑤𝑧1𝑧1 − 𝑤𝑧2𝑧2 +⋯ = 0.

If we then further rename the variables 𝑡 = 𝑧1, 𝑥 = 𝑧2, then (96) reads

(97) 𝑤𝑡𝑡 − 𝑤𝑥𝑥 +⋯ = 0,

the second-order term of which is the one-dimensional wave operator. Equa-
tion (97) is the second canonical form.

Hence any hyperbolic PDE in two variables of the form (82) can be con-
verted by a change of variables into the wave equation plus a lower-order term,
assuming we can find the mapping 𝚽 as above.

7.3. SYSTEMS OF HYPERBOLIC FIRST-ORDER EQUATIONS

We next broaden our study of hyperbolic PDE (which we may informally in-
terpret as equations supporting “wave-like” solutions) to the case of first-order
systems. We continue in the manner of §§7.1 and 7.2 by first employing en-
ergy bounds to construct weak solutions for symmetric hyperbolic systems.
For nonsymmetric, constant coefficient hyperbolic systems, however, we will
instead employ Fourier transform methods.

7.3.1. Definitions. We investigate in this section systems of linear first-order
partial differential equations having the form

(1) u𝑡 +
𝑛
∑
𝑗=1

B𝑗u𝑥𝑗 = f in ℝ𝑛 × (0,∞),

subject to the initial condition

(2) u = g on ℝ𝑛 × {𝑡 = 0}.

The unknown is u ∶ ℝ𝑛 × [0,∞) → ℝ𝑚, u = (𝑢1, . . . , 𝑢𝑚), and the functions
B𝑗 ∶ ℝ𝑛 × [0,∞) → 𝕄𝑚×𝑚 (𝑗 = 1, . . . , 𝑛), f ∶ ℝ𝑛 × [0,∞) → ℝ𝑚, g ∶ ℝ𝑛 → ℝ𝑚

are given.

NOTATION. For each 𝑦 ∈ ℝ𝑛, set

B(𝑥, 𝑡; 𝑦) ≔
𝑛
∑
𝑗=1

𝑦𝑗B𝑗(𝑥, 𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

DEFINITION. The system of PDE (1) is called hyperbolic if the 𝑚×𝑚 matrix
B(𝑥, 𝑡; 𝑦) is diagonalizable for each 𝑥, 𝑦 ∈ ℝ𝑛, 𝑡 ≥ 0.
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In other words, (1) is hyperbolic provided for each 𝑥, 𝑦, 𝑡, the matrix
B(𝑥, 𝑡; 𝑦) has 𝑚 real eigenvalues

𝜆1(𝑥, 𝑡; 𝑦) ≤ 𝜆2(𝑥, 𝑡; 𝑦) ≤ . . . ≤ 𝜆𝑚(𝑥, 𝑡; 𝑦)
and corresponding eigenvectors {r𝑘(𝑥, 𝑡; 𝑦)}𝑚𝑘=1 that form a basis of ℝ𝑚.

There are two important special cases:

DEFINITIONS.
(i) We say (1) is a symmetric hyperbolic system if B𝑗(𝑥, 𝑡) is a symmetric

𝑚×𝑚 matrix for each 𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0 (𝑗 = 1, . . . , 𝑚).
(ii) The system (1) is strictly hyperbolic if for each 𝑥, 𝑦 ∈ ℝ𝑛, 𝑦 ≠ 0, and

each 𝑡 ≥ 0, the matrix B(𝑥, 𝑡; 𝑦) has 𝑚 distinct real eigenvalues:

𝜆1(𝑥, 𝑡; 𝑦) < 𝜆2(𝑥, 𝑡; 𝑦) < ⋯ < 𝜆𝑚(𝑥, 𝑡; 𝑦).

Motivation for thedefinitionofhyperbolicity. We justify the hyperbolicity
condition as follows. Assume f ≡ 0 and, further, the matrices 𝐵𝑗 are constant
(𝑗 = 1, . . . , 𝑛). Thus

(3)
𝑛
∑
𝑗=1

𝑦𝑗𝐵𝑗 = B(𝑦)

depends only on 𝑦 ∈ ℝ𝑛.
As in §4.2 let us look for a plane wave solution of (1), (2). That is, we seek

a solution u having the form

(4) u(𝑥, 𝑡) = v(𝑦 ⋅ 𝑥 − 𝜎𝑡) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0)
for some direction 𝑦 ∈ ℝ𝑛, velocity 𝜍

|𝑦| (𝜎 ∈ ℝ), and profile v ∶ ℝ → ℝ𝑚.
Plugging (4) into (1), we compute

(−𝜎𝐼 +
𝑛
∑
𝑗=1

𝑦𝑗𝐵𝑗) v′ = 0.

This equality asserts v′ is an eigenvector of the matrix B(𝑦) corresponding to
the eigenvalue 𝜎.

The hyperbolicity condition requires that there are 𝑚 distinct plane wave
solutions of (1) for each direction 𝑦. These are

(𝑦 ⋅ 𝑥 − 𝜆𝑘(𝑦)𝑡)r𝑘(𝑦) (𝑘 = 1, . . . , 𝑚),
where

𝜆1(𝑦) ≤ 𝜆2(𝑦) ≤ . . . ≤ 𝜆𝑚(𝑦)
are the eigenvalues ofB(𝑦) and {r𝑘(𝑦)}𝑚𝑘=1 the corresponding eigenvectors. The
eigenvalues for |𝑦| = 1 are the wave speeds.



398 7. Linear Evolution Equations

7.3.2. Symmetric hyperbolic systems. In this section we apply energy
methods and the vanishing viscosity technique to build a solution to the hy-
perbolic initial-value problem

(5)
⎧
⎨
⎩

u𝑡 +
𝑛
∑
𝑗=1

B𝑗u𝑥𝑗 = f in ℝ𝑛 × (0, 𝑇]

u = g on ℝ𝑛 × {𝑡 = 0},

where 𝑇 > 0, under the fundamental assumption that

(6) the matrices B𝑗(𝑥, 𝑡) are symmetric (𝑗 = 1, . . . , 𝑛),

for 𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇. We will further assume B𝑗 ∈ 𝐶2(ℝ𝑛 × [0, 𝑇];𝕄𝑚×𝑚),
with

(7) sup
ℝ𝑛×[0,𝑇]

(|B𝑗|, |𝐷𝑥,𝑡B𝑗|, |𝐷2
𝑥,𝑡B𝑗|) < ∞ (𝑗 = 1, . . . , 𝑛)

and

(8) g ∈ 𝐻1(ℝ𝑛; ℝ𝑚), f ∈ 𝐻1(ℝ𝑛 × (0, 𝑇); ℝ𝑚).

Remark. More general systems having the form

(9) B0u𝑡 +
𝑛
∑
𝑗=1

B𝑗u𝑥𝑗 = f

are also called symmetric, provided the matrices B𝑗 are symmetric for 𝑗 = 0,
. . . , 𝑛. The theory set forth below easily extends to such systems, provided B0
is positive definite.

Symmetric hyperbolic systems of the type (9) generalize the second-order
hyperbolic PDE studied in §7.2. For suppose 𝑣 is a smooth solution of the scalar
equation

(10) 𝑣𝑡𝑡 −
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗 = 0,

where without loss of generality we may take 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛). Writing

u = (𝑢1, . . . , 𝑢𝑛+1) ≔ (𝑣𝑥1 , . . . , 𝑣𝑥𝑛 , 𝑣𝑡),



7.3. Systems of Hyperbolic First-Order Equations 399

we discover u solves a system of the form (9), for 𝑚 = 𝑛 + 1, f ≡ 0,

B𝑗 =
⎛
⎜
⎜
⎝

0 . . . 0 −𝑎1𝑗
⋱ ⋮

0 . . . 0 −𝑎𝑛𝑗
−𝑎1𝑗 . . . −𝑎𝑛𝑗 0

⎞
⎟
⎟
⎠(𝑛+1)×(𝑛+1)

(𝑗 = 1, . . . , 𝑛),

B0 =
⎛
⎜
⎜
⎝

𝑎11 . . . 𝑎1𝑛 0
⋱ ⋮

𝑎𝑛1 . . . 𝑎𝑛𝑛 0
0 . . . 0 1

⎞
⎟
⎟
⎠(𝑛+1)×(𝑛+1)

.

Observe that the uniform hyperbolicity condition for (10) implies that the ma-
trix B0 is positive definite.

a. Weak solutions. To ease notation, let us define the bilinear form

𝐵[u, v; 𝑡] ≔ ∫
ℝ𝑛

𝑛
∑
𝑗=1

(b𝑗(⋅, 𝑡)u𝑥𝑗 ) ⋅ v𝑑𝑥

for 0 ≤ 𝑡 ≤ 𝑇, u, v ∈ 𝐻1(ℝ𝑛; ℝ𝑚).

DEFINITION. We say

u ∈ 𝐿2(0, 𝑇;𝐻1(ℝ𝑛; ℝ𝑚)), with u′ ∈ 𝐿2(0, 𝑇; 𝐿2(ℝ𝑛; ℝ𝑚)),
is a weak solution of the initial-value problem (5) for the symmetric hyperbolic
system provided

(i) (u′, v) + 𝐵[u, v; 𝑡] = (f, v) for each v ∈ 𝐻1(ℝ𝑛; ℝ𝑚) and a.e. 0 ≤ 𝑡 ≤ 𝑇
and

(ii) u(0) = g.

Here and afterwards ( , ) denotes the inner product in 𝐿2(ℝ𝑛; ℝ𝑚).

Remark. According to Theorem 2 in §5.9.2, u ∈ 𝐶([0, 𝑇]; 𝐿2(ℝ𝑛; ℝ𝑚)) and so
the initial condition (ii) makes sense.

b. Vanishing viscosity method. We will approximate problem (5) by the
parabolic initial-value problem

(11)
⎧
⎨
⎩

u𝜖𝑡 − 𝜖Δu𝜖 +
𝑛
∑
𝑗=1

B𝑗u𝜖𝑥𝑗 = f in ℝ𝑛 × (0, 𝑇]

u𝜖 = g𝜖 on ℝ𝑛 × {𝑡 = 0}
for 0 < 𝜖 ≤ 1, g𝜖 ≔ 𝜂𝜖 ∗ g. The idea is that for each 𝜖 > 0, problem (11) has a
unique smooth solution u𝜖, which converges to zero as |𝑥| → ∞. The plan is
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to show that as 𝜖 → 0, the u𝜖 converge to a limit function u, which is a weak
solution of (5).

THEOREM1 (Existence of approximate solutions). For each 𝜖 > 0, there exists
a unique solution u𝜖 of (11), with

(12) u𝜖 ∈ 𝐿2(0, 𝑇;𝐻3(ℝ𝑛; ℝ𝑚)), u𝜖′ ∈ 𝐿2(0, 𝑇;𝐻1(ℝ𝑛; ℝ𝑚)).

Proof.
1. Set 𝑋 = 𝐿∞((0, 𝑇); 𝐻1(ℝ𝑛; ℝ𝑚)). For each v ∈ 𝑋 , consider the linear

system

⎧
⎨
⎩

u𝑡 − 𝜖Δu = f −
𝑛
∑
𝑗=1

B𝑗v𝑥𝑗 in ℝ𝑛 × (0, 𝑇]

u = g𝜀 on ℝ𝑛 × {𝑡 = 0}.
As the right-hand side is bounded in 𝐿2, there exists a unique solution u ∈
𝐿2(0, 𝑇;𝐻2(ℝ𝑛; ℝ𝑚)), u′ ∈ 𝐿2(0, 𝑇; 𝐿2(ℝ𝑛; ℝ𝑚)). Indeed, we can utilize the fun-
damental solution Φ of the heat equation (§2.3.1) to represent u𝜀 in terms of g𝜀
and f −∑𝑛

𝑗=1 B𝑗v𝑥𝑗 .
Similarly, take ṽ ∈ 𝑋 and let ũ solve

⎧
⎨
⎩

ũ𝑡 − 𝜖Δũ = f −
𝑛
∑
𝑗=1

B𝑗ṽ𝑥𝑗 in ℝ𝑛 × (0, 𝑇]

ũ = g𝜀 on ℝ𝑛 × {𝑡 = 0}.
2. Subtracting, we find û ≔ u − ũ satisfies

(13)
⎧
⎨
⎩

û𝑡 − 𝜖Δû = −
𝑛
∑
𝑗=1

B𝑗v̂𝑥𝑗 in ℝ𝑛 × (0, 𝑇]

û = 0 on ℝ𝑛 × {𝑡 = 0},
for v̂ ≔ v−ṽ. From the representation formula of û in terms of the fundamental
solution Φ and ∑𝑛

𝑗=1 B𝑗v̂𝑥𝑗 , we obtain the estimate

(14)

ess sup
0≤𝑡≤𝑇

‖û(𝑡)‖𝐻1(ℝ𝑛;ℝ𝑚) ≤ 𝐶(𝜖)‖
𝑛
∑
𝑗=1

B𝑗v̂𝑥𝑗‖𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚))

≤ 𝐶(𝜖)‖v̂‖𝐿2(0,𝑇;𝐻1(ℝ𝑛;ℝ𝑚))

≤ 𝐶(𝜖)𝑇1/2 ess sup
0≤𝑡≤𝑇

‖v̂(𝑡)‖𝐻1(ℝ𝑛;ℝ𝑚).

Thus

(15) ‖û‖ ≤ 𝐶(𝜖)𝑇1/2‖v̂‖.
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3. If 𝑇 is so small that

(16) 𝐶(𝜖)𝑇1/2 ≤ 1/2,

then (15) reads ‖u−ũ‖ ≤ 1
2‖v−ṽ‖.According to Banach’s Fixed Point Theorem

(§9.2.1) the mapping v↦ u has a unique fixed point. Then u = u𝜖 solves (11),
provided (16) holds.

If (16) fails, we choose 0 < 𝑇1 < 𝑇 so that 𝐶𝑇
1
2
1 = 1/2 and repeat the above

argument on the time intervals [0, 𝑇1], [𝑇1, 2𝑇1], etc.
Assertion (12) follows from parabolic regularity theory (cf. §7.1.3). □

c. Energy estimates. We want to send 𝜀 → 0 in (11), and for this as usual
need some uniform estimates.

THEOREM 2 (Energy estimates). There exists a constant𝐶, depending only on
𝑛 and the coefficients, such that

(17)
max
0≤𝑡≤𝑇

(‖u𝜖(𝑡)‖𝐻1(ℝ𝑛;ℝ𝑚) + ‖u𝜖′(𝑡)‖𝐿2(ℝ𝑛;ℝ𝑚))

≤ 𝐶(‖𝑔‖𝐻1(ℝ𝑛;ℝ𝑚) + ‖f‖𝐿2(0,𝑇;𝐻1(ℝ𝑛;ℝ𝑚)) + ‖f′‖𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚)))

for each 0 < 𝜖 ≤ 1.

Proof.

1. We compute

(18) 𝑑
𝑑𝑡(

1
2‖u

𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚)) = (u𝜖,u𝜖′) = (u𝜖, f −
𝑛
∑
𝑗=1

𝐵𝑗u𝜖𝑥𝑗 + 𝜖Δu𝜖).

Now

(19) |(u𝜖, f)| ≤ ‖u𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚) + ‖f‖2𝐿2(ℝ𝑛;ℝ𝑚)

and

(20) (u𝜖, 𝜖Δu𝜖) = −𝜖‖𝐷u𝜖‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛) ≤ 0.

2. Suppose v ∈ 𝐶∞
𝑐 (ℝ𝑛; ℝ𝑚). Then

(v,
𝑛
∑
𝑗=1

B𝑗v𝑥𝑗) =
𝑛
∑
𝑗=1

∫
ℝ𝑛
(B𝑗v𝑥𝑗 ) ⋅ v𝑑𝑥

= 1
2

𝑛
∑
𝑗=1

∫
ℝ𝑛
((B𝑗v) ⋅ v)𝑥𝑗 𝑑𝑥 −

1
2

𝑛
∑
𝑗=1

∫
𝑈
(B𝑗,𝑥𝑗v) ⋅ v𝑑𝑥,
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the last equality following from the symmetry assumption (6). As v has com-
pact support, we deduce using (7) that

|||(v,
𝑛
∑
𝑗=1

B𝑗v𝑥𝑗 )
||| ≤

1
2

𝑛
∑
𝑗=1

|||∫ℝ𝑛
(B𝑗,𝑥𝑗v) ⋅ v𝑑𝑥

||| ≤ 𝐶‖v‖2𝐿2(ℝ𝑛;ℝ𝑚).

By approximation therefore

|||(u
𝜖,

𝑛
∑
𝑗=1

B𝑗u𝜖𝑥𝑗 )
||| ≤ 𝐶‖u𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚).

Utilizing this bound, (19) and (20) in (18), we obtain the estimate

𝑑
𝑑𝑡 (‖u

𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚)) ≤ 𝐶(‖u𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚) + ‖f‖2𝐿2(ℝ𝑛;ℝ𝑚)).

We next apply Gronwall’s inequality, to deduce

(21) max
0≤𝑡≤𝑇

‖u𝜖(𝑡)‖2𝐿2(ℝ𝑛;ℝ𝑚) ≤ 𝐶 (‖g‖2𝐿2(ℝ𝑛;ℝ𝑚) + ‖f‖2𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚))) ,

since ‖g𝜖‖𝐿2(ℝ𝑛;ℝ𝑚) ≤ ‖g‖𝐿2(ℝ𝑛;ℝ𝑚).
3. Fix 𝑘 ∈ {1, . . . , 𝑛} and write v𝑘 ≔ u𝜖𝑥𝑘 . Differentiating (11) with respect

to 𝑥𝑘, we find

⎧⎪
⎨⎪
⎩

v𝑘𝑡 − 𝜖Δv𝑘 +
𝑛
∑
𝑗=1

B𝑗v𝑘𝑥𝑗 = f𝑥𝑘 −
𝑛
∑
𝑗=1

B𝑗,𝑥𝑘u
𝜖
𝑥𝑗 in ℝ𝑛 × (0, 𝑇]

v𝑘 = g𝜀𝑥𝑘 on ℝ𝑛 × {𝑡 = 0}.

Reasoning as above, we find

(22) 𝑑
𝑑𝑡 (‖v

𝑘‖2𝐿2(ℝ𝑛;ℝ𝑚)) ≤ 𝐶(‖𝐷u𝜖‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛) + ‖𝐷f‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛)).

Sum the previous inequalities for 𝑘 = 1, . . . , 𝑛, to deduce

𝑑
𝑑𝑡(‖𝐷u

𝜖‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛)) ≤ 𝐶(‖𝐷u𝜖‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛) + ‖𝐷f‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛)).

Gronwall’s inequality now provides the bound

(23)
max
0≤𝑡≤𝑇

‖𝐷u𝜖(𝑡)‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛)

≤ 𝐶(‖𝐷g‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛) + ‖f‖2𝐿2(0,𝑇;𝐻1(ℝ𝑛;ℝ𝑚))),

since ‖𝐷g𝜖‖𝐿2(ℝ𝑛;𝕄𝑚×𝑛) ≤ ‖𝐷g‖𝐿2(ℝ𝑛;𝕄𝑚×𝑛).



7.3. Systems of Hyperbolic First-Order Equations 403

4. Next set v ≔ u𝜖′ and differentiate (11) with respect to 𝑡, to discover

(24)

⎧⎪⎪
⎨⎪⎪
⎩

v𝑡 − 𝜖Δv +
𝑛
∑
𝑗=1

B𝑗v𝑥𝑗 = f′ −
𝑛
∑
𝑗=1

B𝑗,𝑡u𝜖𝑥𝑖 in ℝ𝑛 × (0, 𝑇]

v = f −
𝑛
∑
𝑗=1

B𝑗g𝜖𝑥𝑗 + 𝜖Δg𝜖 on ℝ𝑛 × {𝑡 = 0}.

Reasoning as before, we compute

(25)
max
0≤𝑡≤𝑇

‖u𝜖′(𝑡)‖2𝐿2(ℝ𝑛;ℝ𝑚) ≤ 𝐶(‖𝐷g‖2𝐿2(ℝ𝑛;𝕄𝑚×𝑛) + 𝜖2‖Δg𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚)

+ ‖f(0)‖2𝐿2(ℝ𝑛;ℝ𝑚) + ‖f‖2𝐿2(0,𝑇;𝐻1(ℝ𝑛;ℝ𝑚)) + ‖f′‖2𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚))).
Now

(26) ‖Δg𝜖‖2𝐿2(ℝ𝑛;ℝ𝑚) ≤
𝐶
𝜖2 ‖𝐷g‖

2
𝐿2(ℝ𝑛;𝕄𝑚×𝑛),

since g𝜖 = 𝜂𝜖 ∗ g. Furthermore

(27) ‖f(0)‖2𝐿2(ℝ𝑛;ℝ𝑚) ≤ 𝐶(‖f‖2𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚)) + ‖f′‖2𝐿2(0,𝑇;𝐿2(ℝ𝑛;ℝ𝑚))).
This bound, together with (21) and (23), completes the proof. □

d. Existence and uniqueness.

THEOREM 3 (Existence of weak solution). There exists a weak solution of the
initial value problem (5).

Proof.
1. According to the energy estimates (17) there exists a subsequence 𝜖𝑘 → 0

and a function u ∈ 𝐿2(0, 𝑇;𝐻1(ℝ𝑛; ℝ𝑚)), such that

u′ ∈ 𝐿2(0, 𝑇; 𝐿2(ℝ𝑛; ℝ𝑚)),
with

(28) {
u𝜖𝑘 ⇀ u weakly in 𝐿2(0, 𝑇;𝐻1(ℝ𝑛; ℝ𝑚))
u𝜖′𝑘 ⇀ u′ weakly in 𝐿2(0, 𝑇; 𝐿2(ℝ𝑛; ℝ𝑚)).

2. Choose a function v ∈ 𝐶1([0, 𝑇]; 𝐻1(ℝ𝑛; ℝ𝑚)). Then from (11) we de-
duce

(29) ∫
𝑇

0
(u𝜖′ , v) + 𝜖𝐷u𝜖 ∶ 𝐷v + 𝐵[u𝜖, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.

Let 𝜖 = 𝜖𝑘 → 0:

(30) ∫
𝑇

0
(u′, v) + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡.
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This identity is valid for all v ∈ 𝐶([0, 𝑇]; 𝐻1(ℝ𝑛; ℝ𝑚)), and so

(u′, v) + 𝐵[u, v; 𝑡] = (f, v)

for a.e. 𝑡 and each v ∈ 𝐻1(ℝ𝑛; ℝ𝑚).
3. Assume now v(𝑇) = 0. Then (29) implies

∫
𝑇

0
−(u𝜖, v′) + 𝜖𝐷u𝜖 ∶ 𝐷v + 𝐵[u𝜖, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (g𝜖, v(0)).

Upon sending 𝜖 = 𝜖𝑘 → 0, we obtain

∫
𝑇

0
−(u, v′) + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (g, v(0)).

Integrating by parts in (30) gives us the identity

∫
𝑇

0
−(u, v′) + 𝐵[u, v; 𝑡] 𝑑𝑡 = ∫

𝑇

0
(f, v) 𝑑𝑡 + (u(0), v(0)).

Consequently u(0) = g, as v(0) is arbitrary. □

THEOREM4 (Uniqueness of weak solution). Aweak solution of (5) is unique.

Proof. It suffices to show the only weak solution of (5) with f ≡ g ≡ 0 isu ≡ 0.
To verify this, note

(31) (u′,u) + 𝐵[u,u; 𝑡] = 0 for a.e. 0 ≤ 𝑡 ≤ 𝑇.

Since |𝐵[u,u; 𝑡]| ≤ 𝐶‖u‖2𝐿2(ℝ𝑛;ℝ𝑚), we as usual compute from (31) that

𝑑
𝑑𝑡 (‖u(𝑡)‖

2
𝐿2(ℝ𝑛;ℝ𝑚)) ≤ 𝐶‖u(𝑡)‖2𝐿2(ℝ𝑛;ℝ𝑚),

whence Gronwall’s inequality forces ‖u(𝑡)‖2𝐿2(ℝ𝑛;ℝ𝑚) = 0 (0 ≤ 𝑡 ≤ 𝑇), since
u(0) = 0. □

7.3.3. Systems with constant coefficients. In this subsection we apply the
Fourier transform (§4.3) to solve the constant coefficient system

(32) u𝑡 +
𝑛
∑
𝑗=1

𝐵𝑗u𝑥𝑗 = 0 in ℝ𝑛 × (0,∞),

with the initial condition

(33) u = g on ℝ𝑛 × {𝑡 = 0}.
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We assume that the {𝐵𝑗}𝑛𝑗=1 are constant 𝑚 × 𝑚 matrices and that the 𝑚 × 𝑚
matrix

(34) B(𝑦) ≔
𝑛
∑
𝑗=1

𝑦𝑗𝐵𝑗

has for each 𝑦 ∈ ℝ𝑛 𝑚 real eigenvalues

(35) 𝜆1(𝑦) ≤ 𝜆2(𝑦) ≤ . . . ≤ 𝜆𝑚(𝑦).

There is no hypothesis concerning the eigenvectors, and so we are supposing
only a very weak sort of hyperbolicity here. We also make no assumption of
symmetry for the matrices {𝐵𝑗}𝑛𝑗=1. Consequently the foregoing energy esti-
mates do not apply. We need a new tool, which we discover in the Fourier
transform.

THEOREM 5 (Existence of solution). Assume

g ∈ 𝐻𝑠(ℝ𝑛; ℝ𝑚) (𝑠 > 𝑛
2 + 𝑚) .

Then there is a unique solution u ∈ 𝐶1([0,∞); ℝ𝑚) of the initial-value problem
(32), (33).

See §5.8.5 for the definition of the fractional Sobolev spaces 𝐻𝑠.

Proof.
1. We apply the Fourier transform (§4.3.1), as follows. First, temporarily

assume u = (𝑢1, . . . , 𝑢𝑚) is a smooth solution. Then set

û = (𝑢̂1, . . . , 𝑢̂𝑚),

where ∧ denotes the Fourier transform in the variable 𝑥: we do not transform
with respect to the time variable 𝑡. Equation (32) becomes

û𝑡 + 𝑖
𝑛
∑
𝑗=1

𝑦𝑗𝐵𝑗û = 0;

that is,

(36) û𝑡 + 𝑖B(𝑦)û = 0 in ℝ𝑛 × (0,∞).

In addition

(37) û = ĝ on ℝ𝑛 × {𝑡 = 0}.

For each fixed 𝑦 ∈ ℝ𝑛 we solve (36), (37) by integrating in time, to find

(38) û(𝑦, 𝑡) = 𝑒−𝑖𝑡B(𝑦)ĝ(𝑦) (𝑦 ∈ ℝ𝑛, 𝑡 ≥ 0).
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Consequently u = (𝑒−𝑖𝑡B(𝑦)ĝ)∨, so that

(39) u(𝑥, 𝑡) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒𝑖𝑥⋅𝑦𝑒−𝑖𝑡B(𝑦)ĝ(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0).

2. We have derived formula (39) assuming u to be a smooth solution of
(32), (33). We now verify that the function u defined by (39) is in truth a solu-
tion, and so must first check that the integral in (39) converges.

Since g ∈ 𝐻𝑠(ℝ𝑛; ℝ𝑚), we know according to §5.8.5 that there exists f ∈
𝐿2(ℝ𝑛; ℝ𝑚) such that

(40) |ĝ(𝑦)| ≤ 𝐶(1 + |𝑦|𝑠)−1|f(𝑦)| (𝑦 ∈ ℝ𝑛).

So in order to investigate the convergence of the integral (39), we must estimate
‖𝑒−𝑖𝑡𝐵(𝑦)‖.

3. For a fixed 𝑦, let Γ denote the path 𝜕𝐵(0, 𝑟) in the complex plane, tra-
versed counterclockwise, the radius 𝑟 selected so large that the eigenvalues
𝜆1(𝑦), . . . , 𝜆𝑚(𝑦) lie within Γ.

We have the formula

(41) 𝑒−𝑖𝑡B(𝑦) = 1
2𝜋𝑖 ∫Γ

𝑒−𝑖𝑡𝑧(𝑧𝐼 − B(𝑦))−1 𝑑𝑧.

To verify this, let A(𝑡, 𝑦) denote the right-hand side of (41) and fix 𝑥 ∈ ℝ𝑚.
Then

B(𝑦)A(𝑡, 𝑦)𝑥 = 1
2𝜋𝑖 ∫Γ

𝑒−𝑖𝑡𝑧B(𝑦)(𝑧𝐼 − B(𝑦))−1𝑥 𝑑𝑧

= 1
2𝜋𝑖 ∫Γ

𝑒−𝑖𝑡𝑧(𝑧(𝑧𝐼 − B(𝑦))−1𝑥 − 𝑥) 𝑑𝑧

= −1𝑖
𝑑
𝑑𝑡A(𝑡, 𝑦)𝑥,

since ∫Γ 𝑒−𝑖𝑡𝑧 𝑑𝑧 = 0. Consequently

(42) ( 𝑑𝑑𝑡 + 𝑖B(𝑦))A(𝑡, 𝑦) = 0.

In addition

(43)

A(0, 𝑦)𝑥 = 1
2𝜋𝑖 ∫Γ

(𝑧𝐼 − B(𝑦))−1𝑥 𝑑𝑧

= 1
2𝜋𝑖 ∫Γ

𝑥 + B(𝑦)(𝑧𝐼 − B(𝑦))−1𝑥
𝑧 𝑑𝑧

= 𝑥 + 1
2𝜋𝑖 ∫Γ

B(𝑦)(𝑧𝐼 − B(𝑦))−1𝑥
𝑧 𝑑𝑧.
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Now set

(44) 𝑤 ≔ (𝑧𝐼 − B(𝑦))−1𝑥,

so that 𝑧𝑤 − B(𝑦)𝑤 = 𝑥. Taking the product with 𝑤̄, we deduce |𝑤| ≤ 𝐶
|𝑧| for

some constant 𝐶. Using this estimate and letting 𝑟 go to infinity, we conclude
from (43) that A(0, 𝑦)𝑥 = 𝑥. This equality and (42) verify the representation
formula (41).

4. Define a new path Δ in the complex plane as follows. For fixed 𝑦, draw
circles 𝐵𝑘 = 𝐵(𝜆𝑘(𝑦), 1) of radius 1, centered at 𝜆𝑘(𝑦) (𝑘 = 1, . . . , 𝑚). Then take
Δ to be the boundary of ⋃𝑚

𝑘=1 𝐵𝑘, traversed counterclockwise.
Deforming the path Γ into Δ, we deduce from (41) that

(45) 𝑒−𝑖𝑡B(𝑦) = 1
2𝜋𝑖 ∫∆

𝑒−𝑖𝑡𝑧(𝑧𝐼 − B(𝑦))−1 𝑑𝑧.

Now

(46) |𝑒−𝑖𝑡𝑧| ≤ 𝑒𝑡 (𝑧 ∈ Δ).

Furthermore

det(𝑧𝐼 − B(𝑦)) =
𝑚
∏
𝑘=1

(𝑧 − 𝜆𝑘(𝑦)),

whence

(47) | det(𝑧𝐼 − B(𝑦))| ≥ 1 if 𝑧 ∈ Δ.

Now

(𝑧𝐼 − B(𝑦))−1 = cof(𝑧𝐼 − B(𝑦))𝑇
det(𝑧𝐼 − b(𝑦)) ,

where “cof” denotes the cofactor matrix (see §8.1.4). We deduce

(48)
‖(𝑧𝐼 − B(𝑦))−1‖ ≤ ‖ cof(𝑧𝐼 − B(𝑦))‖

≤ 𝐶(1 + |𝑧|𝑚−1 + ‖B(𝑦)‖𝑚−1)
≤ 𝐶(1 + |𝑦|𝑚−1) if 𝑧 ∈ Δ.

We have utilized in this calculation the elementary inequality

|𝜆𝑘(𝑦)| ≤ 𝐶|𝑦| (𝑘 = 1, . . . , 𝑚).

Combining (45)–(48), we derive the estimate

(49) ‖𝑒−𝑖𝑡B(𝑦)‖ ≤ 𝐶𝑒𝑡(1 + |𝑦|𝑚−1) (𝑦 ∈ ℝ𝑛).
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5. Return now to (37). We deduce using (40), (49) that

∫
ℝ𝑛
|𝑒𝑖𝑥⋅𝑦𝑒−𝑖𝑡B(𝑦)ĝ(𝑦)| 𝑑𝑦 ≤ 𝐶∫

ℝ𝑛
‖𝑒−𝑖𝑡B(𝑦)‖(1 + |𝑦|𝑠)−1|f(𝑦)| 𝑑𝑦

≤ 𝐶𝑒𝑡∫
ℝ𝑛
|f(𝑦)|(1 + |𝑦|𝑚−1)(1 + |𝑦|𝑠)−1 𝑑𝑦

≤ 𝐶 (∫
ℝ𝑛
|f|2 𝑑𝑦)

1/2
(∫

ℝ𝑛

𝑑𝑦
1 + |𝑦|2(𝑠−𝑚+1) )

1/2

< ∞,

since 𝑠 > 𝑛
2 +𝑚− 1. Hence the integral in (39) converges, and it follows easily

that the function

u(𝑥, 𝑡) = 1
(2𝜋)𝑛/2 ∫ℝ𝑛

𝑒𝑖𝑥⋅𝑦𝑒−𝑖𝑡B(𝑦)ĝ(𝑦) 𝑑𝑦

is continuous on ℝ𝑛 × [0,∞).
6. To show u is 𝐶1, observe for 0 < |ℎ| ≤ 1 that

u(𝑥, 𝑡 + ℎ) − u(𝑥, 𝑡)
ℎ = 1

(2𝜋)𝑛/2ℎ ∫ℝ𝑛
𝑒𝑖𝑥⋅𝑦(𝑒−𝑖(𝑡+ℎ)B(𝑦) − 𝑒−𝑖𝑡B(𝑦))ĝ(𝑦) 𝑑𝑦.

Since

𝑒−𝑖(𝑡+ℎ)B(𝑦) − 𝑒−𝑖𝑡B(𝑦) = −𝑖∫
𝑡+ℎ

𝑡
B(𝑦)𝑒−𝑖𝑠B(𝑦) 𝑑𝑠,

we can estimate as above that

|||
1
ℎ (𝑒

−𝑖(𝑡+ℎ)B(𝑦) − 𝑒−𝑖𝑡B(𝑦))||| ≤ 𝐶𝑒𝑡+1(1 + |𝑦|𝑚).

Therefore

|||
u(𝑥, 𝑡 + ℎ) − u(𝑥, 𝑡)

ℎ
||| ≤ 𝐶𝑒𝑡+1∫

ℝ𝑛
|f(𝑦)|(1 + |𝑦|𝑚)(1 + |𝑦|𝑠)−1 𝑑𝑦,

and the integrand is summable since 𝑠 > 𝑛
2 + 𝑚. Thus u𝑡 exists and is contin-

uous on ℝ𝑛 × [0,∞). A similar argument shows u𝑥𝑖 exists and is continuous
(𝑖 = 1, . . . , 𝑛). According to the Dominated Convergence Theorem, we can fur-
thermore differentiate under the integral sign in (39), to confirm that u solves
the system u𝑡 +∑𝑛

𝑗=1 𝐵𝑗u𝑥𝑗 = 0. □

In Chapter 11 we will encounter nonlinear first-order systems of hyperbolic
equations.
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7.4. SEMIGROUP THEORY

Semigroup theory is the abstract study of first-order ordinary differential equa-
tions with values in Banach spaces, driven by linear, but possibly unbounded,
operators. In this section we outline the basics of the theory and present as well
two applications to linear PDE. This approach provides an elegant alternative
to some of the existence theory for evolution equations set forth in §§7.1–7.3.

7.4.1. Definitions, elementary properties. We begin in an abstract setting.
Let 𝑋 denote a real Banach space, and consider then the ordinary differential
equation

(1) {u
′(𝑡) = 𝐴u(𝑡) (𝑡 ≥ 0)

u(0) = 𝑢,

where ′ = 𝑑
𝑑𝑡 , 𝑢 ∈ 𝑋 is given, and𝐴 is a linear operator. More precisely, suppose

𝐷(𝐴), the domain of 𝐴, is a linear subspace of 𝑋 and we are given a possibly
unbounded linear operator

(2) 𝐴 ∶ 𝐷(𝐴) → 𝑋.

We investigate the existence and uniqueness of a solution

u ∶ [0,∞) → 𝑋

of the ODE (1). The key problem is to ascertain reasonable conditions on the
operator 𝐴 so that (a) the ODE has a unique solution u for each initial point
𝑢 ∈ 𝑋 and (b) many interesting PDE can be cast into the abstract form (1). (We
have in mind the situation that 𝑋 is an 𝐿𝑝 space of functions and 𝐴 is a linear
partial differential operator involving variables other than 𝑡. In this case 𝐴 is
necessarily an unbounded operator.)
a. Semigroups. Let us for the moment informally assume u ∶ [0,∞) → 𝑋
is a solution of the differential equation (1) and that (1) in fact has a unique
solution for each initial point 𝑢 ∈ 𝑋 .

NOTATION. We will write

(3) u(𝑡) ≔ 𝑆(𝑡)𝑢 (𝑡 ≥ 0)

to display explicitly the dependence of u(𝑡) on the initial value 𝑢 ∈ 𝑋 . For each
time 𝑡 ≥ 0 we may therefore regard 𝑆(𝑡) as a mapping from 𝑋 into 𝑋 .

What properties does the family of operators {𝑆(𝑡)}𝑡≥0 satisfy? Clearly𝑆(𝑡) ∶
𝑋 → 𝑋 is linear. Furthermore

(4) 𝑆(0)𝑢 = 𝑢 (𝑢 ∈ 𝑋)
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and

(5) 𝑆(𝑡 + 𝑠)𝑢 = 𝑆(𝑡)𝑆(𝑠)𝑢 = 𝑆(𝑠)𝑆(𝑡)𝑢 (𝑡, 𝑠 ≥ 0, 𝑢 ∈ 𝑋).
Condition (5) is simply our assumption that the ODE (1) has a unique solution
for each initial point. Finally, it seems reasonable to suppose that for each 𝑢 ∈
𝑋
(6) the mapping 𝑡 ↦ 𝑆(𝑡)𝑢 is continuous from [0,∞) into 𝑋 .

DEFINITIONS.
(i) A family {𝑆(𝑡)}𝑡≥0 of bounded linear operators mapping 𝑋 into 𝑋 is

called a semigroup if conditions (4)–(6) are satisfied.
(ii) We say {𝑆(𝑡)}𝑡≥0 is a contraction semigroup if in addition

(7) ‖𝑆(𝑡)‖ ≤ 1 (𝑡 ≥ 0),
‖ ‖ here denoting the operator norm. Thus

‖𝑆(𝑡)𝑢‖ ≤ ‖𝑢‖ (𝑡 ≥ 0, 𝑢 ∈ 𝑋).

The notion of contraction semigroup captures many properties of a nice
flow on 𝑋 generated by the ODE (1).
b. Elementary properties, generators. The real problem now is to deter-
mine which operators 𝐴 generate contraction semigroups. We will answer this
in §7.4.2, after recording in this section some further general facts.

Henceforth assume {𝑆(𝑡)}𝑡≥0 is a contraction semigroup on 𝑋 .

DEFINITIONS. Write

(8) 𝐷(𝐴) ≔ {𝑢 ∈ 𝑋 ∣ lim
𝑡→0+

𝑆(𝑡)𝑢 − 𝑢
𝑡 exists in 𝑋 }

and

(9) 𝐴𝑢 ≔ lim
𝑡→0+

𝑆(𝑡)𝑢 − 𝑢
𝑡 (𝑢 ∈ 𝐷(𝐴)).

We call 𝐴 ∶ 𝐷(𝐴) → 𝑋 the (infinitesimal) generator of the semigroup {𝑆(𝑡)}𝑡≥0;
𝐷(𝐴) is the domain of 𝐴.

THEOREM1 (Differential properties of semigroups). Assume𝑢 ∈ 𝐷(𝐴). Then
(i) 𝑆(𝑡)𝑢 ∈ 𝐷(𝐴) for each 𝑡 ≥ 0.

(ii) 𝐴𝑆(𝑡)𝑢 = 𝑆(𝑡)𝐴𝑢 for each 𝑡 ≥ 0.
(iii) The mapping 𝑡 ↦ 𝑆(𝑡)𝑢 is differentiable for each 𝑡 > 0.
(iv) 𝑑

𝑑𝑡𝑆(𝑡)𝑢 = 𝐴𝑆(𝑡)𝑢 (𝑡 > 0).
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Proof.
1. Let 𝑢 ∈ 𝐷(𝐴). Then

lim
𝑠→0+

𝑆(𝑠)𝑆(𝑡)𝑢 − 𝑆(𝑡)𝑢
𝑠

= lim
𝑠→0+

𝑆(𝑡)𝑆(𝑠)𝑢 − 𝑆(𝑡)𝑢
𝑠 by the semigroup property (5)

= 𝑆(𝑡) lim
𝑠→0+

𝑆(𝑠)𝑢 − 𝑢
𝑠 = 𝑆(𝑡)𝐴𝑢.

Thus 𝑆(𝑡)𝑢 ∈ 𝐷(𝐴) and 𝐴𝑆(𝑡)𝑢 = 𝑆(𝑡)𝐴𝑢. Assertions (i) and (ii) are proved.
2. Let 𝑢 ∈ 𝐷(𝐴), ℎ > 0. Then if 𝑡 > 0,

lim
ℎ→0+

{𝑆(𝑡)𝑢 − 𝑆(𝑡 − ℎ)𝑢
ℎ − 𝑆(𝑡)𝐴𝑢}

= lim
ℎ→0+

{𝑆(𝑡 − ℎ) (𝑆(ℎ)𝑢 − 𝑢
ℎ ) − 𝑆(𝑡)𝐴𝑢}

= lim
ℎ→0+

{𝑆(𝑡 − ℎ) (𝑆(ℎ)𝑢 − 𝑢
ℎ − 𝐴𝑢) + (𝑆(𝑡 − ℎ) − 𝑆(𝑡))𝐴𝑢} = 0,

since 𝑆(ℎ)ᵆ−ᵆ
ℎ → 𝐴𝑢 and ‖𝑆(𝑡 − ℎ)‖ ≤ 1. Consequently

lim
ℎ→0+

𝑆(𝑡)𝑢 − 𝑆(𝑡 − ℎ)𝑢
ℎ = 𝑆(𝑡)𝐴𝑢.

Similarly

lim
ℎ→0+

𝑆(𝑡 + ℎ)𝑢 − 𝑆(𝑡)𝑢
ℎ = 𝑆(𝑡) lim

ℎ→0+
𝑆(ℎ)𝑢 − 𝑢

ℎ = 𝑆(𝑡)𝐴𝑢.

Thus 𝑑
𝑑𝑡𝑆(𝑡)𝑢 exists for each time 𝑡 > 0 and equals 𝑆(𝑡)𝐴𝑢 = 𝐴𝑆(𝑡)𝑢. □

Remark. Since 𝑡 ↦ 𝐴𝑆(𝑡)𝑢 = 𝑆(𝑡)𝐴𝑢 is continuous, the mapping 𝑡 ↦ 𝑆(𝑡)𝑢 is
𝐶1 in (0,∞), if 𝑢 ∈ 𝐷(𝐴).

THEOREM 2 (Properties of generators).
(i) The domain 𝐷(𝐴) is dense in 𝑋 and
(ii) 𝐴 is a closed operator.

Remark. To say 𝐴 is closed means that whenever 𝑢𝑘 ∈ 𝐷(𝐴) (𝑘 = 1, . . . ) and
𝑢𝑘 → 𝑢, 𝐴𝑢𝑘 → 𝑣 as 𝑘 → ∞, then

𝑢 ∈ 𝐷(𝐴), 𝑣 = 𝐴𝑢.

Proof.
1. Fix any 𝑢 ∈ 𝑋 and define then 𝑢𝑡 ≔ ∫𝑡

0 𝑆(𝑠)𝑢 𝑑𝑠. In view of (6), ᵆ𝑡
𝑡 → 𝑢

in 𝑋 , as 𝑡 → 0+.
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2. We claim

(10) 𝑢𝑡 ∈ 𝐷(𝐴) (𝑡 > 0).
Indeed if 𝑟 > 0, we have

𝑆(𝑟)𝑢𝑡 − 𝑢𝑡
𝑟 = 1

𝑟 [𝑆(𝑟) (∫
𝑡

0
𝑆(𝑠)𝑢 𝑑𝑠) − (∫

𝑡

0
𝑆(𝑠)𝑢 𝑑𝑠)]

= 1
𝑟 ∫

𝑡

0
𝑆(𝑟 + 𝑠)𝑢 − 𝑆(𝑠)𝑢 𝑑𝑠,

where we used the semigroup property (5). Thus

𝑆(𝑟)𝑢𝑡 − 𝑢𝑡
𝑟 = 1

𝑟 ∫
𝑡+𝑟

𝑡
𝑆(𝑠)𝑢 𝑑𝑠 − 1

𝑟 ∫
𝑟

0
𝑆(𝑠)𝑢 𝑑𝑠

→ 𝑆(𝑡)𝑢 − 𝑢, as 𝑟 → 0 + .

Hence 𝑢𝑡 ∈ 𝐷(𝐴), with 𝐴𝑢𝑡 = 𝑆(𝑡)𝑢 − 𝑢. This proves (10) and completes the
proof of assertion (i).

3. To prove 𝐴 is closed, let 𝑢𝑘 ∈ 𝐷(𝐴) (𝑘 = 1, . . . ) and suppose

(11) 𝑢𝑘 → 𝑢, 𝐴𝑢𝑘 → 𝑣 in 𝑋.
We must prove 𝑢 ∈ 𝐷(𝐴), 𝑣 = 𝐴𝑢. According to Theorem 1

𝑆(𝑡)𝑢𝑘 − 𝑢𝑘 = ∫
𝑡

0
𝑆(𝑠)𝐴𝑢𝑘 𝑑𝑠.

Let 𝑘 → ∞ and recall (11):

𝑆(𝑡)𝑢 − 𝑢 = ∫
𝑡

0
𝑆(𝑠)𝑣 𝑑𝑠.

Hence we have

lim
𝑡→0+

𝑆(𝑡)𝑢 − 𝑢
𝑡 = lim

𝑡→0+
1
𝑡 ∫

𝑡

0
𝑆(𝑠)𝑣 𝑑𝑠 = 𝑣.

But then by definition 𝑢 ∈ 𝐷(𝐴), 𝑣 = 𝐴𝑢. □

c. Resolvents. Let 𝐴 be a closed linear operator on 𝑋 , with domain 𝐷(𝐴).

DEFINITIONS.
(i) We say a real number 𝜆 belongs to 𝜌(𝐴), the resolvent set of 𝐴, provided

the operator
𝜆𝐼 − 𝐴 ∶ 𝐷(𝐴) → 𝑋

is one-to-one and onto.
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(ii) If 𝜆 ∈ 𝜌(𝐴), the resolvent operator 𝑅𝜆 ∶ 𝑋 → 𝑋 is defined by

𝑅𝜆𝑢 ≔ (𝜆𝐼 − 𝐴)−1𝑢.

According to the Closed Graph Theorem (§D.3), 𝑅𝜆 ∶ 𝑋 → 𝐷(𝐴) ⊆ 𝑋 is a
bounded linear operator. Furthermore,

𝐴𝑅𝜆𝑢 = 𝑅𝜆𝐴𝑢 if 𝑢 ∈ 𝐷(𝐴).

THEOREM 3 (Properties of resolvent operators).
(i) If 𝜆, 𝜇 ∈ 𝜌(𝐴), we have

(12) 𝑅𝜆 − 𝑅𝜇 = (𝜇 − 𝜆)𝑅𝜆𝑅𝜇 (resolvent identity)

and

(13) 𝑅𝜆𝑅𝜇 = 𝑅𝜇𝑅𝜆.

(ii) If 𝜆 > 0, then 𝜆 ∈ 𝜌(𝐴),

(14) 𝑅𝜆𝑢 = ∫
∞

0
𝑒−𝜆𝑡𝑆(𝑡)𝑢 𝑑𝑡 (𝑢 ∈ 𝑋),

and so ‖𝑅𝜆‖ ≤ 1
𝜆 .

Thus the resolvent operator is the Laplace transform of the semigroup (cf. Ex-
ample 8 in §4.3.3).

Proof.
1. Verification of the identities (12), (13) is left to the reader (Problem 12).
2. Note first that since 𝜆 > 0 and ‖𝑆(𝑡)‖ ≤ 1, the integral on the right-hand

side of (14) is defined. Let 𝑅̃𝜆𝑢 denote this integral. Then for ℎ > 0 and 𝑢 ∈ 𝑋 ,

𝑆(ℎ)𝑅̃𝜆𝑢 − 𝑅̃𝜆𝑢
ℎ = 1

ℎ {∫
∞

0
𝑒−𝜆𝑡[𝑆(𝑡 + ℎ)𝑢 − 𝑆(𝑡)𝑢] 𝑑𝑡}

= −1ℎ ∫
ℎ

0
𝑒−𝜆(𝑡−ℎ)𝑆(𝑡)𝑢 𝑑𝑡

+ 1
ℎ ∫

∞

0
(𝑒−𝜆(𝑡−ℎ) − 𝑒−𝜆𝑡)𝑆(𝑡)𝑢 𝑑𝑡

= −𝑒𝜆ℎ 1ℎ ∫
ℎ

0
𝑒−𝜆𝑡𝑆(𝑡)𝑢 𝑑𝑡

+ (𝑒
𝜆ℎ − 1
ℎ )∫

∞

0
𝑒−𝜆𝑡𝑆(𝑡)𝑢 𝑑𝑡.
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Hence

lim
ℎ→0+

𝑆(ℎ)𝑅̃𝜆𝑢 − 𝑅̃𝜆𝑢
ℎ = −𝑢 + 𝜆𝑅̃𝜆𝑢.

Thus 𝐴𝑅̃𝜆𝑢 = −𝑢 + 𝜆𝑅̃𝜆𝑢; that is,

(15) (𝜆𝐼 − 𝐴)𝑅̃𝜆𝑢 = 𝑢 (𝑢 ∈ 𝑋).

On the other hand if 𝑢 ∈ 𝐷(𝐴),

(16)
𝐴𝑅̃𝜆𝑢 = 𝐴∫

∞

0
𝑒−𝜆𝑡𝑆(𝑡)𝑢 𝑑𝑡 = ∫

∞

0
𝑒−𝜆𝑡𝐴𝑆(𝑡)𝑢 𝑑𝑡

= ∫
∞

0
𝑒−𝜆𝑡𝑆(𝑡)𝐴𝑢 𝑑𝑡 = 𝑅̃𝜆𝐴𝑢.

Our passing 𝐴 under the integral sign is justified since 𝐴 is a closed operator:
see Problem 13. Thus

𝑅̃𝜆(𝜆𝐼 − 𝐴)𝑢 = 𝑢 (𝑢 ∈ 𝐷(𝐴)).

In view of (15) and the formula above 𝜆𝐼 − 𝐴 is one-to-one and onto. Conse-
quently 𝜆 ∈ 𝜌(𝐴), 𝑅̃𝜆 = (𝜆𝐼 − 𝐴)−1 = 𝑅𝜆. □

7.4.2. Generating contraction semigroups. We now characterize the gen-
erators of contraction semigroups:

THEOREM4 (Hille–Yosida Theorem). Let𝐴 be a closed, densely-defined linear
operator on𝑋 . Then𝐴 is the generator of a contraction semigroup {𝑆(𝑡)}𝑡≥0 if and
only if

(17) (0,∞) ⊆ 𝜌(𝐴) and ‖𝑅𝜆‖ ≤
1
𝜆 for 𝜆 > 0.

Proof.

1. If𝐴 is a generator, then from Theorem 3(ii) we immediately deduce (17).
2. Conversely, suppose 𝐴 is closed, densely-defined, and satisfies (17). We

must build a contraction semigroup with 𝐴 as its generator. For this, fix 𝜆 > 0
and define

(18) 𝐴𝜆 ≔ −𝜆𝐼 + 𝜆2𝑅𝜆 = 𝜆𝐴𝑅𝜆.

The operator 𝐴𝜆 is a kind of regularized approximation to 𝐴.
3. We first claim

(19) 𝐴𝜆𝑢 → 𝐴𝑢 as 𝜆 → ∞ (𝑢 ∈ 𝐷(𝐴)).
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Indeed, since 𝜆𝑅𝜆𝑢−𝑢 = 𝐴𝑅𝜆𝑢 = 𝑅𝜆𝐴𝑢, ‖𝜆𝑅𝜆𝑢−𝑢‖ ≤ ‖𝑅𝜆‖ ‖𝐴𝑢‖ ≤ 1
𝜆‖𝐴𝑢‖ →

0. Thus 𝜆𝑅𝜆𝑢 → 𝑢 as 𝜆 → ∞ if 𝑢 ∈ 𝐷(𝐴). But since ‖𝜆𝑅𝜆‖ ≤ 1 and 𝐷(𝐴) is
dense, we deduce then as well

(20) 𝜆𝑅𝜆𝑢 → 𝑢 as 𝜆 → ∞, for all 𝑢 ∈ 𝑋.
Now if 𝑢 ∈ 𝐷(𝐴), then

𝐴𝜆𝑢 = 𝜆𝐴𝑅𝜆𝑢 = 𝜆𝑅𝜆𝐴𝑢.
In view of (20), our claim (19) is proved.

4. Next, define

𝑆𝜆(𝑡) ≔ 𝑒𝑡𝐴𝜆 = 𝑒−𝜆𝑡𝑒𝜆2𝑡𝑅𝜆 = 𝑒−𝜆𝑡
∞
∑
𝑘=0

(𝜆2𝑡)𝑘
𝑘! 𝑅𝑘𝜆.

Observe that since ‖𝑅𝜆‖ ≤ 𝜆−1,

‖𝑆𝜆(𝑡)‖ ≤ 𝑒−𝜆𝑡
∞
∑
𝑘=0

𝜆2𝑘𝑡𝑘
𝑘! ‖𝑅𝜆‖𝑘 ≤ 𝑒−𝜆𝑡

∞
∑
𝑘=0

𝜆𝑘𝑡𝑘
𝑘! = 1.

Consequently {𝑆𝜆(𝑡)}𝑡≥0 is a contraction semigroup, and it is easy to check that
its generator is 𝐴𝜆, with 𝐷(𝐴𝜆) = 𝑋 .

5. Let 𝜆, 𝜇 > 0. Since 𝑅𝜆𝑅𝜇 = 𝑅𝜇𝑅𝜆, we see 𝐴𝜆𝐴𝜇 = 𝐴𝜇𝐴𝜆, and so

𝐴𝜇𝑆𝜆(𝑡) = 𝑆𝜆(𝑡)𝐴𝜇 for each 𝑡 > 0.
Thus we can compute

𝑆𝜆(𝑡)𝑢 − 𝑆𝜇(𝑡)𝑢 = ∫
𝑡

0

𝑑
𝑑𝑠[𝑆𝜇(𝑡 − 𝑠)𝑆𝜆(𝑠)𝑢] 𝑑𝑠

= ∫
𝑡

0
𝑆𝜇(𝑡 − 𝑠)𝑆𝜆(𝑠)(𝐴𝜆𝑢 − 𝐴𝜇𝑢) 𝑑𝑠,

because 𝑑
𝑑𝑡𝑆𝜆(𝑡)𝑢 = 𝐴𝜆𝑆𝜆(𝑡)𝑢 = 𝑆𝜆(𝑡)𝐴𝜆𝑢. Consequently (19) implies that if

𝑢 ∈ 𝐷(𝐴), then ‖𝑆𝜆(𝑡)𝑢 − 𝑆𝜇(𝑡)𝑢‖ ≤ 𝑡‖𝐴𝜆𝑢 − 𝐴𝜇𝑢‖ → 0 as 𝜆, 𝜇 → ∞. Hence

(21) 𝑆(𝑡)𝑢 ≔ lim
𝜆→∞

𝑆𝜆(𝑡)𝑢 exists for each 𝑡 ≥ 0, 𝑢 ∈ 𝐷(𝐴).

As ‖𝑆𝜆(𝑡)‖ ≤ 1, the limit (21) in fact exists for all 𝑢 ∈ 𝑋 , uniformly for 𝑡 in
compact subsets of [0,∞). It is now straightforward to verify {𝑆(𝑡)}𝑡≥0 is a con-
traction semigroup on 𝑋 .

6. It remains to show 𝐴 is the generator of {𝑆(𝑡)}𝑡≥0. Write 𝐵 to denote this
generator. Now

(22) 𝑆𝜆(𝑡)𝑢 − 𝑢 = ∫
𝑡

0
𝑆𝜆(𝑠)𝐴𝜆𝑢𝑑𝑠.
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In addition
‖𝑆𝜆(𝑠)𝐴𝜆𝑢 − 𝑆(𝑠)𝐴𝑢‖ ≤ ‖𝑆𝜆(𝑠)‖ ‖𝐴𝜆𝑢 − 𝐴𝑢‖ + ‖(𝑆𝜆(𝑠) − 𝑆(𝑠))𝐴𝑢‖ → 0

as 𝜆 → ∞, if 𝑢 ∈ 𝐷(𝐴). Passing therefore to limits in (22), we deduce

𝑆(𝑡)𝑢 − 𝑢 = ∫
𝑡

0
𝑆(𝑠)𝐴𝑢 𝑑𝑠

if 𝑢 ∈ 𝐷(𝐴). Thus 𝐷(𝐴) ⊆ 𝐷(𝐵) and

𝐵𝑢 = lim
𝑡→0+

𝑆(𝑡)𝑢 − 𝑢
𝑡 = 𝐴𝑢 (𝑢 ∈ 𝐷(𝐴)).

Now if 𝜆 > 0, 𝜆 ∈ 𝜌(𝐴) ∩ 𝜌(𝐵). Also (𝜆𝐼 − 𝐵)(𝐷(𝐴)) = (𝜆𝐼 − 𝐴)(𝐷(𝐴)) = 𝑋 ,
according to (17). Hence (𝜆𝐼 − 𝐵)|𝐷(𝐴) is one-to-one and onto, whence 𝐷(𝐴) =
𝐷(𝐵). Therefore 𝐴 = 𝐵, and so 𝐴 is indeed the generator of {𝑆(𝑡)}𝑡≥0. □

Remark. Let 𝜔 ∈ ℝ. A semigroup {𝑆(𝑡)}𝑡≥0 is called 𝜔-contractive if ‖𝑆(𝑡)‖ ≤
𝑒𝜔𝑡 (𝑡 ≥ 0). An easy variant of Theorem 4 asserts that a closed, densely defined
linear operator 𝐴 generates an 𝜔-contractive semigroup if and only if

(23) (𝜔,∞) ⊆ 𝜌(𝐴) and ‖𝑅𝜆‖ ≤
1

𝜆 − 𝜔 for all 𝜆 > 𝜔.

This version of the Hille–Yosida Theorem will be required for our first example
below.

7.4.3. Applications. We demonstrate in this section that certain second-
order parabolic and hyperbolic PDE can be realized within the semigroup
framework.
a. Second-order parabolic PDE. We consider the initial/boundary-value
problem

(24)
⎧
⎨
⎩

𝑢𝑡 + 𝐿𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

a special case (corresponding to 𝑓 ≡ 0) of (1) in §7.1.1. We assume 𝐿 has the
divergence structure (2) from §7.1.1, satisfies the usual strong ellipticity con-
dition, and has smooth coefficients, which do not depend on 𝑡. We additionally
suppose that the bounded open set 𝑈 has a smooth boundary.

We propose to reinterpret (24) as the flow determined by a semigroup on
𝑋 = 𝐿2(𝑈). For this, we set
(25) 𝐷(𝐴) ≔ 𝐻1

0(𝑈) ∩ 𝐻2(𝑈)
and define
(26) 𝐴𝑢 ≔ −𝐿𝑢 if 𝑢 ∈ 𝐷(𝐴).



7.4. Semigroup Theory 417

Clearly then 𝐴 is an unbounded linear operator on 𝑋 . Recall from §6.2.2 the
energy estimate

(27) 𝛽‖𝑢‖2𝐻1
0(𝑈) ≤ 𝐵[𝑢, 𝑢] + 𝛾‖𝑢‖2𝐿2(𝑈),

for constants 𝛽 > 0, 𝛾 ≥ 0, where 𝐵[ , ] is the bilinear form associated with 𝐿.

THEOREM 5 (Second-order parabolic PDE as semigroups). The operator 𝐴
generates a 𝛾-contraction semigroup {𝑆(𝑡)}𝑡≥0 on 𝐿2(𝑈).

Proof.
1. We must verify the hypotheses of the variant of the Hille–Yosida Theo-

rem mentioned in the concluding Remark in §7.4.2, with 𝛾 replacing 𝜔.
First, 𝐷(𝐴) given by (25) is clearly dense in 𝐿2(𝑈).
2. We claim now that the operator 𝐴 is closed. Indeed, let {𝑢𝑘}∞𝑘=1 ⊂ 𝐷(𝐴)

with

(28) 𝑢𝑘 → 𝑢, 𝐴𝑢𝑘 → 𝑣 in 𝐿2(𝑈).

According to the regularity Theorem 4 in §6.3.2,

‖𝑢𝑘 − 𝑢𝑙‖𝐻2(𝑈) ≤ 𝐶(‖𝐴𝑢𝑘 − 𝐴𝑢𝑙‖𝐿2(𝑈) + ‖𝑢𝑘 − 𝑢𝑙‖𝐿2(𝑈))

for all 𝑘 and 𝑙. Thus (28) implies {𝑢𝑘}∞𝑘=1 is a Cauchy sequence in𝐻2(𝑈) and so

(29) 𝑢𝑘 → 𝑢 in 𝐻2(𝑈).

Therefore 𝑢 ∈ 𝐷(𝐴). Furthermore (29) implies 𝐴𝑢𝑘 → 𝐴𝑢 in 𝐿2(𝑈), and con-
sequently 𝑣 = 𝐴𝑢.

3. Next we check the resolvent conditions (23), with 𝛾 replacing𝜔. Accord-
ing to Theorem 3 in §6.2.2, for each 𝜆 ≥ 𝛾 the boundary-value problem

(30) {
𝐿𝑢 + 𝜆𝑢 = 𝑓 in 𝑈

𝑢 = 0 in 𝜕𝑈

has a unique weak solution 𝑢 ∈ 𝐻1
0(𝑈) for each 𝑓 ∈ 𝐿2(𝑈). Owing to elliptic

regularity theory, in fact 𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈). Thus 𝑢 ∈ 𝐷(𝐴). We may now

rewrite (30), using (26), and find

(31) 𝜆𝑢 − 𝐴𝑢 = 𝑓.

Thus (𝜆𝐼 − 𝐴) ∶ 𝐷(𝐴) → 𝑋 is one-to-one and onto, provided 𝜆 ≥ 𝛾. Hence
𝜌(𝐴) ⊃ [𝛾,∞).

4. Consider the weak form of the boundary-value problem (30):

𝐵[𝑢, 𝑣] + 𝜆(𝑢, 𝑣) = (𝑓, 𝑣)
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for each 𝑣 ∈ 𝐻1
0(𝑈), where ( , ) is the inner product in 𝐿2(𝑈). Set 𝑣 = 𝑢 and

recall (27) to compute for 𝜆 > 𝛾

(𝜆 − 𝛾)‖𝑢‖2𝐿2(𝑈) ≤ ‖𝑓‖𝐿2(𝑈)‖𝑢‖𝐿2(𝑈).

Hence, since 𝑢 = 𝑅𝜆𝑓, we have the estimate

‖𝑅𝜆𝑓‖𝐿2(𝑈) ≤
1

𝜆 − 𝛾‖𝑓‖𝐿2(𝑈).

This bound is valid for all 𝑓 ∈ 𝐿2(𝑈) and so

(32) ‖𝑅𝜆‖ ≤
1

𝜆 − 𝛾 (𝜆 > 𝛾),

as required. □

Semigroup theory provides an elegant method for constructing a solution
to the initial/boundary-value problem (24). It is worth noting however that
this technique requires that the coefficients 𝑎𝑖𝑗, 𝑏𝑖, 𝑐 (𝑖, 𝑗 = 1, . . . , 𝑛) of 𝐿 be
independent of 𝑡. The Galerkin method in §7.1 works without this restriction.
On the other hand, semigroup theory constructs at the outset a more regular
solution than the weak solution produced by the Galerkin technique. But we
can also apply the regularity theory in §7.1.3 to demonstrate that this weak
solution is in fact more regular.
b. Second-order hyperbolic PDE. We turn our attention next to the hyper-
bolic initial/boundary-value problem

(33)
⎧
⎨
⎩

𝑢𝑡𝑡 + 𝐿𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0},

for the operator𝐿 and open set𝑈 as above. We recast (33) as a first-order system
by setting 𝑣 ≔ 𝑢𝑡. Then the foregoing reads

⎧
⎨
⎩

𝑢𝑡 = 𝑣, 𝑣𝑡 + 𝐿𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]

𝑢 = 𝑔, 𝑣 = ℎ on 𝑈 × {𝑡 = 0}.
We will further assume 𝐿 has the symmetric form

𝐿𝑢 = −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑖)𝑥𝑗 + 𝑐𝑢,

where

(34) 𝑐 ≥ 0, 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛).
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Thus for some constant 𝛽 > 0
(35) 𝛽‖𝑢‖2𝐻1

0(𝑈) ≤ 𝐵[𝑢, 𝑢] for all 𝑢 ∈ 𝐻1
0(𝑈).

Now take
𝑋 = 𝐻1

0(𝑈) × 𝐿2(𝑈),
with the norm

(36) ‖(𝑢, 𝑣)‖ ≔ (𝐵[𝑢, 𝑢] + ‖𝑣‖2𝐿2(𝑈))1/2.
Define

𝐷(𝐴) ≔ [𝐻2(𝑈) ∩ 𝐻1
0(𝑈)] × 𝐻1

0(𝑈)
and set

(37) 𝐴(𝑢, 𝑣) ≔ (𝑣, −𝐿𝑢) for (𝑢, 𝑣) ∈ 𝐷(𝐴).
We will show 𝐴 verifies the hypothesis of the Hille–Yosida Theorem.

THEOREM 6 (Second-order hyperbolic PDE as semigroups). The operator 𝐴
generates a contraction semigroup {𝑆(𝑡)}𝑡≥0 on𝐻1

0(𝑈) × 𝐿2(𝑈).

Proof.
1. The domain of 𝐴 is clearly dense in 𝐻1

0(𝑈) × 𝐿2(𝑈).
2. To see 𝐴 is closed, let {(𝑢𝑘, 𝑣𝑘)}∞𝑘=1 ⊂ 𝐷(𝐴), with

(𝑢𝑘, 𝑣𝑘) → (𝑢, 𝑣), 𝐴(𝑢𝑘, 𝑣𝑘) → (𝑓, 𝑔) in 𝐻1
0(𝑈) × 𝐿2(𝑈).

Since 𝐴(𝑢𝑘, 𝑣𝑘) = (𝑣𝑘, −𝐿𝑢𝑘), we conclude 𝑓 = 𝑣 and 𝐿𝑢𝑘 → −𝑔 in 𝐿2(𝑈). As
in the previous proof, it follows that 𝑢𝑘 → 𝑢 in 𝐻2(𝑈) and 𝑔 = −𝐿𝑢. Thus
(𝑢, 𝑣) ∈ 𝐷(𝐴), 𝐴(𝑢, 𝑣) = (𝑣, −𝐿𝑢) = (𝑓, 𝑔).

3. Now let 𝜆 > 0, (𝑓, 𝑔) ∈ 𝑋 ≔ 𝐻1
0(𝑈) × 𝐿2(𝑈) and consider the operator

equation

(38) 𝜆(𝑢, 𝑣) − 𝐴(𝑢, 𝑣) = (𝑓, 𝑔).
This is equivalent to the two scalar equations

(39) {
𝜆𝑢 − 𝑣 = 𝑓 (𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1

0(𝑈))
𝜆𝑣 + 𝐿𝑢 = 𝑔 (𝑣 ∈ 𝐻1

0(𝑈)).
But (39) implies

(40) 𝜆2𝑢 + 𝐿𝑢 = 𝜆𝑓 + 𝑔 (𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈)).

Since 𝜆2 > 0, estimate (35) and the regularity theory imply there exists a unique
solution 𝑢 of (40). Defining then 𝑣 ≔ 𝜆𝑢 − 𝑓 ∈ 𝐻1

0(𝑈), we have shown that
(38) has a unique solution (𝑢, 𝑣). Consequently 𝜌(𝐴) ⊃ (0,∞).
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4. Whenever (39) holds, we write (𝑢, 𝑣) = 𝑅𝜆(𝑓, 𝑔). Now from the second
equation in (39), we deduce

𝜆‖𝑣‖2𝐿2 + 𝐵[𝑢, 𝑣] = (𝑔, 𝑣)𝐿2 .
Substituting 𝑣 = 𝜆𝑢 − 𝑓, we obtain

𝜆 (‖𝑣‖2𝐿2 + 𝐵[𝑢, 𝑢]) = (𝑔, 𝑣)𝐿2 + 𝐵[𝑢, 𝑓]
≤ (‖𝑔‖2𝐿2 + 𝐵[𝑓, 𝑓])1/2(‖𝑣‖2𝐿2 + 𝐵[𝑢, 𝑢])1/2.

Here we used the generalized Cauchy–Schwarz inequality (§B.2), which holds
owing to the symmetry condition (34). In light of our definition (36),

‖(𝑢, 𝑣)‖ ≤ 1
𝜆‖(𝑓, 𝑔)‖;

and so
‖𝑅𝜆‖ ≤

1
𝜆 (𝜆 > 0),

as required. □

See Friedman [Fr1] or Yosida [Y] for the theory of analytic semigroups. As-
pects of nonlinear semigroup theory will be developed later, in §9.6.

7.5. PROBLEMS

In the following exercises we assume 𝑈 ⊂ ℝ𝑛 is an open, bounded set, with
smooth boundary, and 𝑇 > 0.

1. Prove there is at most one smooth solution of this initial/boundary-value
problem for the heat equation with Neumann boundary conditions

⎧⎪
⎨⎪
⎩

𝑢𝑡 − Δ𝑢 = 𝑓 in 𝑈𝑇
𝜕𝑢
𝜕𝜈 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}.

2. Assume 𝑢 is a smooth solution of

⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 = 0 in 𝑈 × (0,∞)
𝑢 = 0 on 𝜕𝑈 × [0,∞)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}.

Prove the exponential decay estimate:

‖𝑢(⋅, 𝑡)‖𝐿2(𝑈) ≤ 𝑒−𝜆1𝑡‖𝑔‖𝐿2(𝑈) (𝑡 ≥ 0),
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where 𝜆1 > 0 is the principal eigenvalue of −Δ (with zero boundary condi-
tions) on 𝑈.

3. (Adjoint dynamics) Suppose that 𝑢 is a smooth solution of

⎧
⎨
⎩

𝑢𝑡 + 𝐿𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

where 𝐿 denotes a second-order elliptic operator, and that 𝑣 is a smooth
solution of the adjoint problem

⎧
⎨
⎩

𝑣𝑡 − 𝐿∗𝑣 = 0 in 𝑈𝑇
𝑣 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑣 = ℎ on 𝑈 × {𝑡 = 𝑇}.

Show
∫
𝑈
𝑣(⋅, 0)𝑔 𝑑𝑥 = ∫

𝑈
𝑢(⋅, 𝑇)ℎ 𝑑𝑥.

4. (Galerkin’s method for Poisson’s equation) Suppose 𝑓 ∈ 𝐿2(𝑈) and assume
that 𝑢𝑚 = ∑𝑚

𝑘=1 𝑑𝑘𝑚𝑤𝑘 solves

∫
𝑈
𝐷𝑢𝑚 ⋅ 𝐷𝑤𝑘 𝑑𝑥 = ∫

𝑈
𝑓 ⋅ 𝑤𝑘 𝑑𝑥

for 𝑘 = 1, . . . ,𝑚, where {𝑤𝑘}∞𝑘=1 is an orthogonal basis of𝐻1
0(𝑈). Show that

{𝑢𝑚}∞𝑚=1 converges weakly in 𝐻1
0(𝑈) to the weak solution 𝑢 of

{
−Δ𝑢 = 𝑓 in 𝑈

𝑢 = 0 on 𝜕𝑈.
5. Assume

{u𝑘 ⇀ u in 𝐿2(0, 𝑇;𝐻1
0(𝑈))

u′𝑘 ⇀ v in 𝐿2(0, 𝑇;𝐻−1(𝑈)).
Prove that v = u′. (Hint: Let 𝜙 ∈ 𝐶1

𝑐 (0, 𝑇), 𝑤 ∈ 𝐻1
0(𝑈). Then

∫
𝑇

0
⟨u′𝑘, 𝜙𝑤⟩ 𝑑𝑡 = −∫

𝑇

0
⟨u𝑘, 𝜙′𝑤⟩ 𝑑𝑡.)

6. Suppose 𝐻 is a Hilbert space and u𝑘 ⇀ u in 𝐿2(0, 𝑇;𝐻). Assume further
we have the uniform bounds

ess sup
0≤𝑡≤𝑇

‖u𝑘(𝑡)‖ ≤ 𝐶 (𝑘 = 1, . . . )

for some constant 𝐶. Prove

ess sup
0≤𝑡≤𝑇

‖u(𝑡)‖ ≤ 𝐶.
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(Hint: We have ∫𝑏
𝑎 (𝑣,u𝑘(𝑡)) 𝑑𝑡 ≤ 𝐶‖𝑣‖|𝑏 − 𝑎| for 0 ≤ 𝑎 ≤ 𝑏 ≤ 𝑇 and

𝑣 ∈ 𝐻.)
7. Suppose 𝑢 is a smooth solution of

⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 + 𝑐𝑢 = 0 in 𝑈 × (0,∞)
𝑢 = 0 on 𝜕𝑈 × [0,∞)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}

and the function 𝑐 satisfies 𝑐 ≥ 𝛾 > 0.
Prove the pointwise exponential decay estimate

|𝑢(𝑥, 𝑡)| ≤ 𝐶𝑒−𝛾𝑡 ((𝑥, 𝑡) ∈ 𝑈 × (0,∞)).
8. Assume that 𝑢 is a smooth solution of the PDE from Problem 7, that 𝑔 ≥
0, and that 𝑐 is bounded (but not necessarily nonnegative). Show 𝑢 ≥ 0.
(Hint: What PDE does 𝑣 ≔ 𝑒−𝜆𝑡𝑢 solve?)

9. Prove inequality (54) in §7.1.3, (59) in §7.2.3.
(Hints: Assume 𝑢 is smooth, 𝑢 = 0 on 𝜕𝑈. Transform the term

(𝐿𝑢, −Δ𝑢) by integrating by parts twice, and then estimate the boundary
terms. After changing variables locally and using cutoff functions, you may
assume the boundary is flat. This problem is difficult.)

10. Show there exists at most one smooth solution of this initial/boundary-
value problem for the telegraph equation

⎧
⎨
⎩

𝑢𝑡𝑡 + 𝑑𝑢𝑡 − 𝑢𝑥𝑥 = 𝑓 in (0, 1) × (0, 𝑇)
𝑢 = 0 on ({0} × [0, 𝑇]) ∪ ({1} × [0, 𝑇])

𝑢 = 𝑔, 𝑢𝑡 = ℎ on (0, 1) × {𝑡 = 0}.
Here 𝑑 is a constant.

11. Prove there exists at most one smooth solution 𝑢 of this problem for the
beam equation

⎧
⎨
⎩

𝑢𝑡𝑡 + 𝑢𝑥𝑥𝑥𝑥 = 0 in (0, 1) × (0, 𝑇)
𝑢 = 𝑢𝑥 = 0 on ({0} × [0, 𝑇]) ∪ ({1} × [0, 𝑇])

𝑢 = 𝑔, 𝑢𝑡 = ℎ on [0, 1] × {𝑡 = 0}.

12. Prove the resolvent identities (12) and (13) in §7.4.1.
13. Justify the equality

𝐴∫
∞

0
𝑒−𝜆𝑡𝑆(𝑡)𝑢 𝑑𝑡 = ∫

∞

0
𝑒−𝜆𝑡𝐴𝑆(𝑡)𝑢 𝑑𝑡

used in (16) of §7.4.1 when 𝑢 ∈ 𝐷(𝐴) (Hint: Approximate the integral by a
Riemann sum and recall 𝐴 is a closed operator.)
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14. Define for 𝑡 > 0

[𝑆(𝑡)𝑔](𝑥) = ∫
ℝ𝑛
Φ(𝑥 − 𝑦, 𝑡)𝑔(𝑦) 𝑑𝑦 (𝑥 ∈ ℝ𝑛),

where 𝑔 ∶ ℝ𝑛 → ℝ andΦ is the fundamental solution of the heat equation.
Also set 𝑆(0)𝑔 = 𝑔.

(a) Prove {𝑆(𝑡)}𝑡≥0 is a contraction semigroup on 𝐿2(ℝ𝑛).
(b) Show {𝑆(𝑡)}𝑡≥0 is not a contraction semigroup on 𝐿∞(ℝ𝑛).

15. Let {𝑆(𝑡)}𝑡≥0 be a contraction semigroup on 𝑋 , with generator 𝐴. Induc-
tively define 𝐷(𝐴𝑘) ≔ { 𝑢 ∈ 𝐷(𝐴𝑘−1) ∣ 𝐴𝑘−1𝑢 ∈ 𝐷(𝐴) } (𝑘 = 2, . . . ). Show
that if 𝑢 ∈ 𝐷(𝐴𝑘) for some 𝑘, then 𝑆(𝑡)𝑢 ∈ 𝐷(𝐴𝑘) for each 𝑡 ≥ 0.

16. Use Problem 15 to prove that if 𝑢 is the semigroup solution in 𝑋 = 𝐿2(𝑈)
of

⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 = 0 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × [0, 𝑇]
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

with 𝑔 ∈ 𝐶∞
𝑐 (𝑈), then 𝑢(⋅, 𝑡) ∈ 𝐶∞(𝑈) for each 0 ≤ 𝑡 ≤ 𝑇.
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Chapter 8

The Calculus of
Variations

8.1. INTRODUCTION

8.1.1. Basic ideas. We introduce a new point of view by supposing that we
wish to solve some particular partial differential equation, which for simplicity
we write in the abstract form

(1) 𝐴[𝑢] = 0.

In this formula𝐴[ ⋅ ] denotes a given, possibly nonlinear partial differential op-
erator and 𝑢 is the unknown. There is, of course, no general theory for solving
all such PDE.

The calculus of variations identifies an important class of such nonlinear
problems that can be solved using relatively simple techniques from nonlinear
functional analysis. This is the class of variational problems, that is, PDE of the
form (1), where the nonlinear operator 𝐴[ ⋅ ] is the “derivative” of an appropri-
ate “energy” functional 𝐼[ ⋅ ]. Symbolically we write

(2) 𝐴[ ⋅ ] = 𝐼′[ ⋅ ].

Then problem (1) reads

(3) 𝐼′[𝑢] = 0.

The advantage of this new formulation is that we now can recognize solutions
of (1) as being critical points of 𝐼[ ⋅ ]. These in certain circumstances may be
relatively easy to find: if, for instance, the functional 𝐼[ ⋅ ] has a minimum at
𝑢, then presumably (3) is valid and thus 𝑢 is a solution of the original PDE (1).

427
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The point is that whereas it is usually extremely difficult to solve (1) directly, it
may be much easier to discover minimum (or maximum or other critical) points
of the functional 𝐼[ ⋅ ].

In addition, many of the laws of physics and other scientific disciplines
arise directly from variational principles.

8.1.2. First variation, Euler–Lagrange equation. Suppose now 𝑈 ⊂ ℝ𝑛

is a bounded, open set with smooth boundary 𝜕𝑈 and we are given a smooth
function

𝐿 ∶ ℝ𝑛 × ℝ × 𝑈̄ → ℝ.
We call 𝐿 the Lagrangian.

NOTATION. We will write

𝐿 = 𝐿(𝑝, 𝑧, 𝑥) = 𝐿(𝑝1, . . . , 𝑝𝑛, 𝑧, 𝑥1, . . . , 𝑥𝑛)
for 𝑝 ∈ ℝ𝑛, 𝑧 ∈ ℝ, and 𝑥 ∈ 𝑈. Thus “𝑝” is the name of the variable for which
we substitute𝐷𝑤(𝑥) below, and “𝑧” is the variable for which we substitute𝑤(𝑥).
We also set

{𝐷𝑝𝐿 = (𝐿𝑝1 , . . . , 𝐿𝑝𝑛)
𝐷𝑥𝐿 = (𝐿𝑥1 , . . . , 𝐿𝑥𝑛).

This notation will clarify the theory to follow.

We make the vague ideas in §8.1.1 more precise by now assuming 𝐼[ ⋅ ] to
have the explicit form

(4) 𝐼[𝑤] ≔ ∫
𝑈
𝐿(𝐷𝑤(𝑥), 𝑤(𝑥), 𝑥) 𝑑𝑥,

for smooth functions 𝑤 ∶ 𝑈̄ → ℝ satisfying the boundary condition

(5) 𝑤 = 𝑔 on 𝜕𝑈.
Let us now additionally suppose some particular smooth function 𝑢, satisfying
the requisite boundary condition 𝑢 = 𝑔 on 𝜕𝑈, happens to be a minimizer of
𝐼[ ⋅ ] among all functions 𝑤 satisfying (5). We will demonstrate that 𝑢 is then
automatically a solution of a certain nonlinear partial differential equation.

To confirm this, first choose any smooth function 𝑣 ∈ 𝐶∞
𝑐 (𝑈) and consider

the real-valued function

(6) 𝑖(𝜏) ≔ 𝐼[𝑢 + 𝜏𝑣] (𝜏 ∈ ℝ).
Since 𝑢 is a minimizer of 𝐼[ ⋅ ] and 𝑢 + 𝜏𝑣 = 𝑢 = 𝑔 on 𝜕𝑈, we observe that 𝑖(⋅)
has a minimum at 𝜏 = 0. Therefore

(7) 𝑖′(0) = 0.
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We explicitly compute this derivative (called the first variation) by writing out

(8) 𝑖(𝜏) = ∫
𝑈
𝐿(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥) 𝑑𝑥.

Thus

𝑖′(𝜏) = ∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥)𝑣 𝑑𝑥.

Let 𝜏 = 0, to deduce from (7) that

0 = 𝑖′(0) = ∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣 𝑑𝑥.

Finally, since 𝑣 has compact support, we can integrate by parts and obtain

0 = ∫
𝑈
[−

𝑛
∑
𝑖=1

(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)] 𝑣 𝑑𝑥.

As this equality holds for all test functions 𝑣, we conclude𝑢 solves the nonlinear
PDE

(9) −
𝑛
∑
𝑖=1

(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥) = 0 in 𝑈.

This is the Euler–Lagrange equation associated with the energy functional 𝐼[ ⋅ ]
defined by (4). Observe that (9) is a quasilinear, second-order PDE in diver-
gence form.

In summary, any smooth minimizer of 𝐼[ ⋅ ] is a solution of the Euler–
Lagrange partial differential equation (9), and thus—conversely—we can try
to find a solution of (9) by searching for minimizers of (4).

Example 1 (Dirichlet’s principle). Take

𝐿(𝑝, 𝑧, 𝑥) = 1
2 |𝑝|

2.
Then 𝐿𝑝𝑖 = 𝑝𝑖 (𝑖 = 1, . . . , 𝑛), 𝐿𝑧 = 0; and so the Euler–Lagrange equation
associated with the functional

𝐼[𝑤] ≔ 1
2 ∫

𝑈
|𝐷𝑤|2 𝑑𝑥

is Laplace’s equation
Δ𝑢 = 0 in 𝑈.

This fact is Dirichlet’s principle, previously introduced in §2.2.5.
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Example 2 (Generalized Dirichlet’s principle). Write

𝐿(𝑝, 𝑧, 𝑥) = 1
2

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑝𝑖𝑝𝑗 − 𝑧𝑓(𝑥),

where 𝑎𝑖𝑗 = 𝑎𝑗𝑖 (𝑖, 𝑗 = 1, . . . , 𝑛). Then 𝐿𝑝𝑖 = ∑𝑛
𝑗=1 𝑎𝑖𝑗(𝑥)𝑝𝑗 (𝑖 = 1, . . . , 𝑛), 𝐿𝑧 =

−𝑓(𝑥). Hence the Euler–Lagrange equation associated with the functional

𝐼[𝑤] ≔ ∫
𝑈

1
2

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑤𝑥𝑖𝑤𝑥𝑗 − 𝑤𝑓 𝑑𝑥

is the divergence structure linear equation

−
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢𝑥𝑗)𝑥𝑖 = 𝑓 in 𝑈.

We will see later (in §8.1.3 and §8.2) that the uniform ellipticity condition on
the 𝑎𝑖𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛) is a natural further assumption, required to prove the
existence of a minimizer. Consequently from the nonlinear viewpoint of the
calculus of variations, the divergence structure form of a linear second-order
elliptic PDE is completely natural. This observation provides some belated mo-
tivation for the bilinear form techniques utilized in Chapter 6.

Example 3 (Nonlinear Poisson equation). Assume we are given a smooth
function 𝑓 ∶ ℝ → ℝ, and define its antiderivative 𝐹(𝑧) = ∫𝑧

0 𝑓(𝑦) 𝑑𝑦. Then
the Euler–Lagrange equation associated with the functional

𝐼[𝑤] ≔ ∫
𝑈

1
2 |𝐷𝑤|

2 − 𝐹(𝑤) 𝑑𝑥

is the nonlinear Poisson equation

−Δ𝑢 = 𝑓(𝑢) in 𝑈.

Example 4 (Minimal surfaces). Let

𝐿(𝑝, 𝑧, 𝑥) = (1 + |𝑝|2)1/2,
so that

𝐼[𝑤] = ∫
𝑈
(1 + |𝐷𝑤|2)1/2 𝑑𝑥

is the area of the graph of the function 𝑤 ∶ 𝑈 → ℝ. The associated Euler–
Lagrange equation is

(10)
𝑛
∑
𝑖=1

(
𝑢𝑥𝑖

(1 + |𝐷𝑢|2)1/2 )𝑥𝑖
= 0 in 𝑈.
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Aminimal surface

This partial differential equation is the minimal surface equation. The ex-
pression div( 𝐷ᵆ

(1+|𝐷ᵆ|2)1/2 ) on the left side of (10) is 𝑛 times the mean curvature
of the graph of 𝑢. Thus a minimal surface has zero mean curvature.

8.1.3. Second variation. We continue in the spirit of the calculations from
§8.1.2 by computing now the second variation of 𝐼[⋅] at the function 𝑢. This we
find by observing that since 𝑢 gives a minimum for 𝐼[ ⋅ ], we must have

𝑖″(0) ≥ 0,

𝑖(⋅) defined as above by (6). In view of (8) we can calculate

𝑖″(𝜏) = ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥)𝑣𝑥𝑖𝑣𝑥𝑗

+ 2
𝑛
∑
𝑖=1

𝐿𝑝𝑖𝑧(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥)𝑣𝑥𝑖𝑣

+ 𝐿𝑧𝑧(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥)𝑣2 𝑑𝑥.

Setting 𝜏 = 0, we derive the inequality

(11)
0 ≤ 𝑖″(0) = ∫

𝑈

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖𝑣𝑥𝑗

+ 2
𝑛
∑
𝑖=1

𝐿𝑝𝑖𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖𝑣 + 𝐿𝑧𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣2 𝑑𝑥,

holding for all test functions 𝑣 ∈ 𝐶∞
𝑐 (𝑈).
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We can extract useful information from inequality (11), as follows. First,
note after a routine approximation argument that estimate (11) is valid for any
Lipschitz continuous function 𝑣 vanishing on 𝜕𝑈. We then fix 𝜉 ∈ ℝ𝑛 and
define

(12) 𝑣(𝑥) ≔ 𝜖𝜌(𝑥 ⋅ 𝜉𝜖 ) 𝜁(𝑥) (𝑥 ∈ 𝑈),

where 𝜁 ∈ 𝐶∞
𝑐 (𝑈) and 𝜌 ∶ ℝ → ℝ is the periodic triangular function defined

by

𝜌(𝑥) = {𝑥 if 0 ≤ 𝑥 ≤ 1
2

1 − 𝑥 if 1
2 ≤ 𝑥 ≤ 1

𝜌(𝑥 + 1) = 𝜌(𝑥) (𝑥 ∈ ℝ).

Thus

(13) |𝜌′| = 1 a.e.

Observe further that 𝑣𝑥𝑖(𝑥) = 𝜌′(𝑥⋅𝜉𝜖 ) 𝜉𝑖𝜁 +𝑂(𝜖) as 𝜖 → 0, and so our substitut-
ing (12) into (11) yields

0 ≤ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢, 𝑢, 𝑥)(𝜌′)2𝜉𝑖𝜉𝑗𝜁2 𝑑𝑥 + 𝑂(𝜖).

We recall (13) and send 𝜖 → 0, thereby obtaining the inequality

0 ≤ ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢, 𝑢, 𝑥)𝜉𝑖𝜉𝑗𝜁2 𝑑𝑥.

Since this estimate holds for all 𝜁 ∈ 𝐶∞
𝑐 (𝑈), we deduce

(14)
𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢, 𝑢, 𝑥)𝜉𝑖𝜉𝑗 ≥ 0 (𝜉 ∈ ℝ𝑛, 𝑥 ∈ 𝑈).

We will see later in §8.2 that this necessary condition contains a clue as to the
basic convexity assumption on the Lagrangian 𝐿 required for the existence the-
ory.

8.1.4. Systems.
a. Euler–Lagrange equations. The foregoing considerations generalize
quite easily to the case of systems, the only new complications being largely
notational. Recall from §A.1 that 𝕄𝑚×𝑛 denotes the space of real 𝑚× 𝑛 matri-
ces, and assume the smooth Lagrangian function

𝐿 ∶ 𝕄𝑚×𝑛 × ℝ𝑚 × 𝑈̄ → ℝ

is given.
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NOTATION. We will write

𝐿 = 𝐿(𝑃, 𝑧, 𝑥) = 𝐿(𝑝11, . . . , 𝑝𝑚𝑛 , 𝑧1, . . . , 𝑧𝑚, 𝑥1, . . . , 𝑥𝑛)
for 𝑃 ∈ 𝕄𝑚×𝑛, 𝑧 ∈ ℝ𝑚, and 𝑥 ∈ 𝑈, where

𝑃 = (
𝑝11 . . . 𝑝1𝑛

⋱
𝑝𝑚1 . . . 𝑝𝑚𝑛

)
𝑚×𝑛

.

(We are now employing superscripts to denote rows, since this notational con-
vention simplifies the following formulas.)

As in §8.1.2 we associate with 𝐿 the functional

(15) 𝐼[w] ≔ ∫
𝑈
𝐿(𝐷w(𝑥),w(𝑥), 𝑥) 𝑑𝑥,

defined for smooth functions w ∶ 𝑈̄ → ℝ𝑚, w = (𝑤1, . . . , 𝑤𝑚), satisfying the
boundary condition w = g on 𝜕𝑈, g ∶ 𝜕𝑈 → ℝ𝑚 being given. Here

𝐷w(𝑥) = (
𝑤1
𝑥1 . . . 𝑤1

𝑥𝑛
⋱

𝑤𝑚
𝑥1 . . . 𝑤𝑚

𝑥𝑛

)
𝑚×𝑛

is the gradient matrix of w at 𝑥.
Let us now show that any smooth minimizeru = (𝑢1, . . . , 𝑢𝑚) of 𝐼[ ⋅ ], taken

among functions equal to g on 𝜕𝑈, must solve a certain system of nonlinear
partial differential equations. We therefore fix v = (𝑣1, . . . , 𝑣𝑚) ∈ 𝐶∞

𝑐 (𝑈;ℝ𝑚)
and write

𝑖(𝜏) ≔ 𝐼[u + 𝜏v].
As before,

𝑖′(0) = 0.
From this we readily deduce as above the equality

0 = 𝑖′(0) = ∫
𝑈

𝑛
∑
𝑖=1

𝑚
∑
𝑘=1

𝐿𝑝𝑘𝑖 (𝐷u,u, 𝑥)𝑣
𝑘
𝑥𝑖 +

𝑚
∑
𝑘=1

𝐿𝑧𝑘(𝐷u,u, 𝑥)𝑣𝑘 𝑑𝑥 .

As this identity is valid for all choices of 𝑣1, . . . , 𝑣𝑚, we conclude after integrat-
ing by parts that

(16) −
𝑛
∑
𝑖=1

(𝐿𝑝𝑘𝑖 (𝐷u,u, 𝑥))𝑥𝑖
+ 𝐿𝑧𝑘(𝐷u,u, 𝑥) = 0 in 𝑈 (𝑘 = 1, . . . , 𝑚).

This coupled, quasilinear system of PDE comprises the Euler–Lagrange equa-
tions for the functional 𝐼[ ⋅ ] defined by (15).
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b. Null Lagrangians. Surprisingly, it turns out to be interesting to study cer-
tain systems of nonlinear partial differential equations for which every smooth
function is a solution.

DEFINITION. The function 𝐿 is called a null Lagrangian if the system of
Euler–Lagrange equations

(17) −
𝑛
∑
𝑖=1

(𝐿𝑝𝑘𝑖 (𝐷u,u, 𝑥))𝑥𝑖
+ 𝐿𝑧𝑘(𝐷u,u, 𝑥) = 0 in 𝑈 (𝑘 = 1, . . . , 𝑚)

is solved by all smooth functions u ∶ 𝑈 → ℝ𝑚.

The importance of null Lagrangians is that the corresponding energy

𝐼[w] = ∫
𝑈
𝐿(𝐷w,w, 𝑥) 𝑑𝑥

depends only on the boundary conditions:

THEOREM 1 (Null Lagrangians and boundary conditions). Let 𝐿 be a null
Lagrangian. Assume u, ũ are two functions in 𝐶2(𝑈̄, ℝ𝑚) such that

(18) u ≡ ũ on 𝜕𝑈.

Then

(19) 𝐼[u] = 𝐼[ũ].

Proof. Define
𝑖(𝜏) ≔ 𝐼[𝜏u + (1 − 𝜏)ũ] (0 ≤ 𝜏 ≤ 1) .

Then

𝑖′(𝜏) = ∫
𝑈

𝑛
∑
𝑖=1

𝑚
∑
𝑘=1

𝐿𝑝𝑘𝑖 (𝜏𝐷u + (1 − 𝜏)𝐷ũ, 𝜏u + (1 − 𝜏)ũ, 𝑥)(𝑢𝑘𝑥𝑖 − 𝑢̃𝑘𝑥𝑖)

+
𝑚
∑
𝑘=1

𝐿𝑧𝑘(𝜏𝐷u + (1 − 𝜏)𝐷ũ, 𝜏u + (1 − 𝜏)ũ, 𝑥)(𝑢𝑘 − 𝑢̃𝑘) 𝑑𝑥

=
𝑚
∑
𝑘=1

∫
𝑈
[−

𝑛
∑
𝑖=1
(𝐿𝑝𝑘𝑖 (𝜏𝐷u + (1 − 𝜏)𝐷ũ, 𝜏u + (1 − 𝜏)ũ, 𝑥))𝑥𝑖

+ 𝐿𝑧𝑘(𝜏𝐷u + (1 − 𝜏)𝐷ũ, 𝜏u + (1 − 𝜏)ũ, 𝑥)](𝑢𝑘 − 𝑢̃𝑘) 𝑑𝑥

= 0,

the last equality holding since the Euler–Lagrange system of PDE is satisfied
by 𝜏u + (1 − 𝜏)ũ. The identity (19) follows. □
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In the scalar case that 𝑚 = 1 the only null Lagrangians are the boring
examples where 𝐿 is linear in the variable 𝑝. For the case of systems (𝑚 >
1), however, there are certain nontrivial examples, which will turn out to be
important for us later.

NOTATION. If 𝐴 is an 𝑛 × 𝑛 matrix, we denote by

cof 𝐴
the cofactor matrix, whose (𝑘, 𝑖)th entry is (cof 𝐴)𝑘𝑖 = (−1)𝑖+𝑘𝑑(𝐴)𝑘𝑖 , where
𝑑(𝐴)𝑘𝑖 is the determinant of the (𝑛−1) × (𝑛−1) matrix obtained by deleting
the 𝑘th row and 𝑖th column from 𝐴.

LEMMA (Divergence-free rows). Let u ∶ ℝ𝑛 → ℝ𝑛 be a smooth function.
Then

(20)
𝑛
∑
𝑖=1
(cof 𝐷u)𝑘𝑖,𝑥𝑖 = 0 (𝑘 = 1, . . . , 𝑛).

Proof.
1. From linear algebra we recall the identity

(21) (det 𝑃)𝐼 = 𝑃𝑇(cof 𝑃) (𝑃 ∈ 𝕄𝑛×𝑛);
that is,

(22) (det 𝑃)𝛿𝑖𝑗 =
𝑛
∑
𝑘=1

𝑝𝑘𝑖 (cof 𝑃)𝑘𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛).

Thus in particular

(23) 𝜕 det 𝑃
𝜕𝑝𝑘𝑚

= (cof 𝑃)𝑘𝑚 (𝑘,𝑚 = 1, . . . , 𝑛).

2. Now set 𝑃 = 𝐷𝑢 in (22), differentiate with respect to 𝑥𝑗, and sum 𝑗 = 1,
. . . , 𝑛, to find

𝑛
∑

𝑗,𝑘,𝑚=1
𝛿𝑖𝑗(cof 𝐷u)𝑘𝑚𝑢𝑘𝑥𝑚𝑥𝑗 =

𝑛
∑
𝑘,𝑗=1

𝑢𝑘𝑥𝑖𝑥𝑗 (cof 𝐷u)𝑘𝑗 + 𝑢𝑘𝑥𝑖(cof 𝐷u)𝑘𝑗,𝑥𝑗

for 𝑖 = 1, . . . , 𝑛. This identity simplifies to read

(24)
𝑛
∑
𝑘=1

𝑢𝑘𝑥𝑖 (
𝑛
∑
𝑗=1

(cof 𝐷u)𝑘𝑗,𝑥𝑗) = 0 (𝑖 = 1, . . . , 𝑛).

3. Now if det𝐷u(𝑥0) ≠ 0, we deduce from (24) that
𝑛
∑
𝑗=1

(cof 𝐷u)𝑘𝑗,𝑥𝑗 = 0 (𝑘 = 1, . . . , 𝑛)
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at 𝑥0. If instead det𝐷u(𝑥0) = 0, we choose a number 𝜖 > 0 so small that
det(𝐷u(𝑥0) + 𝜖𝐼) ≠ 0, apply steps 1–2 to ũ ≔ u + 𝜀𝑥, and send 𝜖 → 0. □

THEOREM 2 (Determinants as null Lagrangians). The determinant function
𝐿(𝑃) = det 𝑃 (𝑃 ∈ 𝕄𝑛×𝑛)

is a null Lagrangian.

Proof. We must show that for any smooth function u ∶ 𝑈 → ℝ𝑛,
𝑛
∑
𝑖=1

(𝐿𝑝𝑘𝑖 (𝐷u))𝑥𝑖
= 0 (𝑘 = 1, . . . , 𝑛).

According to (23) we have 𝐿𝑝𝑘𝑖 = (cof 𝑃)𝑘𝑖 (𝑖, 𝑘 = 1, . . . , 𝑛). But then employing
the notation and conclusion of the lemma, we see

𝑛
∑
𝑖=1

(𝐿𝑝𝑘𝑖 (𝐷u))𝑥𝑖
=

𝑛
∑
𝑖=1
(cof 𝐷u)𝑘𝑖,𝑥𝑖 = 0 (𝑘 = 1, . . . , 𝑛). □

Some other interesting null Lagrangians are introduced in the exercises.
c. Application. A nice application is a quick analytic proof of a topological
fixed point theorem.

THEOREM 3 (Brouwer’s Fixed Point Theorem). Assume
u ∶ 𝐵(0, 1) → 𝐵(0, 1)

is continuous, where 𝐵(0, 1) denotes the closed unit ball inℝ𝑛. Then u has a fixed
point; that is, there exists a point 𝑥 ∈ 𝐵(0, 1) with

u(𝑥) = 𝑥.

Proof.
1. Write 𝐵 = 𝐵(0, 1). We first of all claim that there does not exist a smooth

function
(25) w ∶ 𝐵 → 𝜕𝐵
such that
(26) w(𝑥) = 𝑥 for all 𝑥 ∈ 𝜕𝐵.

2. Suppose to the contrary that such a functionw exists. Let us temporarily
write w̃ for the identity function, so that w̃(𝑥) = 𝑥 for all 𝑥 ∈ 𝐵. In view of
(26), w ≡ w̃ on 𝜕𝐵. Since the determinant is a null Lagrangian, Theorem 1
implies

(27) ∫
𝐵
det𝐷w𝑑𝑥 = ∫

𝐵
det𝐷w̃𝑑𝑥 = |𝐵| ≠ 0.
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On the other hand, (25) implies |w|2 ≡ 1; and so differentiating, we find

(28) (𝐷w)𝑇w = 0.

Since |w| = 1, (28) says 0 is an eigenvalue of 𝐷w𝑇 for each 𝑥 ∈ 𝐵. Therefore
det𝐷w ≡ 0 in 𝐵. This contradicts (27) and thereby proves no smooth function
w satisfying (25), (26) can exist.

3. Next we show there does not exist any continuous function w verifying
(25), (26). Indeed if w were such a function, we continuously extend w by
setting w(𝑥) = 𝑥 if 𝑥 ∈ ℝ𝑛 − 𝐵. Observe that w(𝑥) ≠ 0 (𝑥 ∈ ℝ𝑛). Fix 𝜖 > 0
so small that w1 ≔ 𝜂𝜖 ∗w satisfies w1(𝑥) ≠ 0 (𝑥 ∈ ℝ𝑛). Note also that since
𝜂𝜖 is radial, we have w1(𝑥) = 𝑥 if 𝑥 ∈ ℝ𝑛 − 𝐵(0, 2), for 𝜖 > 0 sufficiently small.
Then

w2 ≔
2w1
|w1|

would be a smooth mapping satisfying (25), (26) (with the ball 𝐵(0, 2) replacing
𝐵 = 𝐵(0, 1)), in contradiction to step 1.

4. Finally suppose u ∶ 𝐵 → 𝐵 is continuous but has no fixed point. Define
now the mapping w ∶ 𝐵 → 𝜕𝐵 by setting w(𝑥) to be the point on 𝜕𝐵 hit by the
ray emanating from u(𝑥) and passing through 𝑥. This mapping is well defined
since u(𝑥) ≠ 𝑥 for all 𝑥 ∈ 𝐵. In addition w is continuous and satisfies (25),
(26).

But this in turn is a contradiction to step 2. □

We will employ Brouwer’s Fixed Point Theorem several times in Chapter 9.

8.2. EXISTENCE OFMINIMIZERS

In this section we will identify some conditions on the Lagrangian 𝐿 which
ensure that the functional 𝐼[ ⋅ ] does indeed have a minimizer, at least within
an appropriate Sobolev space.

8.2.1. Coercivity, lower semicontinuity. Let us start with some largely
heuristic insights as to when the functional

(1) 𝐼[𝑤] ≔ ∫
𝑈
𝐿(𝐷𝑤(𝑥), 𝑤(𝑥), 𝑥) 𝑑𝑥,

defined for appropriate functions 𝑤 ∶ 𝑈 → ℝ satisfying

(2) 𝑤 = 𝑔 on 𝜕𝑈,

should have a minimizer.
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a. Coercivity. We first of all note that even a smooth function 𝑓 mapping ℝ
to ℝ and bounded below need not attain its infimum. Consider, for instance,
𝑓 = 𝑒𝑥 or (1 + 𝑥2)−1. These examples suggest that we in general will need
some hypothesis controlling 𝐼[𝑤] for “large” functions 𝑤. Certainly the most
effective way to ensure this would be to hypothesize that 𝐼[𝑤] “grows rapidly
as |𝑤| → ∞”.

More specifically, let us assume

(3) 1 < 𝑞 < ∞
is fixed. We will then suppose

(4)
⎧
⎨
⎩

there exist constants 𝛼 > 0, 𝛽 ≥ 0 such that
𝐿(𝑝, 𝑧, 𝑥) ≥ 𝛼|𝑝|𝑞 − 𝛽

for all 𝑝 ∈ ℝ𝑛, 𝑧 ∈ ℝ, 𝑥 ∈ 𝑈.

Therefore

(5) 𝐼[𝑤] ≥ 𝛼‖𝐷𝑤‖𝑞𝐿𝑞(𝑈) − 𝛾
for 𝛾 ≔ 𝛽|𝑈|. Thus 𝐼[𝑤] → ∞ as ‖𝐷𝑤‖𝐿𝑞 → ∞. It is customary to call (5) a
coercivity condition on 𝐼[ ⋅ ].

Turning once more to our basic task of finding minimizers for the func-
tional 𝐼[ ⋅ ], we observe from inequality (5) that it seems reasonable to define
𝐼[𝑤] not only for smooth functions 𝑤, but also for functions 𝑤 in the Sobolev
space 𝑊 1,𝑞(𝑈) that satisfy the boundary condition (2) in the trace sense. Af-
ter all, the wider the class of functions 𝑤 for which 𝐼[𝑤] is defined, the more
candidates we will have for a minimizer.

We will henceforth write

𝒜 ≔ {𝑤 ∈ 𝑊 1,𝑞(𝑈) ∣ 𝑤 = 𝑔 on 𝜕𝑈 in the trace sense }
to denote this class of admissible functions 𝑤. Note in view of (4) that 𝐼[𝑤] is
defined (but may equal +∞) for each 𝑤 ∈ 𝒜.
b. Lower semicontinuity. Next, let us observe that although a continuous
function 𝑓 ∶ ℝ → ℝ satisfying a coercivity condition does indeed attain its
infimum, our integral functional 𝐼[ ⋅ ] in general will not. To understand the
problem, set

(6) 𝑚 ≔ inf
𝑤∈𝒜

𝐼[𝑤]

and choose functions 𝑢𝑘 ∈ 𝒜 (𝑘 = 1, . . . ) so that

(7) 𝐼[𝑢𝑘] → 𝑚 as 𝑘 → ∞.
We call {𝑢𝑘}∞𝑘=1 a minimizing sequence.
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We would now like to show that some subsequence of {𝑢𝑘}∞𝑘=1 converges
to an actual minimizer. For this, however, we need some kind of compactness,
and this is definitely a problem since the space𝑊 1,𝑞(𝑈) is infinite dimensional.
Indeed, if we utilize the coercivity inequality (5), it turns out (cf. §8.2.2) that
we can only conclude that the minimizing sequence lies in a bounded subset
of 𝑊 1,𝑞(𝑈). But this does not imply that there exists any subsequence which
converges in 𝑊 1,𝑞(𝑈).

We therefore turn our attention to the weak topology (cf. §D.4). Since we
are assuming 1 < 𝑞 < ∞, so that 𝐿𝑞(𝑈) is reflexive, we conclude that there
exists a subsequence {𝑢𝑘𝑗 }∞𝑗=1 ⊂ {𝑢𝑘}∞𝑘=1 and a function 𝑢 ∈ 𝑊 1,𝑞(𝑈) so that

(8) {
𝑢𝑘𝑗⇀ 𝑢 weakly in 𝐿𝑞(𝑈)

𝐷𝑢𝑘𝑗⇀ 𝐷𝑢 weakly in 𝐿𝑞(𝑈;ℝ𝑛).
We will hereafter abbreviate (8) by saying

(9) 𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝑊 1,𝑞(𝑈).
Furthermore, it will be true that 𝑢 = 𝑔 on 𝜕𝑈 in the trace sense, and so 𝑢 ∈ 𝒜.

Consequently by shifting to the weak topology we have recovered enough
compactness from the coercivity inequality (5) to deduce (9) for an appropriate
subsequence. But now another difficulty arises, for in essentially all cases of
interest the functional 𝐼[ ⋅ ] is not continuous with respect to weak convergence.
In other words, we cannot deduce from (7) and (9) that

(10) 𝐼[𝑢] = lim
𝑗→∞

𝐼[𝑢𝑘𝑗 ],

and thus 𝑢 is a minimizer. The problem is that 𝐷𝑢𝑘𝑗 ⇀ 𝐷𝑢 does not imply
𝐷𝑢𝑘𝑗 → 𝐷𝑢 a.e.: it is quite possible for instance that the gradients 𝐷𝑢𝑘𝑗 , al-
though bounded in 𝐿𝑞, are oscillating more and more wildly as 𝑘𝑗 →∞.

What saves us is the final, key observation that we do not really need the
full strength of (10). It would suffice instead to know only

(11) 𝐼[𝑢] ≤ lim inf
𝑗→∞

𝐼[𝑢𝑘𝑗 ].

Then from (7) we could deduce 𝐼[𝑢] ≤ 𝑚. But owing to (6), 𝑚 ≤ 𝐼[𝑢]. Conse-
quently 𝑢 is indeed a minimizer.

DEFINITION. We say that a function 𝐼[ ⋅ ] is (sequentially) weakly lower semi-
continuous on 𝑊 1,𝑞(𝑈), provided

𝐼[𝑢] ≤ lim inf
𝑘→∞

𝐼[𝑢𝑘]

whenever
𝑢𝑘 ⇀ 𝑢 weakly in 𝑊 1,𝑞(𝑈).
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Our goal therefore is now to identify reasonable conditions on the nonlin-
ear term 𝐿 that ensure 𝐼[ ⋅ ] is weakly lower semicontinuous.

8.2.2. Convexity. We next look back to our second variation analysis in §8.1.3
and recall we derived there the inequality

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥)𝜉𝑖𝜉𝑗 ≥ 0 (𝜉 ∈ ℝ𝑛, 𝑥 ∈ 𝑈)

holding as a necessary condition, whenever 𝑢 is a smooth minimizer. This
inequality strongly suggests that it is reasonable to assume that 𝐿 is convex in
its first argument.

THEOREM1 (Weak lower semicontinuity). Assume that𝐿 is smooth, bounded
below and in addition

the mapping 𝑝 ↦ 𝐿(𝑝, 𝑧, 𝑥) is convex,
for each 𝑧 ∈ ℝ, 𝑥 ∈ 𝑈. Then

𝐼[ ⋅ ] is weakly lower semicontinuous on𝑊 1,𝑞(𝑈).

Proof.
1. Choose any sequence {𝑢𝑘}∞𝑘=1 with

(12) 𝑢𝑘 ⇀ 𝑢 weakly in 𝑊 1,𝑞(𝑈),
and set 𝑙 ≔ lim inf𝑘→∞ 𝐼[𝑢𝑘]. We must show
(13) 𝐼[𝑢] ≤ 𝑙.

2. Note first from (12) and §D.4 that
(14) sup

𝑘
‖𝑢𝑘‖𝑊1,𝑞(𝑈) < ∞.

Upon passing to a subsequence if necessary, we may as well also suppose
(15) 𝑙 = lim

𝑘→∞
𝐼[𝑢𝑘].

Furthermore we see from the compactness theorem in §5.7 that 𝑢𝑘 → 𝑢
strongly in 𝐿𝑞(𝑈); and thus, passing if necessary to yet another subsequence,
we have
(16) 𝑢𝑘 → 𝑢 a.e. in 𝑈.

3. Fix 𝜖 > 0. Then (16) and Egoroff’s Theorem (§E.2) assert
(17) 𝑢𝑘 → 𝑢 uniformly on 𝐸𝜖,
where 𝐸𝜖 is a measurable set with
(18) |𝑈 − 𝐸𝜖| ≤ 𝜖.
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We may assume 𝐸𝜖 ⊆ 𝐸𝜖′ for 0 < 𝜖′ < 𝜖. Now write

(19) 𝐹𝜖 ≔ {𝑥 ∈ 𝑈 ∣ |𝑢(𝑥)| + |𝐷𝑢(𝑥)| ≤ 1
𝜖 } .

Then

(20) |𝑈 − 𝐹𝜖| → 0 as 𝜖 → 0.

We finally set

(21) 𝐺𝜖 ≔ 𝐸𝜖 ∩ 𝐹𝜖
and notice from (18), (20) that |𝑈 − 𝐺𝜖| → 0 as 𝜖 → 0.

4. Now let us observe that since𝐿 is bounded below, we may as well assume

(22) 𝐿 ≥ 0

(for otherwise we could apply the following arguments to ̃𝐿 = 𝐿 + 𝛽 ≥ 0 for
some appropriate constant 𝛽). Consequently

(23)
𝐼[𝑢𝑘] = ∫

𝑈
𝐿(𝐷𝑢𝑘, 𝑢𝑘, 𝑥) 𝑑𝑥 ≥ ∫

𝐺𝜖

𝐿(𝐷𝑢𝑘, 𝑢𝑘, 𝑥) 𝑑𝑥

≥ ∫
𝐺𝜖

𝐿(𝐷𝑢, 𝑢𝑘, 𝑥) 𝑑𝑥 +∫
𝐺𝜖

𝐷𝑝𝐿(𝐷𝑢, 𝑢𝑘, 𝑥) ⋅ (𝐷𝑢𝑘 − 𝐷𝑢) 𝑑𝑥,

the last inequality following from the convexity of 𝐿 in its first argument; see
§B.1. Now in view of (17), (19) and (21)

(24) lim
𝑘→∞

∫
𝐺𝜖

𝐿(𝐷𝑢, 𝑢𝑘, 𝑥) 𝑑𝑥 = ∫
𝐺𝜖

𝐿(𝐷𝑢, 𝑢, 𝑥) 𝑑𝑥.

In addition, since 𝐷𝑝𝐿(𝐷𝑢, 𝑢𝑘, 𝑥)→𝐷𝑝𝐿(𝐷𝑢, 𝑢, 𝑥) uniformly on 𝐺𝜖 and 𝐷𝑢𝑘 ⇀
𝐷𝑢 weakly in 𝐿𝑞(𝑈;ℝ𝑛), we have

(25) lim
𝑘→∞

∫
𝐺𝜖

𝐷𝑝𝐿(𝐷𝑢, 𝑢𝑘, 𝑥) ⋅ (𝐷𝑢𝑘 − 𝐷𝑢) 𝑑𝑥 = 0.

Owing now to (24), (25), we deduce from (23) that

𝑙 = lim
𝑘→∞

𝐼[𝑢𝑘] ≥ ∫
𝐺𝜖

𝐿(𝐷𝑢, 𝑢, 𝑥) 𝑑𝑥.

This inequality holds for each 𝜖 > 0. We now let 𝜖 tend to zero and recall (22)
and the Monotone Convergence Theorem (§E.3) to conclude

𝑙 ≥ ∫
𝑈
𝐿(𝐷𝑢, 𝑢, 𝑥) 𝑑𝑥 = 𝐼[𝑢],

as required. □
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Remark. It is very important to understand how the foregoing proof deals with
the weak convergence 𝐷𝑢𝑘 ⇀ 𝐷𝑢. The key is the convexity inequality (23), on
the right-hand side of which 𝐷𝑢𝑘 appears linearly. Weak convergence is, by its
very definition, compatible with linear expressions; and so the limit (25) holds.
Remember it is not in general true that 𝐷𝑢𝑘 ⇀ 𝐷𝑢 implies 𝐷𝑢𝑘 → 𝐷𝑢 a.e.,
even if we pass to a subsequence.

The convergence of 𝑢𝑘 to 𝑢 in 𝐿𝑞 is much stronger, and so we do not need
any convexity assumption concerning 𝑧 ↦ 𝐿(𝑝, 𝑧, 𝑥).

We can at last establish that 𝐼[ ⋅ ] has a minimizer among the functions in
𝒜.

THEOREM 2 (Existence of minimizer). Assume that 𝐿 satisfies the coercivity
inequality (4) and is convex in the variable 𝑝. Suppose also the admissible set 𝒜
is nonempty.

Then there exists at least one function 𝑢 ∈ 𝒜 solving

𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤] .

Proof.
1. Set 𝑚 ≔ inf𝑤∈𝒜 𝐼[𝑤]. If 𝑚 = +∞, we are done, and so we henceforth

assume 𝑚 is finite. Select a minimizing sequence {𝑢𝑘}∞𝑘=1. Then

(26) 𝐼[𝑢𝑘] → 𝑚.

2. We may as well take 𝛽 = 0 in inequality (4), since we could otherwise
just as well consider ̃𝐿 ≔ 𝐿 + 𝛽. Thus 𝐿 ≥ 𝛼|𝑝|𝑞, and so

(27) 𝐼[𝑤] ≥ 𝛼∫
𝑈
|𝐷𝑤|𝑞 𝑑𝑥.

Since 𝑚 is finite, we conclude from (26) and (27) that

(28) sup
𝑘
‖𝐷𝑢𝑘‖𝐿𝑞(𝑈) < ∞.

3. Now fix any function 𝑤 ∈ 𝒜. Since 𝑢𝑘 and 𝑤 both equal 𝑔 on 𝜕𝑈 in
the trace sense, we have 𝑢𝑘 − 𝑤 ∈ 𝑊1,𝑞

0 (𝑈). Therefore Poincaré’s inequality
implies

‖𝑢𝑘‖𝐿𝑞(𝑈) ≤ ‖𝑢𝑘 − 𝑤‖𝐿𝑞(𝑈) + ‖𝑤‖𝐿𝑞(𝑈)

≤ 𝐶‖𝐷𝑢𝑘 − 𝐷𝑤‖𝐿𝑞(𝑈) + 𝐶 ≤ 𝐶,

by (28). Hence sup𝑘 ‖𝑢𝑘‖𝐿𝑞(𝑈) < ∞. This estimate and (28) imply {𝑢𝑘}∞𝑘=1 is
bounded in 𝑊 1,𝑞(𝑈).
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4. Consequently there exist a subsequence {𝑢𝑘𝑗 }∞𝑗=1 ⊂ {𝑢𝑘}∞𝑘=1 and a func-
tion 𝑢 ∈ 𝑊 1,𝑞(𝑈) such that

𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝑊 1,𝑞(𝑈).
We assert next that 𝑢 ∈ 𝒜. To see this, note that for 𝑤 ∈ 𝒜 as above,
𝑢𝑘 − 𝑤 ∈ 𝑊1,𝑞

0 (𝑈). Now 𝑊1,𝑞
0 (𝑈) is a closed, linear subspace of 𝑊 1,𝑞(𝑈) and

so, by Mazur’s Theorem (§D.4), is weakly closed. Hence 𝑢 − 𝑤 ∈ 𝑊1,𝑞
0 (𝑈).

Consequently the trace of 𝑢 on 𝜕𝑈 is 𝑔.
In view of Theorem 1 then, 𝐼[𝑢] ≤ lim inf𝑗→∞ 𝐼[𝑢𝑘𝑗 ] = 𝑚. But since 𝑢 ∈ 𝒜,

it follows that
𝐼[𝑢] = 𝑚 = min

𝑤∈𝒜
𝐼[𝑤]. □

We turn next to the problem of uniqueness. In general there can be many
minimizers, and so to ensure uniqueness we require further assumptions. Sup-
pose for instance

(29) 𝐿 = 𝐿(𝑝, 𝑥) does not depend on 𝑧
and

(30) {
there exists 𝜃 > 0 such that
∑𝑛

𝑖,𝑗=1 𝐿𝑝𝑖𝑝𝑗 (𝑝, 𝑥)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 (𝑝, 𝜉 ∈ ℝ𝑛; 𝑥 ∈ 𝑈).
Condition (30) says the mapping 𝑝 ↦ 𝐿(𝑝, 𝑥) is uniformly convex for each 𝑥.

THEOREM 3 (Uniqueness of minimizer). Suppose (29), (30) hold. Then a
minimizer 𝑢 ∈ 𝒜 of 𝐼[ ⋅ ] is unique, provided 𝐼[𝑢] < ∞.

Proof.
1. Assume 𝑢, 𝑢̃ ∈ 𝒜 are both minimizers of 𝐼[ ⋅ ] over 𝒜. Then 𝑣 ≔ ᵆ+ ̃ᴂ

2 ∈
𝒜. We claim

(31) 𝐼[𝑣] ≤ 𝐼[𝑢] + 𝐼[𝑢̃]
2 ,

with a strict inequality, unless 𝑢 = 𝑢̃ a.e.
2. To see this, note from the uniform convexity assumption that we have

(32) 𝐿(𝑝, 𝑥) ≥ 𝐿(𝑞, 𝑥) + 𝐷𝑝𝐿(𝑞, 𝑥) ⋅ (𝑝 − 𝑞) + 𝜃
2 |𝑝 − 𝑞|2 (𝑥 ∈ 𝑈, 𝑝, 𝑞 ∈ ℝ𝑛).

Set 𝑞 = 𝐷ᵆ+𝐷 ̃ᴂ
2 , 𝑝 = 𝐷𝑢, and integrate over 𝑈:

(33)
𝐼[𝑣] +∫

𝑈
𝐷𝑝𝐿(

𝐷𝑢 + 𝐷𝑢̃
2 , 𝑥) ⋅ (𝐷𝑢 − 𝐷𝑢̃

2 ) 𝑑𝑥

+ 𝜃
8 ∫𝑈

|𝐷𝑢 − 𝐷𝑢̃|2 𝑑𝑥 ≤ 𝐼[𝑢].
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Similarly, set 𝑞 = 𝐷ᵆ+𝐷 ̃ᴂ
2 , 𝑝 = 𝐷𝑢̃ in (32) and integrate:

(34)
𝐼[𝑣] +∫

𝑈
𝐷𝑝𝐿(

𝐷𝑢 + 𝐷𝑢̃
2 , 𝑥) ⋅ (𝐷𝑢̃ − 𝐷𝑢

2 ) 𝑑𝑥

+ 𝜃
8 ∫𝑈

|𝐷𝑢 − 𝐷𝑢̃|2 𝑑𝑥 ≤ 𝐼[𝑢̃].

Add and divide by 2, to deduce

𝐼[𝑣] + 𝜃
8 ∫𝑈

|𝐷𝑢 − 𝐷𝑢̃|2 𝑑𝑥 ≤ 𝐼[𝑢] + 𝐼[𝑢̃]
2 .

This proves (31).
3. As 𝐼[𝑢] = 𝐼[𝑢̃] = min𝑤∈𝒜 𝐼[𝑤] ≤ 𝐼[𝑣], we deduce 𝐷𝑢 = 𝐷𝑢̃ a.e. in 𝑈.

Since 𝑢 = 𝑢̃ = 𝑔 on 𝜕𝑈 in the trace sense, it follows that 𝑢 = 𝑢̃ a.e. □

8.2.3. Weak solutions of Euler–Lagrange equation. We wish next to
demonstrate that any minimizer 𝑢 ∈ 𝒜 of 𝐼[ ⋅ ] solves the Euler–Lagrange equa-
tion in some suitable sense. This does not follow from the calculations in §8.1
since we do not know 𝑢 is smooth, only 𝑢 ∈ 𝑊 1,𝑞(𝑈). And in fact we will need
some growth conditions on 𝐿 and its derivatives. Let us hereafter suppose
(35) |𝐿(𝑝, 𝑧, 𝑥)| ≤ 𝐶(|𝑝|𝑞 + |𝑧|𝑞 + 1)
and also

(36) {|𝐷𝑝𝐿(𝑝, 𝑧, 𝑥)| ≤ 𝐶(|𝑝|𝑞−1 + |𝑧|𝑞−1 + 1)
|𝐿𝑧(𝑝, 𝑧, 𝑥)| ≤ 𝐶(|𝑝|𝑞−1 + |𝑧|𝑞−1 + 1)

for some constant 𝐶 and all 𝑝 ∈ ℝ𝑛, 𝑧 ∈ ℝ, 𝑥 ∈ 𝑈.
Motivation for definition of weak solution. We now turn our attention to
the boundary-value problem for the Euler–Lagrange PDE associated with our
functional 𝐿, which for a smooth minimizer 𝑢 reads

(37)
⎧
⎨
⎩

−
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥) = 0 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈.
If we multiply (37) by a test function 𝑣 ∈ 𝐶∞

𝑐 (𝑈) and integrate by parts, we
arrive at the equality

(38) ∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣 𝑑𝑥 = 0.

Of course this is the identity we first obtained in our derivation of (37) in §8.1.2.
Now assume 𝑢 ∈ 𝑊 1,𝑞(𝑈). Then using (36) we see

|𝐷𝑝𝐿(𝐷𝑢, 𝑢, 𝑥)| ≤ 𝐶(|𝐷𝑢|𝑞−1 + |𝑢|𝑞−1 + 1) ∈ 𝐿𝑞′(𝑈),
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where 𝑞′ = 𝑞
𝑞−1 ,

1
𝑞 +

1
𝑞′ = 1. Similarly

(39) |𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)| ≤ 𝐶(|𝐷𝑢|𝑞−1 + |𝑢|𝑞−1 + 1) ∈ 𝐿𝑞′(𝑈).

Consequently we see using a standard approximation argument that the equal-
ity (38) is valid for any 𝑣 ∈ 𝑊1,𝑞

0 (𝑈). This motivates the following

DEFINITION. We say𝑢 ∈ 𝒜 is aweak solution of the boundary-value problem
(37) for the Euler–Lagrange equation provided

∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣 𝑑𝑥 = 0

for all 𝑣 ∈ 𝑊1,𝑞
0 (𝑈).

THEOREM 4 (Solution of Euler–Lagrange equation). Assume 𝐿 verifies the
growth conditions (35), (36) and 𝑢 ∈ 𝒜 satisfies

𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Then 𝑢 is a weak solution of (37).

Proof. We proceed as in §8.1.2, taking care about differentiating inside the
integrals. Fix any 𝑣 ∈ 𝑊1,𝑞

0 (𝑈) and set

𝑖(𝜏) ≔ 𝐼[𝑢 + 𝜏𝑣] (𝜏 ∈ ℝ).

In view of (35) we see that 𝑖(𝜏) is finite for all 𝜏.
Let 𝜏 ≠ 0 and write the difference quotient

(40)

𝑖(𝜏) − 𝑖(0)
𝜏 = ∫

𝑈

𝐿(𝐷𝑢 + 𝜏𝐷𝑣, 𝑢 + 𝜏𝑣, 𝑥) − 𝐿(𝐷𝑢, 𝑢, 𝑥)
𝜏 𝑑𝑥

= ∫
𝑈
𝐿𝜏(𝑥) 𝑑𝑥,

where

𝐿𝜏(𝑥) ≔ 1
𝜏[𝐿(𝐷𝑢(𝑥) + 𝜏𝐷𝑣(𝑥), 𝑢(𝑥) + 𝜏𝑣(𝑥), 𝑥) − 𝐿(𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥)]

for a.e. 𝑥 ∈ 𝑈. Clearly

(41) 𝐿𝜏(𝑥) →
𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣 a.e.
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as 𝜏 → 0. Furthermore

𝐿𝜏(𝑥) = 1
𝜏 ∫

𝜏

0

𝑑
𝑑𝑠𝐿(𝐷𝑢 + 𝑠𝐷𝑣, 𝑢 + 𝑠𝑣, 𝑥) 𝑑𝑠

= 1
𝜏 ∫

𝜏

0

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢 + 𝑠𝐷𝑣, 𝑢 + 𝑠𝑣, 𝑥)𝑣𝑥𝑖

+ 𝐿𝑧(𝐷𝑢 + 𝑠𝐷𝑣, 𝑢 + 𝑠𝑣, 𝑥)𝑣 𝑑𝑠.

Next recall from §B.2 Young’s inequality: 𝑎𝑏 ≤ 𝑎𝑞
𝑞 +

𝑏𝑞′

𝑞′ , where 1
𝑞+

1
𝑞′ = 1. Then

since 𝑢, 𝑣 ∈ 𝑊 1,𝑞(𝑈), inequalities (36) and Young’s inequality imply after some
elementary calculations that

|𝐿𝜏(𝑥)| ≤ 𝐶(|𝐷𝑢|𝑞 + |𝑢|𝑞 + |𝐷𝑣|𝑞 + |𝑣|𝑞 + 1) ∈ 𝐿1(𝑈)
for each 𝜏 ≠ 0. Consequently we may invoke the Dominated Convergence
Theorem to conclude from (40), (41) that 𝑖′(0) exists and equals

∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑣𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑣 𝑑𝑥.

But then since 𝑖(⋅) has a minimum for 𝜏 = 0, we know 𝑖′(0) = 0; and thus 𝑢 is
a weak solution. □

Remark. In general, the Euler–Lagrange equation (37) will have other solu-
tions which do not correspond to minima of 𝐼[ ⋅ ]; see §8.2.5 and §8.5. However,
in the special case that the joint mapping (𝑝, 𝑧) ↦ 𝐿(𝑝, 𝑧, 𝑥) is convex for each 𝑥,
then each weak solution is in fact a minimizer.

To see this, suppose 𝑢 ∈ 𝒜 solves

(42)
⎧
⎨
⎩

−
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥) = 0 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈
in the weak sense and select any𝑤 ∈ 𝒜. Utilizing the convexity of the mapping
(𝑝, 𝑧) ↦ 𝐿(𝑝, 𝑧, 𝑥), we have

𝐿(𝑝, 𝑧, 𝑥) + 𝐷𝑝𝐿(𝑝, 𝑧, 𝑥) ⋅ (𝑞 − 𝑝) + 𝐿𝑧(𝑝, 𝑧, 𝑥) ⋅ (𝑤 − 𝑧) ≤ 𝐿(𝑞, 𝑤, 𝑥).
Let 𝑝 = 𝐷𝑢(𝑥), 𝑞 = 𝐷𝑤(𝑥), 𝑧 = 𝑢(𝑥), 𝑤 = 𝑤(𝑥) and integrate over 𝑈:

𝐼[𝑢] +∫
𝑈
𝐷𝑝𝐿(𝐷𝑢, 𝑢, 𝑥) ⋅ (𝐷𝑤 − 𝐷𝑢) + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)(𝑤 − 𝑢) 𝑑𝑥 ≤ 𝐼[𝑤].

In view of (42) the second term on the left is zero, and therefore 𝐼[𝑢] ≤ 𝐼[𝑤] for
each 𝑤 ∈ 𝒜.
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8.2.4. Systems.
a. Convexity. We now adopt again the notation for systems set forth in §8.1.4
and consider the existence question for minimizers of the functional

𝐼[w] ≔ ∫
𝑈
𝐿(𝐷w(𝑥),w(𝑥), 𝑥) 𝑑𝑥,

defined for appropriate functions w ∶ 𝑈 → ℝ𝑚, where now 𝐿 ∶ 𝕄𝑚×𝑛 ×ℝ𝑚 ×
𝑈̄ → ℝ is given.

The theory developed in §8.2.2 extends with no difficulty to the case at
hand. Let us therefore assume the coercivity inequality

(43) 𝐿(𝑃, 𝑧, 𝑥) ≥ 𝛼|𝑃|𝑞 − 𝛽 (𝑃 ∈ 𝕄𝑚×𝑛, 𝑧 ∈ ℝ𝑚, 𝑥 ∈ 𝑈)
for constants 𝛼 > 0, 𝛽 ≥ 0 and set also

𝒜 ≔ {w ∈ 𝑊 1,𝑞(𝑈;ℝ𝑚) ∣ w = g on 𝜕𝑈 in the trace sense },
where g ∶ 𝜕𝑈 → ℝ𝑚 is given.

THEOREM 5 (Existence of minimizer). Assume that 𝐿 satisfies the coercivity
inequality (43) and is convex in the variable 𝑃. Suppose also the admissible set𝒜
is nonempty.

Then there exists u ∈ 𝒜 solving

𝐼[u] = min
w∈𝒜

𝐼[w].

The proof follows almost exactly the proofs of Theorems 1 and 2 in §8.2.2.
Similarly to Theorem 3 above we have

THEOREM 6 (Uniqueness of minimizer). Assume 𝐿 does not depend on 𝑧 and
the mapping 𝑃 ↦ 𝐿(𝑃, 𝑥) is uniformly convex. Then a minimizer u ∈ 𝒜 of 𝐼[ ⋅ ]
is unique, provided 𝐼[u] < ∞.

Now suppose additionally

(44)
⎧
⎨
⎩

|𝐿(𝑃, 𝑧, 𝑥)| ≤ 𝐶(|𝑃|𝑞 + |𝑧|𝑞 + 1)
|𝐷𝑃𝐿(𝑃, 𝑧, 𝑥)| ≤ 𝐶(|𝑃|𝑞−1 + |𝑧|𝑞−1 + 1)
|𝐷𝑧𝐿(𝑃, 𝑧, 𝑥)| ≤ 𝐶(|𝑃|𝑞−1 + |𝑧|𝑞−1 + 1)

for some constant 𝐶 and all 𝑃 ∈ 𝕄𝑚×𝑛, 𝑧 ∈ ℝ𝑚, 𝑥 ∈ 𝑈.
We consider now the system of Euler–Lagrange equations

(45)
⎧
⎨
⎩

−
𝑛
∑
𝑖=1
(𝐿𝑝𝑘𝑖 (𝐷u,u, 𝑥))𝑥𝑖 + 𝐿𝑧𝑘(𝐷u,u, 𝑥) = 0 in 𝑈

𝑢𝑘 = 𝑔𝑘 on 𝜕𝑈
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for 𝑘 = 1, . . . , 𝑚 and define 𝑢 ∈ 𝒜 to be a weak solution provided
𝑚
∑
𝑘=1

∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑘𝑖 (𝐷u,u, 𝑥)𝑤
𝑘
𝑥𝑖 + 𝐿𝑧𝑘(𝐷u,u, 𝑥)𝑤𝑘 𝑑𝑥 = 0

for all w ∈ 𝑊1,𝑞
0 (𝑈;ℝ𝑚), w = (𝑤1, . . . , 𝑤𝑚).

THEOREM 7 (Solution of Euler–Lagrange system). Assume 𝐿 verifies the
growth conditions (44) and u ∈ 𝒜 satisfies

𝐼[u] = min
w∈𝒜

𝐼[w].

Then u is a weak solution of (45).

The proof is almost precisely like that of Theorem 4.
b. Polyconvexity. It is rather surprising that there are some mathematically
and physically interesting systems that are not covered by Theorem 5 above
but can still be studied using the calculus of variations. These include certain
problems where the Lagrangian 𝐿 is not convex in 𝑃, but 𝐼[ ⋅ ] is nonetheless
weakly lower semicontinuous.

LEMMA (Weak continuity of determinants). Assume 𝑛 < 𝑞 < ∞ and

u𝑘 ⇀ u weakly in𝑊 1,𝑞(𝑈;ℝ𝑛).

Then
det𝐷u𝑘 ⇀ det𝐷u weakly in 𝐿𝑞/𝑛(𝑈).

Proof.

1. First we recall the matrix identity (det 𝑃)𝐼 = 𝑃(cof 𝑃)𝑇 ; consequently

det 𝑃 =
𝑛
∑
𝑗=1

𝑝𝑖𝑗(cof 𝑃)𝑖𝑗 (𝑖 = 1, . . . , 𝑛).

2. Now let w ∈ 𝐶∞(𝑈;ℝ𝑛), w = (𝑤1, . . . , 𝑤𝑛). Then

(46) det𝐷w =
𝑛
∑
𝑗=1

𝑤𝑖
𝑥𝑗 (cof 𝐷w)𝑖𝑗 (𝑖 = 1, . . . , 𝑛).

But the lemma in §8.1.4 asserts ∑𝑛
𝑗=1(cof 𝐷w)𝑖𝑗,𝑥𝑗 = 0. Thus formula (46) says

det𝐷w =
𝑛
∑
𝑗=1

(𝑤𝑖(cof 𝐷w)𝑖𝑗)𝑥𝑗 .
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Consequently the determinant of the gradient matrix can be written as a diver-
gence. Therefore if 𝑣 ∈ 𝐶∞

𝑐 (𝑈), we have

(47) ∫
𝑈
𝑣 det 𝐷w𝑑𝑥 = −

𝑛
∑
𝑗=1

∫
𝑈
𝑣𝑥𝑗𝑤𝑖(cof 𝐷w)𝑖𝑗 𝑑𝑥 (𝑖 = 1, . . . , 𝑛).

3. We have established the identity (47) for a smooth function 𝑤, and so a
standard approximation argument yields

(48) ∫
𝑈
𝑣 det 𝐷u𝑘 𝑑𝑥 = −

𝑛
∑
𝑗=1

∫
𝑈
𝑣𝑥𝑗𝑢𝑖𝑘(cof 𝐷u𝑘)𝑖𝑗 𝑑𝑥

for 𝑘 = 1, 2, . . . . Now since 𝑛 < 𝑞 < ∞ and u𝑘 ⇀ u in 𝑊 1,𝑞(𝑈;ℝ𝑛), we know
from Morrey’s inequality that {u𝑘}

∞
𝑘=1 is bounded in 𝐶0,1−𝑛/𝑞(𝑈;ℝ𝑛). Thus us-

ing the Arzela–Ascoli compactness criterion, §C.8, we deduce u𝑘 → u uni-
formly in 𝑈. Returning then to identity (48), we see that we could conclude

(49) lim
𝑘→∞

∫
𝑈
𝑣 det 𝐷u𝑘 𝑑𝑥 = −

𝑛
∑
𝑗=1

∫
𝑈
𝑣𝑥𝑗𝑢𝑖(cof 𝐷u)𝑖𝑗 𝑑𝑥 = ∫

𝑈
𝑣 det 𝐷u𝑑𝑥,

if we knew

(50) lim
𝑘→∞

∫
𝑈
𝜓(cof 𝐷u𝑘)𝑖𝑗 𝑑𝑥 = ∫

𝑈
𝜓(cof 𝐷u)𝑖𝑗 𝑑𝑥

for 𝑖, 𝑗 = 1, . . . , 𝑛 and each 𝜓 ∈ 𝐶∞
𝑐 (𝑈). However (cof 𝐷u𝑘)𝑖𝑗 is the determinant

of an (𝑛− 1)× (𝑛−1) matrix, which can be analyzed as above by being written
as a sum of determinants of appropriate (𝑛 − 2) × (𝑛 − 2) submatrices, times
uniformly convergent factors. We continue and eventually must show only
the obvious fact that the entries of the matrices 𝐷u𝑘 converge weakly to the
corresponding entries of 𝐷u. In this way we verify (50) and thus (49).

4. Finally, since {u𝑘}∞𝑘=1 is bounded in 𝑊 1,𝑞(𝑈;ℝ𝑛) and | det 𝐷u𝑘| ≤
𝐶|𝐷u𝑘|𝑛, we see that {det 𝐷u𝑘}∞𝑘=1 is bounded in 𝐿𝑞/𝑛(𝑈). Hence any subse-
quence has a weakly convergent subsequence in 𝐿𝑞/𝑛(𝑈), which—owing to
(49)—can only converge to det𝐷u. □

We next utilize this lemma to establish a weak lower semicontinuity as-
sertion analogous to Theorem 1, except that we will not assume that the La-
grangian 𝐿 is necessarily convex in 𝑃. Instead let us suppose that 𝑚 = 𝑛 and 𝐿
has the form

(51) 𝐿(𝑃, 𝑧, 𝑥) = 𝐹(𝑃, det 𝑃, 𝑧, 𝑥) (𝑃 ∈ 𝕄𝑛×𝑛, 𝑧 ∈ ℝ𝑛, 𝑥 ∈ 𝑈)
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where 𝐹 ∶ 𝕄𝑛×𝑛 × ℝ × ℝ𝑛 × 𝑈̄ → ℝ is smooth. We additionally hypothesize
that

(52) {for each fixed 𝑧 ∈ ℝ𝑚, 𝑥 ∈ ℝ𝑛, the joint mapping
(𝑃, 𝑟) ↦ 𝐹(𝑃, 𝑟, 𝑧, 𝑥) is convex.

A Lagrangian 𝐿 of the form (51) is called polyconvex provided (52) holds.

THEOREM8 (Lower semicontinuity of polyconvex functionals). Suppose 𝑛 <
𝑞 < ∞. Assume also 𝐿 is bounded below and is polyconvex. Then

𝐼[ ⋅ ] is weakly lower semicontinuous on𝑊 1,𝑞(𝑈;ℝ𝑛).

Proof. Choose any sequence {u𝑘}∞𝑘=1 with

(53) u𝑘 ⇀ u weakly in 𝑊 1,𝑞(𝑈;ℝ𝑛).

According to the lemma,

(54) det𝐷u𝑘 ⇀ det𝐷u weakly in 𝐿𝑞/𝑛(𝑈).

We can now argue almost exactly as in the proof of Theorem 1. Indeed, using
the notation from that proof, we have

𝐼[u𝑘] = ∫
𝑈
𝐿(𝐷u𝑘,u𝑘, 𝑥) 𝑑𝑥 ≥ ∫

𝐺𝜖

𝐿(𝐷u𝑘,u𝑘, 𝑥) 𝑑𝑥

= ∫
𝐺𝜖

𝐹(𝐷u𝑘, det 𝐷u𝑘,u𝑘, 𝑥) 𝑑𝑥

≥ ∫
𝐺𝜖

𝐹(𝐷u, det 𝐷u,u𝑘, 𝑥) 𝑑𝑥

+∫
𝐺𝜖

𝐹𝑝(𝐷u, det 𝐷u,u𝑘, 𝑥) ⋅ (𝐷u𝑘 − 𝐷u)

+ 𝐹𝑟(𝐷u, det 𝐷u,u𝑘, 𝑥)(det 𝐷u𝑘 − det𝐷u) 𝑑𝑥,

in view of (52). Reasoning as in the proof of Theorem 1, we deduce from (53),
(54) that the limit of the last term is zero as 𝑘 → ∞. □

As before, we immediately deduce

THEOREM9 (Existence of minimizers, polyconvex functionals). Assume that
𝑛 < 𝑞 < ∞ and that 𝐿 satisfies the coercivity inequality (43) and is polyconvex.
Suppose also the admissible set𝒜 is nonempty.

Then there exists u ∈ 𝒜 solving

𝐼[u] = min
𝑤∈𝒜

𝐼[w].
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Example (Elasticity). Much of the interest in polyconvexity comes from non-
linear elasticity theory, where 𝑛 = 3. We consider an elastic body, which ini-
tially has the reference configuration 𝑈. We then displace each point 𝑥 ∈ 𝜕𝑈
to a new position g(𝑥) and wish to determine the new displacement u(𝑥) of
each internal point 𝑥 ∈ 𝑈.

If the material is hyperelastic, there exists by definition an associated energy
density 𝐿 such that the physical displacement u minimizes the internal energy
functional

𝐼[w] ≔ ∫
𝑈
𝐿(𝐷w, 𝑥) 𝑑𝑥

over all admissible displacements w ∈ 𝒜. Now it seems reasonable physi-
cally that 𝐿, which represents the internal energy density from stretching and
compression, may explicitly depend on the local change in volume, that is, on
det𝐷w. In other words, it is physically appropriate to suppose that 𝐿 has the
form 𝐿(𝑃, 𝑥) = 𝐹(𝑃, det 𝑃, 𝑥). Then 𝐹 describes in its first argument changes
in internal energy due to changes in line elements, and in its second argument
changes in internal energy due to changes in volume elements. See Ball (Arch.
Rational Mech. Analysis 63 (1977), 337–403) for more explanation.

8.2.5. Local minimizers. We pose in this subsection a basic question: under
what circumstances is a critical point of an energy functional 𝐼[ ⋅ ] in fact a min-
imizer or a local minimizer? To be specific, let us assume that 𝑢 is a smooth
solution of the Euler–Lagrange PDE

(55)
⎧
⎨
⎩

−
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥) = 0 in 𝑈

𝑢 = 𝑔 on 𝜕𝑈

and is therefore a critical point of the functional

𝐼[𝑤] = ∫
𝑈
𝐿(𝐷𝑤,𝑤, 𝑥) 𝑑𝑥

among functions 𝑤 satisfying the boundary condition 𝑤 = 𝑔 on 𝜕𝑈. We as
usual assume

𝑝 ↦ 𝐿(𝑝, 𝑧, 𝑥) is convex.
We will show that if the graph of 𝑥 ↦ 𝑢(𝑥) lies within a region 𝑅 generated by
a one-parameter family of graphs 𝑥 ↦ 𝑢(𝑥, 𝜆) corresponding to other critical
points, then in fact 𝑢 is a minimizer of 𝐼[ ⋅ ] as compared with admissible vari-
ations 𝑤 taking values within 𝑅. More precisely, suppose that 𝐼 ⊆ ℝ is an open
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interval containing 0 and { 𝑢(⋅, 𝜆) ∣ 𝜆 ∈ 𝐼 } is a smooth one-parameter family of
solutions of the Euler–Lagrange PDE

(56) −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥))𝑥𝑖 + 𝐿𝑧(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥) = 0

within 𝑈, such that
(57) 𝑢(𝑥) = 𝑢(𝑥, 0) (𝑥 ∈ 𝑈).
We as follows construct an admissible function 𝑤 taking values in the region
𝑅, the union of the graphs of the functions 𝑢(⋅, 𝜆) for 𝜆 ∈ 𝐼. Take 𝜃 ∶ 𝑈̄ → 𝐼 to
be a smooth function satisfying
(58) 𝜃 = 0 on 𝜕𝑈.
Define then
(59) 𝑤(𝑥) ≔ 𝑢(𝑥, 𝜃(𝑥)),
and note that 𝑤 = 𝑢 = 𝑔 on 𝜕𝑈.

THEOREM 10 (Local minimizers). The function 𝑢 is a local minimizer within
the region 𝑅, in the sense that
(60) 𝐼[𝑢] ≤ 𝐼[𝑤]
for any function 𝑤 constructed as above.

Thus if 𝑢 is a solution of the Euler–Lagrange PDE and is embedded within
a family of other solutions, then 𝑢 is a minimizer of 𝐼[ ⋅ ] among functions 𝑤
having the form (59). If say 𝑢𝜆 > 0 for 𝜆 small, we can write any 𝑤 that is
sufficiently close to 𝑢 pointwise in this form. Notice that 𝐷𝑤 need not be close
to 𝐷𝑢.

Proof.
1. We first observe that

𝑤𝑥𝑖(𝑥) = 𝑢𝑥𝑖(𝑥, 𝜃(𝑥)) + 𝑢𝜆(𝑥, 𝜃(𝑥))𝜃𝑥𝑖 (𝑖 = 1, . . . , 𝑛).
Hence the convexity of 𝐿 in its first argument implies

(61)

𝐼[𝑤] = ∫
𝑈
𝐿(𝐷𝑤,𝑤, 𝑥) 𝑑𝑥

= ∫
𝑈
𝐿(𝐷𝑢 + 𝑢𝜆𝐷𝜃,𝑤, 𝑥) 𝑑𝑥

≥ ∫
𝑈
𝐿(𝐷𝑢,𝑤, 𝑥) + 𝑢𝜆𝐷𝑝𝐿(𝐷𝑢,𝑤, 𝑥) ⋅ 𝐷𝜃 𝑑𝑥,

where 𝑢 is evaluated at (𝑥, 𝜃(𝑥)) and 𝐷 = 𝐷𝑥.
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2. We now introduce the vector field b = (𝑏1, . . . , 𝑏𝑛), defined by

(62) 𝑏𝑖 ≔∫
𝜃(𝑥)

0
𝑢𝜆(𝑥, 𝜆)𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥) 𝑑𝜆 (𝑖 = 1, . . . , 𝑛).

Then

divb =
𝑛
∑
𝑖=1

𝜃𝑥𝑖𝑢𝜆(𝑥, 𝜃(𝑥))𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜃(𝑥)), 𝑢(𝑥, 𝜃(𝑥)), 𝑥)

+
𝑛
∑
𝑖=1

∫
𝜃(𝑥)

0
𝑢𝜆𝑥𝑖(𝑥, 𝜆)𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥)

+ 𝑢𝜆(𝑥, 𝜆)(𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥))𝑥𝑖𝑑𝜆
= 𝑢𝜆(𝑥, 𝜃)𝐷𝑝𝐿(𝐷𝑢(𝑥, 𝜃(𝑥)), 𝑤(𝑥), 𝑥) ⋅ 𝐷𝜃

+∫
𝜃(𝑥)

0

𝑛
∑
𝑖=1

𝑢𝜆𝑥𝑖(𝑥, 𝜆)𝐿𝑝𝑖(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥)

+ 𝑢𝜆(𝑥, 𝜆)𝐿𝑧(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥) 𝑑𝜆.

We invoked the Euler–Lagrange equations (56) for the last equality in this cal-
culation. Observe next that

(𝐿(𝐷𝑢(𝑥, 𝜆), 𝑢(𝑥, 𝜆), 𝑥))𝜆 =
𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)𝑢𝑥𝑖𝜆 + 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)𝑢𝜆.

Hence the foregoing calculation implies

divb = 𝑢𝜆(𝑥, 𝜃)𝐷𝑝𝐿(𝐷𝑢,𝑤, 𝑥) ⋅ 𝐷𝜃 +∫
𝜃(𝑥)

0
𝐿(𝐷𝑢, 𝑢, 𝑥)𝜆 𝑑𝜆

= 𝑢𝜆(𝑥, 𝜃)𝐷𝑝𝐿(𝐷𝑢,𝑤, 𝑥) ⋅ 𝐷𝜃
+ 𝐿(𝐷𝑢(𝑥, 𝜃(𝑥)), 𝑤, 𝑥) − 𝐿(𝐷𝑢, 𝑢, 𝑥),

in view of (57).
3. We employ this computation in (61), to deduce using the Gauss–Green

Theorem that

𝐼[𝑤] ≥ ∫
𝑈
𝐿(𝐷𝑢, 𝑢, 𝑥) + divb𝑑𝑥

= 𝐼[𝑢] +∫
𝜕𝑈

b ⋅ 𝜈 𝑑𝑆

= 𝐼[𝑢],

since 𝜃 = 0 on 𝜕𝑈 and consequently b = 0 on 𝜕𝑈. We have proved (60). □
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This calculation provides a glimpse into the deep classical theories as to
when critical points are minimizers or local minimizers: see Morrey [Mo] and
Giaquinta–Hildebrandt [G-H] for more.

8.3. REGULARITY

We discuss in this section the smoothness of minimizers to our energy func-
tionals. This is generally a quite difficult topic, and so we will make a number
of strong simplifying assumptions. Thus we henceforth suppose our functional
𝐼[ ⋅ ] to have the form

(1) 𝐼[𝑤] ≔ ∫
𝑈
𝐿(𝐷𝑤) − 𝑤𝑓 𝑑𝑥,

for𝑓 ∈ 𝐿2(𝑈). We will also take 𝑞 = 2 and suppose as well the growth condition

(2) |𝐷𝑝𝐿(𝑝)| ≤ 𝐶(|𝑝| + 1) (𝑝 ∈ ℝ𝑛).

Then any minimizer 𝑢 ∈ 𝒜 is a weak solution of the Euler–Lagrange PDE

(3) −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 = 𝑓 in 𝑈;

that is,

(4) ∫
𝑈

𝑛
∑
𝑖=1

𝐿𝑝𝑖(𝐷𝑢)𝑣𝑥𝑖 𝑑𝑥 = ∫
𝑈
𝑓𝑣 𝑑𝑥

for all 𝑣 ∈ 𝐻1
0(𝑈).

8.3.1. Second derivative estimates. We now intend to show that if 𝑢 ∈
𝐻1(𝑈) is a weak solution of the nonlinear PDE (3), then in fact 𝑢 ∈ 𝐻2

loc(𝑈).
But to establish this we will need to strengthen our growth conditions on 𝐿. Let
us first of all suppose

(5) |𝐷2𝐿(𝑝)| ≤ 𝐶 (𝑝 ∈ ℝ𝑛).

In addition let us assume that 𝐿 is uniformly convex, and so there exists a con-
stant 𝜃 > 0 such that

(6)
𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝑝)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 (𝑝, 𝜉 ∈ ℝ𝑛).

Clearly this is some sort of nonlinear analogue of our uniform ellipticity con-
dition for linear PDE in Chapter 6. The idea will therefore be to try to utilize,
or at least mimic, some of the calculations from that chapter.
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THEOREM 1 (Second derivatives for minimizers).
(i) Let 𝑢 ∈ 𝐻1(𝑈) be a weak solution of the nonlinear partial differential

equation (3), where 𝐿 satisfies (5), (6). Then
𝑢 ∈ 𝐻2

loc(𝑈).
(ii) If in addition 𝑢 ∈ 𝐻1

0(𝑈) and 𝜕𝑈 is 𝐶2, then
𝑢 ∈ 𝐻2(𝑈),

with the estimate
‖𝑢‖𝐻2(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈).

Proof.
1. We will largely follow the proof of Theorem 1 in §6.3.1, the correspond-

ing assertion of local 𝐻2 regularity for solutions of linear second-order elliptic
PDE.

Fix any open set 𝑉 ⊂⊂ 𝑈 and choose then an open set 𝑊 so that 𝑉 ⊂⊂
𝑊 ⊂⊂ 𝑈. Select a smooth cutoff function 𝜁 satisfying

𝜁 ≡ 1 on 𝑉, 𝜁 ≡ 0 in ℝ𝑛 −𝑊, 0 ≤ 𝜁 ≤ 1.
Let |ℎ| > 0 be small, choose 𝑘 ∈ {1, . . . , 𝑛}, and substitute

𝑣 ≔ −𝐷−ℎ
𝑘 (𝜁2𝐷ℎ

𝑘𝑢)
into (4). We are employing here the notation from §5.8.2:

𝐷ℎ
𝑘𝑢(𝑥) =

𝑢(𝑥 + ℎ𝑒𝑘) − 𝑢(𝑥)
ℎ (𝑥 ∈ 𝑊).

Using the identity ∫𝑈 𝑢𝐷−ℎ
𝑘 𝑣 𝑑𝑥 = −∫𝑈 𝑣𝐷ℎ

𝑘𝑢𝑑𝑥, we deduce

(7)
𝑛
∑
𝑖=1

∫
𝑈
𝐷ℎ
𝑘 (𝐿𝑝𝑖(𝐷𝑢))(𝜁2𝐷ℎ

𝑘𝑢)𝑥𝑖 𝑑𝑥 = −∫
𝑈
𝑓𝐷−ℎ

𝑘 (𝜁2𝐷ℎ
𝑘𝑢) 𝑑𝑥.

Now

(8)

𝐷ℎ
𝑘𝐿𝑝𝑖(𝐷𝑢(𝑥)) =

𝐿𝑝𝑖(𝐷𝑢(𝑥 + ℎ𝑒𝑘)) − 𝐿𝑝𝑖(𝐷𝑢(𝑥))
ℎ

= 1
ℎ ∫

1

0

𝑑
𝑑𝑠𝐿𝑝𝑖(𝑠𝐷𝑢(𝑥 + ℎ𝑒𝑘) + (1 − 𝑠)𝐷𝑢(𝑥)) 𝑑𝑠

= 1
ℎ ∫

1

0

𝑛
∑
𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝑠𝐷𝑢(𝑥 + ℎ𝑒𝑘) + (1−𝑠)𝐷𝑢(𝑥))

(𝑢𝑥𝑗 (𝑥 + ℎ𝑒𝑘) − 𝑢𝑥𝑗 (𝑥)) 𝑑𝑠

=
𝑛
∑
𝑗=1

𝑎𝑖𝑗,ℎ(𝑥)𝐷ℎ
𝑘𝑢𝑥𝑗 (𝑥),
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for

(9) 𝑎𝑖𝑗,ℎ(𝑥) ≔ ∫
1

0
𝐿𝑝𝑖𝑝𝑗 (𝑠𝐷𝑢(𝑥 + ℎ𝑒𝑘) + (1 − 𝑠)𝐷𝑢(𝑥)) 𝑑𝑠 (𝑖, 𝑗 = 1, . . . , 𝑛).

We substitute (8) into (7) and perform simple calculations, to arrive at the iden-
tity:

(10)

𝐴1 + 𝐴2 ≔
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝜁2𝑎𝑖𝑗,ℎ𝐷ℎ

𝑘𝑢𝑥𝑗𝐷ℎ
𝑘𝑢𝑥𝑖 𝑑𝑥

+
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑎𝑖𝑗,ℎ𝐷ℎ

𝑘𝑢𝑥𝑗𝐷ℎ
𝑘𝑢2𝜁𝜁𝑥𝑖 𝑑𝑥

= −∫
𝑈
𝑓𝐷−ℎ

𝑘 (𝜁2𝐷ℎ
𝑘𝑢) 𝑑𝑥 ≕ 𝐵.

Now the uniform convexity condition (6) implies

(11) 𝐴1 ≥ 𝜃∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥.

Furthermore we see from (5) that

(12)
|𝐴2| ≤ 𝐶∫

𝑊
𝜁|𝐷ℎ

𝑘𝐷𝑢||𝐷ℎ
𝑘𝑢| 𝑑𝑥

≤ 𝜖∫
𝑊
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 +
𝐶
𝜖 ∫𝑊

|𝐷ℎ
𝑘𝑢|2 𝑑𝑥.

Furthermore, as in the proof of Theorem 1 in §6.3.1, we have

|𝐵| ≤ 𝜖∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 +
𝐶
𝜖 ∫𝑈

𝑓2 + |𝐷𝑢|2 𝑑𝑥.

We select 𝜖 = 𝜃
4 , to deduce from the foregoing bounds on𝐴1, 𝐴2, 𝐵 the estimate

∫
𝑈
𝜁2|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑊
𝑓2 + |𝐷ℎ

𝑘𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑈
𝑓2 + |𝐷𝑢|2 𝑑𝑥,

the last inequality valid according to Theorem 3(i) in §5.8.2.
2. Since 𝜁 ≡ 1 on 𝑉 , we find

∫
𝑉
|𝐷ℎ

𝑘𝐷𝑢|2 𝑑𝑥 ≤ 𝐶∫
𝑈
𝑓2 + |𝐷𝑢|2 𝑑𝑥

for 𝑘 = 1, . . . , 𝑛 and all sufficiently small |ℎ| > 0. Consequently Theorem 3 (ii)
in §5.8.2 implies𝐷𝑢 ∈ 𝐻1(𝑉), and so 𝑢 ∈ 𝐻2(𝑉). This is true for each 𝑉 ⊂⊂ 𝑈;
thus 𝑢 ∈ 𝐻2

loc(𝑈).
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3. If 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of (3) and 𝜕𝑈 is 𝐶2, we can then mimic

the proof of the boundary regularity Theorem 4 in §6.3.2 to prove 𝑢 ∈ 𝐻2(𝑈),
with estimate

‖𝑢‖𝐻2(𝑈) ≤ 𝐶(‖𝑓‖𝐿2(𝑈) + ‖𝑢‖𝐻1(𝑈));
details are left to the reader. Now from (6) follows the inequality

(𝐷𝐿(𝑝) − 𝐷𝐿(0)) ⋅ 𝑝 ≥ 𝜃|𝑝|2 (𝑝 ∈ ℝ𝑛).
If we then put 𝑣 = 𝑢 in (4), we can employ this estimate to derive the bound

‖𝑢‖𝐻1(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈),
and so finish the proof. □

8.3.2. Remarks on higher regularity. We would next like to show that if
𝐿 is infinitely differentiable, then so is 𝑢. By analogy with the regularity the-
ory developed for second-order linear elliptic PDE in §6.3, it may seem natural
to try to extend the 𝐻2

loc estimate from the previous section to obtain further
estimates in the higher Sobolev spaces 𝐻𝑘

loc(𝑈) for 𝑘 = 3, 4, . . . .
This method willnotwork for the nonlinear partial differential equation (3)

however. The reason is this. For linear equations we could, roughly speaking,
differentiate the equation many times and still obtain a linear PDE of the same
general form as that we began with. See for instance the proof of Theorem 2
in §6.3.1. But if we differentiate a nonlinear differential equation many times,
the resulting increasingly complicated expressions quickly become impossible
to handle. Much deeper ideas are called for, the full development of which is
beyond the scope of this book. We will nevertheless at least outline the basic
plan.

To start with, choose a test function 𝑤 ∈ 𝐶∞
𝑐 (𝑈), select 𝑘 ∈ {1, . . . , 𝑛}, and

set 𝑣 = −𝑤𝑥𝑘 in the identity (4), where for simplicity we now take 𝑓 ≡ 0. Since
we now know 𝑢 ∈ 𝐻2

loc(𝑈), we can integrate by parts to find

(13) ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢)𝑢𝑥𝑘𝑥𝑗𝑤𝑥𝑖 𝑑𝑥 = 0.

Next write
(14) 𝑢̃ ≔ 𝑢𝑥𝑘
and
(15) 𝑎𝑖𝑗 ≔ 𝐿𝑝𝑖𝑝𝑗 (𝐷𝑢) (𝑖, 𝑗 = 1, . . . , 𝑛).
Fix also any 𝑉 ⊂⊂ 𝑈. Then after an approximation we find from (13)–(15) that

(16) ∫
𝑈

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝑢̃𝑥𝑗𝑤𝑥𝑖 𝑑𝑥 = 0
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for all𝑤 ∈ 𝐻1
0(𝑉). This is to say that 𝑢̃ ∈ 𝐻1(𝑉) is a weak solution of the linear,

second-order elliptic PDE

(17) −
𝑛
∑
𝑖,𝑗=1

(𝑎𝑖𝑗𝑢̃𝑥𝑗)𝑥𝑖 = 0 in 𝑉.

But we cannot just apply our regularity theory from §6.3 to conclude from (17)
that 𝑢̃ is smooth, the reason being that we can deduce from (5) and (15) only
that

𝑎𝑖𝑗 ∈ 𝐿∞(𝑉) (𝑖, 𝑗 = 1, . . . , 𝑛).
However a deep theorem, due independently to DeGiorgi, Moser and Nash,
asserts that any weak solution of (17) must in fact be locally Hölder continuous
for some exponent 𝛾 > 0. (See Gilbarg–Trudinger [G-T, Chapter 8].) Thus if
𝑊 ⊂⊂ 𝑉 , we have 𝑢̃ ∈ 𝐶0,𝛾(𝑊), and so

𝑢 ∈ 𝐶1,𝛾
loc(𝑈).

Return to the definition (15). If 𝐿 is smooth, we now know 𝑎𝑖𝑗 ∈ 𝐶0,𝛾
loc(𝑈) (𝑖,

𝑗 = 1, . . . , 𝑛). Then (3) and an older theorem of Schauder [G-T, Chapters 4
and 6] assert that in fact

𝑢 ∈ 𝐶2,𝛾
loc(𝑈).

But then 𝑎𝑖𝑗 ∈ 𝐶1,𝛾
loc(𝑈), and so another version of Schauder’s estimate implies

𝑢 ∈ 𝐶3,𝛾
loc(𝑈).

We can continue this so-called “bootstrap” argument, eventually to deduce 𝑢
is 𝐶𝑘,𝛾

loc(𝑈) for 𝑘 = 1, . . . , and so 𝑢 ∈ 𝐶∞(𝑈).
See Giaquinta [Gi] for much more about regularity theory in the calculus

of variations.

8.4. CONSTRAINTS

In this section we consider applications of the calculus of variations to certain
constrained minimization problems and in particular discuss the role of La-
grange multipliers in the corresponding Euler–Lagrange PDE.

8.4.1. Nonlinear eigenvalue problems. We investigate first problems with
integral constraints. To be specific, let us look at the problem of minimizing the
energy functional

(1) 𝐼[𝑤] ≔ 1
2 ∫

𝑈
|𝐷𝑤|2 𝑑𝑥
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over all functions 𝑤 with, say, 𝑤 = 0 on 𝜕𝑈 but subject now also to the side
condition that

(2) 𝐽[𝑤] ≔ ∫
𝑈
𝐺(𝑤) 𝑑𝑥 = 0,

where 𝐺 ∶ ℝ → ℝ is a given, smooth function.
We will henceforth write 𝑔 = 𝐺′. Assume now

(3) |𝑔(𝑧)| ≤ 𝐶(|𝑧| + 1),
and so
(4) |𝐺(𝑧)| ≤ 𝐶(|𝑧|2 + 1) (𝑧 ∈ ℝ)
for some constant 𝐶.

Let us introduce as well the appropriate admissible class
𝒜 ≔ {𝑤 ∈ 𝐻1

0(𝑈) ∣ 𝐽[𝑤] = 0 }.
We suppose also that the open set 𝑈 is bounded, connected and has a smooth
boundary.

THEOREM1 (Existence of constrained minimizer). Assume the admissible set
𝒜 is nonempty. Then there exists 𝑢 ∈ 𝒜 satisfying

𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Proof. Choose, as usual, a minimizing sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝒜 with
𝐼[𝑢𝑘] → 𝑚 = inf

𝑤∈𝒜
𝐼[𝑤].

Then as above we can extract a subsequence
(5) 𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝐻1

0(𝑈),
with 𝐼[𝑢] ≤ 𝑚. We will be done once we show
(6) 𝐽[𝑢] = 0,
so that 𝑢 ∈ 𝒜. Utilizing the compactness theory from §5.7, we deduce from (5)
that
(7) 𝑢𝑘𝑗 → 𝑢 in 𝐿2(𝑈).
Consequently

(8)

|𝐽(𝑢)| = |𝐽(𝑢) − 𝐽(𝑢𝑘)| ≤ ∫
𝑈
|𝐺(𝑢) − 𝐺(𝑢𝑘)| 𝑑𝑥

≤ 𝐶∫
𝑈
|𝑢 − 𝑢𝑘|(1 + |𝑢| + |𝑢𝑘|) 𝑑𝑥 by (3)

→ 0 as 𝑘 → ∞. □
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Far more interesting than the mere existence of constrained minimizers is
an examination of the corresponding Euler–Lagrange equation.

THEOREM 2 (Lagrange multiplier). Let 𝑢 ∈ 𝒜 satisfy

(9) 𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Then there exists a real number 𝜆 such that

(10) ∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = 𝜆∫

𝑈
𝑔(𝑢)𝑣 𝑑𝑥

for all 𝑣 ∈ 𝐻1
0(𝑈).

Remark. Thus 𝑢 is a weak solution of the nonlinear boundary-value problem

(11) {
−Δ𝑢 = 𝜆𝑔(𝑢) in 𝑈

𝑢 = 0 on 𝜕𝑈,

where 𝜆 is the Lagrange multiplier corresponding to the integral constraint

(12) 𝐽[𝑢] = 0.
A problem of the form (11) for the unknowns (𝑢, 𝜆), with 𝑢 ≢ 0, is a nonlinear
eigenvalue problem.

Proof.
1. Fix any function 𝑣 ∈ 𝐻1

0(𝑈). Assume first

(13) 𝑔(𝑢) is not equal to zero a.e. within 𝑈.

Choose then any function 𝑤 ∈ 𝐻1
0(𝑈) with

(14) ∫
𝑈
𝑔(𝑢)𝑤 𝑑𝑥 ≠ 0;

this is possible because of (13). Now write

(15)
𝑗(𝜏, 𝜎) ≔ 𝐽[𝑢 + 𝜏𝑣 + 𝜎𝑤]

= ∫
𝑈
𝐺(𝑢 + 𝜏𝑣 + 𝜎𝑤) 𝑑𝑥 (𝜏, 𝜎 ∈ ℝ).

Clearly

(16) 𝑗(0, 0) = ∫
𝑈
𝐺(𝑢) 𝑑𝑥 = 0.

In addition, 𝑗 is 𝐶1 and

(17) 𝜕𝑗
𝜕𝜏(𝜏, 𝜎) = ∫

𝑈
𝑔(𝑢 + 𝜏𝑣 + 𝜎𝑤)𝑣 𝑑𝑥,
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(18) 𝜕𝑗
𝜕𝜎(𝜏, 𝜎) = ∫

𝑈
𝑔(𝑢 + 𝜏𝑣 + 𝜎𝑤)𝑤 𝑑𝑥.

Consequently (14) implies

(19) 𝜕𝑗
𝜕𝜎(0, 0) ≠ 0.

According to the Implicit Function Theorem (§C.7), there exists a 𝐶1 function
𝜙 ∶ ℝ → ℝ such that

(20) 𝜙(0) = 0
and

(21) 𝑗(𝜏, 𝜙(𝜏)) = 0
for all sufficiently small 𝜏, say |𝜏| ≤ 𝜏0. Differentiating, we discover

𝜕𝑗
𝜕𝜏(𝜏, 𝜙(𝜏)) +

𝜕𝑗
𝜕𝜎(𝜏, 𝜙(𝜏))𝜙

′(𝜏) = 0,

whence (17) and (18) yield

(22) 𝜙′(0) = −
∫𝑈 𝑔(𝑢)𝑣 𝑑𝑥
∫𝑈 𝑔(𝑢)𝑤 𝑑𝑥.

2. Now set
𝑤(𝜏) ≔ 𝜏𝑣 + 𝜙(𝜏)𝑤 (|𝜏| ≤ 𝜏0)

and write
𝑖(𝜏) ≔ 𝐼[𝑢 + 𝑤(𝜏)].

Since (21) implies 𝐽[𝑢+𝑤(𝜏)] = 0, we see that 𝑢+𝑤(𝜏) ∈ 𝒜. So the𝐶1 function
𝑖(⋅) has a minimum at 0. Thus

(23)
0 = 𝑖′(0) = ∫

𝑈
(𝐷𝑢 + 𝜏𝐷𝑣 + 𝜙(𝜏)𝐷𝑤) ⋅ (𝐷𝑣 + 𝜙′(𝜏)𝐷𝑤) 𝑑𝑥|𝜏=0

= ∫
𝑈
𝐷𝑢 ⋅ (𝐷𝑣 + 𝜙′(0)𝐷𝑤) 𝑑𝑥.

Recall now (22) and define

𝜆 ≔
∫𝑈 𝐷𝑢 ⋅ 𝐷𝑤 𝑑𝑥
∫𝑈 𝑔(𝑢)𝑤 𝑑𝑥 ,

to deduce from (23) the desired equality

∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = 𝜆∫

𝑈
𝑔(𝑢)𝑣 𝑑𝑥

for all 𝑣 ∈ 𝐻1
0(𝑈).
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3. Suppose now instead of (13) that

𝑔(𝑢) = 0 a.e. in 𝑈.

Approximating 𝑔 by bounded functions, we deduce 𝐷𝐺(𝑢) = 𝑔(𝑢)𝐷𝑢 = 0 a.e.
Hence, since 𝑈 is connected, 𝐺(𝑢) is constant a.e. It follows that 𝐺(𝑢) = 0 a.e.,
because 𝐽[𝑢] = ∫𝑈 𝐺(𝑢) 𝑑𝑥 = 0. As 𝑢 = 0 on 𝜕𝑈 in the trace sense, it follows
that 𝐺(0) = 0.

But then 𝑢 = 0 a.e., as otherwise 𝐼[𝑢] > 𝐼[0] = 0. Since 𝑔(𝑢) = 0 a.e., the
identity (10) is trivially valid in this case, for any 𝜆. □

8.4.2. Unilateral constraints, variational inequalities. We study now cal-
culus of variation problems with certain pointwise, one-sided constraints on the
values of 𝑢(𝑥) for each 𝑥 ∈ 𝑈. For definiteness let us consider the problem of
minimizing, say, the energy functional

(24) 𝐼[𝑤] ≔ ∫
𝑈

1
2 |𝐷𝑤|

2 − 𝑓𝑤𝑑𝑥,

among all functions 𝑤 belonging to the set

(25) 𝒜 ≔ {𝑤 ∈ 𝐻1
0(𝑈) ∣ 𝑤 ≥ ℎ a.e. in 𝑈 },

where ℎ ∶ 𝑈̄ → ℝ is a given smooth function, called the obstacle. The convex
admissible set𝒜 thus comprises those functions𝑤 ∈ 𝐻1

0(𝑈) satisfying the one-
sided, or unilateral, constraint that𝑤 ≥ ℎ. We suppose as well that 𝑓 is a given,
smooth function.

THEOREM 3 (Existence of minimizer). Assume the admissible set 𝒜 is non-
empty. Then there exists a unique function 𝑢 ∈ 𝒜 satisfying

𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Proof.

1. The existence of a minimizer follows very easily from the general ideas
discussed before. We need only note explicitly that if {𝑢𝑘𝑗}

∞

𝑗=1
⊂ 𝒜 is a min-

imizing sequence with 𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝐻1
0(𝑈), then by compactness we

have 𝑢𝑘𝑗 → 𝑢 strongly in 𝐿2(𝑈). Since 𝑢𝑘𝑗 ≥ ℎ a.e., it follows that 𝑢 ≥ ℎ a.e.
Therefore 𝑢 ∈ 𝒜.
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2. We now prove uniqueness. Assume 𝑢 and 𝑢̃ ∈ 𝒜 are two minimizers,
with 𝑢 ≠ 𝑢̃. Then 𝑤 ≔ ᵆ+ ̃ᴂ

2 ∈ 𝒜, and

𝐼[𝑤] = ∫
𝑈

1
2
||(𝐷ᵆ+𝐷 ̃ᴂ

2 )||
2
− 𝑓 (ᵆ+ ̃ᴂ

2 ) 𝑑𝑥

= ∫
𝑈

1
8 (|𝐷𝑢|

2 + 2𝐷𝑢 ⋅ 𝐷𝑢̃ + |𝐷𝑢̃|2) − 𝑓 (ᵆ+ ̃ᴂ
2 ) 𝑑𝑥.

Now 2𝑎 ⋅ 𝑏 = |𝑎|2 + |𝑏|2 − |𝑎 − 𝑏|2. Thus

𝐼[𝑤] = ∫
𝑈

1
8 (2|𝐷𝑢|

2 + 2|𝐷𝑢̃|2 − |𝐷𝑢 − 𝐷𝑢̃|2) − 𝑓 (ᵆ+ ̃ᴂ
2 ) 𝑑𝑥

< 1
2 ∫

𝑈

1
2 |𝐷𝑢|

2 − 𝑓𝑢𝑑𝑥 + 1
2 ∫

𝑈

1
2 |𝐷𝑢̃|

2 − 𝑓𝑢̃ 𝑑𝑥

= 1
2 𝐼[𝑢] +

1
2 𝐼[𝑢̃],

the strict inequality holding since 𝑢 ≢ 𝑢̃. This is a contradiction, since 𝑢 and 𝑢̃
are minimizers. □

We next compute the analogue of the Euler–Lagrange equation, which for
the case at hand turns out to be an inequality.

THEOREM 4 (Variational characterization of minimizer). Let 𝑢 ∈ 𝒜 be the
unique solution of

𝐼[𝑢] = min
𝑤∈𝒜

𝐼[𝑤].

Then

(26) ∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑤 − 𝑢) 𝑑𝑥 ≥ ∫

𝑈
𝑓(𝑤 − 𝑢) 𝑑𝑥 for all 𝑤 ∈ 𝒜.

We call (26) a variational inequality.
Notice that the variational inequality does not contain any explicit mention

of Lagrange multipliers for the constraint.

Proof.
1. Fix any element 𝑤 ∈ 𝒜. Then for each 0 ≤ 𝜏 ≤ 1,

𝑢 + 𝜏(𝑤 − 𝑢) = (1 − 𝜏)𝑢 + 𝜏𝑤 ∈ 𝒜,
since 𝒜 is convex. Thus if we set

𝑖(𝜏) ≔ 𝐼[𝑢 + 𝜏(𝑤 − 𝑢)],
we see that 𝑖(0) ≤ 𝑖(𝜏) for all 0 ≤ 𝜏 ≤ 1. Hence

(27) 𝑖′(0) ≥ 0.
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2. Now if 0 < 𝜏 ≤ 1,

𝑖(𝜏) − 𝑖(0)
𝜏 = 1

𝜏 ∫𝑈
|𝐷𝑢 + 𝜏𝐷(𝑤 − 𝑢)|2 − |𝐷𝑢|2

2 − 𝑓(𝑢 + 𝜏(𝑤 − 𝑢) − 𝑢) 𝑑𝑥

= ∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑤 − 𝑢) + 𝜏|𝐷(𝑤 − 𝑢)|2

2 − 𝑓(𝑤 − 𝑢) 𝑑𝑥.

Thus (27) implies

0 ≤ 𝑖′(0) = ∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑤 − 𝑢) − 𝑓(𝑤 − 𝑢) 𝑑𝑥. □

Notice that we obtain the inequality (27), since we can in effect take only
“one-sided” variations, away from the constraint.

Interpretation of the variational inequality. To gain some insight into the
variational inequality (26), let us quote without proof a regularity assertion (see
Kinderlehrer–Stampacchia [K-S]), which states 𝑢 ∈ 𝑊 2,∞(𝑈), provided 𝜕𝑈 is
smooth. Hence the set

𝑂 ≔ { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) > ℎ(𝑥) }

is open, and
𝐶 ≔ { 𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) = ℎ(𝑥) }

is (relatively) closed.
We claim that in fact 𝑢 ∈ 𝐶∞(𝑂) and

(28) −Δ𝑢 = 𝑓 in 𝑂.

To see this, fix any test function 𝑣 ∈ 𝐶∞
𝑐 (𝑂). Then if |𝜏| is sufficiently small,

𝑤 ≔ 𝑢 + 𝜏𝑣 ≥ ℎ, and so 𝑤 ∈ 𝒜. Thus (26) implies 𝜏∫𝑂 𝐷𝑢 ⋅ 𝐷𝑣 − 𝑓𝑣 𝑑𝑥 ≥ 0.
This inequality is valid for all sufficiently small 𝜏, both positive and negative,
and so in fact

∫
𝑂
𝐷𝑢 ⋅ 𝐷𝑣 − 𝑓𝑣 𝑑𝑥 = 0

for all 𝑣 ∈ 𝐶∞
𝑐 (𝑂). Hence 𝑢 is a weak solution of (28), whence linear regularity

theory (§6.3) shows 𝑢 ∈ 𝐶∞(𝑂).
Now if 𝑣 ∈ 𝐶∞

𝑐 (𝑈) satisfies 𝑣 ≥ 0 and if 0 < 𝜏 ≤ 1, then 𝑤 ≔ 𝑢 + 𝜏𝑣 ∈ 𝒜,
whence ∫𝑈 𝐷𝑢 ⋅ 𝐷𝑣 − 𝑓𝑣 𝑑𝑥 ≥ 0. But since 𝑢 ∈ 𝑊 2,∞(𝑈), we can integrate by
parts to deduce∫𝑈(−Δ𝑢−𝑓)𝑣 𝑑𝑥 ≥ 0 for all nonnegative functions 𝑣 ∈ 𝐶∞

𝑐 (𝑈).
Thus

(29) −Δ𝑢 ≥ 𝑓 a.e. in 𝑈.
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The free boundary for the obstacle problem

We summarize our conclusions by observing from (28), (29) that

(30) {
𝑢 ≥ ℎ, −Δ𝑢 ≥ 𝑓 a.e. in 𝑈

−Δ𝑢 = 𝑓 on 𝑈 ∩ {𝑢 > ℎ}.

Free boundaries. The set
𝐹 ≔ 𝜕𝑂 ∩ 𝑈

is called the free boundary. Many interesting problems in applied mathemat-
ics involve partial differential equations with free boundaries. Such of these
problems as can be recast as variational inequalities become relatively easy to
study, especially since there is no explicit mention of the free boundary in the
inequalities (30). Applications arise in stopping time optimal control problems
for Brownian motion, in groundwater hydrology, in plasticity theory, etc. See
Kinderlehrer–Stampacchia [K-S], Friedman [Fr3]

8.4.3. Harmonic maps. We consider next the case of pointwise constraints
as exemplified by harmonic maps into spheres. We are interested now in the
problem of minimizing the energy

(31) 𝐼[w] ≔ 1
2 ∫

𝑈
|𝐷w|2 𝑑𝑥

over all functions belonging to the admissible class

(32) 𝒜 ≔ {w ∈ 𝐻1(𝑈;ℝ𝑚) ∣ w = g on 𝜕𝑈, |w| = 1 a.e. }.
The idea is that we are trying to minimize the energy over all appropriate maps
from 𝑈 ⊂ ℝ𝑛 into the unit sphere 𝑆𝑚−1 = 𝜕𝐵(0, 1) ⊂ ℝ𝑚. This problem and
its variants arise for instance as simplified models for the behavior of liquid
crystals.
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A harmonic map into a sphere

It is straightforward to verify that there exists at least one minimizer in 𝒜,
provided 𝒜 ≠ ∅.

THEOREM 5 (Euler–Lagrange equation for harmonic maps). Let u ∈ 𝒜 sat-
isfy

𝐼[u] = min
w∈𝒜

𝐼[w].
Then

(33) ∫
𝑈
𝐷u ∶ 𝐷v𝑑𝑥 = ∫

𝑈
|𝐷u|2u ⋅ v𝑑𝑥

for each v ∈ 𝐻1
0(𝑈;ℝ𝑚) ∩ 𝐿∞(𝑈;ℝ𝑚).

We interpret (33) as saying that u = (𝑢1, . . . , 𝑢𝑚) is a weak solution of the
boundary-value problem

(34) {
−Δu = |𝐷u|2u in 𝑈

u = g on 𝜕𝑈.

The function 𝜆 = |𝐷u|2 is the Lagrange multiplier corresponding to the point-
wise constraint |u| = 1. Note carefully that for a single, integral constraint
(§8.4.1) the Lagrange multiplier is a number, but for a pointwise constraint it
is a function.

Proof.
1. Fix v ∈ 𝐻1

0(𝑈;ℝ𝑚) ∩ 𝐿∞(𝑈;ℝ𝑚). Then since |u| = 1 a.e., we have
|u + 𝜏v| ≠ 0 a.e.

for each sufficiently small 𝜏. Consequently

(35) v(𝜏) ≔ u + 𝜏v
|u + 𝜏v| ∈ 𝒜.

Thus
𝑖(𝜏) ≔ 𝐼[v(𝜏)]
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has a minimum at 𝜏 = 0, and so, as usual,

(36) 𝑖′(0) = 0.
2. Now

(37) 𝑖′(0) = ∫
𝑈
𝐷u ∶ 𝐷v′(0) 𝑑𝑥 (′ = 𝑑

𝑑𝜏) .

But we compute directly from (35) that

v′(𝜏) = v
|u + 𝜏v| −

[(u + 𝜏v) ⋅ v](u + 𝜏v)
|u + 𝜏v|3 ,

whence v′(0) = v − (u ⋅ v)u. Inserting this equality into (36), (37), we find

(38) 0 = ∫
𝑈
𝐷u ∶ 𝐷v − 𝐷u ∶ 𝐷((u ⋅ v)u) 𝑑𝑥.

However since |u|2 ≡ 1, we have

(𝐷u)𝑇u = 0.
Using this fact, we then verify

𝐷u ∶ 𝐷((u ⋅ v)u) = |𝐷u|2(u ⋅ v) a.e. in 𝑈.
This identity employed in (38) gives (33). □

8.4.4. Incompressibility.
a. Stokes’ problem. Suppose 𝑈 ⊂ ℝ3 is open, bounded, simply connected,
and set

𝐼[w] ≔ ∫
𝑈

1
2 |𝐷w|

2 − f ⋅w𝑑𝑥,

for w belonging to

𝒜 ≔ {w ∈ 𝐻1
0(𝑈;ℝ3) ∣ divw = 0 in 𝑈 }.

Here f ∈ 𝐿2(𝑈;ℝ3) is given.
There is no problem in showing by customary methods that there exists a

unique minimizer u ∈ 𝒜. We interpret u as representing the velocity field of a
steady fluid flow within the region 𝑈, subject to the external force f. The con-
straint that divu = 0 ensures that the flow is incompressible: see the Remark
at the end of this subsection.

How does the constraint manifest itself in the Euler–Lagrange equation?

THEOREM 6 (Pressure as Lagrange multiplier). There exists a scalar function
𝑝 ∈ 𝐿2loc(𝑈) such that

(39) ∫
𝑈
𝐷u ∶ 𝐷v𝑑𝑥 = ∫

𝑈
𝑝 div v + f ⋅ v𝑑𝑥
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for all v ∈ 𝐻1(𝑈;ℝ3) with compact support within 𝑈.

We interpret (39) as saying that (u, 𝑝) form a weak solution of Stokes’ prob-
lem

(40)
⎧
⎨
⎩

−Δu = f − 𝐷𝑝 in 𝑈
divu = 0 in 𝑈

u = 0 on 𝜕𝑈.

The function 𝑝 is the pressure and arises as a Lagrange multiplier correspond-
ing to the incompressibility condition divu = 0.

Proof.

1. Assume first v ∈ 𝒜. Then for each 𝜏 ∈ ℝ, u + 𝜏v ∈ 𝒜. Thus

(41) 0 = 𝑖′(0) = ∫
𝑈
𝐷u ∶ 𝐷v − f ⋅ v𝑑𝑥.

2. Fix now 𝑉 ⊂⊂ 𝑈, 𝑉 smooth and simply connected, and select w ∈
𝐻1
0(𝑉; ℝ3)with divw = 0. Choose 0 < 𝜖 < dist(𝑉, 𝜕𝑈) and set v = v𝜖 ≔ 𝜂𝜖 ∗w

in (41), 𝜂𝜖 denoting the usual mollifier andw defined to be zero in𝑈−𝑉 . Then

(42) 0 = ∫
𝑈
𝐷u ∶ 𝐷v𝜖 − f ⋅ v𝜖 𝑑𝑥 = ∫

𝑈
𝐷u𝜖 ∶ 𝐷w − f𝜖 ⋅w𝑑𝑥

for

(43) u𝜖 ≔ 𝜂𝜖 ∗ u, f𝜖 ≔ 𝜂𝜖 ∗ f.

As u𝜖 is smooth, (42) implies

(44) ∫
𝑉
(−Δu𝜖 − f𝜖) ⋅w𝑑𝑥 = 0

for each w ∈ 𝐻1
0(𝑉; ℝ3) with divw = 0.

3. Fix any smooth vector field 𝜻 ∈ 𝐶∞
𝑐 (𝑉; ℝ3) and put w = curl 𝜻 in (44).

This is legitimate since divw = div(curl 𝜻) = 0. Then, temporarily writing
h ≔ Δu𝜖 + f𝜖, we find

0 = ∫
𝑉
h ⋅ curl 𝜻 𝑑𝑥 = ∫

𝑉
ℎ1(𝜁3𝑥2 − 𝜁2𝑥3) + ℎ2(𝜁1𝑥3 − 𝜁3𝑥1) + ℎ3(𝜁2𝑥1 − 𝜁1𝑥2) 𝑑𝑥,

for h = (ℎ1, ℎ2, ℎ3), 𝜻 = (𝜁1, 𝜁2, 𝜁3). An integration by parts reveals

0 = ∫
𝑉
𝜁1(ℎ3𝑥2 − ℎ2𝑥3) + 𝜁2(ℎ1𝑥3 − ℎ3𝑥1) + 𝜁3(ℎ2𝑥1 − ℎ1𝑥2) 𝑑𝑥.
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As 𝜁1, 𝜁2, 𝜁3 ∈ 𝐶∞
𝑐 (𝑉) are arbitrary, we deduce curlh = 0 in 𝑉. Since 𝑉 is

simply connected, there consequently exists a smooth function 𝑝𝜖 in 𝑉 such
that

(45) 𝐷𝑝𝜖 = h = Δu𝜖 + f𝜖 in 𝑉.
4. If necessary we can add a constant to 𝑝𝜖 to ensure ∫𝑉 𝑝𝜖 𝑑𝑥 = 0.
In view of this normalization, there exists a smooth vector field v𝜖 ∶ 𝑉 →

ℝ3 solving

(46) {
div v𝜖 = 𝑝𝜖 in 𝑉

v𝜖 = 0 on 𝜕𝑉 .

In addition we have the estimate

(47) ‖v𝜖‖𝐻1(𝑉;ℝ3) ≤ 𝐶‖𝑝𝜖‖𝐿2(𝑉),
the constant 𝐶 depending only on 𝑉 . (We omit the proof of the existence of
the vector field v𝜖. The construction both is intricate and requires knowledge
of certain estimates for Laplace’s equation with Neumann-type boundary con-
ditions beyond the scope of this book. See Dacorogna–Moser (Ann. Inst. H
Poincaré 7 (1990), 1–26) for details.)

Now compute

∫
𝑉
(𝑝𝜖)2 𝑑𝑥 = ∫

𝑉
𝑝𝜖 div v𝜖 𝑑𝑥 by (46)

= −∫
𝑉
𝐷𝑝𝜖 ⋅ v𝜖 𝑑𝑥

= ∫
𝑉
(−Δu𝜖 − f𝜖) ⋅ v𝜖 𝑑𝑥 by (45)

= ∫
𝑉
𝐷u𝜖 ∶ 𝐷v𝜖 − f𝜖 ⋅ v𝜖 𝑑𝑥

≤ ‖v𝜖‖𝐻1(𝑉;ℝ3)(‖u𝜖‖𝐻1(𝑉) + ‖f𝜖‖𝐿2(𝑉))

≤ 𝐶‖𝑝𝜖‖𝐿2(𝑉)(‖u‖𝐻1(𝑈) + ‖f‖𝐿2(𝑈)) by (47).

Thus

(48) ‖𝑝𝜖‖𝐿2(𝑉) ≤ 𝐶 (‖u‖𝐻1(𝑈) + ‖f‖𝐿2(𝑈)) .
5. In view of estimate (48) there exists a subsequence 𝜖𝑗 → 0 so that

(49) 𝑝𝜖𝑗 ⇀ 𝑝 weakly in 𝐿2(𝑉)
for some 𝑝 ∈ 𝐿2(𝑉). Now (45) implies

∫
𝑉
𝐷u𝜖 ∶ 𝐷v𝑑𝑥 = ∫

𝑉
𝑝𝜖 div v + f𝜖 ⋅ v𝑑𝑥
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for all v ∈ 𝐻1
0(𝑉; ℝ3). Sending 𝜖 = 𝜖𝑗 → 0, we find

(50) ∫
𝑉
𝐷u ∶ 𝐷v𝑑𝑥 = ∫

𝑉
𝑝 div v + f ⋅ v𝑑𝑥

as well.
6. Finally choose a sequence of sets 𝑉 𝑘 ⊂⊂ 𝑈 (𝑘 = 1, . . . ) as above, with

𝑉1 ⊂ 𝑉2 ⊂ 𝑉3 ⊂ ⋯ and𝑈 = ⋃∞
𝑘=1 𝑉 𝑘. Utilizing steps 2–5, we find 𝑝𝑘 ∈ 𝐿2(𝑉 𝑘)

(𝑘 = 1, . . . ) so that

(51) ∫
𝑉𝑘

𝐷u ∶ 𝐷v𝑑𝑥 = ∫
𝑉𝑘

𝑝𝑘 div v + f ⋅ v𝑑𝑥

for each v ∈ 𝐻1
0(𝑉 𝑘; ℝ3). Adding constants as necessary to each 𝑝𝑘, we deduce

from (51) that if 1 ≤ 𝑙 ≤ 𝑘, then 𝑝𝑘 = 𝑝𝑙 on 𝑉 𝑙. We finally define 𝑝 = 𝑝𝑘 on
𝑉 𝑘 (𝑘 = 1, . . . ). □

b. Incompressible nonlinear elasticity. We return now to the model of
nonlinear elasticity discussed before in §8.2.4. Suppose that u represents the
displacement of an elastic body which has the rest configuration 𝑈. Let us
suppose now that the elastic body is incompressible, which now means

det𝐷u = 1.

We therefore suppose the energy density function 𝐿 ∶ 𝕄3×3 × 𝑈 → ℝ is given
and consider the problem of minimizing the elastic energy

𝐼[w] ≔ ∫
𝑈
𝐿(𝐷w, 𝑥) 𝑑𝑥

over all w in the admissible set

𝒜 ≔ {w ∈ 𝑊 1,𝑞(𝑈;ℝ3) ∣ w = g on 𝜕𝑈, det𝐷w = 1 a.e. }

for some 𝑞 > 3.

THEOREM7 (Minimizers with determinant constraint). Assume themapping

𝑃 ↦ 𝐿(𝑃, 𝑥)

is convex and 𝐿 satisfies the coercivity condition

𝐿(𝑃, 𝑥) ≥ 𝛼|𝑃|𝑞 − 𝛽 (𝑃 ∈ 𝕄3×3, 𝑥 ∈ 𝑈)

for some 𝛼 > 0, 𝛽 ≥ 0. Suppose finally𝒜 ≠ ∅.
Then there exists u ∈ 𝒜 satisfying

𝐼[u] = min
𝑤∈𝒜

𝐼[w].
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Proof. We as usual select a minimizing sequence, with

u𝑘𝑗 ⇀ u weakly in 𝑊 1,𝑞(𝑈;ℝ3).
Since

𝐼[u] ≤ lim inf
𝑗→∞

𝐼 [u𝑘𝑗] ,

we must only show that 𝑢 ∈ 𝒜. However, since in view of the lemma in §8.2.4
we have det𝐷u𝑘𝑗 ⇀ det𝐷u weakly in 𝐿𝑞/𝑛(𝑈), we see that det𝐷u = 1 a.e., as
required. □

Remark on incompressibility. It may seem odd that the incompressibility
condition for Stokes’ problem is

(52) divu = 0
and for the nonlinear elasticity problem is

(53) det𝐷u = 1.
The explanation is that u represents a velocity in (52) and a displacement in
(53). More generally ifb is a velocity field, say of a fluid, we compute the motion
of a particle initially at a point 𝑥 by solving the ODE

{ẋ(𝑡) = b(x(𝑡), 𝑡) (𝑡 ∈ ℝ)
x(0) = 𝑥.

Write x(𝑡) = x(𝑡, 𝑥) to display the dependence on the initial position 𝑥.
Then for each 𝑡 > 0, the mapping 𝑥 ↦ x(𝑡, 𝑥) is volume preserving if

𝐽(𝑥, 𝑡) = det𝐷𝑥x(𝑡, 𝑥) = 1 for all 𝑥.
Clearly 𝐽(𝑥, 0) = 1, and a calculation verifies Euler’s formula:

𝐽𝑡 = (divb)(x, 𝑡)𝐽,
the divergence taken with respect to the spatial variables. Hence if divb ≡ 0,
the flow is volume preserving.

8.5. CRITICAL POINTS

Thus far we have studied the problem of locating minimizers of various energy
functionals, subject perhaps to constraints, and of discovering the appropriate
nonlinear Euler–Lagrange equations they satisfy. For this section we turn our
attention to the problem of finding additional solutions of the Euler–Lagrange
PDE, by looking for other critical points. These critical points will not in general
be minimizers, but rather “saddle points” of 𝐼[ ⋅ ].
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8.5.1. Mountain Pass Theorem. We develop next some machinery that en-
sures that an abstract functional 𝐼[ ⋅ ] has a critical point.
a. Critical points, deformations. Hereafter 𝐻 denotes a real Hilbert space,
with norm ‖ ‖ and inner product ( , ). Let 𝐼 ∶ 𝐻 → ℝ be a nonlinear func-
tional on 𝐻.

DEFINITION. We say 𝐼 is differentiable at 𝑢 ∈ 𝐻 if there exists 𝑣 ∈ 𝐻 such
that
(1) 𝐼[𝑤] = 𝐼[𝑢] + (𝑣, 𝑤 − 𝑢) + 𝑜(‖𝑤 − 𝑢‖) (𝑤 ∈ 𝐻).

The element 𝑣, if it exists, is unique. We then write 𝐼′[𝑢] = 𝑣.

DEFINITION. We say 𝐼 belongs to 𝐶1(𝐻;ℝ) if 𝐼′[𝑢] exists for each 𝑢 ∈ 𝐻 and
the mapping 𝐼′ ∶ 𝐻 → 𝐻 is continuous.

The theory we will develop below holds if 𝐼 ∈ 𝐶1(𝐻;ℝ), but the proofs will
be greatly streamlined provided we additionally assume
(2) 𝐼′ ∶ 𝐻 → 𝐻 is Lipschitz continuous on bounded subsets of 𝐻.

NOTATION.
(i) We denote by 𝒞 the collection of functions 𝐼 ∈ 𝐶1(𝐻;ℝ) satisfying (2).
(ii) If 𝑐 ∈ ℝ, we write

𝐴𝑐 ≔ {𝑢 ∈ 𝐻 ∣ 𝐼[𝑢] ≤ 𝑐 }, 𝐾𝑐 ≔ {𝑢 ∈ 𝐻 ∣ 𝐼[𝑢] = 𝑐, 𝐼′[𝑢] = 0 }.
DEFINITIONS.

(i) We say 𝑢 ∈ 𝐻 is a critical point if 𝐼′[𝑢] = 0.
(ii) The real number 𝑐 is a critical value if 𝐾𝑐 ≠ ∅.

We now want to prove that if 𝑐 is not a critical value, we can nicely deform
the set 𝐴𝑐+𝜖 into 𝐴𝑐−𝜖 for some 𝜖 > 0. The idea will be to solve an appropriate
ODE in𝐻 and to follow the resulting flow “downhill”. As𝐻 is generally infinite
dimensional, we will need some kind of compactness condition.

DEFINITION. A functional 𝐼 ∈ 𝐶1(𝐻;ℝ) satisfies the Palais–Smale compact-
ness condition if each sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝐻 such that

(i) {𝐼[𝑢𝑘]}∞𝑘=1 is bounded, and
(ii) 𝐼′[𝑢𝑘] → 0 in 𝐻

is precompact in 𝐻.

THEOREM 1 (Deformation Theorem). Assume 𝐼 ∈ 𝒞 satisfies the Palais–
Smale condition. Suppose also
(3) 𝐾𝑐 = ∅.
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Then for each sufficiently small 𝜖 > 0, there exists a constant 0 < 𝛿 < 𝜖 and a
function

𝜼 ∈ 𝐶([0, 1] × 𝐻;𝐻)
such that the mappings

𝜼𝑡(𝑢) = 𝜼(𝑡, 𝑢) (0 ≤ 𝑡 ≤ 1, 𝑢 ∈ 𝐻)
satisfy

(i) 𝜼0(𝑢) = 𝑢 (𝑢 ∈ 𝐻),
(ii) 𝜼1(𝑢) = 𝑢 (𝑢 ∉ 𝐼−1[𝑐 − 𝜖, 𝑐 + 𝜖]),

(iii) 𝐼[𝜼𝑡(𝑢)] ≤ 𝐼[𝑢] (𝑢 ∈ 𝐻, 0 ≤ 𝑡 ≤ 1),
(iv) 𝜼1(𝐴𝑐+𝛿) ⊂ 𝐴𝑐−𝛿.

Proof.
1. We first claim that there exist constants 0 < 𝜎, 𝜖 < 1 such that

(4) ‖𝐼′[𝑢]‖ ≥ 𝜎 for each 𝑢 ∈ 𝐴𝑐+𝜖 − 𝐴𝑐−𝜖.
The proof is by contradiction. Were (4) false for all constants 𝜎, 𝜖 > 0, there
would exist sequences 𝜎𝑘 → 0, 𝜖𝑘 → 0 and elements

(5) 𝑢𝑘 ∈ 𝐴𝑐+𝜖𝑘 − 𝐴𝑐−𝜖𝑘

with

(6) ‖𝐼′[𝑢𝑘]‖ ≤ 𝜎𝑘.
According to the Palais–Smale condition, there is a subsequence {𝑢𝑘𝑗 }∞𝑗=1 and
an element 𝑢 ∈ 𝐻 with 𝑢𝑘𝑗 → 𝑢 in 𝐻. But then since 𝐼 ∈ 𝐶1(𝐻;ℝ), (5) and
(6) imply 𝐼[𝑢] = 𝑐, 𝐼′[𝑢] = 0. Consequently 𝐾𝑐 ≠ ∅, a contradiction to our
hypothesis (3).

2. Now fix 𝛿 to satisfy

(7) 0 < 𝛿 < 𝜖, 0 < 𝛿 < 𝜎2
2 .

Write

𝐴 ≔ { 𝑢 ∈ 𝐻 ∣ 𝐼[𝑢] ≤ 𝑐 − 𝜖 or 𝐼[𝑢] ≥ 𝑐 + 𝜖 },
𝐵 ≔ { 𝑢 ∈ 𝐻 ∣ 𝑐 − 𝛿 ≤ 𝐼[𝑢] ≤ 𝑐 + 𝛿 }.

Since 𝐼′ is bounded on bounded sets, we verify that the mapping 𝑢 ↦ dist(𝑢, 𝐴)
+ dist(𝑢, 𝐵) is bounded below by a positive constant on each bounded subset
of 𝐻. Consequently, the function

𝑔(𝑢) ≔ dist(𝑢, 𝐴)
dist(𝑢, 𝐴) + dist(𝑢, 𝐵) (𝑢 ∈ 𝐻)
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is Lipschitz continuous on bounded sets and satisfies

(8) 0 ≤ 𝑔 ≤ 1, 𝑔 = 0 on 𝐴, 𝑔 = 1 on 𝐵.
Set

(9) ℎ(𝑡) ≔ {1, 0 ≤ 𝑡 ≤ 1
1/𝑡, 𝑡 ≥ 1.

Finally define the mapping 𝑉 ∶ 𝐻 → 𝐻 by

(10) 𝑉(𝑢) ≔ −𝑔(𝑢)ℎ(‖𝐼′[𝑢]‖)𝐼′[𝑢] (𝑢 ∈ 𝐻).
Observe that 𝑉 is bounded.

3. Consider now for each 𝑢 ∈ 𝐻 the ODE

(11) {
𝑑𝜼
𝑑𝑡 (𝑡) = 𝑉(𝜼(𝑡)) (𝑡 > 0)
𝜼(0) = 𝑢.

As 𝑉 is bounded and Lipschitz continuous on bounded sets, there is a unique
solution, existing for all times 𝑡 ≥ 0. We write 𝜼 = 𝜼(𝑡, 𝑢) = 𝜼𝑡(𝑢) (𝑡 ≥ 0, 𝑢 ∈ 𝐻)
to display the dependence of the solution on both the time 𝑡 and the initial
position 𝑢 ∈ 𝐻. Restricting ourselves to times 0 ≤ 𝑡 ≤ 1, we see that the
mapping 𝜼 ∈ 𝐶([0, 1] × 𝐻;𝐻) so defined satisfies assertions (i) and (ii).

4. We now compute

(12)

𝑑
𝑑𝑡 𝐼[𝜼𝑡(𝑢)] = (𝐼′[𝜼𝑡(𝑢)],

𝑑
𝑑𝑡𝜼𝑡(𝑢))

= (𝐼′[𝜼𝑡(𝑢)], 𝑉(𝜼𝑡(𝑢)))
= −𝑔(𝜼𝑡(𝑢))ℎ(‖𝐼′[𝜼𝑡(𝑢)]‖) ‖𝐼′[𝜼𝑡(𝑢)]‖2.

In particular
𝑑
𝑑𝑡 𝐼[𝜼𝑡(𝑢)] ≤ 0 (𝑢 ∈ 𝐻, 0 ≤ 𝑡 ≤ 1),

and so assertion (iii) is valid.
5. Now fix any point

(13) 𝑢 ∈ 𝐴𝑐+𝛿.
We want to prove

(14) 𝜼1(𝑢) ∈ 𝐴𝑐−𝛿

and thereby verify assertion (iv). If 𝜼𝑡(𝑢) ∉ 𝐵 for some 0 ≤ 𝑡 ≤ 1, we are
done; and so we may as well suppose instead 𝜼𝑡(𝑢) ∈ 𝐵 (0 ≤ 𝑡 ≤ 1). Then
𝑔(𝜼𝑡(𝑢)) = 1 (0 ≤ 𝑡 ≤ 1). Consequently, calculation (12) yields

(15) 𝑑
𝑑𝑡 𝐼[𝜼𝑡(𝑢)] = −ℎ(‖𝐼′[𝜼𝑡(𝑢)]‖)‖𝐼′[𝜼𝑡(𝑢)]‖2.
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Now if ‖𝐼′[𝜼𝑡(𝑢)]‖ ≥ 1, then (9) and (4) imply

𝑑
𝑑𝑡 𝐼[𝜼𝑡(𝑢)] = −‖𝐼′[𝜼𝑡(𝑢)]‖ ≤ −𝜎 < −𝜎2.

On the other hand, if ‖𝐼′[𝜼𝑡(𝑢)]‖ ≤ 1, (9) and (4) yield

𝑑
𝑑𝑡 𝐼[𝜼𝑡(𝑢)] ≤ −𝜎2.

Both these inequalities, and (15), then imply

𝐼[𝜼1(𝑢)] ≤ 𝐼[𝑢] − 𝜎2 ≤ 𝑐 + 𝛿 − 𝜎2 ≤ 𝑐 − 𝛿 by (7).

This estimate establishes (14) and completes the proof. □

b. Mountain Pass Theorem. Next we employ an interesting “min-max”
technique, using the deformation 𝜼 built above to deduce the existence of a
critical point.

THEOREM 2 (Mountain Pass Theorem). Assume 𝐼 ∈ 𝒞 satisfies the Palais–
Smale condition. Suppose also

(i) 𝐼[0] = 0,
(ii) there exist constants 𝑟, 𝑎 > 0 such that

𝐼[𝑢] ≥ 𝑎 if ‖𝑢‖ = 𝑟,

and
(iii) there exists an element 𝑣 ∈ 𝐻 with

‖𝑣‖ > 𝑟, 𝐼[𝑣] ≤ 0.
Define

Γ ≔ { g ∈ 𝐶([0, 1]; 𝐻) ∣ g(0) = 0, g(1) = 𝑣 }.
Then

𝑐 = inf
g∈Γ

max
0≤𝑡≤1

𝐼[g(𝑡)]

is a critical value of 𝐼.

Think of the graph of 𝐼[ ⋅ ] as a landscape with a low spot at 0, surrounded
by a ring of mountains. Beyond these mountains lies another low spot at 𝑣. The
idea is to look for a path g connecting 0 to 𝑣, which passes through a mountain
pass, that is, a saddle point for 𝐼[ ⋅ ]. But note carefully: we are only asserting the
existence of a critical point at the “energy level” 𝑐, which may not necessarily
correspond to a true saddle point.



476 8. The Calculus of Variations

Proof. Clearly

(16) 𝑐 ≥ 𝑎.
Assume that 𝑐 is not a critical value of 𝐼, so that

(17) 𝐾𝑐 = ∅.
Choose then any sufficiently small number

(18) 0 < 𝜖 < 𝑎
2 .

According to the Deformation Theorem 1, there exist a constant 0 < 𝛿 < 𝜖 and
a homeomorphism 𝜼 ∶ 𝐻 → 𝐻 with

(19) 𝜼(𝐴𝑐+𝛿) ⊂ 𝐴𝑐−𝛿

and

(20) 𝜼(𝑢) = 𝑢 if 𝑢 ∉ 𝐼−1[𝑐 − 𝜖, 𝑐 + 𝜖].

Now select g ∈ Γ satisfying

(21) max
0≤𝑡≤1

𝐼[g(𝑡)] ≤ 𝑐 + 𝛿.

Then ĝ ≔ 𝜼∘g also belongs to Γ, since 𝜼(g(0)) = 𝜼(0) = 0 and 𝜼(g(1)) = 𝜼(𝑣) =
𝑣, according to (20). But then (21) implies max0≤𝑡≤1 𝐼[ĝ(𝑡)] ≤ 𝑐 − 𝛿, whence
𝑐 = infg∈Γmax0≤𝑡≤1 𝐼[g(𝑡)] ≤ 𝑐 − 𝛿, a contradiction. □

8.5.2. Application to semilinear ellipticPDE. To illustrate the utility of the
Mountain Pass Theorem, let us investigate now the semilinear boundary-value
problem:

(22) {
−Δ𝑢 = 𝑓(𝑢) in 𝑈

𝑢 = 0 on 𝜕𝑈.
We assume 𝑓 is smooth, and for some

1 < 𝑝 < 𝑛 + 2
𝑛 − 2

we have

(23) |𝑓(𝑧)| ≤ 𝐶(1 + |𝑧|𝑝), |𝑓′(𝑧)| ≤ 𝐶(1 + |𝑧|𝑝−1) (𝑧 ∈ ℝ),
where 𝐶 is a constant. We will suppose also

(24) 0 ≤ 𝐹(𝑧) ≤ 𝛾𝑓(𝑧)𝑧 for some constant 𝛾 < 1
2 ,

where 𝐹(𝑧) ≔ ∫𝑧
0 𝑓(𝑠) 𝑑𝑠 and 𝑧 ∈ ℝ. We hypothesize finally for constants

0 < 𝑎 ≤ 𝐴 that

(25) 𝑎|𝑧|𝑝+1 ≤ |𝐹(𝑧)| ≤ 𝐴|𝑧|𝑝+1 (𝑧 ∈ ℝ).
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Now (25) implies 𝑓(0) = 0, and so obviously 𝑢 ≡ 0 is a trivial solution of (22).
We want to find another.

Observe that the PDE
−Δ𝑢 = |𝑢|𝑝−1𝑢

falls under the hypotheses above. We will return to this particular nonlinearity
again in §9.4.2.

THEOREM 3 (Existence). The boundary-value problem (22) has at least one
weak solution 𝑢 ≢ 0.

Proof.
1. Define

(26) 𝐼[𝑢] ≔ ∫
𝑈

1
2 |𝐷𝑢|

2 − 𝐹(𝑢) 𝑑𝑥

for 𝑢 ∈ 𝐻1
0(𝑈). We intend to apply the Mountain Pass Theorem to 𝐼[ ⋅ ].

We set 𝐻 = 𝐻1
0(𝑈), with the norm ‖𝑢‖ = (∫𝑈 |𝐷𝑢|2 𝑑𝑥)1/2 and inner prod-

uct (𝑢, 𝑣) = ∫𝑈 𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥. Then

𝐼[𝑢] = 1
2‖𝑢‖

2 −∫
𝑈
𝐹(𝑢) 𝑑𝑥 ≕ 𝐼1[𝑢] − 𝐼2[𝑢].

2. We first claim

(27) 𝐼 belongs to the class 𝒞.

To see this, note first that for each 𝑢, 𝑤 ∈ 𝐻,

𝐼1[𝑤] = 1
2‖𝑤‖

2 = 1
2‖𝑢 + 𝑤 − 𝑢‖2 = 1

2‖𝑢‖
2 + (𝑢,𝑤 − 𝑢) + 1

2‖𝑤 − 𝑢‖2.

Hence 𝐼1 is differentiable at 𝑢, with 𝐼′1[𝑢] = 𝑢. Consequently, 𝐼1 ∈ 𝒞.
3. We must next examine the term 𝐼2. Recall from the Lax–Milgram Theo-

rem (§6.2.1) that for each element 𝑣∗ ∈ 𝐻−1(𝑈), the problem

{
−Δ𝑣 = 𝑣∗ in 𝑈

𝑣 = 0 on 𝜕𝑈

has a unique solution 𝑣 ∈ 𝐻1
0(𝑈). We will write 𝑣 = 𝐾𝑣∗, so that

(28) 𝐾 ∶ 𝐻−1(𝑈) → 𝐻1
0(𝑈) is an isometry.

Note in particular that if𝑤 ∈ 𝐿2𝑛/𝑛+2(𝑈), then the linear functional𝑤∗ defined
by

⟨𝑤∗, 𝑢⟩ ≔ ∫
𝑈
𝑤𝑢𝑑𝑥 (𝑢 ∈ 𝐻1

0(𝑈))
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belongs to𝐻−1(𝑈). (We will misuse notation and say “𝑤 ∈ 𝐻−1(𝑈)”.) Observe
next that 𝑝 ( 2𝑛

𝑛+2) <
𝑛+2
𝑛−2 ⋅

2𝑛
𝑛+2 = 2∗, and so 𝑓(𝑢) ∈ 𝐿2𝑛/𝑛+2(𝑈) ⊂ 𝐻−1(𝑈) if

𝑢 ∈ 𝐻1
0(𝑈).

We now demonstrate that if 𝑢 ∈ 𝐻1
0(𝑈), then

(29) 𝐼′2[𝑢] = 𝐾[𝑓(𝑢)].

To see this, note first that

𝐹(𝑎 + 𝑏) = 𝐹(𝑎) + 𝑓(𝑎)𝑏 +∫
1

0
(1 − 𝑠)𝑓′(𝑎 + 𝑠𝑏) 𝑑𝑠 𝑏2.

Thus for each 𝑤 ∈ 𝐻1
0(𝑈),

(30)

𝐼2[𝑤] = ∫
𝑈
𝐹(𝑤) 𝑑𝑥 = ∫

𝑈
𝐹(𝑢 + 𝑤 − 𝑢) 𝑑𝑥

= ∫
𝑈
𝐹(𝑢) + 𝑓(𝑢)(𝑤 − 𝑢) 𝑑𝑥 + 𝑅

= 𝐼2(𝑢) +∫
𝑈
𝐷𝐾[𝑓(𝑢)] ⋅ 𝐷(𝑤 − 𝑢) 𝑑𝑥 + 𝑅,

where the remainder term 𝑅 satisfies, according to (23),

|𝑅| ≤ 𝐶∫
𝑈
(1 + |𝑢|𝑝−1 + |𝑤−𝑢|𝑝−1)|𝑤 − 𝑢|2 𝑑𝑥

≤ 𝐶 (∫
𝑈
|𝑤−𝑢|2 + |𝑤−𝑢|𝑝+1 𝑑𝑥)

+ 𝐶 (∫
𝑈
|𝑢|𝑝+1 𝑑𝑥)

𝑝−1
𝑝+1

(∫
𝑈
|𝑤−𝑢|𝑝+1 𝑑𝑥)

2
𝑝+1

.

Since 𝑝 + 1 < 2∗, the Sobolev inequalities show 𝑅 = 𝑜(‖𝑤 − 𝑢‖). Thus we see
from (28) that

𝐼2[𝑤] = 𝐼2[𝑢] + (𝐾[𝑓(𝑢)], 𝑤 − 𝑢) + 𝑜(‖𝑤 − 𝑢‖),

as required.
Finally we note that if 𝑢, 𝑢̄ ∈ 𝐻1

0(𝑈) with ‖𝑢‖, ‖𝑢̄‖ ≤ 𝐿, then

‖𝐼′2[𝑢] − 𝐼′2[𝑢̄]‖ = ‖𝐾[𝑓(𝑢)] − 𝐾[𝑓(𝑢̄)]‖𝐻1
0(𝑈)

= ‖𝑓(𝑢) − 𝑓(𝑢̄)‖𝐻−1(𝑈)

≤ ‖𝑓(𝑢) − 𝑓(𝑢̄)‖
𝐿

2𝑛
𝑛+2 (𝑈)

.
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But
‖𝑓(𝑢) − 𝑓(𝑢̄)‖

𝐿
2𝑛
𝑛+2 (𝑈)

≤ 𝐶 (∫
𝑈
((1 + |𝑢|𝑝−1 + |𝑢̄|𝑝−1)|𝑢 − 𝑢̄|)

2𝑛
𝑛+2 𝑑𝑥)

𝑛+2
2𝑛

≤ 𝐶 (∫
𝑈
(1 + |𝑢|𝑝−1 + |𝑢̄|𝑝−1)

2𝑛
𝑛+2

𝑛+2
4 𝑑𝑥)

2
𝑛

‖𝑢 − 𝑢̄‖𝐿2∗(𝑈)

≤ 𝐶(𝐿)‖𝑢 − 𝑢̄‖𝐿2∗(𝑈) ≤ 𝐶(𝐿)‖𝑢 − 𝑢̄‖,
where we used (23). Thus 𝐼′2 ∶ 𝐻1

0(𝑈) → 𝐻1
0(𝑈) is Lipschitz continuous on

bounded sets. Consequently 𝐼2 ∈ 𝒞, and we have established assertion (27).
4. Now we verify the Palais–Smale condition. For this suppose {𝑢𝑘}∞𝑘=1 ⊂

𝐻1
0(𝑈), with

(31) {𝐼[𝑢𝑘]}∞𝑘=1 bounded
and
(32) 𝐼′[𝑢𝑘] → 0 in 𝐻1

0(𝑈).
According to the foregoing
(33) 𝑢𝑘 − 𝐾(𝑓(𝑢𝑘)) → 0 in 𝐻1

0(𝑈).
Thus for each 𝜖 > 0 we have

|(𝐼′[𝑢𝑘], 𝑣)| =
|||∫𝑈

𝐷𝑢𝑘 ⋅ 𝐷𝑣 − 𝑓(𝑢𝑘)𝑣 𝑑𝑥
||| ≤ 𝜖‖𝑣‖ (𝑣 ∈ 𝐻1

0(𝑈))

for 𝑘 large enough. Let 𝑣 = 𝑢𝑘 above to find
|||∫𝑈

|𝐷𝑢𝑘|2 − 𝑓(𝑢𝑘)𝑢𝑘 𝑑𝑥
||| ≤ 𝜖‖𝑢𝑘‖

for each 𝜖 > 0 and for all 𝑘 sufficiently large. For 𝜖 = 1 in particular, we see
that

(34) ∫
𝑈
𝑓(𝑢𝑘)𝑢𝑘 𝑑𝑥 ≤ ‖𝑢𝑘‖2 + ‖𝑢𝑘‖

for all 𝑘 sufficiently large. But since (31) says

( 12‖𝑢𝑘‖
2 −∫

𝑈
𝐹(𝑢𝑘) 𝑑𝑥) ≤ 𝐶 < ∞

for all 𝑘 and some constant 𝐶, we deduce

‖𝑢𝑘‖2 ≤ 𝐶 + 2∫
𝑈
𝐹(𝑢𝑘) 𝑑𝑥

≤ 𝐶 + 2𝛾 (‖𝑢𝑘‖2 + ‖𝑢𝑘‖) by (34), (24).
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Since 2𝛾 < 1, we discover that {𝑢𝑘}∞𝑘=1 is bounded in 𝐻1
0(𝑈). Hence there ex-

ists a subsequence {𝑢𝑘𝑗 }∞𝑗=1 and 𝑢 ∈ 𝐻1
0(𝑈), with 𝑢𝑘𝑗 ⇀ 𝑢 weakly in 𝐻1

0(𝑈)
and 𝑢𝑘𝑗 → 𝑢 in 𝐿𝑝+1(𝑈), the latter assertion holding since 𝑝 + 1 < 2∗. But
then 𝑓(𝑢𝑘) → 𝑓(𝑢) in 𝐻−1(𝑈), whence 𝐾[𝑓(𝑢𝑘)] → 𝐾[𝑓(𝑢)] in 𝐻1

0(𝑈). Conse-
quently (33) implies

(35) 𝑢𝑘𝑗 → 𝑢 in 𝐻1
0(𝑈).

5. We finally verify the remaining hypotheses of the Mountain Pass Theo-
rem. Clearly 𝐼[0] = 0. Suppose now that 𝑢 ∈ 𝐻1

0(𝑈), with ‖𝑢‖ = 𝑟, for 𝑟 > 0 to
be selected below. Then

(36) 𝐼[𝑢] = 𝐼1[𝑢] − 𝐼2[𝑢] =
𝑟2
2 − 𝐼2[𝑢].

Now hypothesis (25) implies, since 𝑝 + 1 < 2∗, that

|𝐼2[𝑢]| ≤ 𝐶∫
𝑈
|𝑢|𝑝+1 𝑑𝑥 ≤ 𝐶 (∫

𝑈
|𝑢|2∗ 𝑑𝑥)

𝑝+1
2∗

≤ 𝐶‖𝑢‖𝑝+1 ≤ 𝐶𝑟𝑝+1.
In view of (36), then

𝐼[𝑢] ≥ 𝑟2
2 − 𝐶𝑟𝑝+1 ≥ 𝑟2

4 = 𝑎 > 0,

provided 𝑟 > 0 is small enough, since 𝑝+ 1 > 2. Now fix some element 𝑢 ∈ 𝐻,
𝑢 ≢ 0. Write 𝑣 ≔ 𝑡𝑢 for 𝑡 > 0 to be selected. Then

𝐼[𝑣] = 𝐼1[𝑡𝑢] − 𝐼2[𝑡𝑢]

= 𝑡2𝐼1[𝑢] −∫
𝑈
𝐹(𝑡𝑢) 𝑑𝑥

≤ 𝑡2𝐼1[𝑢] − 𝑎𝑡𝑝+1∫
𝑈
|𝑢|𝑝+1 𝑑𝑥 by (25)

< 0
for 𝑡 > 0 large enough.

6. We have at last checked all the hypotheses of the Mountain Pass Theo-
rem. There must consequently exist a function 𝑢 ∈ 𝐻1

0(𝑈), 𝑢 ≢ 0, with

𝐼′[𝑢] = 𝑢 − 𝐾[𝑓(𝑢)] = 0.
In particular for each 𝑣 ∈ 𝐻1

0(𝑈), we have

∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓(𝑢)𝑣 𝑑𝑥,

and so 𝑢 is a weak solution of (22). □
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See §9.4.2 for further discussion about nonlinear Poisson equations and in
particular the significance of the critical exponent 𝑛+2𝑛−2 in hypothesis (23).

8.6. INVARIANCE, NOETHER’S THEOREM

Next we study variational integrands that are invariant under appropriate do-
main and function variations and show that solutions of the corresponding
Euler–Lagrange equations then automatically solve also certain divergence
structure conservation laws.

8.6.1. Invariant variational problems. We again turn our attention to the
functional

(1) 𝐼[𝑤] ≔ ∫
𝑈
𝐿(𝐷𝑤,𝑤, 𝑥) 𝑑𝑥,

where 𝑈 ⊂ ℝ𝑛 and 𝑤 ∶ 𝑈 → ℝ. We as usual write 𝐿 = 𝐿(𝑝, 𝑧, 𝑥).

NOTATION.
(i) Let x ∶ ℝ𝑛 × ℝ → ℝ𝑛, x = x(𝑥, 𝜏), be a smooth family of vector fields

satisfying x(𝑥, 0) = 𝑥 for all 𝑥 ∈ ℝ𝑛. Then for small |𝜏|, the mapping 𝑥 ↦
x(𝑥, 𝜏) is a smooth diffeomorphism. We call the mapping 𝑥 ↦ x(𝑥, 𝜏) a domain
variation. Define also
(2) v(𝑥) ≔ x𝜏(𝑥, 0)
and
(3) 𝑈(𝜏) ≔ x(𝑈, 𝜏).

(ii) Next, given a smooth 𝑢 ∶ ℝ𝑛 → ℝ, we consider a smooth family of
function variations 𝑤 ∶ ℝ𝑛 × ℝ → ℝ, 𝑤 = 𝑤(𝑥, 𝜏), such that
(4) 𝑤(𝑥, 0) = 𝑢(𝑥).
Write
(5) 𝑚(𝑥) ≔ 𝑤𝜏(𝑥, 0).
For reasons that will be clear shortly, we call 𝑚 a multiplier.

Given a functional 𝐼[ ⋅ ] of the form (1), we ask if we can find domain and
function variations that are compatible with the Lagrangian 𝐿, in the sense that
𝐼[ ⋅ ] is unchanged under these variations.

DEFINITION. We say that the functional 𝐼[ ⋅ ] is invariant under the domain
variations x and the function variations 𝑤 provided

(6) ∫
𝑈
𝐿(𝐷𝑤(𝑥, 𝜏), 𝑤(𝑥, 𝜏), 𝑥) 𝑑𝑥 = ∫

𝑈(𝜏)
𝐿(𝐷𝑢, 𝑢, 𝑥) 𝑑𝑥
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for all small |𝜏| and all open sets 𝑈 ⊂ ℝ𝑛.

Here we write 𝐷𝑤 = 𝐷𝑥𝑤. The idea behind this definition is that given
a domain variation x and a function 𝑢, we will look for 𝑤 as some expression
involving 𝑢(x(𝑥, 𝜏)). We will then try to check (6) by changing variables in the
integral term on the left, after which the integration will be over the region
𝑈(𝜏).

8.6.2. Noether’s Theorem. We now show that invariance of the functional
implies that the corresponding Euler–Lagrange equation can be transformed
into divergence form:

THEOREM 1 (Noether’s Theorem). Suppose that the functional 𝐼[ ⋅ ] is invari-
ant under the domain variation x and the function variation𝑤 corresponding to
a smooth function 𝑢.

(i) Then

(7)

𝑛
∑
𝑖=1
(𝑚𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥)−𝐿(𝐷𝑢, 𝑢, 𝑥)𝑣𝑖)𝑥𝑖

= 𝑚(
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥))𝑥𝑖 − 𝐿𝑧(𝐷𝑢, 𝑢, 𝑥)) ,

where v = (𝑣1, . . . , 𝑣𝑛) is defined by (2) and the multiplier𝑚 by (5).
(ii) In particular, if 𝑢 a critical point of 𝐼[ ⋅ ] and so solves the Euler–

Lagrange equation−div(𝐷𝑝𝐿)+𝐿𝑧 = 0, we have the divergence identity

(8)
𝑛
∑
𝑖=1
(𝑚𝐿𝑝𝑖(𝐷𝑢, 𝑢, 𝑥) − 𝐿(𝐷𝑢, 𝑢, 𝑥)𝑣𝑖)𝑥𝑖 = 0.

So multiplying by 𝑚 converts the Euler–Lagrange PDE into divergence
form.

Proof. Differentiating the invariance identity (6) with respect to 𝜏 and then
setting 𝜏 = 0 yields the identity

∫
𝑈
𝐷𝑝𝐿 ⋅ 𝐷𝑚 + 𝐿𝑧𝑚𝑑𝑥 = ∫

𝜕𝑈
𝐿v ⋅ 𝜈 𝑑𝑆.
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The term on the right appears owing to the formula in §C.4 for differentiating
integrals over moving regions. Now an integration by parts and the Gauss–
Green Theorem imply

∫
𝑈
(− div𝐷𝑝𝐿 + 𝐿𝑧)𝑚𝑑𝑥 = ∫

𝜕𝑈
(−𝑚𝐷𝑝𝐿 + 𝐿v) ⋅ 𝜈 𝑑𝑆

= ∫
𝑈
div(−𝑚𝐷𝑝𝐿 + 𝐿v) 𝑑𝑥.

This identity is valid for all regions 𝑈, and so the identity (7) follows. □

As noted earlier, we can sometimes first guess a domain variation x and
then look for a corresponding function variation 𝑤 as some formula involving
𝑢(x(𝑥, 𝜏)). Then we will be able to compute the multiplier 𝑚 in terms of 𝑢
and its partial derivatives. The following examples illustrate this procedure, in
increasingly complicated circumstances.

Example 1 (Lagrangians independent of 𝑥). If 𝐿 = 𝐿(𝑝, 𝑧) does not depend
upon the independent variables 𝑥, then the integral (1) is invariant under trans-
lations in space. To be specific, select 𝑘 ∈ {1, . . . , 𝑛} and define

x(𝑥, 𝜏) ≔ 𝑥 + 𝜏𝑒𝑘, 𝑤(𝑥, 𝜏) ≔ 𝑢(𝑥 + 𝜏𝑒𝑘).
Then

v = 𝑒𝑘, 𝑚 = 𝑢𝑥𝑘 .
Consequently if 𝑢 is a critical point, (8) becomes the identity

(9)
𝑛
∑
𝑖=1
(𝐿𝑝𝑖𝑢𝑥𝑘 − 𝐿𝛿𝑖𝑘)𝑥𝑖 = 0 (𝑘 = 1, . . . , 𝑛).

It is a simple exercise to confirm that these formulas follow directly from the
Euler–Lagrange equation. The point is that Noether’s Theorem provides a sys-
tematic procedure for searching for such identities.

Example 2 (Scaling invariance). The functional

𝐼[𝑤] = ∫
𝑈
|𝐷𝑤|𝑝 𝑑𝑥,

smooth minimizers 𝑢 of which solve the p-Laplacian equation
div(|𝐷𝑢|𝑝−2𝐷𝑢) = 0,

is invariant under the scaling transformation

𝑥 ↦ 𝜆𝑥, 𝑢 ↦ 𝜆
𝑛−𝑝
𝑝 𝑢(𝜆𝑥).

To be consistent with previous notation, we put 𝜆 = 𝑒𝜏 and define

x(𝑥, 𝜏) ≔ 𝑒𝜏𝑥, 𝑤(𝑥, 𝜏) ≔ 𝑒𝜏
𝑛−𝑝
𝑝 𝑢(𝑒𝜏𝑥).
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Then
v = 𝑥, 𝑚 = 𝐷𝑢 ⋅ 𝑥 + 𝑛 − 𝑝

𝑝 𝑢.

The corresponding divergence identity (8) for a solution of the 𝑝-Laplacian
equation is

(10)
𝑛
∑
𝑖=1

((𝐷𝑢 ⋅ 𝑥 + 𝑛 − 𝑝
𝑝 𝑢)𝑝|𝐷𝑢|𝑝−2𝑢𝑥𝑖 − |𝐷𝑢|𝑝𝑥𝑖)

𝑥𝑖
= 0.

It is again straightforward to check this identity directly.

Application: monotonicity formulas. Assume that 𝑢 is a smooth solution
of the 𝑝-Laplacian PDE within some region 𝑈 and that the ball 𝐵(0, 𝑟) lies
within 𝑈. If we integrate the divergence identity (10) over 𝐵(0, 𝑟) and simplify
using the Gauss–Green Theorem, we discover that

(𝑛 − 𝑝)∫
𝐵(0,𝑟)

|𝐷𝑢|𝑝 𝑑𝑥 = 𝑟∫
𝜕𝐵(0,𝑟)

|𝐷𝑢|𝑝 − 𝑝|𝐷𝑢|𝑝−2𝑢2𝑟 𝑑𝑆,

where 𝑢𝑟 ≔ 𝐷𝑢 ⋅ 𝑥
|𝑥| . Therefore

𝑑
𝑑𝑟 (

1
𝑟𝑛−𝑝 ∫𝐵(0,𝑟)

|𝐷𝑢|𝑝 𝑑𝑥)

= 𝑝 − 𝑛
𝑟𝑛−𝑝+1 ∫𝐵(0,𝑟)

|𝐷𝑢|𝑝 𝑑𝑥 + 1
𝑟𝑛−𝑝 ∫𝜕𝐵(0,𝑟)

|𝐷𝑢|𝑝 𝑑𝑆

= 𝑝
𝑟𝑛−𝑝 ∫𝜕𝐵(0,𝑟)

|𝐷𝑢|𝑝−2𝑢2𝑟 𝑑𝑆 ≥ 0.

This is a monotonicity formula, implying

𝑟 ↦ 1
𝑟𝑛−𝑝 ∫𝐵(0,𝑟)

|𝐷𝑢|𝑝 𝑑𝑥 is nondecreasing.

We discuss in Problem 20 an interesting consequence for 𝑝 = 2.
In §9.4.2 we will learn the usefulness of the multiplier 𝐷𝑢 ⋅ 𝑥, suggested by

Example 2, in studying certain semilinear elliptic equations.
Time dependent problems. If one of the independent variables is identified
with time, then we can interpret (8) as a conservation law resulting from the
invariance of our variational integral.

Example 3 (Conservation of energy for nonlinear wave equations). Consider
the integral expression

(11) 𝐼[𝑤] = ∫
𝑇

0
∫
ℝ𝑛

1
2𝑤

2
𝑡 − (12|𝐷𝑤|

2 + 𝐹(𝑤)) 𝑑𝑥𝑑𝑡
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defined for functions 𝑤 = 𝑤(𝑥, 𝑡) with, say, compact support. As usual, we
write 𝐷𝑤 = 𝐷𝑥𝑤. We can interpret the Lagrangian as representing the kinetic
energy minus the potential energy, by analogy with the ODE example in §3.3.1.
The corresponding Euler–Lagrange equation is the semilinear wave equation

(12) 𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0
for 𝑓 ≔ 𝐹′.

The integrand of (11) does not depend on the time variable 𝑡 and is conse-
quently invariant under shifts in this variable. Noether’s Theorem implies that
this invariance forces a conservation law, in this case conservation of energy.
More precisely, we define

x(𝑥, 𝑡, 𝜏) ≔ (𝑥, 𝑡 + 𝜏), 𝑤(𝑥, 𝑡, 𝜏) ≔ 𝑢(𝑥, 𝑡 + 𝜏),
so that

v = 𝑒𝑛+1, 𝑚 = 𝑢𝑡.
Then (8) reads

𝑛
∑
𝑖=1
(−𝑢𝑥𝑖𝑢𝑡)𝑥𝑖 + (𝑢2𝑡 −

1
2(𝑢

2
𝑡 − |𝐷𝑢|2) + 𝐹(𝑢))𝑡 = 0.

This can be rewritten as

(13) 𝑒𝑡 − div(𝑢𝑡𝐷𝑢) = 0
for the energy density

𝑒 ≔ 1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢).

The divergence operator in (13) acts in the 𝑥 variables only. If 𝑢 has compact
support in space at each time, it follows that the total energy is conserved in
time:

𝑑
𝑑𝑡 ∫ℝ𝑛

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑥 = 0.

In Chapter 12 we will systematically investigate the solvability of semilinear
wave equations of the form (12) and will find this conservation law extremely
useful.

Example 4 (Scaling invariance for the wave equation). The linear wave equa-
tion

□𝑢 = 𝑢𝑡𝑡 − Δ𝑢 = 0
corresponds to the action functional

(14) 𝐼[𝑤] = 1
2 ∫

𝑇

0
∫
ℝ𝑛
𝑤2
𝑡 − |𝐷𝑤|2 𝑑𝑥𝑑𝑡.



486 8. The Calculus of Variations

Similarly to Example 2 above, the functional (14) is invariant under the scaling
transformation

(𝑥, 𝑡) ↦ (𝜆𝑥, 𝜆𝑡), 𝑢 ↦ 𝜆
𝑛−1
2 𝑢(𝜆𝑥, 𝜆𝑡).

As before, we put 𝜆 = 𝑒𝜏 and define

x(𝑥, 𝑡, 𝜏) ≔ (𝑒𝜏𝑥, 𝑒𝜏𝑡), 𝑤(𝑥, 𝑡, 𝜏) ≔ 𝑒𝜏
𝑛−1
2 𝑢(𝑒𝜏𝑥, 𝑒𝜏𝑡).

Then
v = (𝑥, 𝑡), 𝑚 = 𝑡𝑢𝑡 + 𝑥 ⋅ 𝐷𝑢 + 𝑛 − 1

2 𝑢.
The conservation law provided by (8) asserts

𝑝𝑡 − divq = 0
for

𝑝 ≔ 𝑡
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝑥 ⋅ 𝐷𝑢𝑢𝑡 +

𝑛 − 1
2 𝑢𝑢𝑡,

q ≔ (𝑡𝑢𝑡 + 𝑥 ⋅ 𝐷𝑢 + 𝑛 − 1
2 𝑢)𝐷𝑢 + 1

2(𝑢
2
𝑡 − |𝐷𝑢|2)𝑥.

We will present in §12.4 an important application of a similar identity for a
nonlinear wave equation.

Example 5 (Conformal energy for the wave equation). The following much
more sophisticated example illustrates how Noether’s Theorem, even when not
directly applicable, can sometimes help us identify useful multipliers.

The mapping

(15) (𝑥, 𝑡) ↦ ( ̄𝑥, ̄𝑡) ≔ ( 𝑥
|𝑥|2 − 𝑡2 ,

𝑡
|𝑥|2 − 𝑡2 ) ,

where |𝑥|2 ≠ 𝑡2, is called hyperbolic inversion. Related is the hyperbolic Kelvin
transform𝒦𝑢 = 𝑢̄, defined by

(16)
𝑢̄(𝑥, 𝑡) ∶ = 𝑢( ̄𝑥, ̄𝑡) ||| ̄𝑥|2 − ̄𝑡2||

𝑛−1
2

= 𝑢 ( 𝑥
|𝑥|2 − 𝑡2 ,

𝑡
|𝑥|2 − 𝑡2 )

1
||𝑥|2 − 𝑡2|

𝑛−1
2
.

An exercise for Chapter 12 shows that if □𝑢 = 0, then □𝑢̄ = 0.
Our intention is to use hyperbolic inversion and the hyperbolic Kelvin

transform to help us design variations in (𝑥, 𝑡) and in 𝑢. For the first, let us
map (𝑥, 𝑡) to ( ̄𝑥, ̄𝑡), then add 𝜏𝑒𝑛+1, and lastly apply hyperbolic inversion again.
A calculation shows that the result is the mapping
(17) x(𝑥, 𝑡, 𝜏) ≔ 𝛾(𝑥, 𝑡 + 𝜏(|𝑥|2 − 𝑡2)),
for

(18) 𝛾 ≔ |𝑥|2 − 𝑡2
|𝑥|2 − (𝑡 + 𝜏(|𝑥|2 − 𝑡2))2 .
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We next employ a similar procedure to build variations of 𝑢: we apply the
Kelvin transform to compute 𝒦𝑢 = 𝑢̄, then add 𝜏𝑒𝑛+1 within the argument
of 𝑢̄, and lastly reapply the Kelvin transform. Another calculation reveals the
resulting function variation to be

(19) 𝑤(𝑥, 𝑡, 𝜏) ≔ 𝛾
𝑛−1
2 𝑢(x(𝑥, 𝑡, 𝜏)).

We next compute the multiplier corresponding to (17)-(19) by differentiating
with respect to 𝜏 and then putting 𝜏 = 0:

(20) v = (2𝑥𝑡, |𝑥|2 + 𝑡2), 𝑚 = (|𝑥|2 + 𝑡2)𝑢𝑡 + 2𝑡𝑥 ⋅ 𝐷𝑢 + (𝑛 − 1)𝑡𝑢.

Now we do not assert that the action functional (14) is invariant under these
domain and function variations. Rather, we guess that since the hyperbolic
Kelvin transform preserves solutions of the wave equation, then it might be
useful to multiply the wave equation □𝑢 = 0 by the multiplier 𝑚 from (20).
This turns out to be so, and after a longish calculation we derive Morawetz’s
identity

(21) 𝑐𝑡 − div r = 0,

where

(22) 𝑐 ≔ 1
2(|𝑥|

2 + 𝑡2)(𝑢2𝑡 + |𝐷𝑢|2) + 2𝑡𝑥 ⋅ 𝐷𝑢𝑢𝑡 + (𝑛 − 1)𝑡𝑢𝑢𝑡 −
𝑛 − 1
2 𝑢2

is the density of the so-called conformal energy and

(23) r ≔ ((|𝑥|2 + 𝑡2)𝑢𝑡 + 2𝑡𝑥 ⋅ 𝐷𝑢 + (𝑛 − 1)𝑡𝑢)𝐷𝑢 + 𝑡(𝑢2𝑡 − |𝐷𝑢|2)𝑥.

Morawetz’s identity is important since the conformal energy density 𝑐 can be
written for 𝑛 ≠ 2 as a sum of nonnegative terms plus a divergence in the 𝑥-
variables:
(24)

𝑐 = (𝑡 + |𝑥|)2
4 (𝑢𝑡 + 𝑢𝑟 +

𝑛 − 1
2|𝑥| 𝑢)

2
+ (𝑡 − |𝑥|)2

4 (𝑢𝑡 − 𝑢𝑟 −
𝑛 − 1
2|𝑥| 𝑢)

2
+

|𝑥|2 + 𝑡2
2 (|𝐷𝑢|2 − 𝑢2𝑟 +

(𝑛 − 3)(𝑛 − 1)
4|𝑥|2 𝑢2) − 𝑛 − 1

4 div(|𝑥|
2 + 𝑡2
|𝑥|2 𝑢2𝑥) ,

for 𝑢𝑟 ≔ 𝐷𝑢 ⋅ 𝑥
|𝑥| .

Application: local energy decay. Suppose now that 𝑂 ⊂ ℝ𝑛 denotes a
bounded, smooth open set that is star-shaped with respect to the origin: see
§9.4.2 for the definition and geometric meaning of this condition. Define the
exterior region

𝑈 ≔ ℝ𝑛 − 𝑂̄.
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Assume in addition that 𝑢 is a smooth solution of this initial/boundary-value
problem for the wave equation outside of the “obstacle” 𝑂:

⎧
⎨
⎩

𝑢𝑡𝑡 − Δ𝑢 = 0 in 𝑈 × (0,∞)
𝑢 = 0 on 𝜕𝑈 × {𝑡 = 0}

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝑈 × {𝑡 = 0},
for which the initial data 𝑔, ℎ have compact support.

We assert that if 𝑛 ≥ 3 and if 𝑂 ⊂ 𝐵(0, 𝑅), there exists a constant 𝐶 such
that

(25) ∫
𝐵(0,𝑅)−𝑂

𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑥 ≤ 𝐶
𝑡2 ,

for times 𝑡 ≥ 2𝑅. Consequently the energy within any bounded region decays to
zero as 𝑡 → ∞, although the total energy is conserved.

To prove (25), we first observe from the conservation law (21) that

(26) 𝑑
𝑑𝑡 ∫𝑈

𝑐 𝑑𝑥 = ∫
𝑈
div r𝑑𝑥 = ∫

𝜕𝑂
r ⋅ 𝜈 𝑑𝑆,

where 𝜈 denotes the inward pointing unit normal to 𝜕𝑂. Now 𝑢 = 𝑢𝑡 = 0 on
𝜕𝑂, and hence we can compute from (23) that

r ⋅ 𝜈 = 2𝑡(𝑥 ⋅ 𝐷𝑢)(𝐷𝑢 ⋅ 𝜈) − 𝑡|𝐷𝑢|2(𝑥 ⋅ 𝜈)
along 𝜕𝑂. Since 𝑢 = 0 on 𝜕𝑂, we have 𝐷𝑢 = (𝐷𝑢 ⋅ 𝜈)𝜈 there. Using this in the
formula above, we deduce that

r ⋅ 𝜈 = 𝑡|𝐷𝑢|2(𝑥 ⋅ 𝜈) ≤ 0,
since 𝑂 is star-shaped with respect to the origin and 𝜈 is the inward pointing
normal.

Then (26) and our formula (24) for 𝑐 imply for each time 𝑡 > 0 that

∫
𝐵(0,𝑅)−𝑂

(𝑡 + |𝑥|)2
4 (𝑢𝑡 + 𝑢𝑟 +

𝑛 − 1
2|𝑥| 𝑢)

2
+ |𝑥|2 + 𝑡2

2
(𝑛 − 3)(𝑛 − 1)𝑢2

4|𝑥|2

+ (𝑡 − |𝑥|)2
4 (𝑢𝑡 − 𝑢𝑟 −

𝑛 − 1
2|𝑥| 𝑢)

2
+ |𝑥|2 + 𝑡2

2 (|𝐷𝑢|2 − 𝑢2𝑟) 𝑑𝑥 ≤ 𝐶.

Taking 𝑡 ≥ 2𝑅 and making some simple estimates, we derive from this the
estimates

(27) ∫
𝐵(0,𝑅)−𝑂

|𝐷𝑢|2 − 𝑢2𝑟 +
(𝑛 − 3)𝑢2
|𝑥|2 𝑑𝑥 ≤ 𝐶

𝑡2

and

(28) ∫
𝐵(0,𝑅)−𝑂

𝑢2𝑡 + 𝑢2𝑟 +
𝑛 − 1
|𝑥| 𝑢𝑢𝑟 +

(𝑛 − 1)2
4|𝑥|2 𝑢2 𝑑𝑥 ≤ 𝐶

𝑡2 .



8.7. Problems 489

Now
𝑢
|𝑥|𝑢𝑟 = div( 𝑢2

2|𝑥|2𝑥) −
𝑛 − 2
2

𝑢2
|𝑥|2 .

This identity shows that the integral of the last two terms in (28) is nonnegative
for 𝑛 = 3 and can be estimated by (27) if 𝑛 > 3. The energy decay assertion
(25) follows.

8.7. PROBLEMS

In the exercises 𝑈 always denotes a bounded, open subset of ℝ𝑛, with smooth
boundary. All given functions are assumed smooth, unless otherwise stated.

1. This problem illustrates that a weakly convergent sequence can be badly
behaved.
(a) Prove 𝑢𝑘(𝑥) = sin(𝑘𝑥) ⇀ 0 as 𝑘 → ∞ in 𝐿2(0, 1).
(b) Fix 𝑎, 𝑏 ∈ ℝ, 0 < 𝜆 < 1. Define

𝑢𝑘(𝑥) ≔ {𝑎 if 𝑗/𝑘 ≤ 𝑥 < (𝑗 + 𝜆)/𝑘
𝑏 if (𝑗 + 𝜆)/𝑘 ≤ 𝑥 < (𝑗 + 1)/𝑘

(𝑗 = 0, . . . , 𝑘 − 1).

Prove 𝑢𝑘 ⇀ 𝜆𝑎 + (1 − 𝜆)𝑏 in 𝐿2(0, 1).
2. Let 𝜙 ∶ 𝑈 → ℝ. Find 𝐿 = 𝐿(𝑝, 𝑧, 𝑥) so that the PDE

−Δ𝑢 + 𝐷𝜙 ⋅ 𝐷𝑢 = 𝑓 in 𝑈
is the Euler–Lagrange equation corresponding to the functional 𝐼[𝑤] ≔
∫𝑈 𝐿(𝐷𝑤,𝑤, 𝑥) 𝑑𝑥.

(Hint: Look for a Lagrangian with an exponential term.)
3. The elliptic regularization of the heat equation is the PDE

(∗) 𝑢𝑡 − Δ𝑢 − 𝜖𝑢𝑡𝑡 = 0 in 𝑈𝑇 ,
where 𝜖 > 0 and𝑈𝑇 = 𝑈×(0, 𝑇]. Show that (∗) is the Euler–Lagrange equa-
tion corresponding to an energy functional 𝐼𝜀[𝑤] ≔ ∬𝑈𝑇

𝐿𝜀(𝐷𝑤,𝑤𝑡, 𝑤,
𝑥, 𝑡) 𝑑𝑥𝑑𝑡.

(Hint: Look for a Lagrangian with an exponential term involving 𝑡.)
4. Assume 𝜂 ∶ ℝ𝑛 → ℝ is 𝐶1.

(a) Show 𝐿(𝑃, 𝑧, 𝑥) = 𝜂(𝑧) det 𝑃 (𝑃 ∈ 𝕄𝑛×𝑛, 𝑧 ∈ ℝ𝑛) is a null Lagrangian.
(b) Deduce that if u ∶ ℝ𝑛 → ℝ𝑛 is 𝐶2, then

∫
𝑈
𝜂(u) det 𝐷u𝑑𝑥

depends only on u|𝜕𝑈 .
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5. (Continuation) Fix 𝑥0 ∉ u(𝜕𝑈), and choose a function 𝜂 as above so that
∫ℝ𝑛 𝜂 𝑑𝑧 = 1, spt 𝜂 ⊂ 𝐵(𝑥0, 𝑟), 𝑟 taken so small that 𝐵(𝑥0, 𝑟) ∩ u(𝜕𝑈) = ∅.
Define

deg(u, 𝑥0) = ∫
𝑈
𝜂(u) det 𝐷u𝑑𝑥,

the degree of u relative to 𝑥0. Prove the degree is an integer.
6. Let Σ ⊂ ℝ3 denote the graph of the smooth function 𝑢 ∶ 𝑈 → ℝ, 𝑈 ⊂ ℝ2.

Then

(∗) ∫
𝑈
(1 + |𝐷𝑢|2)−

3
2 det𝐷2𝑢 𝑑𝑥

represents the integral of the Gauss curvature over Σ. Prove that this ex-
pression depends only upon 𝐷𝑢 restricted to 𝜕𝑈. (The Gauss–Bonnet The-
orem in differential geometry computes (∗) in terms of the geodesic curva-
ture of 𝜕Σ.)

7. Let 𝑚 = 𝑛. Prove

𝐿(𝑃) = tr(𝑃2) − tr(𝑃)2 (𝑃 ∈ 𝕄𝑛×𝑛)

is a null Lagrangian.
8. Explain why the methods in §8.2 will not work to prove the existence of a

minimizer of the functional

𝐼[𝑤] ≔ ∫
𝑈
(1 + |𝐷𝑤|2)1/2 𝑑𝑥

over 𝒜 ≔ {𝑤 ∈ 𝑊 1,𝑞(𝑈) ∣ 𝑤 = 𝑔 on 𝜕𝑈 }, for any 1 ≤ 𝑞 < ∞.
9. (Second variation for systems) Assumeu ∶ 𝑈 → ℝ𝑚 is a smooth minimizer

of the functional

𝐼[w] ≔ ∫
𝑈
𝐿(𝐷w,w, 𝑥) 𝑑𝑥.

(a) Show
𝑛
∑
𝑖,𝑗=1

𝑚
∑
𝑘,𝑙=1

𝜕2𝐿
𝜕𝑝𝑘𝑖 𝜕𝑝𝑙𝑗

(𝐷u,u, 𝑥)𝜂𝑘𝜂𝑙𝜉𝑖𝜉𝑗 ≥ 0

for all 𝑥 ∈ 𝑈, 𝜉 ∈ ℝ𝑛, 𝜂 ∈ ℝ𝑚.
(b) Provide an example of a nonconvex function 𝐿 ∶ 𝕄𝑚×𝑛 → ℝ satisfying

𝑛
∑
𝑖,𝑗=1

𝑚
∑
𝑘,𝑙=1

𝜕2𝐿(𝑃)
𝜕𝑝𝑘𝑖 𝜕𝑝𝑙𝑗

𝜂𝑘𝜂𝑙𝜉𝑖𝜉𝑗 ≥ 0

for all 𝑃 ∈ 𝕄𝑚×𝑛, 𝜉 ∈ ℝ𝑛, 𝜂 ∈ ℝ𝑚.
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10. Use the methods of §8.4.1 to show the existence of a nontrivial weak solu-
tion 𝑢 ∈ 𝐻1

0(𝑈), 𝑢 ≢ 0, of

{
−Δ𝑢 = |𝑢|𝑞−1𝑢 in 𝑈

𝑢 = 0 on 𝜕𝑈

for 1 < 𝑞 < 𝑛+2
𝑛−2 , 𝑛 > 2.

11. Assume 𝛽 ∶ ℝ → ℝ is smooth, with

0 < 𝑎 ≤ 𝛽′(𝑧) ≤ 𝑏 (𝑧 ∈ ℝ)
for constants 𝑎, 𝑏. Let 𝑓 ∈ 𝐿2(𝑈). Formulate what it means for 𝑢 ∈ 𝐻1(𝑈)
to be a weak solution of the nonlinear boundary-value problem

{
−Δ𝑢 = 𝑓 in 𝑈

𝜕𝑢
𝜕𝜈 + 𝛽(𝑢) = 0 on 𝜕𝑈.

Prove there exists a unique weak solution.
12. Assume 𝑢 is a smooth minimizer of the area integral

𝐼[𝑤] = ∫
𝑈
(1 + |𝐷𝑤|2)1/2 𝑑𝑥,

subject to given boundary conditions 𝑤 = 𝑔 on 𝜕𝑈 and the constraint

𝐽[𝑤] = ∫
𝑈
𝑤𝑑𝑥 = 1.

Prove the graph of 𝑢 is a surface of constant mean curvature.
(Hint: Recall Example 4 in §8.1.2.)

13. Assume 𝑓 ∈ 𝐿2(𝑈). Prove the dual variational principle that

min
𝑤∈𝐻1

0(𝑈)
∫
𝑈

1
2|𝐷𝑤|

2 − 𝑓𝑤𝑑𝑥 = max
𝝃∈𝐿2(𝑈;ℝ𝑛)
div 𝝃=𝑓

−12 ∫𝑈
|𝝃|2 𝑑𝑥.

14. (Multivalued PDE) Show that the variational inequality (26) for the obsta-
cle problem in §8.4.2 can be rewritten as

−Δ𝑢 + 𝛽(𝑢 − ℎ) ∋ 𝑓
for the multivalued function

𝛽(𝑧) ≔
⎧
⎨
⎩

0 if 𝑧 > 0
(−∞, 0] if 𝑧 = 0
∅ if 𝑧 < 0.

(See also Problem 3 in Chapter 9.)
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15. (Pointwise gradient constraint)
(a) Show there exists a unique minimizer 𝑢 ∈ 𝒜 of

𝐼[𝑤] ≔ ∫
𝑈

1
2 |𝐷𝑤|

2 − 𝑓𝑤𝑑𝑥,

where 𝑓 ∈ 𝐿2(𝑈) and
𝒜 ≔ {𝑤 ∈ 𝐻1

0(𝑈) ∣ |𝐷𝑤| ≤ 1 a.e. }.
(b) Prove

∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑤 − 𝑢) 𝑑𝑥 ≥ ∫

𝑈
𝑓(𝑤 − 𝑢) 𝑑𝑥

for all 𝑤 ∈ 𝒜.
16. Assume 𝑛 ≥ 3 and 𝑈 is a bounded open set containing 0. Show that u ≔

𝑥
|𝑥| belongs to 𝐻1(𝑈;ℝ𝑛) and is a harmonic mapping into the sphere 𝑆𝑛−1.
That is, show u is a weak solution of

{−Δu = |𝐷u|2u
|u| = 1

in 𝑈.

17. Let 𝑢, 𝑢̂ ∈ 𝐻1
0(𝑈) both be minimizers of the Dirichlet energy

𝐼[𝑤] ≔ ∫
𝑈
|𝐷𝑤|2 𝑑𝑥, subject to ∫

𝑈
𝑤2 𝑑𝑥 = 1.

Suppose also that 𝑢, 𝑢̂ > 0 within 𝑈. Follow the hints to give a new proof
that

𝑢 ≡ 𝑢̂ in 𝑈.
(Hint: Define 𝑤 = (ᵆ

2+ ̂ᴂ2
2 )

1/2
, 𝑠 = ᵆ2

ᵆ2+ ̂ᴂ2 and 𝜂 = ᵆ2+ ̂ᴂ2
2 ; and show that

|𝐷𝑤|2 = 𝜂 |||𝑠
𝐷𝑢
𝑢 + (1 − 𝑠)𝐷𝑢̂𝑢̂

|||
2
.

Deduce

|𝐷𝑤|2 ≤ 𝜂(𝑠 |||
𝐷𝑢
𝑢
|||
2
+ (1 − 𝑠) |||

𝐷𝑢̂
𝑢̂
|||
2
) = 1

2|𝐷𝑢|
2 + 1

2|𝐷𝑢̂|
2

and therefore 𝐷ᵆ
ᵆ = 𝐷 ̂ᴂ

̂ᴂ almost everywhere.)
(Belloni–Kawohl, Manuscripta Math. 109 (2002), 229–231)

18. Assume that 𝑎1, 𝑎2 are smooth, positive functions on 𝑈̄ such that 𝑎1 ≤ 𝑎2.
Let 𝑢1, 𝑢2 be smooth solutions of

div(𝑎1𝐷𝑢1) = 0, div(𝑎2𝐷𝑢2) = 0 in 𝑈
with 𝐷𝑢2 ≠ 0 a.e. Suppose finally that

𝑢1 = 𝑢2,
𝜕𝑢1
𝜕𝜈 = 𝜕𝑢2

𝜕𝜈 , 𝑎1 = 𝑎2 on 𝜕𝑈.
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Prove that
𝑎1 ≡ 𝑎2, 𝑢1 ≡ 𝑢2 within 𝑈.

(Hint: Observe that ∫𝑈 𝑎1|𝐷𝑢1|2 𝑑𝑥 = ∫𝑈 𝑎2|𝐷𝑢2|2 𝑑𝑥.)
19. (Momentum conservation) Given a solution 𝑢 of the nonlinear wave equa-

tion □𝑢 + 𝑓(𝑢) = 0, apply Noether’s Theorem to the transformations
x(𝑥, 𝑡, 𝜏) = (𝑥+𝜏𝑒𝑘, 𝑡),𝑤(𝑥, 𝑡, 𝜏) = 𝑢(𝑥+𝜏𝑒𝑘, 𝑡) to calculate the momentum
density 𝑝𝑘 and the momentum flux j𝑘 satisfying the conservation laws

(𝑝𝑘)𝑡 − div(j𝑘) = 0 (𝑘 = 1, . . . , 𝑛).

20. Let 𝑢 be harmonic in some region𝑈 ⊆ ℝ𝑛 and assume 𝐵(0, 𝑅) ⊂ 𝑈, 𝑢(0) =
0, 𝑢 ≢ 0. Define for 0 < 𝑟 < 𝑅 the functions

𝑎(𝑟) ≔ 1
𝑟𝑛−1 ∫𝜕𝐵(0,𝑟)

𝑢2 𝑑𝑆, 𝑏(𝑟) ≔ 1
𝑟𝑛−2 ∫𝐵(0,𝑟)

|𝐷𝑢|2 𝑑𝑥.

We derived in §8.6.2 the monotonicity formula

𝑏′ = 2
𝑟𝑛−2 ∫𝜕𝐵(0,𝑟)

𝑢2𝑟 𝑑𝑆.

(a) Prove that

𝑎′ = 2
𝑟𝑛−1 ∫𝜕𝐵(0,𝑟)

𝑢𝑢𝑟 𝑑𝑆 =
2
𝑟𝑏.

(b) Show

𝑏2 ≤ 𝑟
2𝑎𝑏

′.

(c) Define the frequency function

𝑓 ≔ 𝑏
𝑎

and derive Almgren’s monotonicity formula: 𝑓′ ≥ 0.
(d) Demonstrate next that 𝑎′

𝑎 ≤ 𝛽
𝑟 and consequently

𝑎(𝑟) ≥ 𝛾𝑟𝛽 (0 < 𝑟 < 𝑅)

for 𝛽 ≔ 2𝑏(𝑅)
𝑎(𝑅) and 𝛾 ≔ 𝑎(𝑅)

𝑅𝛽 . This is an estimate from below on how
fast a nonconstant harmonic function must grow near a point where
it vanishes.
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Chapter 9

Nonvariational
Techniques

We gather in this chapter various methods for proving the existence, nonex-
istence, uniqueness, and various other properties of solutions for nonlinear
elliptic and parabolic partial differential equations that are not necessarily of
variational form.

9.1. MONOTONICITYMETHODS

Let us look first at this boundary-value problem for a divergence structure
quasilinear PDE:

(1) {
−div a(𝐷𝑢) = 𝑓 in 𝑈

𝑢 = 0 on 𝜕𝑈,

where 𝑓 ∈ 𝐿2(𝑈) is given, as is the smooth vector field a ∶ ℝ𝑛 → ℝ𝑛, a =
(𝑎1, . . . , 𝑎𝑛). As usual the unknown is 𝑢 ∶ 𝑈̄ → ℝ, 𝑢 = 𝑢(𝑥), where 𝑈 is
a bounded, open subset of ℝ𝑛 with smooth boundary. Now if there exists a
function 𝐹 ∶ ℝ𝑛 → ℝ such that a is the gradient of 𝐹,

(2) a(𝑝) = 𝐷𝐹(𝑝) (𝑝 ∈ ℝ𝑛),
then (1) is the Euler–Lagrange equation corresponding to the Lagrangian
𝐿(𝑝, 𝑧, 𝑥) = 𝐹(𝑝) − 𝑓(𝑥)𝑧. However if there exists no such potential 𝐹, the
variational methods from Chapter 8 simply do not apply to the problem (1).

We inquire instead if there is rather some direct method of constructing a
solution of (1) and in particular ask what are reasonable conditions to place
upon the nonlinearity. For motivation let us note that if (2) were valid and if

495
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𝐹 were convex (the natural assumption for the variational theory, as we have
seen in §8.2.2), then for each 𝑝, 𝑞 ∈ ℝ𝑛

(a(𝑝) − a(𝑞)) ⋅ (𝑝 − 𝑞) =
𝑛
∑
𝑖=1
(𝐹𝑝𝑖(𝑝) − 𝐹𝑝𝑖(𝑞))(𝑝𝑖 − 𝑞𝑖)

= ∫
1

0

𝑛
∑
𝑖,𝑗=1

𝐹𝑝𝑖𝑝𝑗 (𝑝 + 𝑡(𝑞 − 𝑝))(𝑝𝑗 − 𝑞𝑗)(𝑝𝑖 − 𝑞𝑖) 𝑑𝑡 ≥ 0,

the last inequality following from the convexity of 𝐹.
This calculation suggests the following

DEFINITION. A vector field a ∶ ℝ𝑛 → ℝ𝑛 is called monotone provided

(3) (a(𝑝) − a(𝑞)) ⋅ (𝑝 − 𝑞) ≥ 0

for all 𝑝, 𝑞 ∈ ℝ𝑛.

We will show below that the quasilinear PDE does indeed possess a
weak solution, under the primary structural assumption that the nonlinear-
ity be monotone. Later we will realize that this condition in effect says that
−div a(𝐷𝑢) = 𝑓 is a nonlinear elliptic partial differential equation. So let us
henceforth assume that the smooth vector field a is monotone and that

(4) |a(𝑝)| ≤ 𝐶(1 + |𝑝|),

(5) a(𝑝) ⋅ 𝑝 ≥ 𝛼|𝑝|2 − 𝛽

for all 𝑝 ∈ ℝ𝑛 and appropriate constants 𝐶, 𝛼 > 0, 𝛽 ≥ 0. We will see momen-
tarily that (5) amounts to a coercivity condition on the nonlinearity. We intend
now to build a solution of the boundary-value problem (1) as the limit of cer-
tain finite-dimensional approximations, thereby extending Galerkin’s method
from Chapter 7 to a new class of nonlinear problems.

More precisely, assume that the functions 𝑤𝑘 = 𝑤𝑘(𝑥) (𝑘 = 1, . . . ) are
smooth and

{𝑤𝑘}∞𝑘=1 is an orthonormal basis of 𝐻1
0(𝑈),

taken with the inner product (𝑢, 𝑣) = ∫𝑈 𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥. (We could for instance
take {𝑤𝑘}∞𝑘=1 to be the set of appropriately normalized eigenfunctions for −Δ
in 𝐻1

0(𝑈).)
We will look for a function 𝑢𝑚 ∈ 𝐻1

0(𝑈) of the form

(6) 𝑢𝑚 =
𝑚
∑
𝑘=1

𝑑𝑘𝑚𝑤𝑘,
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where we hope to select the coefficients 𝑑𝑘𝑚 so that

(7) ∫
𝑈
a(𝐷𝑢𝑚) ⋅ 𝐷𝑤𝑘 𝑑𝑥 = ∫

𝑈
𝑓𝑤𝑘 𝑑𝑥 (𝑘 = 1, . . . , 𝑚).

This amounts to our requiring that 𝑢𝑚 solves the “projection” of the problem
(1) onto the finite-dimensional subspace spanned by {𝑤𝑘}𝑚𝑘=1.

We start with a technical assertion.

LEMMA (Zeros of a vector field). Assume the continuous function v ∶ ℝ𝑛 →
ℝ𝑛 satisfies

(8) v(𝑥) ⋅ 𝑥 ≥ 0 if |𝑥| = 𝑟,

for some 𝑟 > 0. Then there exists a point 𝑥 ∈ 𝐵(0, 𝑟) such that

v(𝑥) = 0.

Proof. Suppose the assertion were false; then v(𝑥) ≠ 0 for all 𝑥 ∈ 𝐵(0, 𝑟).
Define the continuous mapping w ∶ 𝐵(0, 𝑟) → 𝜕𝐵(0, 𝑟) by setting

w(𝑥) ≔ − 𝑟
|v(𝑥)|v(𝑥) (𝑥 ∈ 𝐵(0, 𝑟)).

According to Brouwer’s fixed point theorem (§8.1.4), there exists a point 𝑧 ∈
𝐵(0, 𝑟) with

(9) w(𝑧) = 𝑧.

But then 𝑧 ∈ 𝜕𝐵(0, 𝑟), and so (8) and (9) imply the contradiction

𝑟2 = 𝑧 ⋅ 𝑧 = w(𝑧) ⋅ 𝑧 = − 𝑟
|v(𝑧)|v(𝑧) ⋅ 𝑧 ≤ 0. □

THEOREM 1 (Construction of approximate solutions). For each integer𝑚 =
1, . . . , there exists a function 𝑢𝑚 of the form (6) satisfying the identities (7).

Proof. Define the continuous function v ∶ ℝ𝑚 → ℝ𝑚, v = (𝑣1, . . . , 𝑣𝑚), by
setting

(10) 𝑣𝑘(𝑑) ≔ ∫
𝑈
a(

𝑚
∑
𝑗=1

𝑑𝑗𝐷𝑤𝑗) ⋅ 𝐷𝑤𝑘 − 𝑓𝑤𝑘 𝑑𝑥 (𝑘 = 1, . . . , 𝑚)
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for each point 𝑑 = (𝑑1, . . . , 𝑑𝑚) ∈ ℝ𝑚. Now

v(𝑑) ⋅ 𝑑 = ∫
𝑈
a(

𝑚
∑
𝑗=1

𝑑𝑗𝐷𝑤𝑗) ⋅ (
𝑚
∑
𝑗=1

𝑑𝑗𝐷𝑤𝑗) − 𝑓(
𝑚
∑
𝑗=1

𝑑𝑗𝑤𝑗) 𝑑𝑥

≥ ∫
𝑈
𝛼|||

𝑚
∑
𝑗=1

𝑑𝑗𝐷𝑤𝑗
|||
2
− 𝛽 − 𝑓(

𝑚
∑
𝑗=1

𝑑𝑗𝑤𝑗) 𝑑𝑥 by (5)

= 𝛼|𝑑|2 − 𝛽|𝑈| −
𝑚
∑
𝑗=1

𝑑𝑗∫
𝑈
𝑓𝑤𝑗 𝑑𝑥

≥ 𝛼
2 |𝑑|

2 − 𝐶.

Hence v(𝑑) ⋅ 𝑑 ≥ 0 if |𝑑| = 𝑟, provided we select 𝑟 > 0 sufficiently large.
We apply the lemma, to conclude that v(𝑑) = 0 for some point 𝑑 ∈ ℝ𝑚.

Then (10) implies 𝑢𝑚, defined by (6), satisfies (7). □

We want to take the limit as𝑚 → ∞, and for this will require some uniform
estimates.

THEOREM 2 (Energy estimates). There exists a constant 𝐶, depending only
on 𝑈 and a, such that

(11) ‖𝑢𝑚‖𝐻1
0(𝑈) ≤ 𝐶(1 + ‖𝑓‖𝐿2(𝑈))

for𝑚 = 1, 2, . . . .

Proof. Multiply equality (7) by 𝑑𝑘𝑚 and sum for 𝑘 = 1, . . . , 𝑚:

∫
𝑈
a(𝐷𝑢𝑚) ⋅ 𝐷𝑢𝑚 𝑑𝑥 = ∫

𝑈
𝑓𝑢𝑚 𝑑𝑥.

In view of the coercivity inequality (5), we find

𝛼∫
𝑈
|𝐷𝑢𝑚|2 𝑑𝑥 ≤ 𝐶 +∫

𝑈
𝑓𝑢𝑚 𝑑𝑥 ≤ 𝐶 + 𝜖∫

𝑈
𝑢2𝑚 𝑑𝑥 + 1

4𝜖 ∫𝑈
𝑓2𝑑𝑥.

We recall Poincaré’s inequality (Theorem 3 in §5.6.1) and then choose 𝜖 > 0
small enough to deduce (11). □

We wish now to employ the 𝐿2 inequalities (11) to pass to limits as𝑚 → ∞,
obtaining thereby a weak solution of problem (1), which is to say, a function
𝑢 ∈ 𝐻1

0(𝑈) satisfying the identity

(12) ∫
𝑈
a(𝐷𝑢) ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥 for all 𝑣 ∈ 𝐻1

0(𝑈).
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Employing estimate (11), we can extract a subsequence {𝑢𝑚𝑗 }∞𝑗=1 that converges
weakly in 𝐻1

0(𝑈) to a limit 𝑢, which we hope to show verifies (12). However,
we encounter a major problem here: we cannot directly conclude that

a(𝐷𝑢𝑚𝑗 ) → a(𝐷𝑢)
in any sense whatsoever. Take note: nonlinearities are (usually) not continuous
with respect to weak convergence. (See Problem 2.)

What saves us is the monotonicity assumption on vector field a.

THEOREM 3 (Existence of weak solution). There exists a weak solution of the
nonlinear boundary-value problem (1).

Proof.
1. As noted in the foregoing discussion, we can extract a subsequence

{𝑢𝑚𝑗 }∞𝑗=1 ⊂ {𝑢𝑚}∞𝑚=1 and a function 𝑢 ∈ 𝐻1
0(𝑈) such that

(13) 𝑢𝑚𝑗 ⇀ 𝑢 weakly in 𝐻1
0(𝑈)

and

(14) 𝑢𝑚𝑗 → 𝑢 in 𝐿2(𝑈).
We must show 𝑢 satisfies (12).

2. In view of the growth condition (4), {a(𝐷𝑢𝑚)}∞𝑚=1 is bounded in 𝐿2(𝑈;ℝ𝑛);
and so we may as well suppose—upon passing to a further subsequence if
necessary—that

(15) a(𝐷𝑢𝑚𝑗 ) ⇀ 𝝃 weakly in 𝐿2(𝑈;ℝ𝑛),

for some 𝝃 ∈ 𝐿2(𝑈;ℝ𝑛). Using identity (7), we deduce

∫
𝑈
𝝃 ⋅ 𝐷𝑤𝑘 𝑑𝑥 = ∫

𝑈
𝑓𝑤𝑘 𝑑𝑥

for each 𝑘 = 1, . . . . And so

(16) ∫
𝑈
𝝃 ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥 for each 𝑣 ∈ 𝐻1

0(𝑈).

3. To proceed further, let us note from the monotonicity condition (3) that

(17) ∫
𝑈
(a(𝐷𝑢𝑚) − a(𝐷𝑤)) ⋅ (𝐷𝑢𝑚 − 𝐷𝑤) 𝑑𝑥 ≥ 0

for 𝑚 = 1, . . . and all 𝑤 ∈ 𝐻1
0(𝑈). But as observed before, equation (7) yields

the identity

∫
𝑈
a(𝐷𝑢𝑚) ⋅ 𝐷𝑢𝑚 𝑑𝑥 = ∫

𝑈
𝑓𝑢𝑚 𝑑𝑥.
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Substitute into (17), to find

∫
𝑈
𝑓𝑢𝑚 − a(𝐷𝑢𝑚) ⋅ 𝐷𝑤 − a(𝐷𝑤) ⋅ (𝐷𝑢𝑚 − 𝐷𝑤) 𝑑𝑥 ≥ 0.

Let 𝑚 = 𝑚𝑗 →∞ and recall (13)–(15), to deduce

∫
𝑈
𝑓𝑢 − 𝝃 ⋅ 𝐷𝑤 − a(𝐷𝑤) ⋅ (𝐷𝑢 − 𝐷𝑤) 𝑑𝑥 ≥ 0.

We simplify using identity (16) with 𝑣 = 𝑢 and discover

(18) ∫
𝑈
(𝝃 − a(𝐷𝑤)) ⋅ 𝐷(𝑢 − 𝑤) 𝑑𝑥 ≥ 0 for all 𝑤 ∈ 𝐻1

0(𝑈).

4. Fix any 𝑣 ∈ 𝐻1
0(𝑈) and set 𝑤 ≔ 𝑢 − 𝜆𝑣 (𝜆 > 0) in (18). We obtain then

∫
𝑈
(𝝃 − a(𝐷𝑢 − 𝜆𝐷𝑣)) ⋅ 𝐷𝑣 𝑑𝑥 ≥ 0.

Send 𝜆 → 0:

(19) ∫
𝑈
(𝝃 − a(𝐷𝑢)) ⋅ 𝐷𝑣 𝑑𝑥 ≥ 0 for all 𝑣 ∈ 𝐻1

0(𝑈).

Replacing 𝑣 by −𝑣, we deduce that in fact equality holds above. Then (16) and
(19) taken together yield

∫
𝑈
a(𝐷𝑢) ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥 for all 𝑣 ∈ 𝐻1

0(𝑈).

Hence 𝑢 is indeed a weak solution of (1). □

This use of monotonicity is themethod of Browder andMinty, a remarkable
technique which employs the inequality condition (3) to justify passing to weak
limits within a nonlinearity.

Let us assume now the vector field a satisfies the condition of strict mono-
tonicity; that is,

(20) (a(𝑝) − a(𝑞)) ⋅ (𝑝 − 𝑞) ≥ 𝜃|𝑝 − 𝑞|2

for all 𝑝, 𝑞 ∈ ℝ𝑛 and some constant 𝜃 > 0.

THEOREM 4 (Uniqueness of weak solution). Assume the strict monotonicity
property (20) holds. Then there exists only one weak solution of (1).

Proof. Assume that 𝑢 and 𝑢̃ are two weak solutions. Consequently

∫
𝑈
a(𝐷𝑢) ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
a(𝐷𝑢̃) ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓𝑣 𝑑𝑥,
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and so

∫
𝑈
[a(𝐷𝑢) − a(𝐷𝑢̃)] ⋅ 𝐷𝑣 𝑑𝑥 = 0

for each 𝑣 ∈ 𝐻1
0(𝑈). We set 𝑣 ≔ 𝑢 − 𝑢̃ and use (20) to deduce

∫
𝑈
|𝐷𝑢 − 𝐷𝑢̃|2 𝑑𝑥 = 0.

Thus 𝑢 = 𝑢̃ a.e. in 𝑈. □

𝐻2 regularity. Under the strengthened monotonicity assumption (20) our
weak solution 𝑢 in fact belongs to 𝐻2(𝑈) and so satisfies

−div a(𝐷𝑢) = 𝑓 a.e. in 𝑈.

To demonstrate this, we select 𝑞, 𝜉 ∈ ℝ𝑛 and set 𝑝 = 𝑞+ℎ𝜉, ℎ ≠ 0, in (20). We
obtain, after dividing by ℎ2, the inequality

𝑛
∑
𝑖=1

[𝑎𝑖(𝑞 + ℎ𝜉) − 𝑎𝑖(𝑞)]
ℎ 𝜉𝑖 ≥ 𝜃|𝜉|2.

Now send ℎ → 0:

(21)
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑝𝑗 (𝑞)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 (𝑞, 𝜉 ∈ ℝ𝑛).

We can thus interpret the nonlinear PDE −div a(𝐷𝑢) = 𝑓 as being uniformly
elliptic. The proof of 𝐻2 regularity of the weak solution now follows almost
precisely as in the proof of Theorem 1 in §6.3.1.

9.2. FIXED POINTMETHODS

We study next the applicability of topological fixed point theorems to nonlinear
partial differential equations. There are at least three distinct classes of such
abstract theorems that are useful. These are

(a) fixed point theorems for strict contractions,
(b) fixed point theorems for compact mappings, and
(c) fixed point theorems for order-preserving operators.

We present below applications of types (a) and (b). The utility of order-
preserving properties for nonlinear PDE will be explained later, in §9.3.
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9.2.1. Banach’s FixedPoint Theorem. Hereafter𝑋 denotes a Banach space.
The simplest fixed point theorem of all is

THEOREM 1 (Banach’s Fixed Point Theorem). Assume

𝐴 ∶ 𝑋 → 𝑋

is a nonlinear mapping, and suppose that

(1) ‖𝐴[𝑢] − 𝐴[𝑢̃]‖ ≤ 𝛾‖𝑢 − 𝑢̃‖ (𝑢, 𝑢̃ ∈ 𝑋)

for some constant 𝛾 < 1. Then 𝐴 has a unique fixed point.

DEFINITION. We say that A is a strict contraction if (1) holds.

Proof. Fix any point 𝑢0 ∈ 𝑋 and thereafter iteratively define 𝑢𝑘+1 = 𝐴[𝑢𝑘] for
𝑘 = 0, 1, . . . . Then

‖𝐴[𝑢𝑘+1] − 𝐴[𝑢𝑘]‖ ≤ 𝛾‖𝑢𝑘+1 − 𝑢𝑘‖ = 𝛾‖𝐴[𝑢𝑘] − 𝐴[𝑢𝑘−1]‖,

and so
‖𝐴[𝑢𝑘+1] − 𝐴[𝑢𝑘]‖ ≤ 𝛾𝑘‖𝐴[𝑢0] − 𝑢0‖

for 𝑘 = 1, 2, . . . . Consequently if 𝑘 ≥ 𝑙,

‖𝑢𝑘 − 𝑢𝑙‖ = ‖𝐴[𝑢𝑘−1] − 𝐴[𝑢𝑙−1]‖ ≤
𝑘−2
∑

𝑗=𝑙−1
‖𝐴[𝑢𝑗+1] − 𝐴[𝑢𝑗]‖

≤ ‖𝐴[𝑢0] − 𝑢0‖
𝑘−2
∑

𝑗=𝑙−1
𝛾𝑗.

Hence {𝑢𝑘}∞𝑘=1 is a Cauchy sequence in 𝑋 , and so there exists a point 𝑢 ∈ 𝑋
with 𝑢𝑘 → 𝑢 in 𝑋 . Clearly then 𝐴[𝑢] = 𝑢. Hence 𝑢 is a fixed point for 𝐴, and
hypothesis (1) ensures uniqueness. □

Applications of Banach’s Fixed Point Theorem to nonlinear PDE usually
involve perturbation arguments of various sorts: given a well-behaved linear
elliptic partial differential equation, it is often straightforward to cast a small
nonlinear modification as a contraction mapping. The hallmark of such proofs
is the occurrence of a parameter which must be taken small enough to ensure
the strict contraction property.

Sometimes however we can break down a given problem into subproblems,
each with a small parameter:
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Example 1 (Reaction-diffusion equations). Let us investigate the solvability of
the initial/boundary-value problem for the reaction-diffusion system

(2)
⎧
⎨
⎩

u𝑡 − Δu = f(u) in 𝑈𝑇
u = 0 on 𝜕𝑈 × [0, 𝑇]
u = g on 𝑈 × {𝑡 = 0}.

Here u = (𝑢1, . . . , 𝑢𝑚), g = (𝑔1, . . . , 𝑔𝑚), and as usual 𝑈𝑇 = 𝑈 × (0, 𝑇], where
𝑈 ∈ ℝ𝑛 is open and bounded, with smooth boundary. The time 𝑇 > 0 is fixed.
We assume that the initial function g belongs to 𝐻1

0(𝑈;ℝ𝑚). Concerning the
nonlinearity, let us suppose

(3) f ∶ ℝ𝑚 → ℝ𝑚 is Lipschitz continuous.

This hypothesis in particular implies

(4) |f(𝑧)| ≤ 𝐶(1 + |𝑧|)
for each 𝑧 ∈ ℝ𝑚 and some constant 𝐶.

Adapting the terminology from §7.1, we say that a function

(5) u ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈;ℝ𝑚)), with u′ ∈ 𝐿2 (0, 𝑇;𝐻−1(𝑈;ℝ𝑚)),

is a weak solution of (2) provided

(6) ⟨u′, v⟩ + 𝐵[u, v] = (f(u), v) a.e. 0 ≤ 𝑡 ≤ 𝑇
for each v ∈ 𝐻1

0(𝑈;ℝ𝑚) and

(7) u(0) = g.
In (6) ⟨ , ⟩ denotes the pairing of𝐻−1(𝑈;ℝ𝑚) and𝐻1

0(𝑈;ℝ𝑚), 𝐵[ , ] is the bilin-
ear form associated with −Δ in 𝐻1

0(𝑈;ℝ𝑚), and ( , ) denotes the inner product
in 𝐿2(𝑈;ℝ𝑚). The norm in 𝐻1

0(𝑈;ℝ𝑚) is taken to be

‖u‖𝐻1
0(𝑈;ℝ𝑚) = (∫

𝑈
|𝐷u|2 𝑑𝑥)

1
2 .

Recall from §5.9.2 that (5) implies u ∈ 𝐶([0, 𝑇]; 𝐿2(𝑈;ℝ𝑚)), after possible re-
definition of u on a set of measure zero.

THEOREM 2 (Existence). There exists a unique weak solution of (2).

Proof.
1. We will apply Banach’s Theorem in the space

𝑋 = 𝐶([0, 𝑇]; 𝐿2(𝑈;ℝ𝑚)),
with the norm

‖v‖ ≔ max
0≤𝑡≤𝑇

‖v(𝑡)‖𝐿2(𝑈;ℝ𝑚).
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Let the operator 𝐴 be defined as follows. Given a function u ∈ 𝑋 , set
h(𝑡) ≔ f(u(𝑡)) (0 ≤ 𝑡 ≤ 𝑇). In light of the growth estimate (4), we see
h ∈ 𝐿2(0, 𝑇; 𝐿2(𝑈;ℝ𝑚)). Consequently the theory set forth in §7.1 ensures that
the linear parabolic PDE

(8)
⎧
⎨
⎩

w𝑡 − Δw = h in 𝑈𝑇
w = 0 on 𝜕𝑈 × [0, 𝑇]
w = g on 𝑈 × {𝑡 = 0}

has a unique weak solution

(9) w ∈ 𝐿2(0, 𝑇;𝐻1
0(𝑈;ℝ𝑚)), with w′ ∈ 𝐿2(0, 𝑇;𝐻−1(𝑈;ℝ𝑚)).

Thus w ∈ 𝑋 satisfies

(10) ⟨w′, v⟩ + 𝐵[w, v] = (h, v) a.e. 0 ≤ 𝑡 ≤ 𝑇

for each v ∈ 𝐻1
0(𝑈;ℝ𝑚) and w(0) = g.

Define 𝐴 ∶ 𝑋 → 𝑋 by setting 𝐴[u] = w.
2. We now claim that

(11) {if 𝑇 > 0 is small enough, then
𝐴 is a strict contraction.

To prove this, choose u, ũ ∈ 𝑋 , and define w = 𝐴[u], w̃ = 𝐴[ũ] as above.
Consequently w verifies (10) for h = f(u), and w̃ satisfies a similar identity for
h̃ ≔ f(ũ).

We calculate as in §7.1

(12)

𝑑
𝑑𝑡‖w − w̃‖2𝐿2(𝑈;ℝ𝑚) + 2‖w − w̃‖2𝐻1

0(𝑈;ℝ𝑚)

= 2(w − w̃,h − h̃)

≤ 𝜖‖w − w̃‖2𝐿2(𝑈;ℝ𝑚) +
1
𝜖 ‖f(u) − f(ũ)‖2𝐿2(𝑈;ℝ𝑚)

≤ 𝜖𝐶‖w − w̃‖2𝐻1
0(𝑈;ℝ𝑚) +

1
𝜖 ‖f(u) − f(ũ)‖2𝐿2(𝑈;ℝ𝑚),

by Poincaré’s inequality. Selecting 𝜖 > 0 sufficiently small, we deduce
𝑑
𝑑𝑡‖w − w̃‖2𝐿2(𝑈;ℝ𝑚) ≤ 𝐶‖f(u) − f(ũ)‖2𝐿2(𝑈;ℝ𝑚) ≤ 𝐶‖u − ũ‖2𝐿2(𝑈;ℝ𝑚),

since f is Lipschitz. Consequently

(13)
‖w(𝑠) − w̃(𝑠)‖2𝐿2(𝑈;ℝ𝑚) ≤ 𝐶∫

𝑠

0
‖u(𝑡) − ũ(𝑡)‖2𝐿2(𝑈;ℝ𝑚) 𝑑𝑡

≤ 𝐶𝑇‖u − ũ‖2
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for each 0 ≤ 𝑠 ≤ 𝑇. Maximizing the left-hand side with respect to 𝑠, we discover

‖w − w̃‖2 ≤ 𝐶𝑇‖u − ũ‖2.

Hence

(14) ‖𝐴[u] − 𝐴[ũ]‖ ≤ (𝐶𝑇)1/2‖u − ũ‖,

and thus𝐴 is a strict contraction, provided 𝑇 > 0 is so small that (𝐶𝑇)1/2 = 𝛾 <
1.

3. Given any 𝑇 > 0, we select 𝑇1 > 0 so small that (𝐶𝑇1)1/2 < 1. We
can then apply Banach’s Fixed Point Theorem to find a weak solution u of the
problem (2) existing on the time interval [0, 𝑇1]. Sinceu(𝑡) ∈ 𝐻1

0(𝑈;ℝ𝑚) for a.e.
0 ≤ 𝑡 ≤ 𝑇1, we can upon redefining 𝑇1 if necessary assume u(𝑇1) ∈ 𝐻1

0(𝑈;ℝ𝑚).
Observe that the time 𝑇1 > 0 depends only upon the Lipschitz constant

for f. We can therefore repeat the argument above, to extend our solution to
the time interval [𝑇1, 2𝑇1]. Continuing, after finitely many steps we construct
a weak solution existing on the full interval [0, 𝑇].

4. To demonstrate uniqueness, suppose both u and ũ are two weak solu-
tions of (2). Then we have w = u, w̃ = ũ in inequality (13), whence

‖u(𝑠) − ũ(𝑠)‖2𝐿2(𝑈;ℝ𝑚) ≤ 𝐶∫
𝑠

0
‖u(𝑡) − ũ(𝑡)‖2𝐿2(𝑈;ℝ𝑚) 𝑑𝑡

for 0 ≤ 𝑠 ≤ 𝑇. According to Gronwall’s inequality, u ≡ ũ. □

Interpretation. In common applications problem (2) records the evolution
of the densities 𝑢1, . . . , 𝑢𝑚 of various chemicals, which both diffuse within a
medium and interact with each other. The diffusion term is Δu (or more gen-
erally (𝑎1Δ𝑢1, . . . , 𝑎𝑚Δ𝑢𝑚) where the constants 𝑎𝑘 > 0 characterize the diffu-
sion of the 𝑘th chemical). The reaction term f(u) models the chemistry. In
the foregoing example we made the unreasonable assumption that f is glob-
ally Lipschitz. In more realistic models f is often a polynomial in u and there
are interesting problems as to the global existence or blow-up of a solution. (A
simple such example is treated in §9.4.1.)

We will later employ Banach’s Fixed Point Theorem to prove long and short
time existence for solutions of certain quasilinear wave equations in §12.2.

9.2.2. Schauder’s, Schaefer’s Fixed Point Theorems. Next we extend
Brouwer’s Fixed Point Theorem (§8.1.4) to Banach spaces. The key assump-
tion is now compactness. Throughout this subsection 𝑋 continues to denote a
real Banach space.
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THEOREM3 (Schauder’s Fixed Point Theorem). Suppose𝐾 ⊂ 𝑋 is nonempty,
compact and convex, and assume also

𝐴 ∶ 𝐾 → 𝐾
is continuous. Then 𝐴 has a fixed point in 𝐾.

Proof.
1. Fix 𝜖 > 0 and choose finitely many points 𝑢1, . . . , 𝑢𝑁𝜖 ∈ 𝐾, so that the

open balls {𝐵0(𝑢𝑖, 𝜖)}𝑁𝜖
𝑖=1 cover 𝐾:

(15) 𝐾 ⊂
𝑁𝜖

⋃
𝑖=1

𝐵0(𝑢𝑖, 𝜖).

This is possible since 𝐾 is compact. Let 𝐾𝜖 denote the closed convex hull of the
points {𝑢1, . . . , 𝑢𝑁𝜖}:

𝐾𝜖 ≔ {
𝑁𝜖

∑
𝑖=1

𝜆𝑖𝑢𝑖 ∣ 0 ≤ 𝜆𝑖 ≤ 1,
𝑁𝜖

∑
𝑖=1

𝜆𝑖 = 1} .

Then 𝐾𝜖 ⊂ 𝐾, since 𝐾 is convex. Now define 𝑃𝜖 ∶ 𝐾 → 𝐾𝜖 by writing

𝑃𝜖[𝑢] ≔
∑𝑁𝜖

𝑖=1 dist(𝑢, 𝐾 − 𝐵0(𝑢𝑖, 𝜖))𝑢𝑖
∑𝑁𝜖

𝑖=1 dist(𝑢, 𝐾 − 𝐵0(𝑢𝑖, 𝜖))
(𝑢 ∈ 𝐾).

The denominator is never zero, because of (15). Now clearly 𝑃𝜖 is continuous,
and furthermore for each 𝑢 ∈ 𝐾, we have

(16) ‖𝑃𝜖[𝑢] − 𝑢‖ ≤
∑𝑁𝜖

𝑖=1 dist(𝑢, 𝐾 − 𝐵0(𝑢𝑖, 𝜖))‖𝑢𝑖 − 𝑢‖
∑𝑁𝜖

𝑖=1 dist(𝑢, 𝐾 − 𝐵0(𝑢𝑖, 𝜖))
≤ 𝜖.

2. Consider next the operator 𝐴𝜖 ∶ 𝐾𝜖 → 𝐾𝜖 defined by

𝐴𝜖[𝑢] ≔ 𝑃𝜖[𝐴[𝑢] ] (𝑢 ∈ 𝐾𝜖).
Now 𝐾𝜖 is homeomorphic to the closed unit ball in ℝ𝑀𝜖 for some 𝑀𝜖 ≤ 𝑁𝜖.
Brouwer’s Fixed Point Theorem (§8.1.4) therefore ensures the existence of a
point 𝑢𝜖 ∈ 𝐾𝜖 with

𝐴𝜖[𝑢𝜖] = 𝑢𝜖.
3. As 𝐾 is compact, there exist a subsequence 𝜖𝑗 → 0 and a point 𝑢 ∈ 𝐾,

such that 𝑢𝜖𝑗 → 𝑢 in 𝑋 . We claim 𝑢 is a fixed point of𝐴. Indeed, using estimate
(16), we deduce

‖𝑢𝜖𝑗 − 𝐴[𝑢𝜖𝑗 ]‖ = ‖𝐴𝜖𝑗 [𝑢𝜖𝑗 ] − 𝐴[𝑢𝜖𝑗 ]‖ = ‖𝑃𝜖𝑗 [𝐴[𝑢𝜖𝑗 ] ] − 𝐴[𝑢𝜖𝑗 ]‖ ≤ 𝜖𝑗.
Consequently, since 𝐴 is continuous, we conclude 𝑢 = 𝐴[𝑢]. □
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We next transform Schauder’s Fixed Point Theorem into an alternative
form which is often more useful for applications to nonlinear partial differ-
ential equations.

DEFINITION. A nonlinear mapping 𝐴 ∶ 𝑋 → 𝑋 is called compact provided
for each bounded sequence {𝑢𝑘}∞𝑘=1 the sequence {𝐴[𝑢𝑘]}∞𝑘=1 is precompact;
that is, there exists a subsequence {𝑢𝑘𝑗 }∞𝑗=1 such that {𝐴[𝑢𝑘𝑗 ]}∞𝑗=1 converges in
𝑋 .

THEOREM 4 (Schaefer’s Fixed Point Theorem). Suppose
𝐴 ∶ 𝑋 → 𝑋

is a continuous and compact mapping. Assume further that the set
{ 𝑢 ∈ 𝑋 ∣ 𝑢 = 𝜆𝐴[𝑢] for some 0 ≤ 𝜆 ≤ 1 }

is bounded. Then 𝐴 has a fixed point.

The assertion is that if we have a uniform bound on any possible fixed
points of any of the operators 𝜆𝐴 for 0 ≤ 𝜆 ≤ 1, then we have the existence of a
fixed point for 𝐴. This is in accordance with the remarkable informal principle
that “if we can prove appropriate estimates for solutions of a nonlinear PDE,
under the assumption that such solutions exist, then in fact these solutions do
exist”. This is the method of a priori∗ estimates.

The advantage of Schaefer’s Theorem over Schauder’s for applications is
that we do not have to identify an explicit convex, compact set.

Proof.
1. Choose a constant 𝑀 so large that

(17) ‖𝑢‖ < 𝑀 if 𝑢 = 𝜆𝐴[𝑢] for some 0 ≤ 𝜆 ≤ 1.
Define then

(18) ̃𝐴[𝑢] ≔ {
𝐴[𝑢] if ‖𝐴[𝑢]‖ ≤ 𝑀
𝑀𝐴[ᵆ]
‖𝐴[ᵆ]‖ if ‖𝐴[𝑢]‖ ≥ 𝑀.

Observe ̃𝐴 ∶ 𝐵(0,𝑀) → 𝐵(0,𝑀). Now set𝐾 = closed convex hull of ̃𝐴(𝐵(0,𝑀)).
Then since 𝐴 and thus ̃𝐴 are compact mappings, 𝐾 is a compact, convex subset
of 𝑋 . Furthermore ̃𝐴 ∶ 𝐾 → 𝐾.

2. Invoking Schauder’s Fixed Point Theorem, we infer the existence of a
point 𝑢 ∈ 𝐾 with
(19) ̃𝐴[𝑢] = 𝑢.

∗a priori = from before (Latin).
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We now claim additionally that 𝑢 is a fixed point of 𝐴. If not, then according to
(18) and (19) we would have

‖𝐴[𝑢]‖ > 𝑀

and

(20) 𝑢 = 𝜆𝐴[𝑢] for 𝜆 = 𝑀
‖𝐴[𝑢]‖ < 1.

But ‖𝑢‖ = ‖ ̃𝐴[𝑢]‖ = 𝑀, a contradiction to (17) and (20). □

A fixed point theorem for convex sets. For certain applications it is con-
venient to have available a variant of the previous theorem, asserting that if 𝐾
is a convex subset of a Banach space 𝑋 , with 0 ∈ 𝐾, and if 𝐴 ∶ 𝐾 → 𝐾 is a
continuous and compact mapping for which the set

{ 𝑢 ∈ 𝐾 ∣ 𝑢 = 𝜆𝐴[𝑢] for some 0 ≤ 𝜆 ≤ 1 }

is bounded, then 𝐴 has a fixed point in 𝐾.
The proof is a slight modification of the argument above.

Application. Employing Schauder’s and Schaefer’s Fixed Point Theorems for
PDE depends upon quite different considerations than applications of Banach’s
Theorem. The crucial assumption is now not that some parameter be small, but
rather that we have some sort of compactness. As the inverses of linear elliptic
operators are typically smoothing, compactness is indeed available for certain
nonlinear elliptic equations. Following is a quick, albeit fairly crude, example:

Example 2 (A quasilinear elliptic PDE). We present now a simple application
of Schaefer’s Theorem by solving the semilinear boundary-value problem

(21) {
−Δ𝑢 + 𝑏(𝐷𝑢) + 𝜇𝑢 = 0 in 𝑈

𝑢 = 0 on 𝜕𝑈,

where 𝑈 is bounded and 𝜕𝑈 is smooth. We assume 𝑏 ∶ ℝ𝑛 → ℝ is smooth,
Lipschitz continuous and thus satisfies the growth condition

(22) |𝑏(𝑝)| ≤ 𝐶(|𝑝| + 1)

for some constant 𝐶 and all 𝑝 ∈ ℝ𝑛.

THEOREM 5 (Existence). If 𝜇 > 0 is sufficiently large, there exists a function
𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1

0(𝑈) solving the boundary-value problem (21).
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Proof.
1. Given 𝑢 ∈ 𝐻1

0(𝑈), set

(23) 𝑓 ≔ −𝑏(𝐷𝑢).
Owing to estimate (22), we see that 𝑓 ∈ 𝐿2(𝑈). Now let 𝑤 ∈ 𝐻1

0(𝑈) be the
unique weak solution of the linear problem

(24) {
−Δ𝑤 + 𝜇𝑤 = 𝑓 in 𝑈

𝑤 = 0 on 𝜕𝑈.

By the regularity theory proved in §6.3, we know additionally that 𝑤 ∈ 𝐻2(𝑈),
with the estimate

(25) ‖𝑤‖𝐻2(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈)

for some constant 𝐶.
Let us henceforth write 𝐴[𝑢] = 𝑤 whenever 𝑤 is derived from 𝑢 via (23),

(24). In light of (22) and (25), we have the estimate

(26) ‖𝐴[𝑢]‖𝐻2(𝑈) ≤ 𝐶(‖𝑢‖𝐻1
0(𝑈) + 1).

2. We now assert that 𝐴 ∶ 𝐻1
0(𝑈) → 𝐻1

0(𝑈) is continuous and compact.
Indeed, if

(27) 𝑢𝑘 → 𝑢 in 𝐻1
0(𝑈),

then in view of estimate (26) we have

(28) sup
𝑘
‖𝑤𝑘‖𝐻2(𝑈) < ∞,

for 𝑤𝑘 = 𝐴[𝑢𝑘] (𝑘 = 1, . . . ). Thus there is a subsequence {𝑤𝑘𝑗 }∞𝑗=1 and a func-
tion 𝑤 ∈ 𝐻1

0(𝑈) with

(29) 𝑤𝑘𝑗 → 𝑤 in 𝐻1
0(𝑈).

Now
∫
𝑈
𝐷𝑤𝑘𝑗 ⋅ 𝐷𝑣 + 𝜇𝑤𝑘𝑗𝑣 𝑑𝑥 = −∫

𝑈
𝑏(𝐷𝑢𝑘𝑗 )𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈). Consequently using (22), (27) and (29), we see

∫
𝑈
𝐷𝑤 ⋅ 𝐷𝑣 + 𝜇𝑤𝑣 𝑑𝑥 = −∫

𝑈
𝑏(𝐷𝑢)𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈). Thus 𝑤 = 𝐴[𝑢].

Hence (27) implies𝐴[𝑢𝑘] → 𝐴[𝑢] in𝐻1
0(𝑈), and so𝐴 is continuous. A sim-

ilar argument shows that 𝐴 is compact, since if {𝑢𝑘}∞𝑘=1 is bounded in 𝐻1
0(𝑈),

estimate (22) asserts that {𝐴[𝑢𝑘]}∞𝑘=1 is bounded in 𝐻2(𝑈) and so possesses a
strongly convergent subsequence in 𝐻1

0(𝑈).
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3. Finally, we must show that if 𝜇 is large enough, the set

{ 𝑢 ∈ 𝐻1
0(𝑈) ∣ 𝑢 = 𝜆𝐴[𝑢] for some 0 ≤ 𝜆 ≤ 1 }

is bounded in 𝐻1
0(𝑈). So assume 𝑢 ∈ 𝐻1

0(𝑈),

𝑢 = 𝜆𝐴[𝑢] for some 0 < 𝜆 ≤ 1.

Then ᵆ
𝜆 = 𝐴[𝑢]; or, in other words, 𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1

0(𝑈) and

−Δ𝑢 + 𝜇𝑢 = −𝜆𝑏(𝐷𝑢) a.e. in 𝑈.

Multiply this identity by 𝑢 and integrate over 𝑈, to compute

∫
𝑈
|𝐷𝑢|2 + 𝜇|𝑢|2𝑑𝑥 = −∫

𝑈
𝜆𝑏(𝐷𝑢)𝑢 𝑑𝑥 ≤ ∫

𝑈
𝐶(|𝐷𝑢| + 1)|𝑢| 𝑑𝑥

≤ 1
2 ∫𝑈

|𝐷𝑢|2 𝑑𝑥 + 𝐶∫
𝑈
|𝑢|2 + 1𝑑𝑥.

Thus if 𝜇 > 0 is sufficiently large, we have ‖𝑢‖𝐻1
0(𝑈) ≤ 𝐶, for some constant 𝐶

that does not depend on 0 ≤ 𝜆 ≤ 1.
4. Applying Schaefer’s Fixed Point Theorem in the space 𝑋 = 𝐻1

0(𝑈), we
conclude that 𝐴 has a fixed point 𝑢 ∈ 𝐻1

0(𝑈)∩𝐻2(𝑈), which in turn solves our
semilinear PDE (21). □

Warning. A plausible plan for constructively solving (21) would be to select
some 𝑢0 and then iteratively solve the linear boundary-value problems

{
−Δ𝑢𝑘+1 + 𝜇𝑢𝑘+1 = −𝑏(𝐷𝑢𝑘) in 𝑈

𝑢𝑘+1 = 0 on 𝜕𝑈
(𝑘 = 0, 1, . . . ).

However, we cannot assert that {𝑢𝑘}∞𝑘=0 then converges to a solution of (21).
Schauder’s and Schaefer’s Fixed Point Theorems do not assert that any se-
quence converges to a fixed point. (But see the proof in §9.3 following.)

See Gilbarg–Trudinger [G-T] for much more sophisticated applications of
fixed point theorems for solving nonlinear elliptic PDE.

9.3. METHOD OF SUBSOLUTIONS AND SUPERSOLUTIONS

Our application of Schaefer’s Theorem above in §9.2.2 depends upon the reg-
ularity estimates for solutions of elliptic equations. We turn our attention now
to another basic property of elliptic PDE, namely the maximum principle, and
demonstrate how various resulting comparison arguments can be used to solve
certain semilinear problems. The idea is to exploit ordering properties for so-
lutions. More precisely, we will show that if we can find a subsolution 𝑢 and
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a supersolution 𝑢̄ of a particular boundary-value problem and if furthermore
𝑢 ≤ 𝑢̄, then there in fact exists a solution satisfying

𝑢 ≤ 𝑢 ≤ 𝑢̄.
We will investigate this boundary-value problem for the nonlinear Poisson
equation:

(1) {
−Δ𝑢 = 𝑓(𝑢) in 𝑈

𝑢 = 0 on 𝜕𝑈,
where 𝑓 ∶ ℝ → ℝ is smooth, with

(2) |𝑓′| ≤ 𝐶 (𝑧 ∈ ℝ)
for some constant 𝐶.

DEFINITIONS.
(i) We say that 𝑢̄ ∈ 𝐻1(𝑈) is a weak supersolution of problem (1) if

(3) ∫
𝑈
𝐷𝑢̄ ⋅ 𝐷𝑣 𝑑𝑥 ≥ ∫

𝑈
𝑓(𝑢̄)𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈), 𝑣 ≥ 0 a.e.

(ii) Similarly, 𝑢 ∈ 𝐻1(𝑈) is a weak subsolution provided

(4) ∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 ≤ ∫

𝑈
𝑓(𝑢)𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈), 𝑣 ≥ 0 a.e.

(iii) We say 𝑢 ∈ 𝐻1
0(𝑈) is a weak solution of (1) if

∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓(𝑢)𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈).

Remark. If 𝑢̄, 𝑢 ∈ 𝐶2(𝑈), then from (3) and (4) it follows that

−Δ𝑢̄ ≥ 𝑓(𝑢̄), −Δ𝑢 ≤ 𝑓(𝑢) in 𝑈.

THEOREM 1 (Existence of a solution between sub- and supersolutions). As-
sume there exist a weak supersolution 𝑢̄ and a weak subsolution 𝑢 of (1), satisfy-
ing

(5) 𝑢 ≤ 0, 𝑢̄ ≥ 0 on 𝜕𝑈 in the trace sense, 𝑢 ≤ 𝑢̄ a.e. in 𝑈.
Then there exists a weak solution 𝑢 of (1), such that

𝑢 ≤ 𝑢 ≤ 𝑢̄ a.e. in 𝑈.
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Proof.
1. Fix a number 𝜆 > 0 so large that

(6) the mapping 𝑧 ↦ 𝑓(𝑧) + 𝜆𝑧 is nondecreasing;

this is possible as a consequence of hypothesis (2).
Now write 𝑢0 = 𝑢, and then given 𝑢𝑘 (𝑘 = 0, 1, 2, . . . ), inductively define

𝑢𝑘+1 ∈ 𝐻1
0(𝑈) to be the unique weak solution of the linear boundary-value

problem

(7) {
−Δ𝑢𝑘+1 + 𝜆𝑢𝑘+1 = 𝑓(𝑢𝑘) + 𝜆𝑢𝑘 in 𝑈

𝑢𝑘+1 = 0 on 𝜕𝑈.
2. We claim

(8) 𝑢 = 𝑢0 ≤ 𝑢1 ≤ . . . ≤ 𝑢𝑘 ≤ ⋯ a.e. in 𝑈.
To confirm this, first note from (7) for 𝑘 = 0 that

(9) ∫
𝑈
𝐷𝑢1 ⋅ 𝐷𝑣 + 𝜆𝑢1𝑣 𝑑𝑥 = ∫

𝑈
(𝑓(𝑢0) + 𝜆𝑢0)𝑣 𝑑𝑥

for each 𝑣 ∈ 𝐻1
0(𝑈). Subtract (9) from (4), recall 𝑢0 = 𝑢, and set

𝑣 ≔ (𝑢0 − 𝑢1)+ ∈ 𝐻1
0(𝑈), 𝑣 ≥ 0 a.e.

We find

(10) ∫
𝑈
𝐷(𝑢0 − 𝑢1) ⋅ 𝐷(𝑢0 − 𝑢1)+ + 𝜆(𝑢0 − 𝑢1)(𝑢0 − 𝑢1)+ 𝑑𝑥 ≤ 0.

But

𝐷(𝑢0 − 𝑢1)+ = {𝐷(𝑢0 − 𝑢1) a.e. on {𝑢0 ≥ 𝑢1}
0 a.e. on {𝑢0 ≤ 𝑢1}.

(See Problem 18 in Chapter 5.) Consequently,

∫
{ᵆ0≥ᵆ1}

|𝐷(𝑢0 − 𝑢1)|2 + 𝜆(𝑢0 − 𝑢1)2 𝑑𝑥 ≤ 0,

so that 𝑢0 ≤ 𝑢1 a.e. in 𝑈.
Now assume inductively that

(11) 𝑢𝑘−1 ≤ 𝑢𝑘 a.e. in 𝑈.
From (7) we find

(12) ∫
𝑈
𝐷𝑢𝑘+1 ⋅ 𝐷𝑣 + 𝜆𝑢𝑘+1𝑣 𝑑𝑥 = ∫

𝑈
(𝑓(𝑢𝑘) + 𝜆𝑢𝑘)𝑣 𝑑𝑥

and
∫
𝑈
𝐷𝑢𝑘 ⋅ 𝐷𝑣 + 𝜆𝑢𝑘𝑣 𝑑𝑥 = ∫

𝑈
(𝑓(𝑢𝑘−1) + 𝜆𝑢𝑘−1)𝑣 𝑑𝑥
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for each 𝑣 ∈ 𝐻1
0(𝑈). Subtract and set 𝑣 ≔ (𝑢𝑘 − 𝑢𝑘+1)+. We deduce

∫
{ᵆ𝑘≥ᵆ𝑘+1}

|𝐷(𝑢𝑘 − 𝑢𝑘+1)|2 + 𝜆(𝑢𝑘 − 𝑢𝑘+1)2 𝑑𝑥

= ∫
𝑈
[(𝑓(𝑢𝑘−1) + 𝜆𝑢𝑘−1) − (𝑓(𝑢𝑘) + 𝜆𝑢𝑘)](𝑢𝑘 − 𝑢𝑘+1)+ 𝑑𝑥 ≤ 0,

the last inequality holding in view of (11) and (6). Therefore 𝑢𝑘 ≤ 𝑢𝑘+1 a.e. in
𝑈, as asserted.

3. Next we show

(13) 𝑢𝑘 ≤ 𝑢̄ a.e. in 𝑈 (𝑘 = 0, 1, . . . ).

Statement (13) is valid for 𝑘 = 0 by hypothesis (5). Assume now for induction
that

(14) 𝑢𝑘 ≤ 𝑢̄ a.e. in 𝑈.

Then subtracting (3) from (12) and taking 𝑣 ≔ (𝑢𝑘+1 − 𝑢̄)+, we find

∫
{ᵆ𝑘+1≥ ̄ᴂ}

|𝐷(𝑢𝑘+1 − 𝑢̄)|2 + 𝜆(𝑢𝑘+1 − 𝑢̄)2 𝑑𝑥

≤ ∫
𝑈
[(𝑓(𝑢𝑘) + 𝜆𝑢𝑘) − (𝑓(𝑢̄) + 𝜆𝑢̄)](𝑢𝑘+1 − 𝑢̄)+ 𝑑𝑥 ≤ 0,

by (14) and (6). Thus 𝑢𝑘+1 ≤ 𝑢̄ a.e. in 𝑈.
4. In light of (8) and (13), we have

(15) 𝑢 ≤ . . . ≤ 𝑢𝑘 ≤ 𝑢𝑘+1 ≤ . . . ≤ 𝑢̄ a.e. in 𝑈.

Therefore
𝑢(𝑥) ≔ lim

𝑘→∞
𝑢𝑘(𝑥)

exists for a.e. 𝑥. Furthermore we have

(16) 𝑢𝑘 → 𝑢 in 𝐿2(𝑈),

as guaranteed by the Dominated Convergence Theorem and (15). Finally,
since we have ‖𝑓(𝑢𝑘)‖𝐿2(𝑈) ≤ 𝐶(‖𝑢𝑘‖𝐿2(𝑈) + 1), we deduce from (7) that
sup𝑘 ‖𝑢𝑘‖𝐻1

0(𝑈) < ∞. Hence there is a subsequence {𝑢𝑘𝑗 }∞𝑗=1 which converges
weakly in 𝐻1

0(𝑈) to 𝑢 ∈ 𝐻1
0(𝑈).

5. We at last verify that 𝑢 is a weak solution of problem (1). For this, fix
𝑣 ∈ 𝐻1

0(𝑈). Then from (7) we find

∫
𝑈
𝐷𝑢𝑘+1 ⋅ 𝐷𝑣 + 𝜆𝑢𝑘+1𝑣 𝑑𝑥 = ∫

𝑈
(𝑓(𝑢𝑘) + 𝜆𝑢𝑘)𝑣 𝑑𝑥.
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Let 𝑘 → ∞:
∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 + 𝜆𝑢𝑣 𝑑𝑥 = ∫

𝑈
(𝑓(𝑢) + 𝜆𝑢)𝑣 𝑑𝑥.

Canceling the term involving 𝜆, we at last confirm that

∫
𝑈
𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥 = ∫

𝑈
𝑓(𝑢)𝑣 𝑑𝑥,

as desired. □

This proof illustrates the use of integration by parts, rather than the maxi-
mum principle, to establish comparisons between sub- and supersolutions.

9.4. NONEXISTENCE OF SOLUTIONS

We now complement the theory in §§9.1–9.3 with some nonexistence assertions
for solutions of various nonlinear partial differential equations. The overall
procedure will be to assume there exists a solution and then to obtain certain
inequalities, which in turn force a contradiction.

9.4.1. Blow-up.

Blow-up for large enough initial data. We begin by considering an
initial/boundary-value problem for a parabolic equation with a simple qua-
dratic nonlinearity:

(1)
⎧
⎨
⎩

𝑢𝑡 − Δ𝑢 = 𝑢2 in 𝑈𝑇
𝑢 = 0 on 𝜕𝑈 × (0, 𝑇)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0}.

We will show that if 𝑇 > 0 and 𝑔 ≥ 0 are large enough in an appropriate sense,
then there does not exist a smooth solution 𝑢 of (1). We can regard the nonlin-
ear heat equation in (1) as a simple reaction-diffusion equation (cf. Example 1
in §9.2.1). The nonlinear term alone corresponds to the ODE

𝑢̇ = 𝑢2

where ̇ = 𝑑
𝑑𝑡 , which certainly blows up in finite time if 𝑢(0) > 0. The purely

diffusive effects on the other hand yield the heat equation, which tends to
smooth out irregularities. The following analysis must therefore untangle the
competing effects of blow-up from the 𝑢2 term and smoothing from the Δ𝑢
term.

We proceed by choosing 𝑤1 to be an eigenfunction corresponding to the
principal eigenvalue 𝜆1 > 0 of −Δ in 𝐻1

0(𝑈). Then owing to the theory in
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§6.5.1, 𝑤1 is smooth,

{
−Δ𝑤1 = 𝜆1𝑤1 in 𝑈

𝑤1 = 0 on 𝜕𝑈,
and we may furthermore assume

(2) 𝑤1 > 0 in 𝑈, ∫
𝑈
𝑤1 𝑑𝑥 = 1.

Suppose 𝑢 is a smooth solution of (1), with 𝑔 ≥ 0, 𝑔 ≢ 0, so that 𝑢 > 0 within
𝑈𝑇 by the strong maximum principle.

THEOREM 1 (Blow-up for large data). Assume that

(3) ∫
𝑈
𝑔𝑤1 𝑑𝑥 > 𝜆1.

Then there cannot exist a smooth solution 𝑢 of (1) existing for all times 𝑇 > 0.

Proof. Define

𝜂(𝑡) ≔ ∫
𝑈
𝑢(𝑥, 𝑡)𝑤1(𝑥) 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑇).

Then

(4)
̇𝜂 = ∫

𝑈
𝑢𝑡𝑤1 𝑑𝑥 = ∫

𝑈
(Δ𝑢 + 𝑢2)𝑤1 𝑑𝑥

= ∫
𝑈
𝑢Δ𝑤1 + 𝑢2𝑤1 𝑑𝑥 = −𝜆1𝜂 +∫

𝑈
𝑢2𝑤1 𝑑𝑥.

Furthermore
𝜂 = ∫

𝑈
𝑢𝑤1 𝑑𝑥 = ∫

𝑈
𝑢𝑤1/2

1 𝑤1/2
1 𝑑𝑥

≤ (∫
𝑈
𝑢2𝑤1 𝑑𝑥)

1/2
(∫

𝑈
𝑤1 𝑑𝑥)

1/2

= (∫
𝑈
𝑢2𝑤1 𝑑𝑥)

1/2
by (2).

Employing this inequality in (4), we find

(5) ̇𝜂 ≥ −𝜆1𝜂 + 𝜂2.
Writing 𝜉(𝑡) ≔ 𝑒𝜆1𝑡𝜂(𝑡) gives

̇𝜉 = 𝑒𝜆1𝑡 ̇𝜂 + 𝜆1𝑒𝜆1𝑡𝜂 ≥ 𝑒𝜆1𝑡𝜂2 = 𝑒−𝜆1𝑡𝜉2.
Thus

(−1𝜉 )
⋅
=

̇𝜉
𝜉2 ≥ 𝑒−𝜆1𝑡,
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and therefore
−1
𝜉(𝑡) ≥

−1
𝜉(0) +

1 − 𝑒−𝜆1𝑡
𝜆1

.

Rearranging, we deduce

𝜉(𝑡) ≥ 𝜉(0)𝜆1
𝜆1 − 𝜉(0)(1 − 𝑒−𝜆1𝑡) ,

provided the denominator is not zero. But now suppose (3) holds, so that 𝜂(0) =
𝜉(0) > 𝜆1. Then 𝜉(𝑡) → +∞ as 𝑡 → 𝑡∗, for 𝑡∗ ≔ −1

𝜆1
log(𝜂(0)−𝜆1𝜂(0) ). □

Our proof shows that either the solution is not smooth enough to justify
the calculation above or else

lim
𝑡→𝑡∗

∫
𝑈
𝑢(𝑥, 𝑡)𝑤1(𝑥) 𝑑𝑥 = ∞

for some time 0 < 𝑡∗ ≤ 𝑡∗. In this case we say 𝑢 “blows up” at time 𝑡∗.

Blow-up for small initial data. We discuss next an interesting variant of the
foregoing proof, now for this initial-value problem in all of space:

(6) {
𝑢𝑡 − Δ𝑢 = 𝑢𝑝 in ℝ𝑛 × (0, 𝑇)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
We assume the nonnegative initial function 𝑔 ≢ 0 is smooth, with compact
support.

THEOREM 2 (Blow-up for small data). Assume

(7) 1 < 𝑝 < 𝑛 + 2
𝑛 .

Then there cannot exist a nonnegative, integrable and smooth solution 𝑢 of (6)
existing for all times 𝑇 > 0.

Proof. Since we are working in all of ℝ𝑛, we must replace the eigenfunction
used before. Instead, introduce the fundamental solution of the heat equation
evaluated at a time 𝑠 > 0 (which we will select later):

Φ(𝑥, 𝑠) = 1
(4𝜋𝑠)𝑛/2 𝑒

− |𝑥|2
4𝑠 .

Recall that
∫
ℝ𝑛
Φ(𝑥, 𝑠) 𝑑𝑥 = 1.

Furthermore, a calculation shows that

(8) ΔΦ(𝑥, 𝑠) + 𝑛
2𝑠Φ(𝑥, 𝑠) ≥ 0.
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Define

𝜂(𝑡) ≔ ∫
ℝ𝑛
𝑢(𝑥, 𝑡)Φ(𝑥, 𝑠) 𝑑𝑥.

Then (8) implies

̇𝜂(𝑡) = ∫
ℝ𝑛
𝑢𝑡Φ𝑑𝑥 = ∫

ℝ𝑛
(Δ𝑢 + 𝑢𝑝)Φ 𝑑𝑥

= ∫
ℝ𝑛
𝑢ΔΦ + 𝑢𝑝Φ𝑑𝑥 ≥ − 𝑛

2𝑠𝜂(𝑡) +∫
ℝ𝑛
𝑢𝑝Φ𝑑𝑥

for Φ = Φ(𝑥, 𝑠). As in the previous proof,

𝜂𝑝 ≤ ∫
ℝ𝑛
𝑢𝑝Φ𝑑𝑥.

Therefore

(9) ̇𝜂 ≥ −𝜆𝜂 + 𝜂𝑝

for

𝜆 ≔ 𝑛
2𝑠 .

We integrate (9) by setting 𝜉(𝑡) ≔ 𝑒𝜆𝑡𝜂(𝑡). Then

̇𝜉 ≥ 𝑒−𝜆(𝑝−1)𝑡𝜉𝑝.

Integrating and rewriting, we discover that

𝜉𝑝−1(𝑡) ≥ 𝜉𝑝−1(0)𝜆
𝜆 − 𝜉𝑝−1(0)(1 − 𝑒−𝜆(𝑝−1)𝑡) .

This differential inequality shows that 𝜉 → ∞ in finite time if

𝜂(0) = 𝜉(0) > 𝜆
1

𝑝−1 .

Recalling the definitions of 𝜆 and Φ, we rewrite this condition as saying

(10) 1
(4𝜋)𝑛/2 ∫ℝ𝑛

𝑔𝑒−
|𝑥|2
4𝑠 𝑑𝑥 > 𝑠𝑛/2 ( 𝑛2𝑠)

1
𝑝−1 = 𝛾𝑠

𝑛
2−

1
𝑝−1 ,

where 𝛾 > 0. But our condition (7) on 𝑝 implies 𝑛
2 −

1
𝑝−1 < 0, and hence for

any initial function 𝑔 ≢ 0 we can select 𝑠 so large that (10) is valid. □
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9.4.2. Derrick–Pohozaev identity. We investigate next a nonlinear elliptic
PDE to which different differential inequality methods apply, namely the non-
linear boundary-value problem

(11) {
−Δ𝑢 = |𝑢|𝑝−1𝑢 in 𝑈

𝑢 = 0 on 𝜕𝑈.

Now the theory in §8.5.2 applies to (11) provided

(12) 1 < 𝑝 < 𝑛 + 2
𝑛 − 2

and proves the existence of a nontrivial solution 𝑢 ≢ 0. Let us now instead
suppose

(13) 𝑛 + 2
𝑛 − 2 < 𝑝 < ∞.

Our goal is to demonstrate under a certain geometric condition on 𝑈 that (13)
implies 𝑢 ≡ 0 is the only smooth solution of (11). We see therefore that the
restriction to condition (12) in §8.5.2 was in some sense natural, and conse-
quently say 𝑝 = 𝑛+2

𝑛−2 is a critical exponent.

DEFINITION. An open set 𝑈 is called star-shaped with respect to 0 provided
for each 𝑥 ∈ 𝑈̄, the line segment

{ 𝜆𝑥 ∣ 0 ≤ 𝜆 ≤ 1 }
lies in 𝑈̄.

A star-shaped domain

Clearly if 𝑈 is convex and 0 ∈ 𝑈, then 𝑈 is star-shaped with respect to 0.
But a general star-shaped region need not be convex.
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LEMMA (Normals to a star-shaped region). Assume 𝜕𝑈 is 𝐶1 and 𝑈 is star-
shaped with respect to 0. Then

𝑥 ⋅ 𝝂(𝑥) ≥ 0 for all 𝑥 ∈ 𝜕𝑈,
where 𝝂 denotes the unit outward normal.

Proof. Since 𝜕𝑈 is 𝐶1, if 𝑥 ∈ 𝜕𝑈, then for each 𝜖 > 0 there exists 𝛿 > 0 such
that |𝑦 − 𝑥| < 𝛿 and 𝑦 ∈ 𝑈̄ imply 𝝂(𝑥) ⋅ (𝑦−𝑥)|𝑦−𝑥| ≤ 𝜖. In particular

lim sup
𝑦→𝑥
𝑦∈𝑈̄

𝝂(𝑥) ⋅ (𝑦 − 𝑥)
|𝑦 − 𝑥| ≤ 0.

Let 𝑦 = 𝜆𝑥 for 0 < 𝜆 < 1. Then 𝑦 ∈ 𝑈̄, since 𝑈 is star-shaped. Thus

𝝂(𝑥) ⋅ 𝑥|𝑥| = − lim
𝜆→1−

𝝂(𝑥) ⋅ (𝜆𝑥 − 𝑥)
|𝜆𝑥 − 𝑥| ≥ 0. □

We next prove that there can exist no nontrivial solution to problem (11)
for supercritical growth, provided 𝑈 is star-shaped. The proof is a remarkable
calculation initiated by multiplying the PDE−Δ𝑢 = |𝑢|𝑝−1𝑢 by 𝑥 ⋅𝐷𝑢 and con-
tinually integrating by parts. Our selection of the multiplier 𝑥 ⋅ 𝐷𝑢 is inspired
by Example 2 in §8.6.2.

THEOREM 3 (Nonexistence of nontrivial solution). Assume 𝑢 ∈ 𝐶2(𝑈̄) is a
solution of problem (11) and the exponent 𝑝 satisfies inequality (13). Suppose
further 𝑈 is star-shaped with respect to 0 and 𝜕𝑈 is 𝐶1. Then

𝑢 ≡ 0 within 𝑈.

Proof.
1. We multiply the PDE by 𝑥 ⋅ 𝐷𝑢 and integrate over 𝑈, to find

(14) ∫
𝑈
(−Δ𝑢)(𝑥 ⋅ 𝐷𝑢) 𝑑𝑥 = ∫

𝑈
|𝑢|𝑝−1𝑢(𝑥 ⋅ 𝐷𝑢) 𝑑𝑥.

We rewrite this expression as
𝐴 = 𝐵.

2. The term on the left is

(15)

𝐴 ≔ −
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑢𝑥𝑖𝑥𝑖𝑥𝑗𝑢𝑥𝑗 𝑑𝑥

=
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑢𝑥𝑖(𝑥𝑗𝑢𝑥𝑗 )𝑥𝑖 𝑑𝑥 −

𝑛
∑
𝑖,𝑗=1

∫
𝜕𝑈

𝑢𝑥𝑖𝜈𝑖𝑥𝑗𝑢𝑥𝑗 𝑑𝑆

≕ 𝐴1 + 𝐴2.
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3. Now

(16)

𝐴1 =
𝑛
∑
𝑖,𝑗=1

∫
𝑈
𝑢𝑥𝑖𝛿𝑖𝑗𝑢𝑥𝑗 + 𝑢𝑥𝑖𝑥𝑗𝑢𝑥𝑗𝑥𝑖 𝑑𝑥

= ∫
𝑈
|𝐷𝑢|2 +

𝑛
∑
𝑗=1

(|𝐷𝑢|
2

2 )
𝑥𝑗
𝑥𝑗 𝑑𝑥

= (1 − 𝑛
2)∫𝑈

|𝐷𝑢|2 𝑑𝑥 +∫
𝜕𝑈

|𝐷𝑢|2
2 (𝝂 ⋅ 𝑥) 𝑑𝑆.

On the other hand, since 𝑢 = 0 on 𝜕𝑈, 𝐷𝑢(𝑥) is parallel to the normal 𝝂(𝑥)
at each point 𝑥 ∈ 𝜕𝑈. Thus 𝐷𝑢(𝑥) = ±|𝐷𝑢(𝑥)|𝝂(𝑥). Using this equality, we
calculate

(17) 𝐴2 = −∫
𝜕𝑈

|𝐷𝑢|2(𝝂 ⋅ 𝑥) 𝑑𝑆.

Combine (15)–(17), to deduce

𝐴 = 2 − 𝑛
2 ∫

𝑈
|𝐷𝑢|2 𝑑𝑥 − 1

2 ∫𝜕𝑈
|𝐷𝑢|2(𝝂 ⋅ 𝑥) 𝑑𝑆.

4. Returning to (14), we compute

𝐵 ≔
𝑛
∑
𝑗=1

∫
𝑈
|𝑢|𝑝−1𝑢𝑥𝑗𝑢𝑥𝑗 𝑑𝑥

=
𝑛
∑
𝑗=1

∫
𝑈
(|𝑢|

𝑝+1

𝑝 + 1 )𝑥𝑗
𝑥𝑗 𝑑𝑥 = − 𝑛

𝑝 + 1 ∫𝑈
|𝑢|𝑝+1 𝑑𝑥.

5. This calculation and (14) yield

(18) (𝑛 − 2
2 )∫

𝑈
|𝐷𝑢|2 𝑑𝑥 + 1

2 ∫𝜕𝑈
|𝐷𝑢|2(𝝂 ⋅ 𝑥) 𝑑𝑆 = 𝑛

𝑝 + 1 ∫𝑈
|𝑢|𝑝+1 𝑑𝑥.

In view of the lemma above, we then obtain the inequality

(19) (𝑛 − 2
2 )∫

𝑈
|𝐷𝑢|2 𝑑𝑥 ≤ 𝑛

𝑝 + 1 ∫𝑈
|𝑢|𝑝+1 𝑑𝑥.

But once we multiply the PDE −Δ𝑢 = |𝑢|𝑝−1𝑢 by 𝑢 and integrate by parts, we
produce the equality

∫
𝑈
|𝐷𝑢|2 𝑑𝑥 = ∫

𝑈
|𝑢|𝑝+1 𝑑𝑥.

Substituting into (19), we thus conclude

(𝑛 − 2
2 − 𝑛

𝑝 + 1)∫𝑈
|𝑢|𝑝+1 𝑑𝑥 ≤ 0.
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Hence if 𝑢 ≢ 0, it follows that 𝑛−2
2 − 𝑛

𝑝+1 ≤ 0; that is, 𝑝 ≤ 𝑛+2
𝑛−2 . □

The equality (18) is sometimes called the Derrick–Pohozaev identity.

9.5. GEOMETRIC PROPERTIES OF SOLUTIONS

9.5.1. Star-shaped level sets. We explain in this subsection a simple method
that is occasionally useful for studying the geometric properties of the level
sets of solutions to various PDE. The easiest such case occurs when we look at
harmonic functions in an open set 𝑈 having the form

𝑈 = 𝑊 − ̄𝑉,

where 𝑉 ⊂⊂ 𝑊 , for open sets 𝑉 , 𝑊 , each of which is star-shaped with respect
to 0. Write

Γ0 = 𝜕𝑊, Γ1 = 𝜕𝑉.
We consider the problem

(1)
⎧
⎨
⎩

Δ𝑢 = 0 in 𝑈
𝑢 = 1 on Γ1
𝑢 = 0 on Γ0.

Physically 𝑢 corresponds to the electrostatic potential generated within the re-
gion𝑈, once we fix the potential value to be one onΓ1 and zero onΓ0. According
to the strong maximum principle 0 < 𝑢 < 1 within 𝑈.

THEOREM 1 (Star-shaped level sets). For each 0 < 𝜆 < 1 the level set

Γ𝜆 ≔ {𝑥 ∈ 𝑈 ∣ 𝑢(𝑥) = 𝜆 }

is a smooth surface and is the boundary of a set star-shaped with respect to 0.

Proof.
1. For each 𝜇 > 0, the function 𝑥 ↦ 𝑢(𝜇𝑥) is harmonic, and thus so is

𝑣(𝑥) ≔ 𝑑
𝑑𝜇(𝑢(𝜇𝑥))|𝜇=1 = 𝐷𝑢(𝑥) ⋅ 𝑥 (𝑥 ∈ 𝑈).

Now since 𝑢 = 0 on Γ0, 𝐷𝑢(𝑥) points in the direction of −𝝂(𝑥) at each point
𝑥 ∈ 𝜕𝑊 . Additionally, we have 𝑥 ⋅ 𝝂(𝑥) ≥ 0 on Γ0, since 𝑊 is star-shaped
with respect to 0. Consequently 𝑣 = 𝐷𝑢 ⋅ 𝑥 ≤ 0 on Γ0. Similarly 𝑣 ≤ 0 on Γ1.
According then to the strong maximum principle for harmonic functions, 𝑣 < 0
in 𝑈. In particular, 𝐷𝑢 ≠ 0 within 𝑈. Consequently the Implicit Function
Theorem (§C.7) implies that Γ𝜆 is a smooth surface for 0 < 𝜆 < 1.
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2. Extend 𝑢 to equal 1 on all of 𝑉 and write

𝑈𝜆 ≔ {𝑥 ∈ 𝑊 ∣ 𝑢 > 𝜆 }.
Then 𝑈𝜆 is an open subset of 𝑊 and 𝜕𝑈𝜆 = Γ𝜆. By the strong maximum
principle, 𝑈𝜆 is connected.

Now let 𝑥 ∈ Γ𝜆 and let 𝝂(𝑥) denote the outer unit normal to Γ𝜆 at 𝑥. Then
𝐷𝑢(𝑥) points in the direction of −𝝂(𝑥). Since 𝑣(𝑥) < 0, we have 𝑥 ⋅ 𝝂(𝑥) > 0.
This inequality holds for each 𝑥 ∈ Γ𝜆.

3. It follows that Γ𝜆 is the boundary of a set star-shaped with respect to 0.
To see this, return to the proof of the lemma in §9.4.2, and notice that if Γ𝜆 were
not star-shaped with respect to 0, we could then find a point 𝑥 ∈ Γ𝜆 for which
𝑦 = 𝜇𝑥 ∉ 𝑈𝜆 if 𝜇 is close to 1, 𝜇 < 1. But then we can derive the contradiction

𝝂(𝑥) ⋅ 𝑥|𝑥| = − lim
𝜇→1−

𝝂(𝑥) ⋅ (𝜇𝑥 − 𝑥)
|𝜇𝑥 − 𝑥| ≤ 0. □

9.5.2. Radial symmetry. In this subsection we take 𝑈 = 𝐵0(0, 1) to be the
open unit ball in ℝ𝑛 and investigate this boundary-value problem for a semi-
linear Poisson PDE:

(2) {
−Δ𝑢 = 𝑓(𝑢) in 𝑈

𝑢 = 0 on 𝜕𝑈.
We are interested in positive solutions:

(3) 𝑢 > 0 in 𝑈
and will assume 𝑓 ∶ ℝ → ℝ is Lipschitz continuous but is otherwise arbitrary.
Our intention is to prove that 𝑢 is necessarily radial, that is, 𝑢(𝑥) depends only
on 𝑟 = |𝑥|. This is quite an unexpectedly strong conclusion, since we are mak-
ing essentially no assumption on the nonlinearity.
a. Maximum principles. Our proofs will depend upon an extension of the
maximum principle for second-order elliptic PDE.

LEMMA 1 (A refinement of Hopf’s Lemma). Suppose 𝑉 ⊂ ℝ𝑛 is open, 𝑣 ∈
𝐶2( ̄𝑉), and 𝑐 ∈ 𝐿∞(𝑉). Assume

(4) {
−Δ𝑣 + 𝑐𝑣 ≥ 0 in 𝑉

𝑣 ≥ 0 in 𝑉.
Suppose also 𝑣 ≢ 0.

(i) If 𝑥0 ∈ 𝜕𝑉 , 𝑣(𝑥0) = 0, and 𝑉 satisfies the interior ball condition at 𝑥0,
then

(5) 𝜕𝑣
𝜕𝜈(𝑥

0) < 0.
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(ii) Furthermore,
(6) 𝑣 > 0 in 𝑉.

Observe that we are here making no hypothesis concerning the sign of the
zeroth-order coefficient 𝑐.

Proof. Let 𝑤 ≔ 𝑒−𝜆𝑥1𝑣, where 𝜆 > 0 will be selected below. Then 𝑣 = 𝑒𝜆𝑥1𝑤,
and so

𝑐𝑣 ≥ Δ𝑣 = Δ(𝑒𝜆𝑥1𝑤) = 𝜆2𝑣 + 2𝜆𝑒𝜆𝑥1𝑤𝑥1 + 𝑒𝜆𝑥1Δ𝑤.
Thus

−Δ𝑤 − 2𝜆𝑤𝑥1 ≥ (𝜆2 − 𝑐)𝑤 ≥ 0 in 𝑉,
if 𝜆 = ‖𝑐‖1/2𝐿∞ .

Consequently 𝑤 is a supersolution for the elliptic operator 𝐾𝑤 ≔ −Δ𝑤 −
2𝜆𝑤𝑥1 , which has no zeroth-order term. The strong maximum principle im-
plies 𝑤 > 0 in 𝑉 . According to Hopf’s Lemma (§6.4.2) therefore, 𝜕𝑤

𝜕𝜈 (𝑥
0) < 0.

But
𝜕𝑤
𝜕𝜈 (𝑥

0) = 𝐷𝑤(𝑥0) ⋅ 𝝂(𝑥0) = 𝑒−𝜆𝑥01 𝜕𝑣𝜕𝜈(𝑥
0)

since 𝑣(𝑥0) = 0. Assertion (i) therefore holds, and assertion (ii) follows since
𝑤 > 0 in 𝑉 . □

LEMMA 2 (Boundary estimates). Let 𝑢 ∈ 𝐶2(𝑈̄) satisfy (2), (3). Then for each
point 𝑥0 ∈ 𝜕𝑈 ∩ {𝑥𝑛 > 0}, either
(7) 𝑢𝑥𝑛(𝑥0) < 0
or else
(8) 𝑢𝑥𝑛(𝑥0) = 0, 𝑢𝑥𝑛𝑥𝑛(𝑥0) > 0.
In either case, 𝑢 is strictly decreasing as a function of 𝑥𝑛 near 𝑥0.

Proof.
1. Fix any point 𝑥0 ∈ 𝜕𝑈 ∩ {𝑥𝑛 > 0} and let 𝜈 = 𝝂(𝑥0) = (𝜈1, . . . , 𝜈𝑛) denote

the outer unit normal to 𝜕𝑈 at 𝑥0. Note 𝜈𝑛 > 0.
2. We first claim

𝑢𝑥𝑛(𝑥0) < 0,
provided
(9) 𝑓(0) ≥ 0.
Indeed

0 = −Δ𝑢 − 𝑓(𝑢) = −Δ𝑢 − 𝑓(𝑢) + 𝑓(0) − 𝑓(0)
≤ −Δ𝑢 + 𝑐𝑢,
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for 𝑐(𝑥) ≔ −∫1
0 𝑓′(𝑠𝑢(𝑥)) 𝑑𝑠. According to Lemma 1, 𝜕ᵆ

𝜕𝜈 (𝑥
0) < 0. Since 𝐷𝑢 is

parallel to 𝝂 on 𝜕𝑈 and 𝜈𝑛 > 0, we conclude 𝑢𝑥𝑛(𝑥0) < 0.
3. Now suppose

(10) 𝑓(0) < 0.

If 𝑢𝑥𝑛(𝑥0) < 0, we are done. Otherwise, since 𝐷𝑢 is parallel to 𝝂,

(11) 𝐷𝑢(𝑥0) = 0.

As (2) is invariant under a rotation of coordinate axes, we may as well suppose
𝑥0 = (0, . . . , 1), 𝜈 = (0, . . . , 1).

4. We assert

(12) 𝑢𝑥𝑖𝑥𝑗 (𝑥0) = −𝑓(0)𝜈𝑖𝜈𝑗 for each 𝑖, 𝑗 = 1, . . . , 𝑛.

Since 𝑢 = 0 on 𝜕𝑈, we have 𝑢(𝑥′, 𝛾(𝑥′)) = 0 for all 𝑥′ ∈ ℝ𝑛−1, |𝑥′| ≤ 1, where
𝛾(𝑥′) = (1 − |𝑥′|2)1/2. Differentiating with respect to 𝑥𝑖 and 𝑥𝑗 (𝑖, 𝑗 = 1, . . . ,
𝑛 − 1) and using (11), we conclude

(13) 𝑢𝑥𝑖𝑥𝑗 (𝑥0) = 0 (𝑖, 𝑗 = 1, . . . , 𝑛 − 1).

Since 𝑢𝑥𝑛 ≤ 0 on 𝜕𝑈 ∩ {𝑥𝑛 > 0} and 𝑢𝑥𝑛(𝑥0) = 0, the mapping 𝑥′ ↦
𝑢𝑥𝑛(𝑥′, 𝛾(𝑥′)) has a maximum at 𝑥′ = 0. Thus

(14) 𝑢𝑥𝑛𝑥𝑖(𝑥0) = 0 (𝑖 = 1, . . . , 𝑛 − 1).

Finally, (13), (14) and the PDE (2) force 𝑢𝑥𝑛𝑥𝑛(𝑥0) = −𝑓(0). This equality is
(12) for 𝜈 = (0, . . . , 1). Returning to the original coordinate axes, we obtain
(12).

5. Setting 𝑖 = 𝑗 = 𝑛 in (12), we find using (10) that

𝑢𝑥𝑛𝑥𝑛(𝑥0) = −𝑓(0)𝜈𝑛𝜈𝑛 > 0. □

b. Moving planes. We introduce next a “moving plane” 𝑃𝜆, across which we
will reflect our partial differential equation.

NOTATION.

(i) If 0 ≤ 𝜆 ≤ 1, define the plane

𝑃𝜆 ≔ {𝑥 ∈ ℝ𝑛 ∣ 𝑥𝑛 = 𝜆 }.

(ii) Write 𝑥𝜆 ≔ (𝑥1, . . . , 𝑥𝑛−1, 2𝜆 − 𝑥𝑛) to denote the reflection of 𝑥 in 𝑃𝜆.
(iii) 𝐸𝜆 ≔ {𝑥 ∈ 𝑈 ∣ 𝜆 < 𝑥𝑛 < 1 }.
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Reflection through a plane

THEOREM2 (Radial symmetry). Let𝑢 ∈ 𝐶2(𝑈̄) solve (2), (3). Then𝑢 is radial;
that is,

𝑢(𝑥) = 𝑣(𝑟) (𝑟 = |𝑥|)
for some strictly decreasing function 𝑣 ∶ [0, 1] → [0,∞).

Proof.
1. We consider for each 0 ≤ 𝜆 < 1 the statement

(15𝜆) 𝑢(𝑥) < 𝑢(𝑥𝜆) for each point 𝑥 ∈ 𝐸𝜆.
2. According to Lemma 2, (15𝜆) is valid for each 𝜆 < 1, 𝜆 sufficiently close

to 1. Set

(16) 𝜆0 ≔ inf{ 0 ≤ 𝜆 < 1 ∣ (15𝜇) holds for each 𝜆 ≤ 𝜇 < 1 }.
We will prove

(17) 𝜆0 = 0.
Assume instead 𝜆0 > 0. Write 𝑤(𝑥) ≔ 𝑢(𝑥𝜆0) − 𝑢(𝑥) (𝑥 ∈ 𝐸𝜆0). Then

−Δ𝑤 = 𝑓(𝑢(𝑥𝜆0)) − 𝑓(𝑢(𝑥)) = −𝑐𝑤 in 𝐸𝜆0 ,

for 𝑐(𝑥) ≔ −∫1
0 𝑓′(𝑠𝑢(𝑥𝜆0) + (1 − 𝑠)𝑢(𝑥)) 𝑑𝑠. As 𝑤 ≥ 0 in 𝐸𝜆0 , we deduce from

Lemma 1 (applied to 𝑉 = 𝐸𝜆0) that 𝑤 > 0 in 𝐸𝜆0 , 𝑤𝑥𝑛 > 0 on 𝑃𝜆0 ∩ 𝑈. Thus

(18) 𝑢(𝑥) < 𝑢(𝑥𝜆0) in 𝐸𝜆0 ,
and

(19) 𝑢𝑥𝑛 < 0 on 𝑃𝜆0 ∩ 𝑈.
Using (18), (19) and Lemma 2, we conclude

(20) 𝑢(𝑥) < 𝑢(𝑥𝜆0−𝜀) in 𝐸𝜆0−𝜀 for all 0 ≤ 𝜀 ≤ 𝜀0,
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if 𝜀0 is small enough. Assertion (20) contradicts our choice (16) of 𝜆0, if 𝜆0 > 0.
3. Since 𝜆0 = 0, we see 𝑢(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛) ≥ 𝑢(𝑥1, . . . , 𝑥𝑛) for all 𝑥 ∈

𝑈∩{𝑥𝑛 > 0}. A similar argument in𝑈∩{𝑥𝑛 < 0} shows 𝑢(𝑥1, . . . , 𝑥𝑛−1, −𝑥𝑛) ≤
𝑢(𝑥1, . . . , 𝑥𝑛) for all 𝑥 ∈ 𝑈 ∩ {𝑥𝑛 > 0}. Thus 𝑢 is symmetric in the plane 𝑃0 and
𝑢𝑥𝑛 = 0 on 𝑃0.

This argument applies as well after any rotation of coordinate axes, and so
the theorem follows. □

9.6. GRADIENT FLOWS

In this section we augment our discussion of abstract semigroup theory for lin-
ear operators (§7.4) by introducing certain nonlinear semigroups, generated by
convex functions. Applications include various nonlinear second-order para-
bolic partial differential equations.

9.6.1. Convex functions on Hilbert spaces. Convexity has been an es-
sential ingredient in much of our analysis of nonlinear PDE thus far. We
now broaden our view by considering convex functions defined on (possibly
infinite-dimensional) Hilbert spaces.

Hereafter 𝐻 will denote a real Hilbert space, with inner product ( , ) and
norm ‖ ‖.

DEFINITION. A function

𝐼 ∶ 𝐻 → (−∞,∞]
is convex provided

𝐼[𝜏𝑢 + (1 − 𝜏)𝑣] ≤ 𝜏𝐼[𝑢] + (1 − 𝜏)𝐼[𝑣]
for all 𝑢, 𝑣 ∈ 𝐻 and each 0 ≤ 𝜏 ≤ 1.

Note carefully that we allow 𝐼 to take on the value +∞ (but not −∞). The
function 𝐼 is called proper if 𝐼 is not identically equal to +∞. The domain of 𝐼
is

𝐷(𝐼) ≔ { 𝑢 ∈ 𝐻 ∣ 𝐼[𝑢] < +∞}.

DEFINITION. We say 𝐼 ∶ 𝐻 → (−∞,+∞] is lower semicontinuous if

{
𝑢𝑘 → 𝑢 in 𝐻 implies

𝐼[𝑢] ≤ lim inf
𝑘→∞

𝐼[𝑢𝑘].

As in the finite-dimensional case (cf. §B.1), it is important to understand
when the graph of 𝐼 has a supporting hyperplane.
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DEFINITIONS. Let 𝐼 ∶ 𝐻 → (−∞,+∞] be convex and proper.

(i) For each 𝑢 ∈ 𝐻, we write

(1) 𝜕𝐼[𝑢] ≔ { 𝑣 ∈ 𝐻 ∣ 𝐼[𝑤] ≥ 𝐼[𝑢] + (𝑣, 𝑤 − 𝑢) for all 𝑤 ∈ 𝐻 }.

The mapping 𝜕𝐼 ∶ 𝐻 → 2𝐻 is the subdifferential of 𝐼.
(ii) We say 𝑢 ∈ 𝐷(𝜕𝐼), the domain of 𝜕𝐼, provided 𝜕𝐼[𝑢] ≠ ∅.

The geometric interpretation of (1) is that 𝑣 ∈ 𝜕𝐼[𝑢] if and only if 𝑣 is the
“slope” of an affine functional touching the graph of 𝐼 from below at the point
𝑢. Since this graph may have a “corner” at 𝑢, 𝜕𝐼[𝑢] could be multivalued.

THEOREM 1 (Properties of subdifferentials). Let 𝐼 ∶ 𝐻 → (−∞,+∞] be con-
vex, proper and lower semicontinuous. Then

(i) 𝐷(𝜕𝐼) ⊆ 𝐷(𝐼).
(ii) If 𝑣 ∈ 𝜕𝐼[𝑢] and ̃𝑣 ∈ 𝜕𝐼[𝑢̃], then

(𝑣 − ̃𝑣, 𝑢 − 𝑢̃) ≥ 0 (monotonicity).

(iii) 𝐼[𝑢] = min𝑤∈𝐻 𝐼[𝑤] if and only if 0 ∈ 𝜕𝐼[𝑢].
(iv) For each 𝑤 ∈ 𝐻 and 𝜆 > 0, the problem

𝑢 + 𝜆𝜕𝐼[𝑢] ∋ 𝑤

has a unique solution 𝑢 ∈ 𝐷(𝜕𝐼).

Assertion (iv) means that there exist 𝑢 ∈ 𝐷(𝜕𝐼) and 𝑣 ∈ 𝜕𝐼[𝑢] such that

𝑢 + 𝜆𝑣 = 𝑤.

Proof.
1. Let 𝑢 ∈ 𝐷(𝜕𝐼), 𝑣 ∈ 𝜕𝐼[𝑢]. Then 𝐼[𝑤] ≥ 𝐼[𝑢] + (𝑣, 𝑤 − 𝑢) for all 𝑤 ∈ 𝐻.

Since 𝐼 is proper, there exists a point 𝑢0 with 𝐼[𝑢0] < +∞. Thus 𝐼[𝑢] ≤ 𝐼[𝑢0] +
(𝑣, 𝑢 − 𝑢0) < ∞ and so 𝑢 ∈ 𝐷(𝐼). This proves (i).

2. Given 𝑣 ∈ 𝜕𝐼[𝑢], ̃𝑣 ∈ 𝜕𝐼[𝑢̃], we know

𝐼[𝑢̃] ≥ 𝐼[𝑢] + (𝑣, 𝑢̃ − 𝑢), 𝐼[𝑢] ≥ 𝐼[𝑢̃] + ( ̃𝑣, 𝑢 − 𝑢̃).

As (i) implies 𝐼[𝑢], 𝐼[𝑢̃] < +∞, we may add the foregoing inequalities and
rearrange to obtain (ii).

3. If 𝐼[𝑢] = min 𝐼, then

(2) 𝐼[𝑤] ≥ 𝐼[𝑢] + (0, 𝑤 − 𝑢) for all 𝑤 ∈ 𝐻.

Hence 0 ∈ 𝜕𝐼[𝑢]. If conversely 0 ∈ 𝜕𝐼[𝑢], then (2) holds, and so 𝐼[𝑢] = min 𝐼.
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4. Given 𝑤 ∈ 𝐻 and 𝜆 > 0, define

(3) 𝐽[𝑢] ≔ 1
2‖𝑢‖

2 + 𝜆𝐼[𝑢] − (𝑢, 𝑤) (𝑢 ∈ 𝐻).
We intend to show that 𝐽 attains its minimum over 𝐻.

Let us first claim that

(4) {
𝑢𝑘 ⇀ 𝑢 weakly in 𝐻 implies

𝐼[𝑢] ≤ lim inf
𝑘→∞

𝐼[𝑢𝑘].

In other words, we are asserting for a convex function 𝐼 that lower semiconti-
nuity with respect to strong convergence of sequences implies lower semicon-
tinuity with respect to weak convergence. To see this, suppose 𝑢𝑘 ⇀ 𝑢 in 𝐻
and

lim inf
𝑘→∞

𝐼[𝑢𝑘] = lim
𝑗→∞

𝐼[𝑢𝑘𝑗] = 𝑙 < ∞

for some subsequence [𝑢𝑘𝑗]∞𝑗=1 ⊂ {𝑢𝑘}∞𝑘=1. For each 𝜀 > 0 the set 𝐾𝜀 = {𝑤 ∈
𝐻 ∣ 𝐼[𝑤] ≤ 𝑙 + 𝜀 } is closed and convex and is thus weakly closed according to
Mazur’s Theorem (§D.4). Since all but finitely many of the points {𝑢𝑘𝑗}∞𝑗=1 lie
in 𝐾𝜀, 𝑢 lies in 𝐾𝜀, and consequently

𝐼[𝑢] ≤ 𝑙 + 𝜀 = lim inf
𝑘→∞

𝐼[𝑢𝑘] + 𝜀.

This is true for each 𝜀 > 0 and thus (4) follows.
5. Next we assert that

(5) 𝐼[𝑢] ≥ −𝐶 − 𝐶‖𝑢‖ (𝑢 ∈ 𝐻)
for some constant 𝐶. To verify this claim, we suppose to the contrary that for
each 𝑘 = 1, 2, . . . there exists a point 𝑢𝑘 ∈ 𝐻 such that

(6) 𝐼[𝑢𝑘] ≤ −𝑘 − 𝑘‖𝑢𝑘‖.
If the sequence {𝑢𝑘}∞𝑘=1 is bounded in𝐻, there exists according to §D.4 a weakly
convergent subsequence: 𝑢𝑘𝑗 ⇀ 𝑢. But then (4) and (6) imply the contradic-
tion 𝐼[𝑢] = −∞. Thus we may as well assume, passing if necessary to a subse-
quence, that ‖𝑢𝑘‖ → ∞. Select 𝑢0 ∈ 𝐻 so that 𝐼[𝑢0] < ∞. Set

𝑧𝑘 ≔
𝑢𝑘
‖𝑢𝑘‖

+ (1 − 1
‖𝑢𝑘‖

) 𝑢0 (𝑘 = 1, 2, . . . ) .

Then convexity implies

𝐼[𝑧𝑘] ≤
1

‖𝑢𝑘‖
𝐼[𝑢𝑘] + (1 − 1

‖𝑢𝑘‖
) 𝐼[𝑢0] ≤ −𝑘 + |𝐼[𝑢0]|.

As {𝑧𝑘}∞𝑘=1 is bounded, we can extract a weakly convergent subsequence: 𝑧𝑘𝑗 ⇀
𝑧 and again derive the contradiction 𝐼[𝑧] = −∞. We thereby establish the claim
(5).
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6. Return now to the function 𝐽 defined by (3). Choose a minimizing se-
quence {𝑢𝑘}∞𝑘=1 ⊂ 𝐻 so that

𝐽[𝑢𝑘] → inf
𝑤∈𝐻

𝐽[𝑤] = 𝑚.

Owing to (3) and (5), 𝑚 is a finite number. Thus we deduce from (3), (5) that
the sequence {𝑢𝑘}∞𝑘=1 is bounded. We may then extract a weakly convergent
subsequence: 𝑢𝑘𝑗 ⇀ 𝑢. As the mapping 𝑢 ↦ ‖𝑢‖2 is weakly lower semicontin-
uous, 𝐽 has a minimum at 𝑢. Then assertion (iii) says 0 ∈ 𝜕𝐽[𝑢]. A computation
verifies that 𝜕𝐽[𝑢] = 𝑢 − 𝑤 + 𝜆𝜕𝐼[𝑢], and so

𝑢 + 𝜆𝜕𝐼[𝑢] ∋ 𝑤.
7. To confirm uniqueness, suppose as well

𝑢̃ + 𝜆𝜕𝐼[𝑢̃] ∋ 𝑤.
Then 𝑢 + 𝜆𝑣 = 𝑤, 𝑢̃ + 𝜆 ̃𝑣 = 𝑤 for 𝑣 ∈ 𝜕𝐼[𝑢], ̃𝑣 ∈ 𝜕𝐼[𝑢̃]. Owing to the mono-
tonicity assertion (ii),

0 ≤ (𝑢 − 𝑢̃, 𝑣 − ̃𝑣) = (𝑢 − 𝑢̃, −𝑢𝜆 +
𝑢̃
𝜆) = −1𝜆‖𝑢 − 𝑢̃‖2.

Since 𝜆 > 0, 𝑢 = 𝑢̃. □

We introduce next nonlinear analogues of the operators 𝑅𝜆, 𝐴𝜆 introduced
in §7.4.

DEFINITIONS. (1) For each 𝜆 > 0 define the nonlinear resolvent 𝐽𝜆 ∶ 𝐻 →
𝐷(𝜕𝐼) by setting

𝐽𝜆[𝑤] ≔ 𝑢,
where 𝑢 is the unique solution of

𝑢 + 𝜆𝜕𝐼[𝑢] ∋ 𝑤.
(2) For each 𝜆 > 0 define the Yosida approximation 𝐴𝜆 ∶ 𝐻 → 𝐻 by

(7) 𝐴𝜆[𝑤] ≔
𝑤 − 𝐽𝜆[𝑤]

𝜆 (𝑤 ∈ 𝐻).

Think of𝐴𝜆 as a sort of regularization or smoothing of the operator𝐴 = 𝜕𝐼.

THEOREM2 (Properties of 𝐽𝜆,𝐴𝜆). For each 𝜆 > 0and𝑤, 𝑤̂ ∈ 𝐻, the following
statements hold:

(i) ‖𝐽𝜆[𝑤] − 𝐽𝜆[𝑤̂]‖ ≤ ‖𝑤 − 𝑤̂‖,
(ii) ‖𝐴𝜆[𝑤] − 𝐴𝜆[𝑤̂]‖ ≤ 2

𝜆‖𝑤 − 𝑤̂‖,
(iii) 0 ≤ (𝑤 − 𝑤̂, 𝐴𝜆[𝑤] − 𝐴𝜆[𝑤̂]),
(iv) 𝐴𝜆[𝑤] ∈ 𝜕𝐼[𝐽𝜆[𝑤]].
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(v) If 𝑤 ∈ 𝐷(𝜕𝐼), then

sup
𝜆>0

‖𝐴𝜆[𝑤]‖ ≤ |𝐴0[𝑤]|,

where |𝐴0[𝑤]| ≔ min𝑧∈𝜕𝐼[𝑤] ‖𝑧‖.
(vi) For each 𝑤 ∈ 𝐷(𝜕𝐼),

lim
𝜆→0

𝐽𝜆[𝑤] = 𝑤.

Proof.
1. Let 𝑢 = 𝐽𝜆[𝑤], 𝑢̃ = 𝐽𝜆[𝑤̃]. Then 𝑢 + 𝜆𝑣 = 𝑤, 𝑢̃ + 𝜆 ̃𝑣 = 𝑤̃ for some

𝑣 ∈ 𝜕𝐼[𝑢], ̃𝑣 ∈ 𝜕𝐼[𝑢̃]. Therefore

‖𝑤 − 𝑤̃‖2 = ‖𝑢 − 𝑢̃ + 𝜆(𝑣 − ̃𝑣)‖2

= ‖𝑢 − 𝑢̃‖2 + 2𝜆(𝑢 − 𝑢̃, 𝑣 − ̃𝑣) + 𝜆2‖𝑣 − ̃𝑣‖2

≥ ‖𝑢 − 𝑢̃‖2,

according to Theorem 1(ii). This proves assertion (i), and assertion (ii) follows
at once from the definition (7) of the Yosida approximation 𝐴𝜆.

2. We verify (iii) by using (7) to compute

(𝑤 − 𝑤̂, 𝐴𝜆[𝑤] − 𝐴𝜆[𝑤̂]) =
1
𝜆(‖𝑤 − 𝑤̂‖2 − (𝑤 − 𝑤̂, 𝐽𝜆[𝑤] − 𝐽𝜆[𝑤̂]))

≥ 1
𝜆(‖𝑤 − 𝑤̂‖2 − ‖𝑤 − 𝑤̂‖ ‖𝐽𝜆[𝑤] − 𝐽𝜆[𝑤̂]‖) ≥ 0,

according to (i).
3. To prove (iv), note that 𝑢 = 𝐽𝜆[𝑤] if and only if 𝑢 + 𝜆𝑣 = 𝑤 for some

𝑣 ∈ 𝜕𝐼[𝑢] = 𝜕𝐼[𝐽𝜆[𝑤]]. But

𝑣 = 𝑤 − 𝑢
𝜆 = 𝑤 − 𝐽𝜆[𝑤]

𝜆 = 𝐴𝜆[𝑤].

4. Assume next 𝑤 ∈ 𝐷(𝜕𝐼), 𝑧 ∈ 𝜕𝐼[𝑤]. Let 𝑢 = 𝐽𝜆[𝑤], so that 𝑢 + 𝜆𝑣 = 𝑤,
where 𝑣 ∈ 𝜕𝐼[𝑢]. By monotonicity

0 ≤ (𝑤 − 𝑢, 𝑧 − 𝑣) = (𝑤 − 𝐽𝜆[𝑤], 𝑧 −
𝑤 − 𝐽𝜆[𝑤]

𝜆 ) = (𝜆𝐴𝜆[𝑤], 𝑧 − 𝐴𝜆[𝑤]).

Consequently

𝜆‖𝐴𝜆[𝑤]‖2 ≤ (𝜆𝐴𝜆[𝑤], 𝑧) ≤ 𝜆‖𝐴𝜆[𝑤]‖ ‖𝑧‖,

and so
‖𝐴𝜆[𝑤]‖ ≤ ‖𝑧‖.

This estimate is valid for all 𝜆 > 0, 𝑧 ∈ 𝜕𝐼[𝑤]. Assertion (v) follows.
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5. If 𝑤 ∈ 𝐷(𝜕𝐼), then

‖𝐽𝜆[𝑤] − 𝑤‖ = 𝜆‖𝐴𝜆[𝑤]‖ ≤ 𝜆|𝐴0[𝑤]|,

and hence 𝐽𝜆[𝑤] → 𝑤 as 𝜆 → 0. Now let 𝑤 ∈ 𝐷(𝜕𝐼) − 𝐷(𝜕𝐼). There exists for
each 𝜀 > 0 a point 𝑤̂ ∈ 𝐷(𝜕𝐼) with ‖𝑤 − 𝑤̂‖ ≤ 𝜀. Then

‖𝐽𝜆[𝑤] − 𝑤‖ ≤ ‖𝐽𝜆[𝑤] − 𝐽𝜆[𝑤̂]‖ + ‖𝐽𝜆[𝑤̂] − 𝑤̂‖ + ‖𝑤 − 𝑤̂‖
≤ 2‖𝑤 − 𝑤̂‖ + ‖𝐽𝜆[𝑤̂] − 𝑤̂‖
≤ 2𝜀 + ‖𝐽𝜆[𝑤̂] − 𝑤̂‖.

Since 𝑤̂ ∈ 𝐷(𝜕𝐼), 𝐽𝜆[𝑤̂] → 𝑤̂ as 𝜆 → 0. Thus

lim sup
𝜆→0

‖𝐽𝜆[𝑤] − 𝑤‖ ≤ 2𝜀

for each 𝜀 > 0. □

9.6.2. Subdifferentials and nonlinear semigroups. As above, let 𝐻 be a
real Hilbert space, and take 𝐼 ∶ 𝐻 → (−∞,+∞] to be convex, proper, lower
semicontinuous. Let us for simplicity assume as well

(8) 𝜕𝐼 is densely defined, that is, 𝐷(𝜕𝐼) = 𝐻.
By analogy with the theory of linear semigroups set forth in §7.4, we propose
now to study the differential equation

(9) {
u′(𝑡) + 𝐴[u(𝑡)] ∋ 0 (𝑡 ≥ 0)

u(0) = 𝑢,
where 𝑢 ∈ 𝐻 is given and𝐴 = 𝜕𝐼 is a nonlinear, discontinuous operator, which
is perhaps multivalued. Assuming for the moment (9) has a unique solution
for each initial point 𝑢, we write

(10) u(𝑡) = 𝑆(𝑡)𝑢 (𝑡 > 0)
and regard 𝑆(𝑡) so defined as a mapping from 𝐻 into 𝐻 for each time 𝑡 ≥ 0. We
will employ the notation (10) to emphasize similarities with linear semigroup
theory, previously introduced in §7.4. But carefully note here and afterwards
that the mapping 𝑢 ↦ 𝑆(𝑡)𝑢 is in general nonlinear.

As in §7.4 it is reasonable to expect further that

(11) 𝑆(0)𝑢 = 𝑢 (𝑢 ∈ 𝐻),

(12) 𝑆(𝑡 + 𝑠)𝑢 = 𝑆(𝑡)𝑆(𝑠)𝑢 (𝑡, 𝑠 ≥ 0, 𝑢 ∈ 𝐻),
and for each 𝑢 ∈ 𝐻
(13) the mapping 𝑡 ↦ 𝑆(𝑡)𝑢 is continuous from [0,∞) into 𝐻.
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DEFINITIONS.
(i) A family {𝑆(𝑡)}𝑡≥0 of nonlinear operators mapping 𝐻 into 𝐻 is called a

nonlinear semigroup if conditions (11)–(13) are satisfied.
(ii) We say {𝑆(𝑡)}𝑡≥0 is a contraction semigroup if in addition

(14) ‖𝑆(𝑡)𝑢 − 𝑆(𝑡)𝑢̂‖ ≤ ‖𝑢 − 𝑢̂‖ (𝑡 ≥ 0, 𝑢, 𝑢̂ ∈ 𝐻).

Our intention is to show that the operator 𝐴 = 𝜕𝐼 generates a nonlinear
semigroup of contractions on 𝐻. In particular we will prove that the ODE

(15) {u
′(𝑡) ∈ −𝜕𝐼[u(𝑡)] (𝑡 ≥ 0)

u(0) = 𝑢,
for a given initial point 𝑢 ∈ 𝐻, is well-posed. This is a kind of infinite-
dimensional “gradient flow” governed by 𝜕𝐼. Later in §9.6.3 we will see that
certain quasilinear parabolic PDE can be cast into the abstract form (15).

THEOREM 3 (Solution of gradient flow). For each 𝑢 ∈ 𝐷(𝜕𝐼) there exists a
unique function

(16) u ∈ 𝐶([0,∞);𝐻), with u′ ∈ 𝐿∞(0,∞;𝐻),

such that

(i) u(0) = 𝑢,
(ii) u(𝑡) ∈ 𝐷(𝜕𝐼) for each 𝑡 > 0, and

(iii) −u′(𝑡) ∈ 𝜕𝐼[u(𝑡)] for a.e. 𝑡 ≥ 0.

Proof.
1. We first build approximate solutions by solving for each 𝜆 > 0 the ODE

(17) {
u′𝜆(𝑡) + 𝐴𝜆[u𝜆(𝑡)] = 0 (𝑡 ≥ 0)

u𝜆(0) = 𝑢.
According to Theorem 2(ii) the Yosida approximation 𝐴𝜆 ∶ 𝐻 → 𝐻 is an ev-
erywhere defined, Lipschitz continuous mapping, and thus (17) has a unique
solution u𝜆 ∈ 𝐶1([0,∞);𝐻).

Our plan is to show that as 𝜆 → 0+, the functions u𝜆 converge to a solution
of (15). This is subtle, however, as the operator 𝐴 = 𝜕𝐼 is in general nonlinear,
multivalued, and not everywhere defined.

2. First, let us take another point 𝑣 ∈ 𝐻 and consider as well the ODE

(18) {
v′𝜆(𝑡) + 𝐴𝜆[v𝜆(𝑡)] = 0 (𝑡 ≥ 0)

v𝜆(0) = 𝑣.
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Then
1
2
𝑑
𝑑𝑡‖u𝜆 − v𝜆‖2 = (u′𝜆 − v′𝜆,u𝜆 − v𝜆)

= (−𝐴𝜆[u𝜆] + 𝐴𝜆[v𝜆],u𝜆 − v𝜆) ≤ 0,
owing to Theorem 2(iii). Hence

(19) ‖u𝜆(𝑡) − v𝜆(𝑡)‖ ≤ ‖𝑢 − 𝑣‖ (𝑡 ≥ 0).
In particular, if ℎ > 0 and 𝑣 = u𝜆(ℎ), then by uniqueness v𝜆(𝑡) = u𝜆(𝑡 + ℎ).
Consequently (19) implies

‖u𝜆(𝑡 + ℎ) − u𝜆(𝑡)‖ ≤ ‖u𝜆(ℎ) − 𝑢‖.
Divide by ℎ and send ℎ → 0:

(20) ‖u′𝜆(𝑡)‖ ≤ ‖u′𝜆(0)‖ = ‖𝐴𝜆[𝑢]‖ ≤ |𝐴0[𝑢]|,
the last inequality resulting from Theorem 2(v).

3. We next take 𝜆, 𝜇 > 0 and compute

(21)
1
2
𝑑
𝑑𝑡‖u𝜆 − u𝜇‖2 = (u′𝜆 − u′𝜇,u𝜆 − u𝜇)

= (−𝐴𝜆[u𝜆] + 𝐴𝜇[u𝜇],u𝜆 − u𝜇).
Now

u𝜆 − u𝜇 = (u𝜆 − 𝐽𝜆[u𝜆]) + (𝐽𝜆[u𝜆] − 𝐽𝜇[u𝜇]) + (𝐽𝜇[u𝜇] − u𝜇)
= 𝜆𝐴𝜆[u𝜆] + 𝐽𝜆[u𝜆] − 𝐽𝜇[u𝜇] − 𝜇𝐴𝜇[u𝜇].

Consequently
(22)
(𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇],u𝜆 − u𝜇) = (𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇], 𝐽𝜆[u𝜆] − 𝐽𝜇[u𝜇])

+ (𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇], 𝜆𝐴𝜆[u𝜆] − 𝜇𝐴𝜇[u𝜇]).
Since𝐴𝜆[u𝜆] ∈ 𝜕𝐼[𝐽𝜆[u𝜆]] and𝐴𝜇[u𝜇] ∈ 𝜕𝐼[𝐽𝜇[u𝜇]], the monotonicity property
implies that the first term on the right-hand side of (22) is nonnegative. Thus

(𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇],u𝜆 − u𝜇) ≥ 𝜆‖𝐴𝜆[u𝜆]‖2 + 𝜇‖𝐴𝜇[u𝜇]‖2

− (𝜆 + 𝜇)‖𝐴𝜆[u𝜆]‖ ‖𝐴𝜇[u𝜇]‖.
Since

(𝜆 + 𝜇)‖𝐴𝜆[u𝜆]‖ ‖𝐴𝜇[u𝜇]‖ ≤ 𝜆 (‖𝐴𝜆[u𝜆]‖2 + 1
4‖𝐴𝜇[u𝜇]‖2)

+ 𝜇 (‖𝐴𝜇[u𝜇]‖2 + 1
4‖𝐴𝜆[u𝜆]‖2) ,

we deduce

(𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇],u𝜆 − u𝜇) ≥ − 𝜆
4‖𝐴𝜇[u𝜇]‖2 −

𝜇
4‖𝐴𝜆[u𝜆]‖2.
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But ‖𝐴𝜆[u𝜆]‖ = ‖u′𝜆‖ ≤ |𝐴0[𝑢]| according to (20), whence

(𝐴𝜆[u𝜆] − 𝐴𝜇[u𝜇],u𝜆 − u𝜇) ≥ − 𝜆 + 𝜇
4 |𝐴0[𝑢]|2.

Recalling (21), (22), we obtain the inequality
𝑑
𝑑𝑡‖u𝜆 − u𝜇‖2 ≤

(𝜆 + 𝜇)
2 |𝐴0[𝑢]|2 (𝑡 ≥ 0);

and hence

(23) ‖u𝜆(𝑡) − u𝜇(𝑡)‖2 ≤
(𝜆 + 𝜇)

2 𝑡|𝐴0[𝑢]|2 (𝑡 ≥ 0).

In view of estimate (23) there exists a function u ∈ 𝐶([0,∞);𝐻) such that

u𝜆 → u uniformly in 𝐶([0, 𝑇], 𝐻)
as 𝜆 → 0, for each time 𝑇 > 0. Furthermore estimate (20) implies

(24) u′𝜆 ⇀ u′ weakly in 𝐿2(0, 𝑇;𝐻)
for each 𝑇 > 0 and

(25) ‖u′(𝑡)‖ ≤ |𝐴0[𝑢]| for a.e. 𝑡.
4. We must show u(𝑡) ∈ 𝐷(𝜕𝐼) for each 𝑡 ≥ 0 and

u′(𝑡) + 𝜕𝐼[u(𝑡)] ∋ 0 for a.e. 𝑡 ≥ 0.
Now

‖𝐽𝜆[u𝜆](𝑡) − u𝜆(𝑡)‖ = 𝜆‖𝐴𝜆[u𝜆](𝑡)‖ = 𝜆‖u′𝜆(𝑡)‖ ≤ 𝜆|𝐴0[𝑢]|
by (20). Hence

(26) 𝐽𝜆[u𝜆] → u uniformly in 𝐶([0, 𝑇]; 𝐻)
for each 𝑇 > 0.

For each time 𝑡 ≥ 0,

−u′𝜆(𝑡) = 𝐴𝜆[u𝜆(𝑡)] ∈ 𝜕𝐼[𝐽𝜆[u𝜆(𝑡)]].
Thus given 𝑤 ∈ 𝐻, we have

𝐼[𝑤] ≥ 𝐼[𝐽𝜆[u𝜆(𝑡)]] − (u′𝜆(𝑡), 𝑤 − 𝐽𝜆[u𝜆(𝑡)]).
Consequently if 0 ≤ 𝑠 ≤ 𝑡,

(𝑡 − 𝑠)𝐼[𝑤] ≥ ∫
𝑡

𝑠
𝐼[𝐽𝜆[u𝜆(𝑟)]] 𝑑𝑟 −∫

𝑡

𝑠
(u′𝜆(𝑟), 𝑤 − 𝐽𝜆[u𝜆(𝑟)]) 𝑑𝑟.

In view of (26), the lower semicontinuity of 𝐼, and Fatou’s Lemma (§E.3), we
conclude upon sending 𝜆 → 0 that

(𝑡 − 𝑠)𝐼[𝑤] ≥ ∫
𝑡

𝑠
𝐼[u(𝑟)] 𝑑𝑟 −∫

𝑡

𝑠
(u′(𝑟), 𝑤 − u(𝑟)) 𝑑𝑟
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for each 0 ≤ 𝑠 ≤ 𝑡. Therefore

𝐼[𝑤] ≥ 𝐼[u(𝑡)] + (−u′(𝑡), 𝑤 − u(𝑡))
if 𝑡 is a Lebesgue point of u′, 𝐼[u]. Hence for a.e. 𝑡 ≥ 0,

𝐼[𝑤] ≥ 𝐼[u(𝑡)] + (−u′(𝑡), 𝑤 − u(𝑡))
for all 𝑤 ∈ 𝐻. Thus u(𝑡) ∈ 𝐷(𝜕𝐼), with

−u′(𝑡) ∈ 𝜕𝐼[u(𝑡)]
for a.e. 𝑡 ≥ 0.

5. Finally we prove u(𝑡) ∈ 𝐷(𝜕𝐼) for each 𝑡 ≥ 0. To see this, fix 𝑡 ≥ 0 and
choose 𝑡𝑘 → 𝑡 such that u(𝑡𝑘) ∈ 𝐷(𝜕𝐼), −u′(𝑡𝑘) ∈ 𝜕𝐼[u(𝑡𝑘)]. In view of (25) we
may assume, upon passing if necessary to a subsequence, that

u′(𝑡𝑘) ⇀ v weakly in 𝐻.
Fix 𝑤 ∈ 𝐻. Then

𝐼[𝑤] ≥ 𝐼[u(𝑡𝑘)] + (−u′(𝑡𝑘), 𝑤 − u(𝑡𝑘)).
Let 𝑡𝑘 → 𝑡 and recall that u ∈ 𝐶([0,∞];𝐻) and 𝐼 is lower semicontinuous. We
obtain the inequality

𝐼[𝑤] ≥ 𝐼[u(𝑡)] + (−v, 𝑤 − u(𝑡)).
Hence u(𝑡) ∈ 𝐷(𝜕𝐼) and −v ∈ 𝜕𝐼[u(𝑡)].

6. We have shown u satisfies assertions (i)–(iii). To prove uniqueness, as-
sume ũ is another solution and compute

1
2
𝑑
𝑑𝑡‖u − ũ‖2 = (u′ − ũ′,u − ũ) ≤ 0 for a.e. 𝑡 ≥ 0,

since −u′ ∈ 𝜕𝐼[u], −ũ′ ∈ 𝜕𝐼[ũ]. □

Remarks.
(i) The operator 𝐴 = 𝜕𝐼 in fact generates a nonlinear contraction semi-

group on all of 𝐻. If 𝑢, 𝑣 ∈ 𝐷(𝜕𝐼), we write as above

lim
𝜆→0

u𝜆(𝑡) = u(𝑡) = 𝑆(𝑡)𝑢

and
lim
𝜆→0

v𝜆(𝑡) = v(𝑡) = 𝑆(𝑡)𝑣.

Owing to (19), we see

‖𝑆(𝑡)𝑢 − 𝑆(𝑡)𝑣‖ ≤ ‖𝑢 − 𝑣‖ (𝑡 ≥ 0)
if 𝑢, 𝑣 ∈ 𝐷(𝜕𝐼). Using this inequality, we uniquely extend the semigroup of
nonlinear operators {𝑆(𝑡)}𝑡≥0 to 𝐻 = 𝐷(𝜕𝐼).
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(ii) We have assumed that 𝐷(𝜕𝐼) is dense in 𝐻 solely to streamline the ex-
position. In general {𝑆(𝑡)}𝑡≥0 is a semigroup of contractions on 𝐷(𝜕𝐼) ⊆ 𝐻.

9.6.3. Applications. We now illustrate how some of the abstract theory set
forth in §9.6.1 and §9.6.2 applies to certain nonlinear parabolic partial differ-
ential equations.

Let us hereafter suppose 𝑈 is a bounded, open subset of ℝ𝑛, with smooth
boundary 𝜕𝑈. We choose 𝐻 = 𝐿2(𝑈), and set

(27) 𝐼[𝑢] ≔ {∫𝑈 𝐿(𝐷𝑢) 𝑑𝑥 if 𝑢 ∈ 𝐻1
0(𝑈)

+∞ otherwise,

where 𝐿 ∶ ℝ𝑛 → ℝ is smooth, convex and satisfies

(28) |𝐷2𝐿(𝑝)| ≤ 𝐶 (𝑝 ∈ ℝ𝑛),

(29)
𝑛
∑
𝑖,𝑗=1

𝐿𝑝𝑖𝑝𝑗 (𝑝)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 (𝑝, 𝜉 ∈ ℝ𝑛)

for constants 𝐶,𝜃 > 0.

THEOREM 4 (Characterization of 𝜕𝐼).
(i) 𝐼 ∶ 𝐻 → (−∞,+∞] is convex, proper and lower semicontinuous.
(ii) 𝐷(𝜕𝐼) = 𝐻2(𝑈) ∩ 𝐻1

0(𝑈).
(iii) If 𝑢 ∈ 𝐷(𝜕𝐼), then 𝜕𝐼 is single-valued and

𝜕𝐼[𝑢] = −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 a.e.

Proof.
1. 𝐼 is clearly proper and convex. Furthermore, since 𝐼 is weakly sequen-

tially lower semicontinuous (cf. Theorem 1 in §8.2.2), 𝐼 is lower semicontinu-
ous.

2. Define the nonlinear operator 𝐴 by setting

{𝐷(𝐴) ≔ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈),

𝐴[𝑢] ≔ −∑𝑛
𝑖=1(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 (𝑢 ∈ 𝐷(𝐴)).

We must prove 𝐴 = 𝜕𝐼.
First let 𝑢 ∈ 𝐷(𝐴), 𝑣 = 𝐴[𝑢], 𝑤 ∈ 𝐿2(𝑈). If 𝑤 ∉ 𝐻1

0(𝑈), then 𝐼[𝑤] = +∞
and so clearly

(30) 𝐼[𝑤] ≥ 𝐼[𝑢] + (𝑣, 𝑤 − 𝑢).
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Assume next 𝑤 ∈ 𝐻1
0(𝑈). Thus

(𝑣, 𝑤 − 𝑢) = −∫
𝑈

𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖(𝑤 − 𝑢) 𝑑𝑥

= ∫
𝑈
𝐷𝑝𝐿(𝐷𝑢) ⋅ (𝐷𝑤 − 𝐷𝑢) 𝑑𝑥.

Since 𝐿 is convex,

𝐿(𝐷𝑤) ≥ 𝐿(𝐷𝑢) + 𝐷𝑝𝐿(𝐷𝑢) ⋅ (𝐷𝑤 − 𝐷𝑢) a.e. in 𝑈.
Integrating over 𝑈 gives (30).

3. We have thus far shown that 𝐴 ⊆ 𝜕𝐼; that is, 𝐷(𝐴) ⊆ 𝐷(𝜕𝐼) and 𝐴𝑢 ∈
𝜕𝐼[𝑢] for 𝑢 ∈ 𝐷(𝐴). To conclude, we must prove that 𝐴 ⊇ 𝜕𝐼.

Select any function 𝑓 ∈ 𝐿2(𝑈). If we minimize the functional

𝐽[𝑤] ≔ ∫
𝑈
𝐿(𝐷𝑤) + 𝑤2

2 − 𝑓𝑤𝑑𝑥

over the admissible class 𝒜 = 𝐻1
0(𝑈), we will find 𝑢 ∈ 𝐻1

0(𝑈), which is a weak
solution of

(31) 𝑢 −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 = 𝑓 in 𝑈.

According to calculations similar to those for the proof of Theorem 1(ii) in §8.3,
we see that in fact 𝑢 ∈ 𝐻2(𝑈), with the estimate

(32) ‖𝑢‖𝐻2(𝑈) ≤ 𝐶‖𝑓‖𝐿2(𝑈).
Thus 𝑢 ∈ 𝐷(𝐴), and 𝑢 + 𝐴[𝑢] = 𝑓. Consequently the range of 𝐼 + 𝐴 is all of 𝐻.
But this implies𝐴 = 𝜕𝐼. For if 𝑣 ∈ 𝐷(𝜕𝐼),𝑤 ∈ 𝜕𝐼[𝑣], then there exists 𝑢 ∈ 𝐷(𝐴)
such that 𝑢 + 𝐴[𝑢] = 𝑣 + 𝑤. Since 𝐴[𝑢] ∈ 𝜕𝐼[𝑢], 𝑤 ∈ 𝜕𝐼[𝑣], the uniqueness
assertion of Theorem 1(iv) implies 𝑢 = 𝑣, 𝑤 = 𝐴[𝑢]. Thus 𝐴 = 𝜕𝐼. □

We can now look at the initial/boundary-value problem:

(33)

⎧
⎪
⎨
⎪
⎩

𝑢𝑡 −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 = 0 in 𝑈 × (0,∞)

𝑢 = 0 on 𝜕𝑈 × (0,∞)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

where 𝑔 ∈ 𝐿2(𝑈). In accordance with Theorem 4, we can recast this problem
into the abstract form

(34) {u
′(𝑡) = −𝜕𝐼[u(𝑡)] (𝑡 ≥ 0)

u(0) = 𝑔.
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We apply Theorem 3. If 𝑔 ∈ 𝐻2(𝑈) ∩ 𝐻1
0(𝑈), there exists a unique function

u ∈ 𝐶([0,∞); 𝐿2(𝑈)), with u′ ∈ 𝐿∞((0;∞); 𝐿2(𝑈)),
that is, a weak solution of (33). In view of the estimate

‖u(𝑡)‖𝐻2(𝑈) ≤ 𝐶‖u′(𝑡)‖𝐿2(𝑈),
we see u ∈ 𝐿∞((0,∞);𝐻2(𝑈) ∩ 𝐻1

0(𝑈)) as well.

9.7. PROBLEMS

In these problems𝑈 always denotes a bounded, open subset ofℝ𝑛, with smooth
boundary.

1. Assume the vector field v is smooth. Give another proof of the lemma in
§9.1 for this case by solving the ODE

{ẋ(𝑡) = −v(x(𝑡)) (𝑡 ≥ 0)
x(0) = 𝑦.

Let us write the solution as x(𝑡, 𝑦) to display the dependence on the initial
point 𝑦. For each fixed time 𝑡 > 0, the map 𝑦 ↦ x(𝑡, 𝑦) is continuous and
so has a fixed point. Conclude that v has a zero in the closed ball 𝐵(0, 𝑟).

2. Assume 𝑎 ∶ ℝ → ℝ is continuous and 𝑎(𝑓𝑛) ⇀ 𝑎(𝑓) weakly in 𝐿2(0, 1)
whenever 𝑓𝑛 ⇀ 𝑓 weakly in 𝐿2(0, 1). Show 𝑎 is an affine function; that is,
𝑎 has the form

𝑎(𝑧) = 𝛼𝑧 + 𝛽 (𝑧 ∈ ℝ)
for constants 𝛼, 𝛽.

3. (Penalty method) Let 𝜖 > 0. Define

𝛽𝜖(𝑧) ≔ {0 if 𝑧 ≥ 0
𝑧
𝜖 if 𝑧 ≤ 0,

and suppose 𝑢𝜖 ∈ 𝐻1
0(𝑈) is the weak solution of

(∗) {
−Δ𝑢𝜖 + 𝛽𝜖(𝑢𝜖) = 𝑓 in 𝑈

𝑢𝜖 = 0 on 𝜕𝑈,
where 𝑓 ∈ 𝐿2(𝑈). Prove that as 𝜖 → 0, 𝑢𝜖 ⇀ 𝑢 weakly in 𝐻1

0(𝑈), 𝑢 being
the unique nonnegative solution of the variational inequality

∫
𝑈
𝐷𝑢 ⋅ 𝐷(𝑤 − 𝑢) 𝑑𝑥 ≥ ∫

𝑈
𝑓(𝑤 − 𝑢) 𝑑𝑥

for all 𝑤 ∈ 𝐻1
0(𝑈) with 𝑤 ≥ 0 a.e.
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Approximating the variational inequality by (∗) is the penalty method.
4. (Solutions periodic in time) Assume

{
𝑢𝑡 − Δ𝑢 = 𝑓 in 𝑈 × (0,∞)

𝑢 = 0 on 𝜕𝑈 × (0,∞)
𝑢 = 𝑔 on 𝑈 × {𝑡 = 0},

where 𝑔 ∈ 𝐿2(𝑈), 𝑓 ∈ 𝐿∞(𝑈 × (0,∞)). Suppose 𝜏 > 0 and 𝑓 is 𝜏-periodic
in 𝑡; that is, 𝑓(𝑥, 𝑡) = 𝑓(𝑥, 𝑡 + 𝜏) (𝑥 ∈ 𝑈, 𝑡 ≥ 0). Prove there exists a unique
function 𝑔 ∈ 𝐿2(𝑈) for which the corresponding solution 𝑢 is 𝜏-periodic.

5. Consider the nonlinear boundary-value problem

{
−Δ𝑢 + 𝑏(𝐷𝑢) = 𝑓 in 𝑈

𝑢 = 0 on 𝜕𝑈.
Use Banach’s Fixed Point Theorem to show there exists a unique weak so-
lution 𝑢 ∈ 𝐻2(𝑈) ∩ 𝐻1

0(𝑈) provided 𝑏 ∶ ℝ𝑛 → ℝ is Lipschitz continuous,
with Lip(𝑏) small enough.

6. Assume 𝑓 ∶ ℝ → ℝ is Lipschitz continuous, bounded, with 𝑓(0) = 0 and
𝑓′(0) > 𝜆1, 𝜆1 denoting the principal eigenvalue for −Δ on 𝐻1

0(𝑈). Use the
method of sub- and supersolutions to show there exists a weak solution 𝑢
of

{
−Δ𝑢 = 𝑓(𝑢) in 𝑈

𝑢 = 0 on 𝜕𝑈
𝑢 > 0 in 𝑈.

7. Assume that 𝑢, 𝑢̄ are smooth sub- and supersolutions of the boundary-
value problem (1) in §9.3. Use the maximum principle to verify directly

𝑢 = 𝑢0 ≤ 𝑢1 ≤ . . . ≤ 𝑢𝑘 ≤ . . . ≤ 𝑢̄,
where the {𝑢𝑘}∞𝑘=0 are defined as in §9.3.

8. (Noncompact families of solutions)
(a) Assume 𝑛 ≥ 3. Find a constant 𝑐 such that

𝑢(𝑥) ≔ (1 + |𝑥|2)
2−𝑛
2

solves Yamabe’s equation

−Δ𝑢 = 𝑐 𝑢
𝑛+2
𝑛−2 in ℝ𝑛.

Note the appearance of the critical exponent 𝑛+2
𝑛−2 . (Compare with

Problem 6 in Chapter 4.)
(b) Check that for each 𝜆 > 0,

𝑢𝜆(𝑥) ≔ ( 𝜆
𝜆2 + |𝑥|2 )

𝑛−2
2

is also a solution.
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(c) Show that

‖𝑢𝜆‖𝐿2∗ (ℝ𝑛) = ‖𝑢‖𝐿2∗ (ℝ𝑛), ‖𝐷𝑢𝜆‖𝐿2(ℝ𝑛) = ‖𝐷𝑢‖𝐿2(ℝ𝑛)

for each 𝜆 and thus that {𝑢𝜆}𝜆>0 is not precompact in 𝐿2∗(ℝ𝑛).
9. Let 𝑢 solve the semilinear heat equation

𝑢𝑡 − Δ𝑢 = 𝑓(𝑢) in ℝ𝑛 × (0,∞).

Assume that 𝑢 and its derivatives go to zero rapidly as |𝑥| → ∞.
(a) Show that

𝑑
𝑑𝑡 ∫ℝ𝑛

1
2|𝐷𝑢|

2 − 𝐹(𝑢) 𝑑𝑥 = −∫
ℝ𝑛
𝑢2𝑡 𝑑𝑥,

where 𝐹′ = 𝑓, 𝐹(0) = 0.
(b) Now show that

𝑑
𝑑𝑡 ∫ℝ𝑛

|𝑥|2(12|𝐷𝑢|
2 − 𝐹(𝑢)) 𝑑𝑥

= −∫
ℝ𝑛
𝑢2𝑡 |𝑥|2 − 2𝑛𝐹(𝑢) + (𝑛 − 2)|𝐷𝑢|2 𝑑𝑥.

This is a parabolic analogue of the Derrick–Pohozaev identity. (Bau-
man, Chen, Phillips, Euro. J. Applied Math. 6 (1995), 115–126)

10. Let 𝐾 ⊂ ℝ𝑛 be a closed, convex, nonempty set. Define

𝐼[𝑥] ≔ {0 if 𝑥 ∈ 𝐾
∞ if 𝑥 ∉ 𝐾.

Explicitly determine 𝐴 = 𝜕𝐼, 𝐽𝜆 = (𝐼 + 𝜆𝐴)−1, 𝐴𝜆 = 𝐼−𝐽𝜆
𝜆 (𝜆 > 0) in terms

of the geometry of 𝐾.
11. Give a simple example showing that the flow

(∗) u′ ∈ −𝜕𝐼[u] (𝑡 > 0)

may be irreversible. (That is, find a Hilbert space 𝐻 and a convex, proper,
lower semicontinuous function 𝐼 ∶ 𝐻 → (−∞,+∞] such that the semi-
group solution of (∗) satisfies

𝑆(𝑡)𝑢 = 𝑆(𝑡)𝑢̂

for some 𝑡 > 0 and 𝑢 ≠ 𝑢̂.)
12. Let 𝑢 = 𝑢(𝑥, 𝑡) denote the height at 𝑥 ∈ ℝ2 of a sandpile that grows as sand

is added at rate 𝑓 = 𝑓(𝑥, 𝑡) ≥ 0. We assume the stability condition

|𝐷𝑢| ≤ 1,
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meaning that nowhere can the sandpile have slope greater than 1. As usual,
𝐷𝑥𝑢 = 𝐷𝑢. We propose the dynamics

𝑢𝑡 − div(𝑎𝐷𝑢) = 𝑓 in ℝ2 × (0,∞),
where 𝑎 = 𝑎(𝑥, 𝑡) ≥ 0 describes the flow rate of sand rolling downhill, that
is, in the direction −𝐷𝑢. Suppose lastly that

spt 𝑎 ⊆ {|𝐷𝑢| = 1},
so that the sand flows downhill only if the slope is one.

Show that the foregoing implies

𝑓 − 𝑢𝑡 ∈ 𝜕𝐼[𝑢],
for the convex function

𝐼[𝑢] ≔ {0 if 𝑢 ∈ 𝐿2(ℝ2), |𝐷𝑢| ≤ 1 a.e.
∞ otherwise.

13. Assume 𝑢 is a smooth solution of the gradient flow system (33) in §9.6.3,
where 𝐿 satisfies the uniform convexity condition (29). Show there exist
constants 𝐶, 𝛾 > 0 such that

∫
𝑈
𝑢2𝑡 (𝑥, 𝑡) 𝑑𝑥 ≤ 𝐶𝑒−𝛾𝑡 (𝑡 > 0).

14. Let 𝑢 be a smooth solution of the nonlinear heat equation

𝑢𝑡 − Δ𝜙(𝑢) = 0 in ℝ𝑛 × (0,∞),
where 𝜙′ > 0. Assuming |𝐷𝑢| > 0, derive the formula

𝑑
𝑑𝑡 ∫ℝ𝑛

|𝐷𝑢| 𝑑𝑥 = −∫
ℝ𝑛

|𝐷2𝑣|2
|𝐷𝑣| − |𝐷2𝑣𝐷𝑣|2

|𝐷𝑣|3 𝑑𝑥 ≤ 0

for 𝑣 ≔ 𝜙(𝑢).
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Chapter 10

Hamilton–Jacobi
Equations

10.1. INTRODUCTION, VISCOSITY SOLUTIONS
This chapter investigates the existence, uniqueness and other properties of ap-
propriately defined weak solutions of the initial-value problem for the
Hamilton–Jacobi equation:

(1) {
𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.

Here the Hamiltonian 𝐻 ∶ ℝ𝑛 × ℝ𝑛 → ℝ is given, as is the initial function
𝑔 ∶ ℝ𝑛 → ℝ. The unknown is 𝑢 ∶ ℝ𝑛 × [0,∞) → ℝ, 𝑢 = 𝑢(𝑥, 𝑡), and 𝐷𝑢 =
𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛). We will write 𝐻 = 𝐻(𝑝, 𝑥), so that “𝑝” is the name of the
variable for which we substitute the gradient 𝐷𝑢 in the PDE.

We recall from our study of characteristics in §3.2 that in general there can
be no smooth solution of (1) lasting for all times 𝑡 ≥ 0. We recall further that
if 𝐻 depends only on 𝑝 and is convex, then the Hopf–Lax formula (expression
(21) in §3.3.2) provides us with a type of generalized solution.

In this chapter we consider the general case that 𝐻 depends also on 𝑥 and,
more importantly, is no longer necessarily convex in the variable 𝑝. We will
discover in these new circumstances a different way to define a weak solution
of (1).

An approximation. Our approach is to consider first this problem:

(2) {
𝑢𝜖𝑡 + 𝐻(𝐷𝑢𝜖, 𝑥) − 𝜖Δ𝑢𝜖 = 0 in ℝ𝑛 × (0,∞)

𝑢𝜖 = 𝑔 on ℝ𝑛 × {𝑡 = 0},

543
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for 𝜖 > 0. The idea is that whereas (1) involves a fully nonlinear first-order
PDE, (2) is an initial-value problem for a quasilinear parabolic PDE, which
turns out to have a smooth solution. The term 𝜖Δ in (2) in effect regularizes
the Hamilton–Jacobi equation. Then of course we hope that as 𝜖 → 0 the solu-
tions 𝑢𝜖 of (2) will converge to some sort of weak solution of (1). This technique
is the method of vanishing viscosity.

However, as 𝜖 → 0 we can expect to lose control over the various estimates
of the function 𝑢𝜖 and its derivatives: these estimates depend strongly on the
regularizing effect of 𝜖Δ and blow up as 𝜖 → 0. However, it turns out that we
can often in practice at least be sure that the family {𝑢𝜖}𝜖>0 is bounded and
equicontinuous on compact subsets of ℝ𝑛 × [0,∞). Consequently the Arzela–
Ascoli compactness criterion, §C.8, ensures that

(3) 𝑢𝜖𝑗 → 𝑢 locally uniformly in ℝ𝑛 × [0,∞),

for some subsequence {𝑢𝜖𝑗 }∞𝑗=1 and some limit function

(4) 𝑢 ∈ 𝐶(ℝ𝑛 × [0,∞)).

Now we can surely expect that 𝑢 is some kind of solution of our initial-value
problem (1), but as we only know that 𝑢 is continuous and have absolutely no
information as to whether 𝐷𝑢 and 𝑢𝑡 exist in any sense, such an interpretation
is difficult.

Test functions. Similar problems have arisen before in Chapters 8 and 9,
where we had to deal with the weak convergence of various would-be approxi-
mate solutions to other nonlinear partial differential equations. Remember in
particular that in §9.1 we solved a divergence structure quasilinear elliptic PDE
by passing to limits using the method of Browder and Minty. Roughly speak-
ing, we there integrated by parts to throw “hard–to–control” derivatives onto
a fixed test function and only then tried to go to limits to discover a solution.
We will for the Hamilton–Jacobi equation (1) attempt something similar. We
will fix a smooth test function 𝑣 and will pass from (2) to (1) as 𝜖 → 0 by first
“putting the derivatives onto 𝑣”.

But since (1) is fully nonlinear and in particular is not of divergence struc-
ture, we cannot just integrate by parts to switch to differentiations on 𝑣, as we
did in §9.1. Instead we will exploit the maximum principle to accomplish this
transition, at least at certain points.

We will call the solution we build a viscosity solution, in honor of the van-
ishing viscosity technique. Our main goal will then be to discover an intrinsic
characterization of such generalized solutions of (1).
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10.1.1. Definitions.

Motivation for definition of viscosity solution. We henceforth assume
that 𝐻, 𝑔 are continuous and will as necessary later add further hypotheses.

The technique alluded to above works as follows. Fix any smooth test func-
tion 𝑣 ∈ 𝐶∞(ℝ𝑛 × (0,∞)) and suppose

(5) {𝑢 − 𝑣 has a strict local maximum at some point
(𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞).

This means
(𝑢 − 𝑣)(𝑥0, 𝑡0) > (𝑢 − 𝑣)(𝑥, 𝑡)

for all points (𝑥, 𝑡) sufficiently close to (𝑥0, 𝑡0), with (𝑥, 𝑡) ≠ (𝑥0, 𝑡0).
Now recall (3). We claim for each sufficiently small 𝜖𝑗 > 0, there exists a

point (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) such that

(6) 𝑢𝜖𝑗 − 𝑣 has a local maximum at (𝑥𝜖𝑗 , 𝑡𝜖𝑗 )
and

(7) (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) → (𝑥0, 𝑡0) as 𝑗 → ∞.

To confirm this, note that for each sufficiently small 𝑟 > 0, (5) implies
max𝜕𝐵(𝑢 − 𝑣) < (𝑢 − 𝑣)(𝑥0, 𝑡0), 𝐵 denoting the closed ball in ℝ𝑛+1 with cen-
ter (𝑥0, 𝑡0) and radius 𝑟. In view of (3), 𝑢𝜖𝑗 → 𝑢 uniformly on 𝐵, and so
max𝜕𝐵(𝑢𝜖𝑗 − 𝑣) < (𝑢𝜖𝑗 − 𝑣)(𝑥0, 𝑡0) provided 𝜖𝑗 is small enough. Consequently
𝑢𝜖𝑗 −𝑣 attains a local maximum at some point in the interior of 𝐵. We can next
replace 𝑟 by a sequence of radii tending to zero to obtain (6), (7).

Now owing to (6), we see that the equations

(8) 𝐷𝑢𝜖𝑗 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) = 𝐷𝑣(𝑥𝜖𝑗 , 𝑡𝜖𝑗 ),

(9) 𝑢𝜖𝑗𝑡 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) = 𝑣𝑡(𝑥𝜖𝑗 , 𝑡𝜖𝑗 )
and the inequality

(10) Δ𝑢𝜖𝑗 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) ≤ Δ𝑣(𝑥𝜖𝑗 , 𝑡𝜖𝑗 )
hold. We consequently can calculate

(11)

𝑣𝑡(𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) + 𝐻(𝐷𝑣(𝑥𝜖𝑗 , 𝑡𝜖𝑗 ), 𝑥𝜖𝑗 )
= 𝑢𝜖𝑗𝑡 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) + 𝐻(𝐷𝑢𝜖𝑗 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ), 𝑥𝜖𝑗 ) by (8),(9)
= 𝜖𝑗Δ𝑢𝜖𝑗 (𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) by (2)
≤ 𝜖𝑗Δ𝑣(𝑥𝜖𝑗 , 𝑡𝜖𝑗 ) by (10).
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Now let 𝜖𝑗 → 0 and remember (7). Since 𝑣 is smooth and 𝐻 is continuous, we
deduce

(12) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0.
We have established this inequality assuming (5). Suppose now instead that

(13) 𝑢 − 𝑣 has a local maximum at (𝑥0, 𝑡0)
but that this maximum is not necessarily strict. Then 𝑢 − ̃𝑣 has a strict local
maximum at (𝑥0, 𝑡0), for ̃𝑣(𝑥, 𝑡) ≔ 𝑣(𝑥, 𝑡) + 𝛿(|𝑥 − 𝑥0|2 + (𝑡 − 𝑡0)2) (𝛿 > 0). We
thus conclude as above that ̃𝑣𝑡(𝑥0, 𝑡0) +𝐻(𝐷 ̃𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0, whereupon (12)
again follows.

Consequently (13) implies inequality (12). Similarly, we deduce the reverse
inequality

(14) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≥ 0,
provided

(15) 𝑢 − 𝑣 has a local minimum at (𝑥0, 𝑡0).
The proof is exactly like that above, except that the inequalities in (10), and
thus in (11), are reversed.

In summary, we have discovered for any smooth function 𝑣 that inequality
(12) follows from (13), and (14) from (15). We have in effect put the derivatives
onto 𝑣, at the expense of certain inequalities holding.

Our intention now is to define a weak solution of (1) in terms of (12), (13)
and (14), (15).

DEFINITION. Assume that 𝑢 is bounded and uniformly continuous on ℝ𝑛 ×
[0, 𝑇], for each 𝑇 > 0. We say that 𝑢 is a viscosity solution of the initial-value
problem (1) for the Hamilton–Jacobi equation provided

(i) 𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}, and
(ii) for each 𝑣 ∈ 𝐶∞(ℝ𝑛 × (0,∞)),

(16)
⎧
⎨
⎩

if 𝑢 − 𝑣 has a local maximum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞),
then

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0,
and

(17)
⎧
⎨
⎩

if 𝑢 − 𝑣 has a local minimum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞),
then

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≥ 0.
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Remark. Note carefully that by definition a viscosity solution satisfies (16),
(17), and so all subsequent deductions must be based on these inequalities.
The previous discussion was purely motivational.

For emphasis, we repeat the same point, which has caused some confusion
among students. To verify that a given function 𝑢 is a viscosity solution of the
Hamilton–Jacobi equation 𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0, we must confirm that (16), (17)
hold for all smooth functions 𝑣. Now the argument above shows that if 𝑢 is
constructed using the vanishing viscosity method, it is indeed a viscosity solu-
tion. But we will also see later in §10.3 that viscosity solutions can be built in
entirely different ways, which have nothing whatsoever to do with vanishing
viscosity.

The point is that the inequalities (16), (17) provide an intrinsic characteri-
zation, and indeed the very definition, of our generalized solutions.

We devote the rest of this chapter to demonstrating that viscosity solutions
provide an appropriate and useful notion of weak solutions for our Hamilton–
Jacobi PDE.

10.1.2. Consistency. Let us begin by checking that the notion of viscosity so-
lution is consistent with that of a classical solution. First of all, note that if
𝑢 ∈ 𝐶1(ℝ𝑛 × [0,∞)) solves (1) and if 𝑢 is bounded and uniformly continuous,
then 𝑢 is a viscosity solution. That is, we assert that any classical solution of
𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 is also a viscosity solution. The proof is easy. If 𝑣 is smooth
and 𝑢 − 𝑣 obtains a local maximum at (𝑥0, 𝑡0), then

{𝐷𝑢(𝑥0, 𝑡0) = 𝐷𝑣(𝑥0, 𝑡0)
𝑢𝑡(𝑥0, 𝑡0) = 𝑣𝑡(𝑥0, 𝑡0).

Consequently

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0)
= 𝑢𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑢(𝑥0, 𝑡0), 𝑥0) = 0,

since 𝑢 solves (1). A similar equality holds at any point (𝑥0, 𝑡0)where 𝑢−𝑣 has
a local minimum.

Next we assert that any sufficiently smooth viscosity solution is a classical so-
lution and, even more, that if a viscosity solution is differentiable at some point,
then it solves the Hamilton–Jacobi PDE there. We will need the following cal-
culus fact:

LEMMA (Touching by a 𝐶1 function). Assume 𝑢 ∶ ℝ𝑛 → ℝ is continuous and
is also differentiable at the point 𝑥0. Then there exists a function 𝑣 ∈ 𝐶1(ℝ𝑛) such
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that

(18) 𝑢(𝑥0) = 𝑣(𝑥0)

and

(19) 𝑢 − 𝑣 has a strict local maximum at 𝑥0.

Proof.
1. We may as well assume

(20) 𝑥0 = 0, 𝑢(0) = 𝐷𝑢(0) = 0,

for otherwise we could consider 𝑢̃(𝑥) ≔ 𝑢(𝑥+𝑥0)−𝑢(𝑥0)−𝐷𝑢(𝑥0) ⋅ 𝑥 in place
of 𝑢.

2. In view of (20) and our hypothesis, we have

(21) 𝑢(𝑥) = |𝑥|𝜌1(𝑥),

where

(22) 𝜌1 ∶ ℝ𝑛 → ℝ is continuous, 𝜌1(0) = 0.

Set

(23) 𝜌2(𝑟) ≔ max
𝑥∈𝐵(0,𝑟)

{|𝜌1(𝑥)|} (𝑟 ≥ 0).

Then

(24) 𝜌2 ∶ [0,∞) → [0,∞) is continuous, 𝜌2(0) = 0,

and

(25) 𝜌2 is nondecreasing.

3. Now write

𝑣(𝑥) ≔ ∫
2|𝑥|

|𝑥|
𝜌2(𝑟) 𝑑𝑟 + |𝑥|2 (𝑥 ∈ ℝ𝑛).

Since |𝑣(𝑥)| ≤ |𝑥|𝜌2(2|𝑥|) + |𝑥|2, we observe

(26) 𝑣(0) = 𝐷𝑣(0) = 0.

Furthermore if 𝑥 ≠ 0, we have

𝐷𝑣(𝑥) = 2𝑥
|𝑥|𝜌2(2|𝑥|) −

𝑥
|𝑥|𝜌2(|𝑥|) + 2𝑥,

and so 𝑣 ∈ 𝐶1(ℝ𝑛).
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4. Finally note that if 𝑥 ≠ 0,

𝑢(𝑥) − 𝑣(𝑥) = |𝑥|𝜌1(𝑥) −∫
2|𝑥|

|𝑥|
𝜌2(𝑟) 𝑑𝑟 − |𝑥|2

≤ |𝑥|𝜌2(|𝑥|) −∫
2|𝑥|

|𝑥|
𝜌2(𝑟) 𝑑𝑟 − |𝑥|2

≤ −|𝑥|2 by (25)
< 0 = 𝑢(0) − 𝑣(0).

Thus 𝑢 − 𝑣 has a strict local maximum at 0, as required. □

THEOREM 1 (Consistency of viscosity solutions). Let 𝑢 be a viscosity solution
of (1), and suppose 𝑢 is differentiable at some point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞). Then

𝑢𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑢(𝑥0, 𝑡0), 𝑥0) = 0.

Proof.
1. Applying the lemma above to 𝑢, with ℝ𝑛+1 replacing ℝ𝑛 and (𝑥0, 𝑡0)

replacing 𝑥0, we deduce there exists a 𝐶1 function 𝑣 such that

(27) 𝑢 − 𝑣 has a strict maximum at (𝑥0, 𝑡0).
2. Now set 𝑣𝜖 ≔ 𝜂𝜖∗𝑣, 𝜂𝜖 denoting the usual mollifier in the 𝑛+1 variables

(𝑥, 𝑡). Then

(28)
⎧
⎨
⎩

𝑣𝜖 → 𝑣
𝐷𝑣𝜖 → 𝐷𝑣 uniformly near (𝑥0, 𝑡0)
𝑣𝜖𝑡 → 𝑣𝑡;

and so (27) implies

(29) 𝑢 − 𝑣𝜖 has a maximum at some point (𝑥𝜖, 𝑡𝜖),
with

(30) (𝑥𝜖, 𝑡𝜖) → (𝑥0, 𝑡0) as 𝜖 → 0.
Applying then the definition of viscosity solution, we see

𝑣𝜖𝑡(𝑥𝜖, 𝑡𝜖) + 𝐻(𝐷𝑣𝜖(𝑥𝜖, 𝑡𝜖), 𝑥𝜖) ≤ 0.
Let 𝜖 → 0 and use (28), (30) to deduce

(31) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0.
But in view of (27), we see that since 𝑢 is differentiable at (𝑥0, 𝑡0),

𝐷𝑢(𝑥0, 𝑡0) = 𝐷𝑣(𝑥0, 𝑡0), 𝑢𝑡(𝑥0, 𝑡0) = 𝑣𝑡(𝑥0, 𝑡0).
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Substitute above, to conclude from (31) that

(32) 𝑢𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑢(𝑥0, 𝑡0), 𝑥0) ≤ 0.
3. Now apply the lemma above to −𝑢 in ℝ𝑛+1, to find a 𝐶1 function 𝑣 such

that 𝑢−𝑣 has a strict minimum at (𝑥0, 𝑡0). Then, arguing as above, we likewise
deduce

𝑢𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑢(𝑥0, 𝑡0), 𝑥0) ≥ 0.
This inequality and (32) complete the proof. □

10.2. UNIQUENESS

Our goal now is to establish the uniqueness of a viscosity solution of our initial-
value problem for Hamilton–Jacobi PDE. To be slightly more general, let us fix
a time 𝑇 > 0 and consider the problem

(1) {
𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 in ℝ𝑛 × (0, 𝑇]

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
We say that a bounded, uniformly continuous function 𝑢 is a viscosity solution
of (1) provided 𝑢 = 𝑔 onℝ𝑛×{𝑡 = 0}, and the inequalities in (16) (or (17)) from
§10.1.1 hold if 𝑢 − 𝑣 has a local maximum (or minimum) at a point (𝑥0, 𝑡0) ∈
ℝ𝑛 × (0, 𝑇).

LEMMA (Extrema at a terminal time). Assume 𝑢 is a viscosity solution of (1)
and 𝑢 − 𝑣 has a local maximum (minimum) at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0, 𝑇].
Then

(2) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0 (≥ 0).

The point is that we are now allowing for 𝑡0 = 𝑇.

Proof. Assume 𝑢 − 𝑣 has a local maximum at the point (𝑥0, 𝑇); as before we
may assume that this is a strict local maximum. Write

̃𝑣(𝑥, 𝑡) ≔ 𝑣(𝑥, 𝑡) + 𝜖
𝑇 − 𝑡 (𝑥 ∈ ℝ𝑛, 0 < 𝑡 < 𝑇).

Then for 𝜖 > 0 small enough, 𝑢 − ̃𝑣 has a local maximum at a point (𝑥𝜖, 𝑡𝜖),
where 0 < 𝑡𝜖 < 𝑇 and (𝑥𝜖, 𝑡𝜖) → (𝑥0, 𝑇). Consequently

̃𝑣𝑡(𝑥𝜖, 𝑡𝜖) + 𝐻(𝐷 ̃𝑣(𝑥𝜖, 𝑡𝜖), 𝑥𝜖) ≤ 0,
and so

𝑣𝑡(𝑥𝜖, 𝑡𝜖) +
𝜖

(𝑇 − 𝑡𝜖)2
+ 𝐻(𝐷𝑣(𝑥𝜖, 𝑡𝜖), 𝑥𝜖) ≤ 0.

Letting 𝜖 → 0, we find

𝑣𝑡(𝑥0, 𝑇) + 𝐻(𝐷𝑣(𝑥0, 𝑇), 𝑥0) ≤ 0.



10.2. Uniqueness 551

This proves (2) if 𝑢 − 𝑣 has a maximum at (𝑥0, 𝑇). A similar proof gives the
reverse inequality should 𝑢 − 𝑣 have a minimum at (𝑥0, 𝑇). □

To go further, let us hereafter suppose the Hamiltonian 𝐻 to satisfy these
conditions of Lipschitz continuity:

(3) {|𝐻(𝑝, 𝑥) − 𝐻(𝑞, 𝑥)| ≤ 𝐶|𝑝 − 𝑞|
|𝐻(𝑝, 𝑥) − 𝐻(𝑝, 𝑦)| ≤ 𝐶|𝑥 − 𝑦|(1 + |𝑝|)

for 𝑥, 𝑦, 𝑝, 𝑞 ∈ ℝ𝑛 and some constant 𝐶 ≥ 0.
We come next to the central fact concerning viscosity solutions of the

initial-value problem (1), namely uniqueness. This important assertion jus-
tifies our taking the inequalities (16) and (17) from §10.1.1 as the foundation
of our theory.

THEOREM 1 (Uniqueness of viscosity solution). Under assumption (3) there
exists at most one viscosity solution of (1).

The following proof is based upon an unusual idea of “doubling the number
of variables”. See the proof of Theorem 3 in §11.4.3 for a related technique.

Proof∗.

1. Assume 𝑢 and 𝑢̃ are both viscosity solutions with the same initial con-
ditions, but

(4) sup
ℝ𝑛×[0,𝑇]

(𝑢 − 𝑢̃) ≕ 𝜎 > 0.

Choose 0 < 𝜖, 𝜆 < 1 and set

(5)
Φ(𝑥, 𝑦, 𝑡, 𝑠) ≔𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠) − 𝜆(𝑡 + 𝑠)

− 1
𝜖2 (|𝑥 − 𝑦|2 + (𝑡 − 𝑠)2) − 𝜖(|𝑥|2 + |𝑦|2),

for 𝑥, 𝑦 ∈ ℝ𝑛, 𝑡, 𝑠 ≥ 0. Then there exists a point (𝑥0, 𝑦0, 𝑡0, 𝑠0) ∈ ℝ2𝑛 × [0, 𝑇]2
such that

(6) Φ(𝑥0, 𝑦0, 𝑡0, 𝑠0) = max
ℝ2𝑛×[0,𝑇]2

Φ(𝑥, 𝑦, 𝑡, 𝑠).

2. We may fix 0 < 𝜖, 𝜆 < 1 so small that (4) implies

(7) Φ(𝑥0, 𝑦0, 𝑡0, 𝑠0) ≥ sup
ℝ𝑛×[0,𝑇]

Φ(𝑥, 𝑥, 𝑡, 𝑡) ≥ 𝜎
2 .

∗Omit on first reading.
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In addition, Φ(𝑥0, 𝑦0, 𝑡0, 𝑠0) ≥ Φ(0, 0, 0, 0); and therefore

(8)
𝜆(𝑡0 + 𝑠0) +

1
𝜖2 (|𝑥0 − 𝑦0|2 + (𝑡0 − 𝑠0)2) + 𝜖(|𝑥0|2 + |𝑦0|2)

≤ 𝑢(𝑥0, 𝑡0) − 𝑢̃(𝑦0, 𝑠0) − 𝑢(0, 0) + 𝑢̃(0, 0).
Since 𝑢 and 𝑢̃ are bounded, we deduce
(9) |𝑥0 − 𝑦0|, |𝑡0 − 𝑠0| = 𝑂(𝜖) as 𝜖 → 0.
Furthermore (8) implies 𝜖(|𝑥0|2 + |𝑦0|2) = 𝑂(1), and consequently

𝜖(|𝑥0| + |𝑦0|) = 𝜖1/4𝜖3/4(|𝑥0| + |𝑦0|)
≤ 𝜖1/2 + 𝐶𝜖3/2(|𝑥0|2 + |𝑦0|2)
≤ 𝐶𝜖1/2.

Thus
(10) 𝜖(|𝑥0| + |𝑦0|) = 𝑂(𝜖1/2).

3. Since Φ(𝑥0, 𝑦0, 𝑡0, 𝑠0) ≥ Φ(𝑥0, 𝑥0, 𝑡0, 𝑡0), we also have

𝑢(𝑥0, 𝑡0) − 𝑢̃(𝑦0, 𝑠0) − 𝜆(𝑡0 + 𝑠0) −
1
𝜖2 (|𝑥0 − 𝑦0|2 + (𝑡0 − 𝑠0)2)

− 𝜖(|𝑥0|2 + |𝑦0|2) ≥ 𝑢(𝑥0, 𝑡0) − 𝑢̃(𝑥0, 𝑡0) − 2𝜆𝑡0 − 2𝜖|𝑥0|2.

Hence
1
𝜖2 (|𝑥0 − 𝑦0|2 + (𝑡0 − 𝑠0)2) ≤ 𝑢̃(𝑥0, 𝑡0) − 𝑢̃(𝑦0, 𝑠0) + 𝜆(𝑡0 − 𝑠0)

+ 𝜖(𝑥0 + 𝑦0) ⋅ (𝑥0 − 𝑦0).
In view of (9), (10) and the uniform continuity of 𝑢̃, we deduce
(11) |𝑥0 − 𝑦0|, |𝑡0 − 𝑠0| = 𝑜(𝜖).

4. Now write 𝜔(⋅) to denote the modulus of continuity of 𝑢; that is,
|𝑢(𝑥, 𝑡) − 𝑢(𝑦, 𝑠)| ≤ 𝜔(|𝑥 − 𝑦| + |𝑡 − 𝑠|)

for all 𝑥, 𝑦 ∈ ℝ𝑛, 0 ≤ 𝑡, 𝑠 ≤ 𝑇, and 𝜔(𝑟) → 0 as 𝑟 → 0. Similarly, 𝜔̃(⋅) will
denote the modulus of continuity of 𝑢̃.

Then (7) implies
𝜎
2 ≤ 𝑢(𝑥0, 𝑡0) − 𝑢̃(𝑦0, 𝑠0) = 𝑢(𝑥0, 𝑡0) − 𝑢(𝑥0, 0) + 𝑢(𝑥0, 0) − 𝑢̃(𝑥0, 0)

+ 𝑢̃(𝑥0, 0) − 𝑢̃(𝑥0, 𝑡0) + 𝑢̃(𝑥0, 𝑡0) − 𝑢̃(𝑦0, 𝑠0)
≤ 𝜔(𝑡0) + 𝜔̃(𝑡0) + 𝜔̃(𝑜(𝜖)),

by (9), (11) and the initial condition. We can now take 𝜖 > 0 to be so small that
the foregoing implies 𝜍

4 ≤ 𝜔(𝑡0) + 𝜔̃(𝑡0); and this in turn implies 𝑡0 ≥ 𝜇 > 0 for
some constant 𝜇 > 0. Similarly we have 𝑠0 ≥ 𝜇 > 0.
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5. Now observe in light of (6) that the mapping (𝑥, 𝑡) ↦ Φ(𝑥, 𝑦0, 𝑡, 𝑠0) has
a maximum at the point (𝑥0, 𝑡0). In view of (5) then,

𝑢 − 𝑣 has a maximum at (𝑥0, 𝑡0)

for

𝑣(𝑥, 𝑡) ≔ 𝑢̃(𝑦0, 𝑠0) + 𝜆(𝑡 + 𝑠0) +
1
𝜖2 (|𝑥 − 𝑦0|2 + (𝑡 − 𝑠0)2) + 𝜖(|𝑥|2 + |𝑦0|2).

Since 𝑢 is a viscosity solution of (1), we conclude, using the lemma if necessary,
that

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑥𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0.

Therefore

(12) 𝜆 + 2(𝑡0 − 𝑠0)
𝜖2 + 𝐻 ( 2𝜖2 (𝑥0 − 𝑦0) + 2𝜖𝑥0, 𝑥0) ≤ 0.

We further observe that since the mapping (𝑦, 𝑠) ↦ −Φ(𝑥0, 𝑦, 𝑡0, 𝑠) has a mini-
mum at the point (𝑦0, 𝑠0),

𝑢̃ − ̃𝑣 has a minimum at (𝑦0, 𝑠0)

for

̃𝑣(𝑦, 𝑠) ≔ 𝑢(𝑥0, 𝑡0) − 𝜆(𝑡0 + 𝑠) − 1
𝜖2 (|𝑥0 − 𝑦|2 + (𝑡0 − 𝑠)2) − 𝜖(|𝑥0|2 + |𝑦|2).

As 𝑢̃ is a viscosity solution of (1), we know then that

̃𝑣𝑠(𝑦0, 𝑠0) + 𝐻(𝐷𝑦 ̃𝑣(𝑦0, 𝑠0), 𝑦0) ≥ 0.

Consequently

(13) −𝜆 + 2(𝑡0 − 𝑠0)
𝜖2 + 𝐻 ( 2𝜖2 (𝑥0 − 𝑦0) − 2𝜖𝑦0, 𝑦0) ≥ 0.

6. Next, subtract (13) from (12):

(14) 2𝜆 ≤ 𝐻 ( 2𝜖2 (𝑥0 − 𝑦0) − 2𝜖𝑦0, 𝑦0) − 𝐻 ( 2𝜖2 (𝑥0 − 𝑦0) + 2𝜖𝑥0, 𝑥0) .

In view of hypothesis (3) therefore,

(15) 𝜆 ≤ 𝐶𝜖(|𝑥0| + |𝑦0|) + 𝐶|𝑥0 − 𝑦0| (1 +
|𝑥0 − 𝑦0|

𝜖2 + 𝜖(|𝑥0| + |𝑦0|)) .

We employ estimates (10), (11) in (15) and then let 𝜖 → 0, to discover 0 < 𝜆 ≤ 0.
This contradiction completes the proof. □
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10.3. CONTROL THEORY, DYNAMIC PROGRAMMING

It remains for us to establish the existence of a viscosity solution to our initial-
value problem for the Hamilton–Jacobi partial differential equation. One
method would be now to prove the existence of a smooth solution 𝑢𝜖 of the
regularized equation (2) in §10.1 and then to make good enough uniform esti-
mates. This technique in fact works but requires knowledge of certain bounds
for the heat equation beyond the scope of this book.

In this section we provide an alternative approach of independent interest,
which is suitable for Hamiltonians which are convex in 𝑝.

We will first of all introduce some of the basic issues concerning control
theory for ordinary differential equations and the connection with Hamilton–
Jacobi PDE afforded by the method of dynamic programming. This discussion
will make clearer the connections of the theory developed above in §§10.1–10.2
with that set forth earlier in §3.3.1. The remarkable fact is that the defining vis-
cosity solution inequalities (16), (17) in §10.1.1 are a consequence of the optimal-
ity conditions of control theory.

10.3.1. Introduction to optimal control theory. We will now study the
possibility of optimally controlling the solution x(⋅) of the ordinary differen-
tial equation

(1) {ẋ(𝑠) = f(x(𝑠), 𝜶(𝑠)) (𝑡 < 𝑠 < 𝑇)
x(𝑡) = 𝑥.

Here ⋅ = 𝑑
𝑑𝑠 , 𝑇 > 0 is a fixed terminal time, and 𝑥 ∈ ℝ𝑛 is a given initial

point, taken on by our solution x(⋅) at the starting time 𝑡 ≥ 0. At later times
𝑡 < 𝑠 < 𝑇, x(⋅) evolves according to the ODE, where

f ∶ ℝ𝑛 × 𝐴 → ℝ𝑛

is a given bounded, Lipschitz continuous function and𝐴 is some given compact
subset of, say, ℝ𝑚. The function 𝜶(⋅) appearing in (1) is a control, that is, some
appropriate scheme for adjusting parameters from the set 𝐴 as time evolves,
thereby affecting the dynamics of the system modeled by (1).

Let us write

(2) 𝒜 ≔ {𝜶 ∶ [0, 𝑇] → 𝐴 ∣ 𝜶(⋅) is measurable }
to denote the set of admissible controls. Then since

(3) |f(𝑥, 𝑎)| ≤ 𝐶, |f(𝑥, 𝑎) − f(𝑦, 𝑎)| ≤ 𝐶|𝑥 − 𝑦| (𝑥, 𝑦 ∈ ℝ𝑛, 𝑎 ∈ 𝐴)
for some constant 𝐶, we see that for each control 𝜶(⋅) ∈ 𝒜, the ODE (1) has
a unique, Lipschitz continuous solution x(⋅) = x𝜶(⋅)(⋅), existing on the time
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Response of system to the control 𝜶(⋅)

interval [𝑡, 𝑇] and solving the ODE for a.e. time 𝑡 < 𝑠 < 𝑇. We call x(⋅) the
response of the system to the control 𝜶(⋅), and x(𝑠) the state of the system at
time 𝑠.

Our goal is to find a control 𝜶∗(⋅) which optimally steers the system. How-
ever in order to define what “optimal” means, we must first introduce a cost
criterion. Given 𝑥 ∈ ℝ𝑛 and 0 ≤ 𝑡 ≤ 𝑇, let us define for each admissible
control 𝜶(⋅) ∈ 𝒜 the corresponding cost functional

(4) 𝐶𝑥,𝑡[𝜶(⋅)] ≔ ∫
𝑇

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇)),

where x(⋅) = x𝜶(⋅)(⋅) solves the ODE (1) and

𝑟 ∶ ℝ𝑛 × 𝐴 → ℝ, 𝑔 ∶ ℝ𝑛 → ℝ

are given functions. We call 𝑟 the running cost per unit time and 𝑔 the terminal
cost, and will henceforth assume

(5) {|𝑟(𝑥, 𝑎)|, |𝑔(𝑥)| ≤ 𝐶
|𝑟(𝑥, 𝑎) − 𝑟(𝑦, 𝑎)|, |𝑔(𝑥) − 𝑔(𝑦)| ≤ 𝐶|𝑥 − 𝑦|

(𝑥, 𝑦 ∈ ℝ𝑛, 𝑎 ∈ 𝐴)

for some constant 𝐶.
Given now 𝑥 ∈ ℝ𝑛 and 0 ≤ 𝑡 ≤ 𝑇, we would like to find if possible a control

𝜶∗(⋅) which minimizes the cost functional (4) among all other admissible con-
trols. This is a finite horizon optimal control problem. (See Problems 10 and 11
for infinite horizon problems.)
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10.3.2. Dynamic programming. The method of dynamic programming in-
vestigates the above problem by turning attention to the value function

(6) 𝑢(𝑥, 𝑡) ≔ inf
𝜶(⋅)∈𝒜

𝐶𝑥,𝑡[𝜶(⋅)] (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇).

The plan is this: having defined 𝑢(𝑥, 𝑡) as the least cost given that we start at
the position 𝑥 at time 𝑡, we want to study 𝑢 as a function of 𝑥 and 𝑡. We are
therefore embedding our given control problem (1), (4) into the larger class of
all such problems, as 𝑥 and 𝑡 vary. The idea then is to show that 𝑢 solves a
certain Hamilton–Jacobi type PDE and to show conversely that a solution of
this PDE helps us to synthesize an optimal feedback control.

Hereafter, we fix 𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 < 𝑇.

THEOREM 1 (Optimality conditions). For each ℎ > 0 so small that 𝑡 + ℎ ≤ 𝑇,
we have

(7) 𝑢(𝑥, 𝑡) = inf
𝜶(⋅)∈𝒜

{∫
𝑡+ℎ

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑢(x(𝑡 + ℎ), 𝑡 + ℎ)} ,

where x(⋅) = x𝜶(⋅)(⋅) solves the ODE (1) for the control 𝜶(⋅).

Proof.
1. Choose any control 𝜶1(⋅) ∈ 𝒜 and solve the ODE

(8) {ẋ1(𝑠) = f(x1(𝑠), 𝜶1(𝑠)) (𝑡 < 𝑠 < 𝑡 + ℎ)
x1(𝑡) = 𝑥.

Fix 𝜖 > 0 and choose then 𝜶2(⋅) ∈ 𝒜 so that

(9) 𝑢(x1(𝑡 + ℎ), 𝑡 + ℎ) + 𝜖 ≥ ∫
𝑇

𝑡+ℎ
𝑟(x2(𝑠), 𝜶2(𝑠)) 𝑑𝑠 + 𝑔(x2(𝑇)),

where

(10) {ẋ2(𝑠) = f(x2(𝑠), 𝜶2(𝑠)) (𝑡 + ℎ < 𝑠 < 𝑇)
x2(𝑡 + ℎ) = x1(𝑡 + ℎ).

Now define the control

(11) 𝜶3(𝑠) ≔ {𝜶1(𝑠) if 𝑡 ≤ 𝑠 < 𝑡 + ℎ
𝜶2(𝑠) if 𝑡 + ℎ ≤ 𝑠 ≤ 𝑇,

and let

(12) {ẋ3(𝑠) = f(x3(𝑠), 𝜶3(𝑠)) (𝑡 < 𝑠 < 𝑇)
x3(𝑡) = 𝑥.
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By uniqueness of solutions to the differential equation (1), we have

(13) x3(𝑠) = {x1(𝑠) if 𝑡 ≤ 𝑠 ≤ 𝑡 + ℎ
x2(𝑠) if 𝑡 + ℎ ≤ 𝑠 ≤ 𝑇.

Thus the definition (6) implies

𝑢(𝑥, 𝑡) ≤ 𝐶𝑥,𝑡[𝜶3(⋅)]

= ∫
𝑇

𝑡
𝑟(x3(𝑠), 𝜶3(𝑠)) 𝑑𝑠 + 𝑔(x3(𝑇))

= ∫
𝑡+ℎ

𝑡
𝑟(x1(𝑠), 𝜶1(𝑠)) 𝑑𝑠 +∫

𝑇

𝑡+ℎ
𝑟(x2(𝑠), 𝜶2(𝑠)) 𝑑𝑠 + 𝑔(x2(𝑇))

≤ ∫
𝑡+ℎ

𝑡
𝑟(x1(𝑠), 𝜶1(𝑠)) 𝑑𝑠 + 𝑢(x1(𝑡 + ℎ), 𝑡 + ℎ) + 𝜖,

the last inequality resulting from (9). As 𝜶1(⋅) ∈ 𝒜 was arbitrary, we conclude

(14) 𝑢(𝑥, 𝑡) ≤ inf
𝜶(⋅)∈𝒜

{∫
𝑡+ℎ

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑢(x(𝑡 + ℎ), 𝑡 + ℎ)} + 𝜖,

x(⋅) = x𝜶(⋅)(⋅) solving (1).
2. Fixing again 𝜖 > 0, select now 𝜶4(⋅) ∈ 𝒜 so that

(15) 𝑢(𝑥, 𝑡) + 𝜖 ≥ ∫
𝑇

𝑡
𝑟(x4(𝑠), 𝜶4(𝑠)) 𝑑𝑠 + 𝑔(x4(𝑇)),

where

{ẋ4(𝑠) = f(x4(𝑠), 𝜶4(𝑠)) (𝑡 < 𝑠 < 𝑇)
x4(𝑡) = 𝑥.

Observe then from (6) that

(16) 𝑢(x4(𝑡 + ℎ), 𝑡 + ℎ) ≤ ∫
𝑇

𝑡+ℎ
𝑟(x4(𝑠), 𝜶4(𝑠)) 𝑑𝑠 + 𝑔(x4(𝑇)).

Therefore

𝑢(𝑥, 𝑡) + 𝜖 ≥ inf
𝜶(⋅)∈𝒜

{∫
𝑡+ℎ

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑢(x(𝑡 + ℎ), 𝑡 + ℎ)} ,

x(⋅) = x𝜶(⋅)(⋅) solving (1). This inequality and (14) complete the proof of (7).
□



558 10. Hamilton–Jacobi Equations

10.3.3. Hamilton–Jacobi–Bellman equation. Our eventual goal is writing
down as a PDE an “infinitesimal version” of the optimality conditions (7). But
first we must check that the value function 𝑢 is bounded and Lipschitz contin-
uous.

LEMMA (Estimates for value function). There exists a constant 𝐶 such that

|𝑢(𝑥, 𝑡)| ≤ 𝐶,

|𝑢(𝑥, 𝑡) − 𝑢( ̂𝑥, ̂𝑡)| ≤ 𝐶(|𝑥 − ̂𝑥| + |𝑡 − ̂𝑡|)
for all 𝑥, ̂𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡, ̂𝑡 ≤ 𝑇.

Proof.
1. Clearly hypothesis (5) implies 𝑢 is bounded on ℝ𝑛 × [0, 𝑇].
2. Fix 𝑥, ̂𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 < 𝑇. Let 𝜖 > 0 and then choose 𝜶̂(⋅) ∈ 𝒜 so that

(17) 𝑢( ̂𝑥, 𝑡) + 𝜖 ≥ ∫
𝑇

𝑡
𝑟(x̂(𝑠), 𝜶̂(𝑠)) 𝑑𝑠 + 𝑔(x̂(𝑇)),

where x̂(⋅) solves the ODE

(18) {
̇x̂(𝑠) = f(x̂(𝑠), 𝜶̂(𝑠)) (𝑡 < 𝑠 < 𝑇)
x̂(𝑡) = ̂𝑥.

Then

(19)
𝑢(𝑥, 𝑡) − 𝑢( ̂𝑥, 𝑡) ≤ ∫

𝑇

𝑡
𝑟(x(𝑠), 𝜶̂(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇))

−∫
𝑇

𝑡
𝑟(x̂(𝑠), 𝜶̂(𝑠)) 𝑑𝑠 − 𝑔(x̂(𝑇)) + 𝜖,

where x(⋅) solves

(20) {ẋ(𝑠) = f(x(𝑠), 𝜶̂(𝑠)) (𝑡 < 𝑠 < 𝑇)
x(𝑡) = 𝑥.

Since f is Lipschitz continuous, (18), (20) and Gronwall’s inequality (§B.2) im-
ply |x(𝑠)− x̂(𝑠)| ≤ 𝐶|𝑥− ̂𝑥| (𝑡 ≤ 𝑠 ≤ 𝑇).Hence we deduce from (5) and (19) that
𝑢(𝑥, 𝑡) − 𝑢( ̂𝑥, 𝑡) ≤ 𝐶|𝑥 − ̂𝑥| + 𝜖. The same argument with the roles of 𝑥 and ̂𝑥
reversed implies

|𝑢(𝑥, 𝑡) − 𝑢( ̂𝑥, 𝑡)| ≤ 𝐶|𝑥 − ̂𝑥| (𝑥, ̂𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇).
3. Now let 𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 < ̂𝑡 ≤ 𝑇. Take 𝜖 > 0 and choose 𝜶(⋅) ∈ 𝒜 so that

𝑢(𝑥, 𝑡) + 𝜖 ≥ ∫
𝑇

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇)),
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x(⋅) solving the ODE (1). Define
𝜶̂(𝑠) ≔ 𝜶(𝑠 + 𝑡 − ̂𝑡) for ̂𝑡 ≤ 𝑠 ≤ 𝑇

and let x̂(⋅) solve

{
̇x̂(𝑠) = f(x̂(𝑠), 𝜶̂(𝑠)) ( ̂𝑡 < 𝑠 < 𝑇)
x̂( ̂𝑡) = 𝑥.

Then x̂(𝑠) = x(𝑠 + 𝑡 − ̂𝑡). Hence
(21)

𝑢(𝑥, ̂𝑡) − 𝑢(𝑥, 𝑡) ≤ ∫
𝑇

̂𝑡
𝑟(x̂(𝑠), 𝜶̂(𝑠)) 𝑑𝑠 + 𝑔(x̂(𝑇))

−∫
𝑇

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 − 𝑔(x(𝑇)) + 𝜖

= −∫
𝑇

𝑇+𝑡− ̂𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇 + 𝑡 − ̂𝑡)) − 𝑔(x(𝑇)) + 𝜖

≤ 𝐶|𝑡 − ̂𝑡| + 𝜖.
Next pick 𝜶̂(⋅) so that

𝑢(𝑥, ̂𝑡) + 𝜖 ≥ ∫
𝑇

̂𝑡
𝑟(x̂(𝑠), 𝜶̂(𝑠)) 𝑑𝑠 + 𝑔(x̂(𝑇)),

where

{
̇x̂(𝑠) = f(x̂(𝑠), 𝜶̂(𝑠)) ( ̂𝑡 < 𝑠 < 𝑇)
x̂( ̂𝑡) = 𝑥.

Define

𝜶(𝑠) ≔ {𝜶̂(𝑠 +
̂𝑡 − 𝑡) if 𝑡 ≤ 𝑠 ≤ 𝑇 + 𝑡 − ̂𝑡

𝜶̂(𝑇) if 𝑇 + 𝑡 − ̂𝑡 ≤ 𝑠 ≤ 𝑇,
and let x(⋅) solve (1). Then 𝜶(𝑠) = 𝜶̂(𝑠 + ̂𝑡 − 𝑡), x(𝑠) = x̂(𝑠 + ̂𝑡 − 𝑡) for 𝑡 ≤ 𝑠 ≤
𝑇 + 𝑡 − ̂𝑡. Consequently

𝑢(𝑥, 𝑡) − 𝑢(𝑥, ̂𝑡) ≤ ∫
𝑇

𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇))

−∫
𝑇

̂𝑡
𝑟(x̂(𝑠), 𝜶(𝑠)) 𝑑𝑠 − 𝑔(x̂(𝑇)) + 𝜖

= ∫
𝑇

𝑇+𝑡− ̂𝑡
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑔(x(𝑇)) − 𝑔(x(𝑇 + 𝑡 − ̂𝑡)) + 𝜖

≤ 𝐶|𝑡 − ̂𝑡| + 𝜖.
This inequality and (21) prove

|𝑢(𝑥, 𝑡) − 𝑢(𝑥, ̂𝑡)| ≤ 𝐶|𝑡 − ̂𝑡| (0 ≤ 𝑡 ≤ ̂𝑡 ≤ 𝑇, 𝑥 ∈ ℝ𝑛). □
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We prove next that the value function solves a Hamilton–Jacobi type partial
differential equation.

THEOREM2 (A PDE for the value function). The value function𝑢 is the unique
viscosity solution of this terminal-value problem for the Hamilton–Jacobi– Bell-
man equation:

(22) {
𝑢𝑡 +min

𝑎∈𝐴
{f(𝑥, 𝑎) ⋅ 𝐷𝑢 + 𝑟(𝑥, 𝑎)} = 0 in ℝ𝑛 × (0, 𝑇)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 𝑇}.

Remarks.
(i) The Hamilton–Jacobi–Bellman PDE has the form

𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 in ℝ𝑛 × (0, 𝑇),
for the Hamiltonian

(23) 𝐻(𝑝, 𝑥) ≔ min
𝑎∈𝐴

{f(𝑥, 𝑎) ⋅ 𝑝 + 𝑟(𝑥, 𝑎)} (𝑝, 𝑥 ∈ ℝ𝑛).

From the inequalities (5), we deduce that 𝐻 satisfies the estimates (3) in §10.2.
(ii) Since (22) is a terminal-value problem, we must specify what we mean

by a solution. Let us say that a bounded, uniformly continuous function 𝑢 is a
viscosity solution of (22) provided
(a) 𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 𝑇}, and
(b) for each 𝑣 ∈ 𝐶∞(ℝ𝑛 × (0, 𝑇))

(24)
⎧
⎨
⎩

if 𝑢 − 𝑣 has a local maximum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0, 𝑇),
then

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≥ 0,
and

(25)
⎧
⎨
⎩

if 𝑢 − 𝑣 has a local minimum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0, 𝑇),
then

𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0), 𝑥0) ≤ 0.
Observe that for our terminal-value problem (22) we reverse the sense of
the inequalities from those for the initial-value problem.

(iii) The reader should check that if 𝑢 is the viscosity solution of (22), then
𝑤(𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑇 − 𝑡) (𝑥 ∈ ℝ𝑛, 0 ≤ 𝑡 ≤ 𝑇) is the viscosity solution of the
initial-value problem

{
𝑤𝑡 − 𝐻(𝐷𝑤, 𝑥) = 0 in ℝ𝑛 × (0, 𝑇)

𝑤 = 𝑔 on ℝ𝑛 × {𝑡 = 0}.
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Proof.
1. In view of the lemma, 𝑢 is bounded and Lipschitz continuous. In addi-

tion, we see directly from (4) and (6) that

𝑢(𝑥, 𝑇) = inf
𝜶(⋅)∈𝒜

𝐶𝑥,𝑇[𝜶(⋅)] = 𝑔(𝑥) (𝑥 ∈ ℝ𝑛).

2. Now let 𝑣 ∈ 𝐶∞(ℝ𝑛 × (0, 𝑇)), and assume

𝑢 − 𝑣 has a local maximum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0, 𝑇).
We must prove

(26) 𝑣𝑡(𝑥0, 𝑡0) + min
𝑎∈𝐴

{f(𝑥0, 𝑎) ⋅ 𝐷𝑣(𝑥0, 𝑡0) + 𝑟(𝑥0, 𝑎)} ≥ 0.

Suppose not. Then there exist 𝑎 ∈ 𝐴 and 𝜃 > 0 such that

(27) 𝑣𝑡(𝑥, 𝑡) + f(𝑥, 𝑎) ⋅ 𝐷𝑣(𝑥, 𝑡) + 𝑟(𝑥, 𝑎) ≤ −𝜃 < 0
for all points (𝑥, 𝑡) sufficiently close to (𝑥0, 𝑡0), say

(28) |𝑥 − 𝑥0| + |𝑡 − 𝑡0| < 𝛿.
Since 𝑢 − 𝑣 has a local maximum at (𝑥0, 𝑡0), we may as well also suppose

(29) {(𝑢 − 𝑣)(𝑥, 𝑡) ≤ (𝑢 − 𝑣)(𝑥0, 𝑡0)
for all (𝑥, 𝑡) satisfying (28).

Consider now the constant control𝜶(𝑠) ≡ 𝑎 (𝑡0 ≤ 𝑠 ≤ 𝑇) and the corresponding
dynamics

(30) {ẋ(𝑠) = f(x(𝑠), 𝑎) (𝑡0 < 𝑠 < 𝑇)
x(𝑡0) = 𝑥0.

Choose 0 < ℎ < 𝛿 so small that |x(𝑠) − 𝑥0| < 𝛿 for 𝑡0 ≤ 𝑠 ≤ 𝑡0 + ℎ. Then

(31) 𝑣𝑡(x(𝑠), 𝑠) + f(x(𝑠), 𝑎) ⋅ 𝐷𝑣(x(𝑠), 𝑠) + 𝑟(x(𝑠), 𝑎) ≤ −𝜃 (𝑡0 ≤ 𝑠 ≤ 𝑡0 + ℎ),
according to (27), (28). But utilizing (29), we find

(32)

𝑢(x(𝑡0 + ℎ), 𝑡0 + ℎ) − 𝑢(𝑥0, 𝑡0)
≤ 𝑣(x(𝑡0 + ℎ), 𝑡0 + ℎ) − 𝑣(𝑥0, 𝑡0)

= ∫
𝑡0+ℎ

𝑡0

𝑑
𝑑𝑠𝑣(x(𝑠), 𝑠) 𝑑𝑠

= ∫
𝑡0+ℎ

𝑡0
𝑣𝑡(x(𝑠), 𝑠) + 𝐷𝑣(x(𝑠), 𝑠) ⋅ ẋ(𝑠) 𝑑𝑠

= ∫
𝑡0+ℎ

𝑡0
𝑣𝑡(x(𝑠), 𝑠) + f(x(𝑠), 𝑎) ⋅ 𝐷𝑣(x(𝑠), 𝑠) 𝑑𝑠.
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In addition, the optimality condition (7) provides us with the inequality

(33) 𝑢(𝑥0, 𝑡0) ≤ ∫
𝑡0+ℎ

𝑡0
𝑟(x(𝑠), 𝑎) 𝑑𝑠 + 𝑢(x(𝑡0 + ℎ), 𝑡0 + ℎ).

Combining (32) and (33), we discover

0 ≤ ∫
𝑡0+ℎ

𝑡0
𝑣𝑡(x(𝑠), 𝑠) + f(x(𝑠), 𝑎) ⋅ 𝐷𝑣(x(𝑠), 𝑠) + 𝑟(x(𝑠), 𝑎) 𝑑𝑠 ≤ −𝜃ℎ,

according to (31). This contradiction establishes (26).
3. Now suppose

𝑢 − 𝑣 has a local minimum at a point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0, 𝑇);
we must prove

(34) 𝑣𝑡(𝑥0, 𝑡0) + min
𝑎∈𝐴

{f(𝑥0, 𝑎) ⋅ 𝐷𝑣(𝑥0, 𝑡0) + 𝑟(𝑥0, 𝑎)} ≤ 0.

Suppose not. Then there exists 𝜃 > 0 such that

(35) 𝑣𝑡(𝑥, 𝑡) + f(𝑥, 𝑎) ⋅ 𝐷𝑣(𝑥, 𝑡) + 𝑟(𝑥, 𝑎) ≥ 𝜃 > 0
for all 𝑎 ∈ 𝐴 and all (𝑥, 𝑡) sufficiently close to (𝑥0, 𝑡0), say

(36) |𝑥 − 𝑥0| + |𝑡 − 𝑡0| < 𝛿.
Since 𝑢 − 𝑣 has a local minimum at (𝑥0, 𝑡0), we may as well also suppose

(37) {(𝑢 − 𝑣)(𝑥, 𝑡) ≥ (𝑢 − 𝑣)(𝑥0, 𝑡0)
for all (𝑥, 𝑡) satisfying (36).

Choose 0 < ℎ < 𝛿 so small that |x(𝑠) − 𝑥0| < 𝛿 for 𝑡0 ≤ 𝑠 ≤ 𝑡0 + ℎ, where x(⋅)
solves

(38) {ẋ(𝑠) = f(x(𝑠), 𝜶(𝑠)) (𝑡0 < 𝑠 < 𝑇)
x(𝑡0) = 𝑥0

for some control 𝜶(⋅) ∈ 𝒜. This is possible owing to hypothesis (3).
Then utilizing (37), we find for any control 𝜶(⋅) that

(39)

𝑢(x(𝑡0 + ℎ), 𝑡0 + ℎ) − 𝑢(𝑥0, 𝑡0)
≥ 𝑣(x(𝑡0 + ℎ), 𝑡0 + ℎ) − 𝑣(𝑥0, 𝑡0)

= ∫
𝑡0+ℎ

𝑡0

𝑑
𝑑𝑠𝑣(x(𝑠), 𝑠) 𝑑𝑠

= ∫
𝑡0+ℎ

𝑡0
𝑣𝑡(x(𝑠), 𝑠) + f(x(𝑠), 𝜶(𝑠)) ⋅ 𝐷𝑣(x(𝑠), 𝑠) 𝑑𝑠,
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by (38). On the other hand, according to the optimality condition (7) we can
select a control 𝜶(⋅) ∈ 𝒜 so that

(40) 𝑢(𝑥0, 𝑡0) ≥ ∫
𝑡0+ℎ

𝑡0
𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 + 𝑢(x(𝑡0 + ℎ), 𝑡0 + ℎ) − 𝜃ℎ

2 .

Combining (39) and (40), we discover

𝜃ℎ
2 ≥ ∫

𝑡0+ℎ

𝑡0
𝑣𝑡(x(𝑠), 𝑠) + f(x(𝑠), 𝜶(𝑠)) ⋅ 𝐷𝑣(x(𝑠), 𝑠)

+ 𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠 ≥ 𝜃ℎ,
according to (35). This contradiction proves (34). □

Design of optimal controls. We have now shown that the value function 𝑢,
defined by (6), is the unique viscosity solution of the terminal-value problem
(22) for the Hamilton–Jacobi–Bellman equation. How does this PDE help us
solve the problem of synthesizing an optimal control? In informal terms, the
method is this. Given an initial time 0 < 𝑡 ≤ 𝑇 and an initial state 𝑥 ∈ ℝ𝑛, we
consider the optimal ODE

(41) {ẋ
∗(𝑠) = f(x∗(𝑠), 𝜶∗(𝑠)) (𝑡 < 𝑠 < 𝑇)
x∗(𝑡) = 𝑥,

where at each time 𝑠, 𝜶∗(𝑠) ∈ 𝐴 is selected so that

(42)
f(x∗(𝑠), 𝜶∗(𝑠)) ⋅ 𝐷𝑢(x∗(𝑠), 𝑠) + 𝑟(x∗(𝑠), 𝜶∗(𝑠))

= 𝐻(𝐷𝑢(x∗(𝑠), 𝑠), x∗(𝑠)).
In other words, given that the system is at the point x∗(𝑠) at time 𝑠, we adjust
the optimal control value 𝜶∗(𝑠) so as to attain the minimum in the definition
(23) of the Hamiltonian 𝐻. We call 𝜶∗(⋅) so defined a feedback control.

It is fairly easy to check that this prescription does in fact generate a mini-
mum cost trajectory, at least in regions where 𝑢 and 𝜶∗(⋅) are smooth (so that
(42) makes sense). There are however problems in interpreting (42) at points
where the gradient 𝐷𝑢 does not exist.

10.3.4. Hopf–Lax formula revisited. Remember that earlier in §3.3 we in-
vestigated this initial-value problem for the Hamilton–Jacobi equation:

(43) {
𝑢𝑡 + 𝐻(𝐷𝑢) = 0 in ℝ𝑛 × (0, 𝑇]

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0},
under the assumptions that

𝑝 ↦ 𝐻(𝑝) is convex, lim
|𝑝|→∞

𝐻(𝑝)
|𝑝| = +∞,
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and
𝑔 ∶ ℝ𝑛 → ℝ is Lipschitz continuous.

Notice that we are now taking 0 ≤ 𝑡 ≤ 𝑇, to be consistent with §10.2. We
introduced as well the Hopf–Lax formula for a solution:

(44) 𝑢(𝑥, 𝑡) = min
𝑦∈ℝ𝑛

{𝑡𝐿 (𝑥 − 𝑦
𝑡 ) + 𝑔(𝑦)} (𝑥 ∈ ℝ𝑛, 𝑡 > 0),

where 𝐿 is the Legendre transform of 𝐻:

(45) 𝐿(𝑣) = sup
𝑝∈ℝ𝑛

{𝑝 ⋅ 𝑣 − 𝐻(𝑝)} (𝑣 ∈ ℝ𝑛).

In order to tie together the theory set forth here and in §3.3, let us now check
that the Hopf–Lax formula gives the correct viscosity solution, as defined in
§10.1.1. (The proof is really just a special case of that for Theorem 2.)

THEOREM 3 (Hopf–Lax formula as viscosity solution). Assume in addition
that 𝑔 is bounded. Then the unique viscosity solution of the initial-value problem
(43) is given by the formula (44).

Proof.
1. As shown in §3.3 the function 𝑢 defined by (44) is Lipschitz continuous

and takes on the initial function 𝑔 at time 𝑡 = 0. It is easy to verify as well that
𝑢 is also bounded on ℝ𝑛 × (0, 𝑇], since 𝑔 is bounded.

2. Now let 𝑣 ∈ 𝐶∞(ℝ𝑛 × (0,∞)) and assume 𝑢−𝑣 has a local maximum at
(𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞). According to Lemma 1 in §3.3.2,

(46) 𝑢(𝑥0, 𝑡0) = min
𝑥∈ℝ𝑛

{(𝑡0 − 𝑡)𝐿 (𝑥0 − 𝑥
𝑡0 − 𝑡 ) + 𝑢(𝑥, 𝑡)}

for each 0 ≤ 𝑡 < 𝑡0. Thus for each 0 ≤ 𝑡 < 𝑡0, 𝑥 ∈ ℝ𝑛

(47) 𝑢(𝑥0, 𝑡0) ≤ (𝑡0 − 𝑡)𝐿 (𝑥0 − 𝑥
𝑡0 − 𝑡 ) + 𝑢(𝑥, 𝑡).

But since 𝑢 − 𝑣 has a local maximum at (𝑥0, 𝑡0),

𝑢(𝑥0, 𝑡0) − 𝑣(𝑥0, 𝑡0) ≥ 𝑢(𝑥, 𝑡) − 𝑣(𝑥, 𝑡)

for (𝑥, 𝑡) close to (𝑥0, 𝑡0). Combining this estimate with (47), we find

(48) 𝑣(𝑥0, 𝑡0) − 𝑣(𝑥, 𝑡) ≤ (𝑡0 − 𝑡)𝐿 (𝑥0 − 𝑥
𝑡0 − 𝑡 )

for 𝑡 < 𝑡0, (𝑥, 𝑡) close to (𝑥0, 𝑡0). Now write ℎ = 𝑡0 − 𝑡 and set 𝑥 = 𝑥0 − ℎ𝑤,
where 𝑤 ∈ ℝ𝑛 is given. Inequality (48) becomes

𝑣(𝑥0, 𝑡0) − 𝑣(𝑥0 − ℎ𝑤, 𝑡0 − ℎ) ≤ ℎ𝐿(𝑤).



10.3. Control Theory, Dynamic Programming 565

Divide by ℎ > 0 and send ℎ → 0:

𝑣𝑡(𝑥0, 𝑡0) + 𝐷𝑣(𝑥0, 𝑡0) ⋅ 𝑤 − 𝐿(𝑤) ≤ 0.
This is true for all 𝑤 ∈ ℝ𝑛 and so

(49) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0)) ≤ 0,
since

(50) 𝐻(𝑝) = sup
𝑤∈ℝ𝑛

{𝑝 ⋅ 𝑤 − 𝐿(𝑤)},

by the convex duality of𝐻 and𝐿. We have, as desired, established the inequality
(49) whenever 𝑢 − 𝑣 has a local maximum at (𝑥0, 𝑡0).

3. Now suppose instead 𝑢 − 𝑣 has a local minimum at a point (𝑥0, 𝑡0) ∈
ℝ𝑛 × (0, 𝑇). We must prove

(51) 𝑣𝑡(𝑥0, 𝑡0) + 𝐻(𝐷𝑣(𝑥0, 𝑡0)) ≥ 0.
Suppose to the contrary that estimate (51) fails, in which case

𝑣𝑡(𝑥, 𝑡) + 𝐻(𝐷𝑣(𝑥, 𝑡)) ≤ −𝜃 < 0
for some 𝜃 > 0 and all points (𝑥, 𝑡) close enough to (𝑥0, 𝑡0). In view of (50)

(52) 𝑣𝑡(𝑥, 𝑡) + 𝐷𝑣(𝑥, 𝑡) ⋅ 𝑣 − 𝐿(𝑣) ≤ −𝜃
for all (𝑥, 𝑡) near (𝑥0, 𝑡0) and all 𝑣 ∈ ℝ𝑛.

Now from (46) we see that if ℎ > 0 is small enough,

(53) 𝑢(𝑥0, 𝑡0) = ℎ𝐿 (𝑥0 − 𝑥1
ℎ ) + 𝑢(𝑥1, 𝑡0 − ℎ)

for some point 𝑥1 = 𝑥1(ℎ) close to 𝑥0. We then compute

𝑣(𝑥0, 𝑡0) − 𝑣(𝑥1, 𝑡0 − ℎ) = ∫
1

0

𝑑
𝑑𝑠𝑣(𝑠𝑥0 + (1 − 𝑠)𝑥1, 𝑡0 + (𝑠 − 1)ℎ) 𝑑𝑠

= ∫
1

0
𝐷𝑣(𝑠𝑥0 + (1 − 𝑠)𝑥1, 𝑡0 + (𝑠 − 1)ℎ) ⋅ (𝑥0 − 𝑥1)

+ 𝑣𝑡(𝑠𝑥0 + (1 − 𝑠)𝑥1, 𝑡0 + (𝑠 − 1)ℎ)ℎ 𝑑𝑠

= ℎ∫
1

0
𝐷𝑣(⋯) ⋅ (𝑥0 − 𝑥1

ℎ ) + 𝑣𝑡(⋯) 𝑑𝑠.

Now if ℎ > 0 is sufficiently small, we may apply (52), to find

𝑣(𝑥0, 𝑡0) − 𝑣(𝑥1, 𝑡0 − ℎ) ≤ ℎ𝐿 (𝑥0 − 𝑥1
ℎ ) − 𝜃ℎ.

But then (53) forces

𝑣(𝑥0, 𝑡0) − 𝑣(𝑥1, 𝑡0 − ℎ) ≤ 𝑢(𝑥0, 𝑡0) − 𝑢(𝑥1, 𝑡0 − ℎ) − 𝜃ℎ,
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a contradiction, since 𝑢 − 𝑣 has a local minimum at (𝑥0, 𝑡0). Consequently the
desired inequality (51) is indeed valid. □

10.4. PROBLEMS

1. Assume 𝑢 is a viscosity solution of

𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 in ℝ𝑛 × (0,∞).
Show that 𝑢̂ ≔ −𝑢 is a viscosity solution of

𝑢̂𝑡 + 𝐻̂(𝐷𝑢̂, 𝑥) = 0 in ℝ𝑛 × (0,∞),
for 𝐻̂(𝑝, 𝑥) ≔ −𝐻(−𝑝, 𝑥).

2. Let {𝑢𝑘}∞𝑘=1 be viscosity solutions of the Hamilton–Jacobi equations

𝑢𝑘𝑡 + 𝐻(𝐷𝑢𝑘, 𝑥) = 0 in ℝ𝑛 × (0,∞)
(𝑘 = 1, . . . ), and suppose 𝑢𝑘 → 𝑢 uniformly. Assume as well that 𝐻 is
continuous. Show 𝑢 is a viscosity solution of

𝑢𝑡 + 𝐻(𝐷𝑢, 𝑥) = 0 in ℝ𝑛 × (0,∞).
Hence the uniform limits of viscosity solutions are viscosity solutions.

3. Suppose for each 𝜖 > 0 that 𝑢𝜖 is a smooth solution of the parabolic equa-
tion

𝑢𝜖𝑡 + 𝐻(𝐷𝑢𝜖, 𝑥) − 𝜖
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑢𝜖𝑥𝑖𝑥𝑗 = 0

in ℝ𝑛 × (0,∞), where the smooth coefficients 𝑎𝑖𝑗 (𝑖, 𝑗 = 1, . . . , 𝑛) satisfy
the uniform ellipticity condition from Chapter 6. Suppose also that 𝐻 is
continuous and that 𝑢𝜖 → 𝑢 uniformly as 𝜖 → 0.

Prove that 𝑢 is a viscosity solution of 𝑢𝑡 +𝐻(𝐷𝑢, 𝑥) = 0. (This exercise
shows that viscosity solutions do not depend upon the precise structure of
the parabolic smoothing.)

4. Let 𝑢𝑖 (𝑖 = 1, 2) be viscosity solutions of

{
𝑢𝑖𝑡 + 𝐻(𝐷𝑢𝑖, 𝑥) = 0 in ℝ𝑛 × (0,∞)

𝑢𝑖 = 𝑔𝑖 on ℝ𝑛 × {𝑡 = 0}.
Assume 𝐻 satisfies condition (3) in §10.2. Prove the contraction property

sup
ℝ𝑛

|𝑢1(⋅, 𝑡) − 𝑢2(⋅, 𝑡)| ≤ sup
ℝ𝑛

|𝑔1 − 𝑔2| (𝑡 ≥ 0).
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5. (a) Show that 𝑢(𝑥) ≔ 1 − |𝑥| is a viscosity solution of

(∗) {
|𝑢′| = 1 in (−1, 1)

𝑢(−1) = 𝑢(1) = 0.
This means that for each 𝑣 ∈ 𝐶∞(−1, 1), if 𝑢 − 𝑣 has a maximum
(minimum) at a point 𝑥0 ∈ (−1, 1), then |𝑣′(𝑥0)| ≤ 1 (≥ 1).

(b) Show that 𝑢̃(𝑥) ≔ |𝑥| − 1 is not a viscosity solution of (∗).
(c) Show that 𝑢̃ is a viscosity solution of

(∗∗) {
−|𝑢̃′| = −1 in (−1, 1)
𝑢̃(−1) = 𝑢̃(1) = 0.

(Hint: What is the meaning of a viscosity solution of (∗∗)?)
(d) Why do problems (∗), (∗∗) have different viscosity solutions?

6. Let 𝑈 ⊂ ℝ𝑛 be open, bounded. Set 𝑢(𝑥) ≔ dist(𝑥, 𝜕𝑈) (𝑥 ∈ 𝑈). Prove that
𝑢 is Lipschitz continuous and that it is a viscosity solution of the eikonal
equation

|𝐷𝑢| = 1 in 𝑈.
This means that for each 𝑣 ∈ 𝐶∞(𝑈), if 𝑢 − 𝑣 has a maximum (minimum)
at a point 𝑥0 ∈ 𝑈, then |𝐷𝑣(𝑥0)| ≤ 1 (≥ 1).

7. Suppose an open set𝑈 ⊂ ℝ𝑛 is subdivided by a smooth hypersurface Γ into
the subregions𝑉+ and𝑉−. Let 𝜈 denote the unit normal to Γ, pointing into
𝑉+. Assume that 𝑢 is a viscosity solution of

𝐻(𝐷𝑢) = 0 in 𝑈
and that 𝑢 is smooth in ̄𝑉+ and ̄𝑉−. Write 𝑢+𝜈 for the limit of 𝐷𝑢 ⋅ 𝜈 along
Γ from within 𝑉+, and write 𝑢−𝜈 for the limit from within 𝑉−.

Prove that along Γ we have the inequalities

𝐻(𝜆𝐷𝑢− + (1 − 𝜆)𝐷𝑢+) ≥ 0 if 𝑢−𝜈 ≤ 𝑢+𝜈
and

𝐻(𝜆𝐷𝑢− + (1 − 𝜆)𝐷𝑢+) ≤ 0 if 𝑢+𝜈 ≤ 𝑢−𝜈
for each 0 ≤ 𝜆 ≤ 1, where 𝐷𝑢± denote the gradients along Γ from 𝑉±.

8. A surface described by the graph of 𝑢 ∶ ℝ2 → ℝ is illuminated by parallel
light rays from the vertical 𝑒3 direction. We assume the surface has con-
stant albedo and in addition is Lambertian, meaning that incoming right
rays are scattered equally in all directions. Then the intensity 𝑖 = 𝑖(𝑥) of
the reflected light above the point 𝑥 ∈ ℝ2 is given by the formula 𝑖 = 𝑒3 ⋅ 𝜈,
where 𝜈 is the upward pointing unit normal to the surface.

Show that 𝑢 solves a PDE of the form

|𝐷𝑢| = 𝑛
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for a given function 𝑛 = 𝑛(𝑥), computed in terms of the intensity 𝑖. (Find-
ing the surface by solving this PDE for𝑢 is the shape from shading problem.)

9. A yacht starts at the point (𝑥1, 0) on the positive 𝑥1-axis and sails to the
right at speed 𝑏1 > 0. Another yacht is initially at the point (0, 𝑥2) along
the positive 𝑥2-axis and starts in pursuit, sailing always towards the first
yacht at speed 𝑏2 > 𝑏1.

Find the PDE solved by

𝑢(𝑥1, 𝑥2) ≔ time it takes the second yacht to intercept the first.

(Think of this as a dynamic programming problem, but with no controls.)
10. (Infinite horizon control problem) Assume f and 𝑟 satisfy the conditions

given in §10.3. Given a point 𝑥 ∈ ℝ𝑛 and a control belonging to 𝒜 ≔ {𝜶 ∶
[0,∞) → 𝐴 ∣ 𝜶(⋅) is measurable }, let x(⋅) be the unique solution of the
ODE

{
ẋ(𝑠) = f(x(𝑠), 𝜶(𝑠)) (𝑠 > 0)
x(0) = 𝑥.

Fix 𝜆 > 0 and define the discounted cost

𝐶𝑥[𝜶(⋅)] ≔ ∫
∞

0
𝑒−𝜆𝑠𝑟(x(𝑠), 𝜶(𝑠)) 𝑑𝑠.

Define the value function

𝑢(𝑥) ≔ inf
𝜶(⋅)∈𝒜

𝐶𝑥[𝜶(⋅)].

(a) Show that 𝑢 is bounded and that if 𝜆 > Lip[f], then 𝑢 is Lipschitz
continuous.

(b) Show that if 0 < 𝜆 ≤ Lip[f], then 𝑢 is Hölder continuous for some
exponent 0 < 𝛼 < 1.

11. (Continuation) Prove that the value function 𝑢 is a viscosity solution of the
PDE

𝜆𝑢 −min
𝑎∈𝐴

{f(𝑥, 𝑎) ⋅ 𝐷𝑢 + 𝑟(𝑥, 𝑎)} = 0 in ℝ𝑛.

(This means that if 𝑣 is smooth and 𝑢 − 𝑣 has a local maximum at a point
𝑥0, then

𝜆𝑢 −min
𝑎∈𝐴

{f(𝑥, 𝑎) ⋅ 𝐷𝑣 + 𝑟(𝑥, 𝑎)} ≤ 0

at 𝑥0, and that the opposite inequality holds if 𝑢 − 𝑣 has a local minimum
at 𝑥0.)

The next sequence of exercises develops some of the theory of viscosity
solutions for fully nonlinear elliptic PDE of second order.
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12. Remember from §A.1 that if 𝑅, 𝑆 ∈ 𝕊𝑛, we write 𝑅 ≥ 𝑆 if 𝑅 − 𝑆 is nonneg-
ative definite. A function 𝐹 ∶ 𝕊𝑛 × ℝ𝑛 × ℝ𝑛 → ℝ, 𝐹 = 𝐹(𝑅, 𝑝, 𝑥), is elliptic
provided

𝑅 ≥ 𝑆 implies 𝐹(𝑅, 𝑝, 𝑥) ≤ 𝐹(𝑆, 𝑝, 𝑥).
Here 𝕊𝑛 denotes the space of real, 𝑛 × 𝑛 symmetric matrices.
(a) Show that 𝐹(𝑅) = − tr 𝑅 is elliptic.
(b) More generally, show that if 𝐴 ∈ 𝕊𝑛 and 𝐴 ≥ 0, then 𝐹(𝑅) = −𝐴 ∶

𝑅 = − tr(𝐴𝑅𝑇) is elliptic.
(c) Show that if for each 𝑘 = 1, . . . , 𝑚, 𝐹𝑘 is elliptic, then so are max𝑘 𝐹𝑘

and min𝑘 𝐹𝑘.
13. Let 𝐹 be continuous and elliptic. We say that a function 𝑢 ∈ 𝐶(𝑈) is a

viscosity solution of the fully nonlinear elliptic PDE

(∗) 𝐹(𝐷2𝑢,𝐷𝑢, 𝑥) = 0 in 𝑈,
provided for each 𝑣 ∈ 𝐶∞(𝑈), (i) if 𝑢 − 𝑣 has a local maximum at a point
𝑥0 ∈ 𝑈, then 𝐹(𝐷2𝑣(𝑥0), 𝐷𝑣(𝑥0), 𝑥0) ≤ 0 and (ii) if 𝑢 − 𝑣 has a local mini-
mum at a point 𝑥0 ∈ 𝑈, then 𝐹(𝐷2𝑣(𝑥0), 𝐷𝑣(𝑥0), 𝑥0) ≥ 0.

Show that if 𝑢 is a 𝐶2 solution of (∗), then 𝑢 is a viscosity solution.
14. Assume that 𝑢𝑘 is a viscosity solution of the elliptic PDE

𝐹(𝐷2𝑢𝑘, 𝐷𝑢𝑘, 𝑥) = 0 in 𝑈
for 𝑘 = 1, . . . . Suppose 𝑢𝑘 → 𝑢 uniformly and show 𝑢 is a viscosity solution
of

𝐹(𝐷2𝑢,𝐷𝑢, 𝑥) = 0 in 𝑈.
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Chapter 11

Systems of Conservation
Laws

11.1. INTRODUCTION

In this chapter we study systems of nonlinear, divergence structure first-order
hyperbolic PDE, which arise as models of conservation laws.

Physical interpretation. In the most general circumstance we would like to
investigate a vector function

u = u(𝑥, 𝑡) = (𝑢1(𝑥, 𝑡), . . . , 𝑢𝑚(𝑥, 𝑡)) (𝑥 ∈ ℝ𝑛, 𝑡 ≥ 0),
the components of which are the densities of various conserved quantities in
some physical system under investigation. Given then any smooth, bounded
region 𝑈 ⊂ ℝ𝑛, we note that the integral

(1) ∫
𝑈
u(𝑥, 𝑡) 𝑑𝑥

represents the total amount of these quantities within 𝑈 at time 𝑡. Now con-
servation laws typically assert that the rate of change within 𝑈 is governed by
a flux function F ∶ ℝ𝑚 → 𝕄𝑚×𝑛, which controls the rate of loss or increase of
u through 𝜕𝑈. Otherwise stated, it is appropriate to assume for each time 𝑡

(2) 𝑑
𝑑𝑡 ∫𝑈

u𝑑𝑥 = −∫
𝜕𝑈

F(u)𝝂 𝑑𝑆,

𝝂 denoting as usual the outward unit normal along𝑈. Rewriting (2), we deduce

(3) ∫
𝑈
u𝑡 𝑑𝑥 = −∫

𝜕𝑈
F(u)𝝂 𝑑𝑆 = −∫

𝑈
divF(u) 𝑑𝑥.

571
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As the region 𝑈 ⊂ ℝ𝑛 was arbitrary, we derive from (3) this initial-value prob-
lem for a general system of conservation laws:

(4) {
u𝑡 + divF(u) = 0 in ℝ𝑛 × (0,∞)

u = g on ℝ𝑛 × {𝑡 = 0},

the given function g = (𝑔1, . . . , 𝑔𝑚) describing the initial distribution of u =
(𝑢1, . . . , 𝑢𝑚).

At present a good mathematical understanding of problem (4) is largely
unavailable (but see Zheng [Zh]). For this reason we shall henceforth consider
instead the initial-value problem for a system of conservation laws in one space
dimension:

(5) {
u𝑡 + F(u)𝑥 = 0 in ℝ × (0,∞)

u = g on ℝ × {𝑡 = 0},
where F ∶ ℝ𝑚 → ℝ𝑚 and g ∶ ℝ → ℝ𝑚 are given and u ∶ ℝ × [0,∞) → ℝ𝑚 is
the unknown, u = u(𝑥, 𝑡). We call ℝ𝑚 the state space and write

F = F(𝑧) = (𝐹1(𝑧), . . . , 𝐹𝑚(𝑧)) (𝑧 ∈ ℝ𝑚)
for the smooth flux function.

We intend to study the solvability of problem (5), properties of its solutions,
etc.

Example 1. The 𝑝-system is this collection of two conservation laws:

(6) {
𝑢1𝑡 − 𝑢2𝑥 = 0 (compatibility condition)

𝑢2𝑡 − 𝑝(𝑢1)𝑥 = 0 (Newton’s law)

in ℝ × (0,∞), where 𝑝 ∶ ℝ → ℝ is given. Here

(7) F(𝑧) = (−𝑧2, −𝑝(𝑧1))
for 𝑧 = (𝑧1, 𝑧2). The𝑝-system arises as a rewritten form of the scalar quasilinear
wave equation

(8) 𝑢𝑡𝑡 − (𝑝(𝑢𝑥))𝑥 = 0 in ℝ × (0,∞).
Taking 𝑢1 ≔ 𝑢𝑥, 𝑢2 ≔ 𝑢𝑡, we obtain the system (6), with the stated interpreta-
tions.

Example 2. Euler’s equations for compressible gas flow in one dimension are

(9)
⎧⎪
⎨⎪
⎩

𝜌𝑡 + (𝜌𝑣)𝑥 = 0 (conservation of mass)

(𝜌𝑣)𝑡 + (𝜌𝑣2 + 𝑝)𝑥 = 0 (conservation of momentum)

(𝜌𝐸)𝑡 + (𝜌𝐸𝑣 + 𝑝𝑣)𝑥 = 0 (conservation of energy)
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inℝ×(0,∞). Here 𝜌 is themass density, 𝑣 the velocity, and 𝐸 the energy density
per unit mass. We assume

𝐸 = 𝑒 + 𝑣2
2 ,

where 𝑒 is the internal energy per unit mass and the term 𝑣2
2 corresponds to

the kinetic energy per unit mass. The letter 𝑝 in (9) denotes the pressure. We
assume 𝑝 is a known function

(10) 𝑝 = 𝑝(𝜌, 𝑒)

of 𝜌 and 𝑒; formula (10) is a constitutive relation. Writing u = (𝑢1, 𝑢2, 𝑢3) =
(𝜌, 𝜌𝑣, 𝜌𝐸), we check that (9) is a system of conservation laws of the requisite
form

u𝑡 + F(u)𝑥 = 0 in ℝ × (0,∞)

for F = (𝐹1, 𝐹2, 𝐹3),

(11)
⎧⎪
⎨⎪
⎩

𝐹1(𝑧) = 𝑧2
𝐹2(𝑧) = (𝑧2)2

𝑧1
+ 𝑝(𝑧1, 𝑧3𝑧1 −

1
2 (

𝑧2
𝑧1
)2)

𝐹3(𝑧) = 𝑧2𝑧3
𝑧1

+ 𝑝(𝑧1, 𝑧3𝑧1 −
1
2 (

𝑧2
𝑧1
)2)𝑧2𝑧1 ,

where 𝑧 = (𝑧1, 𝑧2, 𝑧3), 𝑧1 > 0.

Example 3. The one-dimensional shallow water equations are

{
ℎ𝑡 + (𝑣ℎ)𝑥 = 0 (conservation of mass)

(𝑣ℎ)𝑡 + (𝑣2ℎ + ℎ2
2 )𝑥

= 0 (conservation of momentum)

inℝ×[0,∞), where 𝑣 is the horizontal velocity and ℎ > 0 is the height. Putting
𝑞 ≔ 𝑣ℎ, we can rewrite the equations into standard conservation law form:

{
ℎ𝑡 + 𝑞𝑥 = 0

𝑞𝑡 + (𝑞
2

ℎ + ℎ2
2 )𝑥

= 0.

Here

F(𝑧) = (𝑧2,
𝑧22
𝑧1

+ 𝑧21
2 )

for 𝑧 = (𝑧1, 𝑧2), 𝑧1 > 0.
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11.1.1. Integral solutions. The great difficulty in this subject is discovering
a proper notion of weak solution for the initial-value problem (5). We have
already encountered similar issues in §3.4 in our study of the much simpler
case of a single or scalar conservation law (i.e., 𝑚 = 1 above).

Following then the development in §3.4.1, let us suppose

(12) {v ∶ ℝ × [0,∞) → ℝ𝑚 is smooth,
with compact support, v = (𝑣1, . . . , 𝑣𝑚).

We temporarily assume u is a smooth solution of our problem (5), take the dot
product of the PDE u𝑡 + F(u)𝑥 = 0 with the test function v, and integrate by
parts, to obtain the equality

(13) ∫
∞

0
∫

∞

−∞
u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡 +∫

∞

−∞
g ⋅ v𝑑𝑥|𝑡=0 = 0.

This identity, which we derived supposing u to be a smooth solution, makes
sense if u is merely bounded.

DEFINITION. We say thatu ∈ 𝐿∞(ℝ×(0,∞); ℝ𝑚) is an integral solution of the
initial-value problem (5) provided the equality (13) holds for all test functions
v satisfying (12).

Continuing now to parallel the development in §3.4.1 for a single conser-
vation law, let us now consider the situation that we have an integral solution
u of (5) which is smooth on either side of a curve 𝐶, along which u has simple
jump discontinuities. More precisely, let us assume that𝑉 ⊂ ℝ×(0,∞) is some
region cut by a smooth curve 𝐶 into a left-hand part 𝑉 𝑙 and a right-hand part
𝑉𝑟.

Assuming thatu is smooth in𝑉 𝑙, we select the test function vwith compact
support in 𝑉 𝑙 and deduce from (13) that

(14) u𝑡 + F(u)𝑥 = 0 in 𝑉 𝑙.
Similarly, we have

(15) u𝑡 + F(u)𝑥 = 0 in 𝑉𝑟,
provided u is smooth in 𝑉𝑟. Now choose a test function vwith compact support
in 𝑉 but which does not necessarily vanish along the curve 𝐶. Then utilizing
the identity (13), we find

(16)
0 = ∫

∞

0
∫

∞

−∞
u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡

=∬
𝑉𝑙

u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡 +∬
𝑉𝑟

u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡.
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Rankine-Hugoniot condition

As v has compact support within 𝑉 , we deduce

(17)

∬
𝑉𝑙

u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡 = −∬
𝑉𝑙

[u𝑡 + F(u)𝑥] ⋅ v𝑑𝑥𝑑𝑡

+∫
𝐶
(u𝑙𝜈2 + F(u𝑙)𝜈1) ⋅ v𝑑𝑙

= ∫
𝐶
(u𝑙𝜈2 + F(u𝑙)𝜈1) ⋅ v𝑑𝑙,

owing to (14). Here 𝝂 = (𝜈1, 𝜈2) is the unit normal to the curve 𝐶 pointing from
𝑉 𝑙 into 𝑉𝑟, and the subscript “𝑙” denotes the limit from the left. Likewise (16)
implies

∬
𝑉𝑟

u ⋅ v𝑡 + F(u) ⋅ v𝑥 𝑑𝑥𝑑𝑡 = −∫
𝐶
(u𝑟𝜈2 + F(u𝑟)𝜈1) ⋅ v𝑑𝑙,

“𝑟” denoting the limit from the right. Adding this identity to (17) and remem-
bering (16), we deduce

∫
𝐶
[(F(u𝑙) − F(u𝑟))𝜈1 + (u𝑙 − u𝑟)𝜈2] ⋅ v𝑑𝑙 = 0.

This identity obtains for all smooth functions v as above, whence

(18) (F(u𝑙) − F(u𝑟))𝜈1 + (u𝑙 − u𝑟)𝜈2 = 0 along 𝐶.
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Suppose now the curve 𝐶 is represented parametrically as { (𝑥, 𝑡) ∣ 𝑥 = 𝑠(𝑡) }
for some smooth function 𝑠(⋅) ∶ [0,∞) → ℝ. Then 𝝂 = (𝜈1, 𝜈2) = (1 +
̇𝑠2)−1/2(1, − ̇𝑠). Consequently (18) reads

(19) F(u𝑙) − F(u𝑟) = ̇𝑠(u𝑙 − u𝑟)
in 𝑉 along the curve 𝐶.

NOTATION.

⎧⎪
⎨⎪
⎩

⟦u⟧ = u𝑙 − u𝑟 = jump in u across the curve 𝐶

⟦F(u)⟧ = F(u𝑙) − F(u𝑟) = jump in F(u)

𝜎 = ̇𝑠 = speed of the curve 𝐶.

Let us then rewrite (19) as the identity

(20) ⟦F(u)⟧ = 𝜎⟦u⟧
along the discontinuity curve, the Rankine–Hugoniot jump condition. Note
carefully this is a vector equality.

11.1.2. Travelingwaves, hyperbolic systems. We have seen in §3.4 that the
notion of an integral solution for conservation laws is not adequate: such so-
lutions need not be unique. We are therefore intent upon discovering some
additional requirements for a good definition of a generalized solution. This
will presumably entail as in §3.4 an entropy criterion based upon an analysis
of shock waves. This expectation, now as carried over to systems, is largely
correct, but first of all we must study more carefully the nonlinearity F in the
hopes of discovering mathematically appropriate and physically correct struc-
tural conditions to impose.

Let us start by first considering the wider class of semilinear systems having
the nondivergence form:

(21) u𝑡 + B(u)u𝑥 = 0 in ℝ × (0,∞),
whereB ∶ ℝ𝑚 → 𝕄𝑚×𝑚. This system is for smooth functions equivalent to the
conservation law in (5), provided

B = 𝐷F = (
𝐹1𝑧1 . . . 𝐹1𝑧𝑚

⋱
𝐹𝑚𝑧1 . . . 𝐹𝑚𝑧𝑚

)
𝑚×𝑚

.

We consider now the possibility of finding particular solutions which have the
form of a traveling wave:

(22) u(𝑥, 𝑡) = v(𝑥 − 𝜎𝑡) (𝑥 ∈ ℝ, 𝑡 > 0),
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where the profile v ∶ ℝ → ℝ𝑚 and the velocity 𝜎 ∈ ℝ are to be found. We
substitute expression (22) into the PDE (21) and thereby obtain the equality

(23) −𝜎v′(𝑥 − 𝜎𝑡) + B(v(𝑥 − 𝜎𝑡))v′(𝑥 − 𝜎𝑡) = 0.
Observe that (23) says 𝜎 is an eigenvalue of the matrix B(v) corresponding to
the eigenvector v′.

This conclusion suggests (exactly as for the linear theory in §7.3) that if we
wish to find traveling waves or, more generally, wavelike solutions of our system
of PDE, we should make some sort of hyperbolicity hypothesis concerning the
eigenvalues of B.

DEFINITION. If for each 𝑧 ∈ ℝ𝑚 the eigenvalues ofB(𝑧) are real and distinct,
we call the system (21) strictly hyperbolic.

We henceforth assume the system of partial differential equations (21) (and
the special case B = 𝐷F of conservation laws ) to be strictly hyperbolic.

NOTATION.
(i) We will write

(24) 𝜆1(𝑧) < 𝜆2(𝑧) < ⋯ < 𝜆𝑚(𝑧) (𝑧 ∈ ℝ𝑚)
to denote the real and distinct eigenvalues of B(𝑧), in increasing order.

(ii) Then for each 𝑘 = 1, . . . , 𝑚, we let

r𝑘(𝑧)
denote a corresponding nonzero eigenvector, so that

(25) B(𝑧)r𝑘(𝑧) = 𝜆𝑘(𝑧)r𝑘(𝑧) (𝑘 = 1, . . . , 𝑚, 𝑧 ∈ ℝ𝑚).
Since we are always assuming the strict hyperbolicity condition, the vectors
{r𝑘(𝑧)}𝑚𝑘=1 span ℝ𝑚 for each 𝑧 ∈ ℝ𝑚.

(iii) Next, since a matrix and its transpose have the same spectrum, we can
introduce for each 𝑘 = 1, . . . , 𝑚 a nonzero eigenvector

l𝑘(𝑧)
for the matrix B(𝑧)𝑇 , corresponding to the eigenvalue 𝜆𝑘(𝑧). Thus

(26) B(𝑧)𝑇 l𝑘(𝑧) = 𝜆𝑘(𝑧)l𝑘(𝑧) (𝑘 = 1, . . . , 𝑚, 𝑧 ∈ ℝ𝑚).
This equality is usually written

(27) l𝑘(𝑧)B(𝑧) = 𝜆(𝑧)l𝑘(𝑧) (𝑘 = 1, . . . , 𝑚, 𝑧 ∈ ℝ𝑚).
Thus {l𝑘(𝑧)}𝑚𝑘=1 can be regarded as left eigenvectors of B(𝑧), and {r𝑘(𝑧)}𝑚𝑘=1 are
right eigenvectors.
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Remark. Additionally, we observe

(28) l𝑙(𝑧) ⋅ r𝑘(𝑧) = 0 if 𝑘 ≠ 𝑙 (𝑧 ∈ ℝ𝑚).
To confirm this, we compute using (25) and (26) that

𝜆𝑘(𝑧)(l𝑙(𝑧) ⋅ r𝑘(𝑧)) = l𝑙(𝑧) ⋅ (B(𝑧)r𝑘(𝑧)) = (B(𝑧)𝑇 l𝑙(𝑧)) ⋅ r𝑘(𝑧)
= 𝜆𝑙(𝑧)(l𝑙(𝑧) ⋅ r𝑘(𝑧)),

whence (28) follows since 𝜆𝑘(𝑧) ≠ 𝜆𝑙(𝑧) if 𝑘 ≠ 𝑙.

Let us first show that the notion of strict hyperbolicity is independent of
coordinates.

THEOREM 1 (Invariance of hyperbolicity under change of coordinates). Let
u be a smooth solution of the strictly hyperbolic system (21). Assume also 𝚽 ∶
ℝ𝑚 → ℝ𝑚 is a smooth diffeomorphism, with inverse𝚿. Then
(29) ũ ≔ 𝚽(u)
solves the strictly hyperbolic system

(30) ũ𝑡 + B̃(ũ)ũ𝑥 = 0 in ℝ × (0,∞),
for

(31) B̃( ̃𝑧) ≔ 𝐷𝚽(𝚿( ̃𝑧))B(𝚿( ̃𝑧))𝐷𝚿( ̃𝑧) ( ̃𝑧 ∈ ℝ𝑚).

Proof.
1. We compute ũ𝑡 = 𝐷𝚽(u)u𝑡, ũ𝑥 = 𝐷𝚽(u)u𝑥, and so equation (30) is

valid for B( ̃𝑧) = 𝐷𝚽(𝑧)B(𝑧)𝐷𝚽−1(𝑧), where ̃𝑧 = 𝚽(𝑧). Substituting 𝑧 = 𝚿( ̃𝑧),
we obtain (31).

2. We must prove that the system (30) is strictly hyperbolic. If 𝜆𝑘(𝑧) is an
eigenvalue of B(𝑧), with corresponding right eigenvector r𝑘(𝑧), we have

B(𝑧)r𝑘(𝑧) = 𝜆𝑘(𝑧)r𝑘(𝑧).
Setting

(32) ̃r𝑘( ̃𝑧) ≔ 𝐷𝚽(𝚿( ̃𝑧))r𝑘(𝚿( ̃𝑧)),

(33) ̃𝜆𝑘( ̃𝑧) ≔ 𝜆𝑘(𝚿( ̃𝑧)),
we compute

(34) B̃( ̃𝑧) ̃r𝑘( ̃𝑧) = ̃𝜆𝑘( ̃𝑧) ̃r𝑘( ̃𝑧).
Similarly if l𝑘(𝑧) is a left eigenvector, we write

(35) ̃l𝑘( ̃𝑧) ≔ l𝑘(𝚿( ̃𝑧))𝐷𝚿( ̃𝑧)
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and calculate

(36) ̃l𝑘( ̃𝑧)B̃( ̃𝑧) = ̃𝜆𝑘( ̃𝑧) ̃l𝑘( ̃𝑧).

In view of (32)–(36), we conclude that the system (30) is strictly hyperbolic. □

Next we study how 𝜆𝑘(𝑧), r𝑘(𝑧) and l𝑘(𝑧) change as 𝑧 varies:

THEOREM 2 (Dependence of eigenvalues and eigenvectors on parameters).
Assume the matrix function B is smooth, strictly hyperbolic.

(i) Then the eigenvalues 𝜆𝑘(𝑧) depend smoothly on 𝑧 ∈ ℝ𝑚 (𝑘 = 1, . . . ,𝑚).
(ii) Furthermore, we can select the right eigenvectors r𝑘(𝑧) and left eigenvec-

tors l𝑘(𝑧) to depend smoothly on 𝑧 ∈ ℝ𝑚 and satisfy the normalization

|r𝑘(𝑧)|, |l𝑘(𝑧)| = 1 (𝑘 = 1, . . . , 𝑚).

Proof.

1. Since B(𝑧) is strictly hyperbolic, for each 𝑧0 ∈ ℝ𝑚 we have

(37) 𝜆1(𝑧0) < 𝜆2(𝑧0) < ⋯ < 𝜆𝑚(𝑧0).

Fix 𝑘 ∈ {1, . . . , 𝑚} and any point 𝑧0 ∈ ℝ𝑚, and let r𝑘(𝑧0) satisfy

{
𝐵(𝑧0)r𝑘(𝑧0) = 𝜆𝑘(𝑧0)r𝑘(𝑧0)

|r𝑘(𝑧0)| = 1.

Upon rotating coordinates if necessary, we may assume

(38) r𝑘(𝑧0) = 𝑒𝑚 = (0, . . . , 1).

We first show that near 𝑧0, there exist smooth functions 𝜆𝑘(𝑧), r𝑘(𝑧) such that

{
B(𝑧)r𝑘(𝑧) = 𝜆𝑘(𝑧)r𝑘(𝑧)

|r𝑘(𝑧)| = 1.

2. We will apply the Implicit Function Theorem (§C.7) to the smooth func-
tion Φ ∶ ℝ𝑚 × ℝ × ℝ𝑚 → ℝ𝑚+1 defined by

Φ(𝑟, 𝜆, 𝑧) = (B(𝑧)𝑟 − 𝜆𝑟, |𝑟|2) (𝑟, 𝑧 ∈ ℝ𝑚, 𝜆 ∈ ℝ).

Now

𝜕Φ(𝑟, 𝜆, 𝑧)
𝜕(𝑟, 𝜆) =

⎛
⎜
⎜
⎝

−𝑟1
B(𝑧) − 𝜆𝐼 ⋮

−𝑟𝑚
2𝑟1 . . . 2𝑟𝑚 0

⎞
⎟
⎟
⎠(𝑚+1)×(𝑚+1)

,
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and so, according to (38), it suffices to check that

(39) det
⎛
⎜
⎜
⎝

0
B(𝑧0) − 𝜆𝑘(𝑧0)𝐼 ⋮

−1
0 . . . . . . 2 0

⎞
⎟
⎟
⎠

≠ 0.

3. Note that for 𝜖 > 0 sufficiently small, the matrix

(40) B𝜖 = B(𝑧0) − (𝜆𝑘(𝑧0) + 𝜖)𝐼

is invertible. In light of (38),

B𝜖𝑒𝑚 = −𝜖𝑒𝑚.

Therefore

⎛
⎜
⎜
⎝

0
B𝜖 ⋮

−1
0 . . . 2 0

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

0
𝐼 ⋮

(−𝜖)−1
0 . . . 0 1

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

0
B𝜖 ⋮

0
0 . . . 2 2(−𝜖)−1

⎞
⎟
⎟
⎠

.

Consequently, since the determinant of the second matrix before the equals
sign is one, we have

det
⎛
⎜
⎜
⎝

0
B𝜖 ⋮

−1
0 . . . 2 0

⎞
⎟
⎟
⎠

= 2(detB𝜖)(−𝜖)−1

= 2∏
𝑗≠𝑘

(𝜆𝑗(𝑧0) − (𝜆𝑘(𝑧0) + 𝜖))(−𝜖)(−𝜖)−1

→ 2∏
𝑗≠𝑘

(𝜆𝑗(𝑧0) − 𝜆𝑘(𝑧0)) as 𝜖 → 0.

As 𝐵(𝑧0) is strictly hyperbolic, the last expression is nonzero. Condition (39) is
verified. We may thus invoke the Implicit Function Theorem (§C.7) to find near
𝑧0 smooth functions 𝜆𝑘(𝑧) and r𝑘(𝑧), satisfying the conclusion of the theorem.

4. It remains to show that we can define 𝜆𝑘(𝑧) and r𝑘(𝑧) for all 𝑧 ∈ ℝ𝑚 and
not just near any particular point 𝑧0. To do so, let us write

𝑅 ≔ sup{ 𝑟 > 0 ∣ 𝜆𝑘(𝑧), r𝑘(𝑧) as above exist and are smooth on 𝐵(0, 𝑟) }.

If 𝑅 = ∞, we are done. Otherwise, we cover 𝜕𝐵(0, 𝑅) with finitely many open
balls into which we can smoothly extend 𝜆𝑘(⋅) and r𝑘(⋅), using steps 1–3 above.
This yields a contradiction to the definition of 𝑅.

A similar proof works for the left eigenvectors. □



11.1. Introduction 581

Observe that we are not only globally and smoothly defining the eigenval-
ues and eigenspaces of B, but are also globally providing the eigenspaces with
an orientation.

This proof depends fundamentally upon the one-dimensionality of the
eigenspaces. See Problem 3 for an example of what could go wrong in the hy-
perbolic, but not strictly hyperbolic, setting.

Example 1 (continued). For the 𝑝-system (6), we have
u𝑡 + B(u)u𝑥 = 0,

for
B(𝑧) = 𝐷F(𝑧) = ( 0 −1

−𝑝′(𝑧1) 0 ) .

The eigenvalues are 𝜆1 = −𝜎, 𝜆2 = 𝜎, for 𝜎 ≔ 𝑝′(𝑧1)1/2. These are real and
distinct provided we hereafter suppose the strict hyperbolicity condition
(41) 𝑝′ > 0.
For the nonlinear wave equation (8) this is the physical assumption that the
stress 𝑝(𝑢𝑥) is a strictly increasing function of the strain 𝑢𝑥.

Example 2 (continued). Euler’s equations (9) comprise a strictly hyperbolic
system provided we assume 𝑝 > 0 and

(42) 𝜕𝑝
𝜕𝜌 > 0, 𝜕𝑝𝜕𝑒 > 0,

where 𝑝 = 𝑝(𝜌, 𝑒) is the constitutive relation between the mass density, the
internal energy density and the pressure. This assertion is however difficult to
verify directly, as the flux function F defined by (11) is complicated.

Let us rather change variables and regard the density 𝜌, velocity 𝑣 and in-
ternal energy 𝑒 as the unknowns. We can then rewrite Euler’s equations (9) in
terms of these quantities and, in so doing, obtain after some calculations the
system

(43)
⎧⎪
⎨⎪
⎩

𝜌𝑡 + 𝑣𝜌𝑥 + 𝜌𝑣𝑥 = 0
𝑣𝑡 + 𝑣𝑣𝑥 + 1

𝜌𝑝𝑥 = 0
𝑒𝑡 + 𝑣𝑒𝑥 + 𝑝

𝜌𝑣𝑥 = 0,
provided 𝜌 > 0. These equations are not in conservation form. Setting now
u = (𝑢1, 𝑢2, 𝑢3) = (𝜌, 𝑣, 𝑒), we rewrite (43) as
(44) u𝑡 + B(u)u𝑥 = 0 in ℝ × (0,∞),
for
(45) B(𝑧) = 𝑧2𝐼 + B̂(𝑧),
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where

B̂(𝑧) ≔
⎛
⎜⎜
⎝

0 𝑧1 0
1
𝑧1

𝜕𝑝
𝜕𝜌 (𝑧1, 𝑧3) 0 1

𝑧1
𝜕𝑝
𝜕𝑒 (𝑧1, 𝑧3)

0 1
𝑧1
𝑝(𝑧1, 𝑧3) 0

⎞
⎟⎟
⎠
.

The characteristic polynomial of B̂ is−𝜆(𝜆2−𝜎2), for 𝜎2 = 𝑝
𝑧21

𝜕𝑝
𝜕𝑒 +

𝜕𝑝
𝜕𝜌 . Recalling

(45) and reverting to physical notation, we see that the eigenvalues of B are

(46) 𝜆1 = 𝑣 − 𝜎, 𝜆2 = 𝑣, 𝜆3 = 𝑣 + 𝜎,

where

𝜎 ≔ ( 𝑝𝜌2
𝜕𝑝
𝜕𝑒 +

𝜕𝑝
𝜕𝜌)

1/2
> 0

is the local sound speed. We therefore see that the system (44) is strictly hy-
perbolic, provided assumption (42) is valid. Remembering now Theorem 1, we
deduce that Euler’s equations (9) are also strictly hyperbolic, with eigenvalues
given by (46).

11.2. RIEMANN’S PROBLEM

In this section we investigate in detail the system of conservation laws

(1) u𝑡 + F(u)𝑥 = 0 in ℝ × (0,∞),

with the piecewise-constant initial data

(2) g = {𝑢𝑙 if 𝑥 < 0
𝑢𝑟 if 𝑥 > 0.

This is Riemann’s problem. We call the given vectors 𝑢𝑙 and 𝑢𝑟 the left and right
initial states.

11.2.1. Simple waves. We commence our study of (1), (2) in very much the
same spirit as in §11.1.2, in that we look for solutions of (1) having a special
form. Before we searched for traveling waves, that is, solutions of the type
u(𝑥, 𝑡) = v(𝑥 − 𝜎𝑡). We now seek simple waves. These are solutions of (1)
having the structure

(3) u(𝑥, 𝑡) = v(𝑤(𝑥, 𝑡)) (𝑥 ∈ ℝ, 𝑡 > 0),

where v ∶ ℝ → ℝ𝑚, v = (𝑣1, . . . , 𝑣𝑚), and 𝑤 ∶ ℝ × [0,∞) → ℝ are to be found.
To discover the requisite properties of v and 𝑤, let us substitute (3) into (1) and
obtain the equality

(4) v̇(𝑤)𝑤𝑡 + 𝐷F(v(𝑤))v̇(𝑤)𝑤𝑥 = 0.
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Now in view of equation (25) from §11.1.2, with B = 𝐷F, we see (4) will be
valid if for some 𝑘 ∈ {1, . . . , 𝑚}, 𝑤 solves the PDE
(5) 𝑤𝑡 + 𝜆𝑘(v(𝑤))𝑤𝑥 = 0
and v solves the ODE

(6) v̇(𝑠) = r𝑘(v(𝑠)) (⋅ = 𝑑
𝑑𝑠) .

If (5) and (6) hold, we call the function u defined by (3) a 𝑘-simple wave. The
point of all this is that we can regard (6) as an ODE for the vector function v,
and then—once v has been found by solving (6)—we can interpret equation
(5) as a scalar conservation law for 𝑤.

Let us next identify circumstances under which we can employ the con-
struction (3)–(6) to build a continuous solution u of (1). We must examine first
the ODE (6).

DEFINITION. Given a fixed state 𝑧0 ∈ ℝ𝑚, we define the 𝑘𝑡ℎ-rarefaction
curve

𝑅𝑘(𝑧0)
to be the path in ℝ𝑚 of the solution of the ODE (6) which passes through 𝑧0.

Rarefaction curve

Given then the solution v of (6), we turn to the PDE (5), which we rewrite
as the scalar conservation law
(7) 𝑤𝑡 + 𝐹𝑘(𝑤)𝑥 = 0
for

(8) 𝐹𝑘(𝑠) ≔ ∫
𝑠

0
𝜆𝑘(v(𝑡)) 𝑑𝑡 (𝑠 ∈ ℝ).

The PDE (7) will fall under the general theory developed in §3.4 provided 𝐹𝑘
is strictly convex (or else strictly concave). Let us therefore compute
(9) 𝐹 ′

𝑘(𝑠) = 𝜆𝑘(v(𝑠)),

(10) 𝐹″𝑘 (𝑠) = 𝐷𝜆𝑘(v(𝑠)) ⋅ v̇(𝑠) = 𝐷𝜆𝑘(v(𝑠)) ⋅ r𝑘(v(𝑠)).
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Owing to (10), the function 𝐹𝑘 will be convex if

𝐷𝜆𝑘(𝑧) ⋅ r𝑘(𝑧) > 0 (𝑧 ∈ ℝ𝑚)

and concave if

𝐷𝜆𝑘(𝑧) ⋅ r𝑘(𝑧) < 0 (𝑧 ∈ ℝ𝑚).

The function 𝐹𝑘 is linear provided

𝐷𝜆𝑘(𝑧) ⋅ r𝑘(𝑧) ≡ 0 (𝑧 ∈ ℝ𝑚).

These possibilities motivate the following

DEFINITIONS.

(i) The pair (𝜆𝑘(𝑧), r𝑘(𝑧)) is called genuinely nonlinear provided

(11) 𝐷𝜆𝑘(𝑧) ⋅ r𝑘(𝑧) ≠ 0 for all 𝑧 ∈ ℝ𝑚.

(ii) We say (𝜆𝑘(𝑧), r𝑘(𝑧)) is linearly degenerate if

(12) 𝐷𝜆𝑘(𝑧) ⋅ r𝑘(𝑧) = 0 for all 𝑧 ∈ ℝ𝑚.

NOTATION. If the pair (𝜆𝑘, r𝑘) is genuinely nonlinear, write

𝑅+𝑘 (𝑧0) ≔ { 𝑧 ∈ 𝑅𝑘(𝑧0) ∣ 𝜆𝑘(𝑧) > 𝜆𝑘(𝑧0) }

and

𝑅−𝑘 (𝑧0) ≔ { 𝑧 ∈ 𝑅𝑘(𝑧0) ∣ 𝜆𝑘(𝑧) < 𝜆𝑘(𝑧0) }.

Then

𝑅𝑘(𝑧0) = 𝑅+𝑘 (𝑧0) ∪ {𝑧0} ∪ 𝑅−𝑘 (𝑧0).

Two parts of the rarefaction curve
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11.2.2. Rarefaction waves. We turn our attention again to Riemann’s prob-
lem (1), (2).

THEOREM 1 (Existence of 𝑘-rarefaction waves). Suppose that for some 𝑘 ∈
{1, . . . , 𝑚},

(i) the pair (𝜆𝑘, r𝑘) is genuinely nonlinear, and
(ii) 𝑢𝑟 ∈ 𝑅+𝑘 (𝑢𝑙).

Then there exists a continuous integral solution u of Riemann’s problem (1), (2),
which is a 𝑘-simple wave constant along lines through the origin.

We call u a (centered) 𝑘-rarefaction wave.

𝑘-rarefaction wave

Proof. We first choose𝑤𝑙 and𝑤𝑟 ∈ ℝ so that 𝑢𝑙 = v(𝑤𝑙), 𝑢𝑟 = v(𝑤𝑟). Suppose
for the moment

(13) 𝑤𝑙 < 𝑤𝑟.
Consider then the scalar Riemann problem consisting of the PDE (7) together
with the initial condition

(14) 𝑔 = {𝑤𝑙 if 𝑥 < 0
𝑤𝑟 if 𝑥 > 0.

Now in view of hypothesis (ii) we have 𝜆𝑘(𝑢𝑟) > 𝜆𝑘(𝑢𝑙); that is, according to
(9), 𝐹′𝑘(𝑤𝑟) > 𝐹′𝑘(𝑤𝑙). But then it follows from (i) that the function 𝐹𝑘 defined
by (8) is strictly convex. Accordingly we can apply Theorem 4 in §3.4.4 to the
scalar Riemann problem (7), (14), whose unique weak solution is a continuous
rarefaction wave connecting the states 𝑤𝑙 and 𝑤𝑟. More specifically,

𝑤(𝑥, 𝑡) =
⎧
⎨
⎩

𝑤𝑙 if 𝑥
𝑡 < 𝐹′𝑘(𝑤𝑙)

𝐺𝑘(𝑥𝑡 ) if 𝐹′𝑘(𝑤𝑙) < 𝑥
𝑡 < 𝐹′𝑘(𝑤𝑟) (𝑥 ∈ ℝ, 𝑡 > 0)

𝑤𝑟 if 𝑥
𝑡 > 𝐹′𝑘(𝑤𝑟),



586 11. Systems of Conservation Laws

where 𝐺𝑘 = (𝐹′𝑘)−1. Thus u(𝑥, 𝑡) = v(𝑤(𝑥, 𝑡)), where v solves the ODE (6) and
passes through 𝑢𝑙, is a continuous integral solution of (1), (2).

The case 𝑤𝑙 > 𝑤𝑟 is treated similarly, since 𝐹𝑘 is then concave. □

11.2.3. Shock waves, contact discontinuities. We consider next the possi-
bility that the states 𝑢𝑙 and 𝑢𝑟 may be joined not by a rarefaction wave as above,
but rather by a shock.

𝑘-shock wave

a. The shock set. Recalling the Rankine–Hugoniot condition from §11.1.1,
we see that necessarily we must have the equality F(𝑢𝑙) − F(𝑢𝑟) = 𝜎(𝑢𝑙 − 𝑢𝑟),
where 𝜎 ∈ ℝ, for such a shock wave to exist. This observation motivates the
following

DEFINITION. Given a fixed state 𝑧0 ∈ ℝ𝑚, we define the shock set

𝑆(𝑧0) ≔ { 𝑧 ∈ ℝ𝑚 ∣ F(𝑧) − F(𝑧0) = 𝜎(𝑧 − 𝑧0) for a constant 𝜎 = 𝜎(𝑧, 𝑧0) }.

THEOREM2 (Structure of the shock set). Fix 𝑧0 ∈ ℝ𝑚. In some neighborhood
of 𝑧0, 𝑆(𝑧0) consists of the union of𝑚 smooth curves 𝑆𝑘(𝑧0) (𝑘 = 1, . . . ,𝑚), with
the following properties:

(i) The curve 𝑆𝑘(𝑧0) passes through 𝑧0, with tangent r𝑘(𝑧0).
(ii) lim𝑧→𝑧0

𝑧∈𝑆𝑘(𝑧0)
𝜎(𝑧, 𝑧0) = 𝜆𝑘(𝑧0).

(iii) 𝜎(𝑧, 𝑧0) = 𝜆𝑘(𝑧)+𝜆𝑘(𝑧0)
2 + 𝑂(|𝑧 − 𝑧0|2), as 𝑧 → 𝑧0 with 𝑧 ∈ 𝑆𝑘(𝑧0).

Proof.
1. Define

B(𝑧) ≔ ∫
1

0
𝐷F(𝑧0 + 𝑡(𝑧 − 𝑧0)) 𝑑𝑡 (𝑧 ∈ ℝ𝑚).
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Contact between Rk and Sk

Then
(15) B(𝑧)(𝑧 − 𝑧0) = F(𝑧) − F(𝑧0).
In particular 𝑧 ∈ 𝑆(𝑧0) if and only if
(16) (B(𝑧) − 𝜎𝐼)(𝑧 − 𝑧0) = 0
for some scalar 𝜎 = 𝜎(𝑧, 𝑧0).

2. We study equation (16) by first of all noting
(17) B(𝑧0) = 𝐷F(𝑧0).
Now in view of the strict hyperbolicity, the characteristic polynomial 𝜆 ↦
det(𝜆𝐼 − B(𝑧0)) has 𝑚 distinct, real roots, and hence the polynomial 𝜆 ↦
det(𝜆𝐼 − B(𝑧)) likewise has 𝑚 distinct roots if 𝑧 is close to 𝑧0. Recalling Theo-
rem 2 in §11.1.2, we see that near 𝑧0 there exist smooth functions ̂𝜆1(𝑧) < ⋯ <
̂𝜆𝑚(𝑧) and unit vectors { ̂r𝑘(𝑧), ̂l𝑘(𝑧)}𝑚𝑘=1 satisfying

̂𝜆𝑘(𝑧0) = 𝜆𝑘(𝑧0), ̂r𝑘(𝑧0) = r𝑘(𝑧0), ̂l𝑘(𝑧0) = l𝑘(𝑧0) (𝑘 = 1, . . . , 𝑚)
and

(18) {B(𝑧) ̂r𝑘(𝑧) =
̂𝜆𝑘(𝑧) ̂r𝑘(𝑧)

̂l𝑘(𝑧)B(𝑧) = ̂𝜆𝑘(𝑧) ̂l𝑘(𝑧)
(𝑘 = 1, . . . , 𝑚).

Note that { ̂r𝑘(𝑧)}, { ̂l𝑘(𝑧)}𝑚𝑘=1 are bases of ℝ𝑚, and also
(19) ̂l𝑙(𝑧) ⋅ ̂r𝑘(𝑧) = 0 (𝑘 ≠ 𝑙).

3. Equation (16) will hold provided 𝜎 = ̂𝜆𝑘(𝑧) for some 𝑘 ∈ {1, . . . , 𝑚} and
(𝑧 − 𝑧0) is parallel to ̂r𝑘(𝑧). In light of (19), these conditions are equivalent to
asking that
(20) ̂l𝑙(𝑧) ⋅ (𝑧 − 𝑧0) = 0 (𝑙 ≠ 𝑘).
These equalities amount to 𝑚 − 1 equations for the 𝑚 unknown components
of 𝑧, which we intend to solve using the Implicit Function Theorem (§C.7). So
define 𝚽𝑘 ∶ ℝ𝑚 → ℝ𝑚−1 by setting

𝚽𝑘(𝑧) ≔ (. . . , ̂l𝑘−1(𝑧) ⋅ (𝑧 − 𝑧0), ̂l𝑘+1(𝑧) ⋅ (𝑧 − 𝑧0), . . . ).
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Now 𝚽𝑘(𝑧0) = 0 and

𝐷𝚽𝑘(𝑧0) =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

l1(𝑧0)
⋮

l𝑘−1(𝑧0)
l𝑘+1(𝑧0)

⋮
l𝑚(𝑧0)

⎞
⎟
⎟
⎟
⎟
⎟
⎠(𝑚−1)×𝑚

,

the entries of this matrix being regarded as row vectors. Since the vectors
{l𝑘(𝑧0)}𝑚𝑘=1 form a basis of ℝ𝑚, we see

rank𝐷𝚽𝑘(𝑧0) = 𝑚 − 1.

Accordingly, there exists a smooth curve 𝝓𝑘 ∶ ℝ → ℝ𝑚 such that

(21) 𝝓𝑘(0) = 𝑧0
and

(22) 𝚽𝑘(𝝓𝑘(𝑡)) = 0 for all 𝑡 close to 0.

The path of the curve 𝝓𝑘(⋅) for 𝑡 near zero defines 𝑆𝑘(𝑧0). We may repara-
meterize as necessary to ensure

(23) | ̇𝝓𝑘(𝑡)| = 1 (⋅ = 𝑑
𝑑𝑡) .

4. Now (20)–(22) imply

(24) 𝝓𝑘(𝑡) = 𝑧0 + 𝜇(𝑡) ̂r𝑘(𝝓𝑘(𝑡))

for all 𝑡 near zero, where 𝜇 ∶ ℝ → ℝ is a smooth function satisfying 𝜇(0) =
0, 𝜇̇(0) = 1. Differentiating (24) with respect to 𝑡 and setting 𝑡 = 0, we thus
find

(25) ̇𝝓𝑘(0) = r𝑘(𝑧0).

Hence the curve 𝑆𝑘(𝑧0) has tangent r𝑘(𝑧0) at 𝑧0. Assertion (i) is proved.
5. In light of the foregoing analysis, there exists a smooth function 𝜎 ∶

ℝ𝑚 × ℝ𝑚 → ℝ such that

(26) F(𝝓𝑘(𝑡)) − F(𝑧0) = 𝜎(𝝓𝑘(𝑡), 𝑧0)(𝝓𝑘(𝑡) − 𝑧0)

for all 𝑡 close to zero. Differentiating with respect to 𝑡 and setting 𝑡 = 0, we
deduce from (21) that

𝐷F(𝑧0) ̇𝝓𝑘(0) = 𝜎(𝑧0, 𝑧0) ̇𝝓𝑘(0).

In light of (25), we see that 𝜎(𝑧0, 𝑧0) = 𝜆𝑘(𝑧0). This establishes assertion (ii).
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6. Now write 𝜎(𝑡) ≔ 𝜎(𝝓𝑘(𝑡), 𝑧0), so that (26) reads

F(𝝓𝑘(𝑡)) − F(𝑧0) = 𝜎(𝑡)(𝝓𝑘(𝑡) − 𝑧0).
Differentiate twice with respect to 𝑡:

(𝐷2F(𝝓𝑘(𝑡)) ̇𝝓𝑘(𝑡)) ̇𝝓𝑘(𝑡) + 𝐷F(𝝓𝑘(𝑡)) ̈𝝓𝑘(𝑡)
= 𝜎̈(𝑡)(𝝓𝑘(𝑡) − 𝑧0) + 2𝜎̇(𝑡) ̇𝝓𝑘(𝑡) + 𝜎(𝑡) ̈𝝓𝑘(𝑡).

Evaluate this expression at 𝑡 = 0 and recall 𝜎(0) = 𝜆𝑘(𝑧0), 𝝓𝑘(0) = 𝑧0, ̇𝝓𝑘(0) =
r𝑘(𝑧0):
(27) (2𝜎̇(0)𝐼 − 𝐷2F(𝑧0)r𝑘(𝑧0))r𝑘(𝑧0) = (𝐷F(𝑧0) − 𝜆𝑘(𝑧0)𝐼) ̈𝝓𝑘(0).

7. Let 𝝍𝑘(𝑡) = v(𝑡) be a unit speed parameterization of the rarefaction
curve 𝑅𝑘(𝑧0) near 𝑧0 (as in (6) above). Then

(28) 𝝍𝑘(0) = 𝑧0, ̇𝝍𝑘(𝑡) = r𝑘(𝝍𝑘(𝑡)).
Thus

𝐷F(𝝍𝑘(𝑡))r𝑘(𝑡) = 𝜆𝑘(𝑡)r𝑘(𝑡),
for

𝜆𝑘(𝑡) ≔ 𝜆𝑘(𝝍𝑘(𝑡)), r𝑘(𝑡) ≔ r𝑘(𝝍𝑘(𝑡)).
Next differentiate with respect to 𝑡 and set 𝑡 = 0:

(29) (𝐷2F(𝑧0)r𝑘(𝑧0) − ̇𝜆𝑘(0)𝐼)r𝑘(𝑧0) = −(𝐷F(𝑧0) − 𝜆𝑘(𝑧0)𝐼) ̇𝑟𝑘(0).
Add (27) and (29), to obtain

(30) (2𝜎̇(0) − ̇𝜆𝑘(0))r𝑘(𝑧0) = (𝐷F(𝑧0) − 𝜆𝑘(𝑧0)𝐼)( ̈𝜙𝑘(0) − ̇𝑟𝑘(0)).
Take the dot product with l𝑘(𝑧0) and observe l𝑘 ⋅ r𝑘 ≠ 0, to conclude

(31) 2𝜎̇(0) = ̇𝜆𝑘(0).
We deduce from (31) that

2𝜎(𝑡) − 𝜆𝑘(𝑧0) − 𝜆𝑘(𝑡) = 𝑂(𝑡2) as 𝑡 → 0.
Assertion (iii) follows. □

We see from Theorem 2(iii) that the curves 𝑅𝑘(𝑧0) and 𝑆𝑘(𝑧0) agree at least
to first order at 𝑧0. Next is the assertion that in the linearly degenerate case
these curves in fact coincide.

THEOREM 3 (Linear degeneracy). Suppose for some 𝑘 ∈ {1, . . . , 𝑚} that the
pair (𝜆𝑘, r𝑘) is linearly degenerate. Then for each 𝑧0 ∈ ℝ𝑚,

(i) 𝑅𝑘(𝑧0) = 𝑆𝑘(𝑧0), and
(ii) 𝜎(𝑧, 𝑧0) = 𝜆𝑘(𝑧) = 𝜆𝑘(𝑧0) for all 𝑧 ∈ 𝑆𝑘(𝑧0).
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𝑘-contact discontinuity

Proof. Let v = v(𝑠) solve the ODE

{v̇(𝑠) = r𝑘(v(𝑠)) (𝑠 ∈ ℝ)
v(0) = 𝑧0.

Then the mapping 𝑠 ↦ 𝜆𝑘(v(𝑠)) is constant, and so

F(v(𝑠)) − F(𝑧0) = ∫
𝑠

0
𝐷F(v(𝑡))v̇(𝑡) 𝑑𝑡 = ∫

𝑠

0
𝐷F(v(𝑡))r𝑘(v(𝑡)) 𝑑𝑡

= ∫
𝑠

0
𝜆𝑘(v(𝑡))r𝑘(v(𝑡)) 𝑑𝑡 = 𝜆𝑘(𝑧0)∫

𝑠

0
v̇(𝑡) 𝑑𝑡

= 𝜆𝑘(𝑧0)(v(𝑠) − 𝑧0). □

b. Contact discontinuities, shock waves. We next undertake to analyze in
light of Theorems 2 and 3 the possibility of solving Riemann’s problem by join-
ing two given states 𝑢𝑙 and 𝑢𝑟 by some kind of shock wave.

Contact discontinuities. Suppose first that (𝜆𝑘, r𝑘) is linearly degenerate and

(32) 𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙).

We then define an integral solution of our system of conservation laws by set-
ting

(33) u(𝑥, 𝑡) = {𝑢𝑙 if 𝑥 < 𝜎𝑡
𝑢𝑟 if 𝑥 > 𝜎𝑡,

for

(34) 𝜎 = 𝜎(𝑢𝑟, 𝑢𝑙) = 𝜆𝑘(𝑢𝑙) = 𝜆𝑘(𝑢𝑟).
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Now observe from our analysis in §3.2.1 that since 𝜆𝑘(𝑢𝑙) = 𝜆𝑘(𝑢𝑟) = 𝜎, the
projected characteristics to the left and right are parallel to the line of discon-
tinuity. We interpret this situation physically by saying that fluid particles do
not cross the discontinuity. The line 𝑥 = 𝜎𝑡 is called a 𝑘-contact discontinuity.

Shock waves. We next turn our attention to the case that (𝜆𝑘, r𝑘) is genuinely
nonlinear and

(35) 𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙),

as before. If we consider the integral solution

(36) u(𝑥, 𝑡) = {𝑢𝑙 if 𝑥 < 𝜎𝑡
𝑢𝑟 if 𝑥 > 𝜎𝑡,

for

(37) 𝜎 = 𝜎(𝑢𝑟, 𝑢𝑙),

we see that there are two essentially different cases according as to whether

(38) 𝜆𝑘(𝑢𝑟) < 𝜆𝑘(𝑢𝑙)

or else

(39) 𝜆𝑘(𝑢𝑙) < 𝜆𝑘(𝑢𝑟).

Now in view of assertion (iii) from Theorem 2, we have then either

(40) 𝜆𝑘(𝑢𝑟) < 𝜎(𝑢𝑟, 𝑢𝑙) < 𝜆𝑘(𝑢𝑙)

or

(41) 𝜆𝑘(𝑢𝑙) < 𝜎(𝑢𝑟, 𝑢𝑙) < 𝜆𝑘(𝑢𝑟),

provided 𝑢𝑟 is close enough to 𝑢𝑙.
This dichotomy is reminiscent of a corresponding situation in §3.4, for a

scalar conservation law. By analogy with the entropy conditions introduced
there, let us hereafter agree to reject the inequalities (41) as allowing for “non-
physical shocks” from which characteristics emanate as we move forward in
time. We rather take (40) as being physically correct. The informal viewpoint
is that then the characteristics from the left and right run into the line of dis-
continuity, whereupon “information is lost” and so “entropy increases”. This
interpretation was largely justified mathematically in §3.4 with our uniqueness
theorem for weak solutions that satisfied this sort of entropy condition.

Refocusing our attention again to systems, we therefore agree to regard (40)
as the correct inequalities to be satisfied:
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Shock curve

DEFINITION. Assume the pair (𝜆𝑘, r𝑘) is genuinely nonlinear at 𝑢𝑙. We say
that the pair (𝑢𝑙, 𝑢𝑟) is admissible provided

𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙)

and

(42) 𝜆𝑘(𝑢𝑟) < 𝜎(𝑢𝑟, 𝑢𝑙) < 𝜆𝑘(𝑢𝑙).

We refer to (42) as the Lax entropy condition. If (𝑢𝑙, 𝑢𝑟) is admissible, we
call our solution u defined by (36), (37) a 𝑘-shock wave.

By analogy with our decomposition of 𝑅𝑘(𝑧0) into 𝑅±𝑘 (𝑧0), let us introduce
this

DEFINITION. If the pair (𝜆𝑘, r𝑘) is genuinely nonlinear, we write

𝑆+𝑘 (𝑧0) ≔ { 𝑧 ∈ 𝑆𝑘(𝑧0) ∣ 𝜆𝑘(𝑧0) < 𝜎(𝑧, 𝑧0) < 𝜆𝑘(𝑧) }

and
𝑆−𝑘 (𝑧0) ≔ { 𝑧 ∈ 𝑆𝑘(𝑧0) ∣ 𝜆𝑘(𝑧) < 𝜎(𝑧, 𝑧0) < 𝜆𝑘(𝑧0) }.

Then
𝑆𝑘(𝑧0) = 𝑆+𝑘 (𝑧0) ∪ {𝑧0} ∪ 𝑆−𝑘 (𝑧0)

near 𝑧0. Note then that the pair (𝑢𝑙, 𝑢𝑟) is admissible if and only if

𝑢𝑟 ∈ 𝑆−𝑘 (𝑢𝑙).

11.2.4. Local solution of Riemann’s problem. Next we glue together the
physically relevant parts of the rarefaction and shock curves.

DEFINITIONS.
(i) If the pair (𝜆𝑘, r𝑘) is genuinely nonlinear, write

𝑇𝑘(𝑧0) ≔ 𝑅+𝑘 (𝑧0) ∪ {𝑧0} ∪ 𝑆−𝑘 (𝑧0).

(ii) If the pair (𝜆𝑘, r𝑘) is linearly degenerate, we set

𝑇𝑘(𝑧0) ≔ 𝑅𝑘(𝑧0) = 𝑆𝑘(𝑧0).
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Structure of the 𝑇-curve

Owing to Theorem 2(ii), the curve 𝑇𝑘(𝑧0) is 𝐶1. Employing the notation
of §11.2.3, we see that nearby states 𝑢𝑙 and 𝑢𝑟 can be joined by a 𝑘-rarefaction
wave, a shock wave or a contact discontinuity provided

(43) 𝑢𝑙 ∈ 𝑇𝑘(𝑢𝑟).

We now at last ask if we can find a solution to Riemann’s problem provided
only that 𝑢𝑟 is close to 𝑢𝑙 (but (43) may fail for each 𝑘 = 1, . . . , 𝑚). The hope
is that by moving along various paths 𝑇𝑘 for different values of 𝑘, we may be
able to connect 𝑢𝑙 to 𝑢𝑟, utilizing a sequence of rarefaction waves, shock waves,
and/or contact discontinuities.

THEOREM 4 (Local solution of Riemann’s problem). Assume for each 𝑘 = 1,
. . . ,𝑚 that the pair (𝜆𝑘, r𝑘) is either genuinely nonlinear or else linearly degener-
ate. Suppose further the left state 𝑢𝑙 is given. Then for each right state 𝑢𝑟 suffi-
ciently close to 𝑢𝑙 there exists an integral solution u of Riemann’s problem, which
is constant on lines through the origin.

Proof.

1. We intend to apply the Inverse Function Theorem (§C.6) to a mapping
Φ ∶ ℝ𝑚 → ℝ𝑚, defined near 0 as follows.

First, for each family of curves 𝑇𝑘 (𝑘 = 1, . . . , 𝑚) choose the nonsingular
parameter 𝜏𝑘 to measure arc length; that is, if 𝑧, ̃𝑧 ∈ ℝ𝑚 with ̃𝑧 ∈ 𝑇𝑘(𝑧), then

𝜏𝑘( ̃𝑧) − 𝜏𝑘(𝑧) = (signed) distance from 𝑧 to ̃𝑧 along the curve 𝑇𝑘(𝑧).

We take the plus sign for 𝜏𝑘( ̃𝑧) if ̃𝑧 ∈ 𝑅+𝑘 (𝑧), the minus sign if ̃𝑧 ∈ 𝑆−𝑘 (𝑧).
2. Given then 𝑡 = (𝑡1, . . . , 𝑡𝑚) ∈ ℝ𝑚, with |𝑡| small, we define Φ(𝑡) = 𝑧 as

follows. First, temporarily write

(44) 𝑢𝑙 = 𝑧0.
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Then choose states 𝑧1, . . . , 𝑧𝑚 to satisfy

(45)

⎧
⎪
⎨
⎪
⎩

𝑧1 ∈ 𝑇1(𝑧0), 𝜏1(𝑧1) − 𝜏1(𝑧0) = 𝑡1,
𝑧2 ∈ 𝑇2(𝑧1), 𝜏2(𝑧2) − 𝜏2(𝑧1) = 𝑡2,

⋮
𝑧𝑚 ∈ 𝑇𝑚(𝑧𝑚−1), 𝜏𝑚(𝑧𝑚) − 𝜏𝑚(𝑧𝑚−1) = 𝑡𝑚.

Now write

(46) 𝑧 = 𝑧𝑚,
and define

(47) Φ(𝑡) = 𝑧.
Note Φ is 𝐶1 and

(48) Φ(0) = 𝑧0.
3. We claim

(49) 𝐷Φ(0) is nonsingular.

To see this, observe

Φ(0, . . . , 𝑡𝑘, . . . , 0) − Φ(0, . . . , 0) = 𝑡𝑘r𝑘(𝑧0) + 𝑜(𝑡𝑘) as 𝑡𝑘 → 0.

Thus
𝜕Φ
𝜕𝑡𝑘

(0) = r𝑘(𝑧0) (𝑘 = 1, . . . , 𝑚),

and so
𝐷Φ(0) = (r1(𝑧0), . . . , r𝑚(𝑧0))𝑚×𝑚,

the entries regarded as column vectors. This matrix is nonsingular, since
{r𝑘(𝑧0)}𝑚𝑘=1 is a basis.

4. In light of (49), the Inverse Function Theorem applies: for each state 𝑢𝑟
sufficiently close to 𝑢𝑙 there exists a unique parameter 𝑡 = (𝑡1, . . . , 𝑡𝑚) close to
zero such that Φ(𝑡) = 𝑢𝑟.

Recall next that if 𝑧𝑘−1 and 𝑧𝑘 are joined by a 𝑘-rarefaction wave, this wave
is

⎧
⎨
⎩

𝑧𝑘−1 if 𝑥
𝑡 < 𝜆𝑘(𝑧𝑘−1)

𝐺𝑘(𝑥𝑡 ) if 𝜆𝑘(𝑧𝑘−1) < 𝑥
𝑡 < 𝜆𝑘(𝑧𝑘), for 𝐺𝑘 = (𝐹 ′

𝑘)−1
𝑧𝑘 if 𝜆𝑘(𝑧𝑘) < 𝑥

𝑡 .
Moreover if 𝑧𝑘−1, 𝑧𝑘 are joined by a 𝑘-shock, it has the form

{𝑧𝑘−1 if 𝑥
𝑡 < 𝜎(𝑧𝑘, 𝑧𝑘−1)

𝑧𝑘 if 𝜎(𝑧𝑘, 𝑧𝑘−1) < 𝑥
𝑡 ,
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where 𝜆𝑘(𝑧𝑘) < 𝜎(𝑧𝑘, 𝑧𝑘−1) < 𝜆𝑘(𝑧𝑘−1). In both cases the waves are constant
outside the regions 𝜆𝑘(𝑧0) − 𝜖 < 𝑥

𝑡 < 𝜆𝑘(𝑧0) + 𝜖, for small 𝜖 > 0, provided 𝑧𝑘,
𝑧𝑘−1 are close enough to 𝑧0. This is true for 𝑘 = 1, . . . , 𝑚.

Since 𝜆1(𝑧0) < ⋯ < 𝜆𝑚(𝑧0), we see then that the rarefactions, shock waves
and/or contact discontinuities connecting 𝑢𝑙 = 𝑧0 to 𝑧1, 𝑧1 to 𝑧2, 𝑧2 to 𝑧3, . . . ,
𝑧𝑚−1 to 𝑧𝑚 = 𝑢𝑟 do not intersect. □

11.3. SYSTEMS OF TWO CONSERVATION LAWS

In this section we more deeply analyze the initial-value problem for 𝑚 = 2,
which is to say, for a pair of conservation laws:

(1)
⎧
⎨
⎩

𝑢1𝑡 + 𝐹1(𝑢1, 𝑢2)𝑥 = 0
𝑢2𝑡 + 𝐹2(𝑢1, 𝑢2)𝑥 = 0 in ℝ × (0,∞)

𝑢1 = 𝑔1, 𝑢2 = 𝑔2 on ℝ × {𝑡 = 0}.

Here F = (𝐹1, 𝐹2), g = (𝑔1, 𝑔2),u = (𝑢1, 𝑢2).

11.3.1. Riemann invariants. Our intention is first to demonstrate that we
can transform (1) into a much simpler form by performing an appropriate
nonlinear change of dependent variables. The idea is to find two functions
𝑤1, 𝑤2 ∶ ℝ2 → ℝ with nice properties along the rarefaction curves 𝑅1, 𝑅2:

DEFINITION. We say
𝑤𝑖 ∶ ℝ2 → ℝ

is an 𝑖th-Riemann invariant provided

(2) 𝐷𝑤𝑖(𝑧) is parallel to l𝑗(𝑧) (𝑧 ∈ ℝ2, 𝑖 ≠ 𝑗).

We will see momentarily how useful condition (2) is, but let us first pause
to ask whether Riemann invariants exist. It turns out that since we are now
taking 𝑚 = 2, this is easy. Indeed, because l𝑗(𝑧) ⋅ r𝑖(𝑧) = 0 (𝑖 ≠ 𝑗), we see (2) is
equivalent in ℝ2 to the statement

(2’) 𝐷𝑤𝑖(𝑧) ⋅ r𝑖(𝑧) = 0 (𝑖 = 1, 2, 𝑧 ∈ ℝ2),

which is to say

(3) 𝑤𝑖 is constant along the rarefaction curve 𝑅𝑖 (𝑖 = 1, 2).

In particular, any smooth function𝑤𝑖 satisfying (3) satisfies also (2’), (2) and so
is an 𝑖th-Riemann invariant.

In the case that 𝑚 > 2, Riemann invariants do not in general exist.
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Now we can regard 𝑤 = (𝑤1, 𝑤2) = (𝑤1(𝑧1, 𝑧2), 𝑤2(𝑧1, 𝑧2)) as being new
coordinates on the state space ℝ2, replacing 𝑧 = (𝑧1, 𝑧2). More precisely, we
define w ∶ ℝ2 → ℝ2 by setting

(4) w(𝑧) = w(𝑧1, 𝑧2) = (𝑤1(𝑧1, 𝑧2), 𝑤2(𝑧1, 𝑧2)).
The inverse mapping is z(𝑤) = z(𝑤1, 𝑤2) = (𝑧1(𝑤1, 𝑤2), 𝑧2(𝑤1, 𝑤2)).

Let us now utilize the transformation (4) to simplify our system of two con-
servation laws (1). For this, let us suppose henceforth u = (𝑢1, 𝑢2) is a smooth
solution of (1). We now change dependent variables by setting

(5) v(𝑥, 𝑡) ≔ w(u(𝑥, 𝑡)) (𝑥 ∈ ℝ, 𝑡 > 0).
What system of PDE does v = (𝑣1, 𝑣2) satisfy?

THEOREM 1 (Conservation laws and Riemann invariants). The functions
𝑣1, 𝑣2 solve the system

(6) {𝑣
1
𝑡 + 𝜆2(u)𝑣1𝑥 = 0
𝑣2𝑡 + 𝜆1(u)𝑣2𝑥 = 0

in ℝ × (0,∞).

The point is that the system (6), although not in conservation law form, is
in many ways rather simpler than (1). Note in particular that whereas the PDE
for 𝑢1 involves the term 𝑢2𝑥, the PDE for 𝑣1 does not entail 𝑣2𝑥. Similarly, the
PDE for 𝑣2 does not involve 𝑣1𝑥.

Proof. According to (5), we see that for 𝑖 = 1, 2, 𝑖 ≠ 𝑗,

𝑣𝑖𝑡 + 𝜆𝑗(u)𝑣𝑖𝑥 = 𝐷𝑤𝑖(u) ⋅ u𝑡 + 𝜆𝑗(u)𝐷𝑤𝑖(u) ⋅ u𝑥
= 𝐷𝑤𝑖(u) ⋅ (−F(u)𝑥 + 𝜆𝑗(u)u𝑥)
= 𝐷𝑤𝑖(u) ⋅ (−𝐷F(u) + 𝜆𝑗(u)𝐼)u𝑥 = 0,

since, by definition, 𝐷𝑤𝑖 is parallel to l𝑗. □

Remarks.
(i) We can interpret the system of PDE (6) by introducing the ODE

(7) ̇𝑥𝑖(𝑠) = 𝜆𝑗(u(𝑥𝑖(𝑠), 𝑠)) (𝑠 ≥ 0)
for 𝑖 = 1, 2, 𝑗 ≠ 𝑖. Then we see from (6) that

(8) 𝑣𝑖 is constant along the curve (𝑥𝑖(𝑠), 𝑠) (𝑠 ≥ 0)
for 𝑖 = 1, 2.

(ii) Recall from §11.2 that our condition of genuine nonlinearity reads

(9) 𝐷𝜆𝑖(𝑧) ⋅ r𝑖(𝑧) ≠ 0 (𝑧 ∈ ℝ2, 𝑖 = 1, 2).
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Since we can also regard 𝜆𝑖 as a function of 𝑤 = (𝑤1, 𝑤2), we can rewrite (9) to
read

(10) 𝜕𝜆𝑖
𝜕𝑤𝑗

≠ 0 (𝑤 ∈ ℝ2, 𝑖 ≠ 𝑗).

To see (9) is equivalent to (10), observe that if (10) fails, then

(11) 0 = 𝜕𝜆𝑖
𝜕𝑤𝑗

=
2
∑
𝑘=1

𝜕𝜆𝑖
𝜕𝑧𝑘

𝜕𝑧𝑘
𝜕𝑤𝑗

.

But since ∑2
𝑘=1

𝜕𝑤𝑖

𝜕𝑧𝑘
𝜕𝑧𝑘
𝜕𝑤𝑗

= 𝛿𝑖𝑗 = 0 for 𝑖 ≠ 𝑗, we see that (11) asserts that 𝐷𝜆𝑖
is parallel to 𝐷𝑤𝑖. However, 𝐷𝑤𝑖 is perpendicular to r𝑖, and so we obtain a
contradiction to (9). Hence (9) implies (10), and the converse implication is
established in the same way.

Example (Barotropic compressible gas dynamics). We illustrate the foregoing
ideas by examining in detail Euler’s equations for compressible gas dynamics
(Example 2 in §11.1) in the special case that the internal energy 𝑒 is constant.
The relevant PDE are

(12) {
𝜌𝑡 + (𝜌𝑣)𝑥 = 0 (conservation of mass)

(𝜌𝑣)𝑡 + (𝜌𝑣2 + 𝑝)𝑥 = 0 (conservation of momentum),
where we now assume
(13) 𝑝 = 𝑝(𝜌)
for some smooth function 𝑝 ∶ ℝ → ℝ. Formula (13) is called a barotropic
equation of state. We assume the strict hyperbolicity condition
(14) 𝑝′ > 0.
Setting u = (𝑢1, 𝑢2) = (𝜌, 𝜌𝑣), we can rewrite (12), (13) to read

u𝑡 + F(u)𝑥 = 0,
for

F = (𝐹1, 𝐹2) = (𝑧2, (𝑧2)2/𝑧1 + 𝑝(𝑧1))
and 𝑧 = (𝑧1, 𝑧2), provided 𝑧1 > 0. Then

𝐷F = (
0 1

−(𝑧2𝑧1 )
2 + 𝑝′(𝑧1) 2𝑧2

𝑧1
) .

Consequently

(15) 𝜆1 =
𝑧2
𝑧1

− 𝑝′(𝑧1)1/2, 𝜆2 =
𝑧2
𝑧1

+ 𝑝′(𝑧1)1/2.

In physical notation,
(16) 𝜆1 = 𝑣 − 𝜎, 𝜆2 = 𝑣 + 𝜎,
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for the sound speed

(17) 𝜎 ≔ 𝑝′(𝜌)1/2.

Remembering (7), we consider next the ODE

(18) ̇𝑥1(𝑡) = 𝑣(𝑥1(𝑡), 𝑡) + 𝜎(𝑥1(𝑡), 𝑡),

(19) ̇𝑥2(𝑡) = 𝑣(𝑥2(𝑡), 𝑡) − 𝜎(𝑥2(𝑡), 𝑡),

where 𝜎(𝑥, 𝑡) ≔ 𝑝′(𝜌(𝑥, 𝑡))
1
2 , 𝑡 ≥ 0. We know from (8) that the Riemann in-

variant 𝑣1 = 𝑤1(u) is constant along the trajectories of (18) and 𝑣2 = 𝑤2(u) is
constant along trajectories of (19).

To compute 𝑤1 and 𝑤2 directly, let us carry out some computations on the
system (12). First we transform (12) in nondivergence form:

(20) 𝜌𝑡 + 𝜌𝑣𝑥 + 𝜌𝑥𝑣 = 0,

(21) 𝜌𝑡𝑣 + 𝜌𝑣𝑡 + 𝜌𝑥𝑣2 + 2𝜌𝑣𝑣𝑥 + 𝑝𝑥 = 0.

Multiplying (20) by 𝜎2 = 𝑝′(𝜌) and recalling (13) gives us

(22) 𝑝𝑡 + 𝑣𝑝𝑥 + 𝜎2𝜌𝑣𝑥 = 0.

In addition (20), (21) combine to yield

(23) 𝜌𝑣𝑡 + 𝜌𝑣𝑣𝑥 + 𝑝𝑥 = 0.

We now manipulate (22), (23) so that the directions 𝜆1, 𝜆2 = 𝑣 ∓ 𝜎 appear
explicitly. To accomplish this, we multiply (23) by 𝜎 and then add to and sub-
tract from (22):

(24) {𝑝𝑡 + (𝑣 + 𝜎)𝑝𝑥 + 𝜌𝜎(𝑣𝑡 + (𝑣 + 𝜎)𝑣𝑥) = 0
𝑝𝑡 + (𝑣 − 𝜎)𝑝𝑥 − 𝜌𝜎(𝑣𝑡 + (𝑣 − 𝜎)𝑣𝑥) = 0.

We then deduce from (24) that

(25) {
𝑑
𝑑𝑡 [𝑝(𝑥1(𝑡), 𝑡)] + 𝜌(𝑥1(𝑡), 𝑡)𝜎(𝑥1(𝑡), 𝑡) 𝑑𝑑𝑡 [𝑣(𝑥1(𝑡), 𝑡)] = 0
𝑑
𝑑𝑡 [𝑝(𝑥2(𝑡), 𝑡)] − 𝜌(𝑥2(𝑡), 𝑡)𝜎(𝑥2(𝑡), 𝑡) 𝑑𝑑𝑡 [𝑣(𝑥2(𝑡), 𝑡)] = 0.

As 𝑑𝑝
𝑑𝑡 = 𝜎2 𝑑𝜌𝑑𝑡 , we see

(26) 𝜎
𝜌
𝑑𝜌
𝑑𝑡 ±

𝑑𝑣
𝑑𝑡 = 0 along the trajectories of (18), (19),

provided 𝜌 > 0.
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Think now of the Riemann invariants as functions of 𝜌 and 𝑣. Then since
𝑣1 = 𝑤1(𝜌, 𝑣) is constant along the curve determined by 𝑥1(⋅), we have

0 = 𝑑
𝑑𝑡 [𝑤

1(𝜌(𝑥1(𝑡), 𝑡), 𝑣(𝑥1(𝑡), 𝑡))]

= 𝜕𝑤1

𝜕𝜌
𝑑
𝑑𝑡 [𝜌(𝑥1(𝑡), 𝑡)] +

𝜕𝑤1

𝜕𝑣
𝑑
𝑑𝑡 [𝑣(𝑥1(𝑡), 𝑡)].

This is consistent with (26) if
𝜕𝑤1

𝜕𝜌 = 𝜎(𝜌)
𝜌 , 𝜕𝑤

1

𝜕𝑣 = 1.

We similarly deduce
𝜕𝑤2

𝜕𝜌 = 𝜎(𝜌)
𝜌 , 𝜕𝑤

2

𝜕𝑣 = −1.
Integrating, we conclude that the Riemann invariants are, up to additive con-
stants,

𝑤1 = ∫
𝜌

1

𝜎(𝑠)
𝑠 𝑑𝑠 + 𝑣, 𝑤2 = ∫

𝜌

1

𝜎(𝑠)
𝑠 𝑑𝑠 − 𝑣.

We leave it as an exercise to check that 𝑤1, 𝑤2, taken now as functions of 𝑧 =
(𝑧1, 𝑧2), satisfy the definition of Riemann invariants.

11.3.2. Nonexistence of smooth solutions. Illustrating now the usefulness
of Riemann invariants, we establish the following criterion for the nonexis-
tence of a smooth solution:

THEOREM 2 (Riemann invariants and blow-up). Assume g is smooth, with
compact support. Suppose also the genuine nonlinearity condition

(27) 𝜕𝜆𝑖
𝜕𝑤𝑗

> 0 in ℝ2 (𝑖 = 1, 2, 𝑖 ≠ 𝑗)

holds. Then the initial-value problem (1) cannot have a smooth solution u exist-
ing for all times 𝑡 ≥ 0 if

(28) either 𝑣1𝑥 < 0 or 𝑣2𝑥 < 0 somewhere on ℝ × {𝑡 = 0}.

Proof.
1. Assume for the time being that u is a smooth solution of (1). Write

(29) 𝑎 ≔ 𝑣1𝑥, 𝑏 ≔ 𝑣2𝑥,
where v = w(u), v = (𝑣1, 𝑣2), solves the system of PDE (6). We differentiate
the first equation of (6) with respect to 𝑥, to compute

(30) 𝑎𝑡 + 𝜆2𝑎𝑥 +
𝜕𝜆2
𝜕𝑤1

𝑎2 + 𝜕𝜆2
𝜕𝑤2

𝑎𝑏 = 0.
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We employ then the second equation of (6), which we rewrite as

𝑣2𝑡 + 𝜆2𝑣2𝑥 = (𝜆2 − 𝜆1)𝑏.

Substituting this expression into (30) gives

(31) 𝑎𝑡 + 𝜆2𝑎𝑥 +
𝜕𝜆2
𝜕𝑤1

𝑎2 + [ 1
𝜆2 − 𝜆1

𝜕𝜆2
𝜕𝑤2

(𝑣2𝑡 + 𝜆2𝑣2𝑥)] 𝑎 = 0.

2. To integrate (31), fix 𝑥0 ∈ ℝ and set

(32) 𝜉(𝑡) ≔ exp(∫
𝑡

0

1
𝜆2 − 𝜆1

𝜕𝜆2
𝜕𝑤2

(𝑣2𝑡 + 𝜆2𝑣2𝑥)(𝑥1(𝑠), 𝑠) 𝑑𝑠) ,

where

(33) { ̇𝑥1(𝑠) = 𝜆2(u(𝑥1(𝑠), 𝑠)) (𝑠 ≥ 0)
𝑥1(0) = 𝑥0.

Next is the key observation from (8) that 𝑣1 is constant along the curve (𝑥1(𝑠), 𝑠).
So write

𝑣1(𝑥1(𝑠), 𝑠) = 𝑣10 = 𝑣1(𝑥0, 0) (𝑠 ≥ 0).
Thus we see that the expression ( 1

𝜆2−𝜆1
𝜕𝜆2
𝜕𝑤2

) , considered as a function of v =
w(u), depends only on 𝑣2. Let us set

𝛾(𝜇) ≔ ∫
𝜇

0
( 1
𝜆2 − 𝜆1

𝜕𝜆2
𝜕𝑤2

) (𝑣10, 𝑣) 𝑑𝑣.

Then (32), (33) imply

(34)
𝜉(𝑡) = exp(∫

𝑡

0

𝑑
𝑑𝑠[𝛾(𝑣

2(𝑥1(𝑠), 𝑠))] 𝑑𝑠)

= exp(𝛾(𝑣2(𝑥1(𝑡), 𝑡)) − 𝛾(𝑣2(𝑥0, 0))).
3. We now transform (31) to read

𝑑
𝑑𝑡 ((𝜉𝛼)

−1) = −1
(𝜉𝛼)2

𝑑
𝑑𝑡 (𝜉𝛼) =

𝜕𝜆2
𝜕𝑤1

𝜉−1

where 𝛼(𝑡) ≔ 𝑎(𝑥1(𝑡), 𝑡) and we assume 𝛼 ≠ 0. Consequently

(𝜉(𝑡)𝛼(𝑡))−1 = (𝛼(0))−1 +∫
𝑡

0

𝜕𝜆2
𝜕𝑤1

𝜉−1(𝑠) 𝑑𝑠.

This equality in turn rearranges to become

(35) 𝛼(𝑡) = 𝛼(0)𝜉−1(𝑡) (1 + 𝛼(0)∫
𝑡

0

𝜕𝜆2
𝜕𝑤1

𝜉−1(𝑠) 𝑑𝑠)
−1

.
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4. Now in view of the system of PDE (6), v is bounded. Thus we deduce
from (34) that 0 < 𝜃 ≤ 𝜉(𝑡) ≤ Θ for all times 𝑡 > 0, for appropriate constants 𝜃,
Θ. Therefore it follows from (27) and (35) that 𝛼 is bounded for all 𝑡 > 0 if and
only if 𝛼(0) ≥ 0, that is, if

𝑣1𝑥(𝑥0, 0) ≥ 0.
A similar calculation holds with 𝑣2 replacing 𝑣1. We conclude that if either
𝑣1𝑥 < 0 or else 𝑣2𝑥 < 0 somewhere on ℝ × {𝑡 = 0}, there cannot then exist a
smooth solution of (1), lasting for all times 𝑡 ≥ 0. □

11.4. ENTROPY CRITERIA

In our study of Riemann’s problem in §11.2 we have taken Lax’s entropy con-
dition

(1) 𝜆𝑘(𝑢𝑟) < 𝜎(𝑢𝑟, 𝑢𝑙) < 𝜆𝑘(𝑢𝑙)

for some 𝑘 ∈ {1, . . . , 𝑚} as the selection criteria for admissible shock waves.
There is great ongoing interest in discovering other mathematically correct

and physically appropriate entropy conditions of various sorts, with the aim of
applying these to more complicated integral solutions of our system of conser-
vation laws, so as to obtain uniqueness criteria, more information concerning
allowable discontinuities, etc.

One general principle, instances of which we have already seen for scalar
conservation laws in §4.5.1 and for Hamilton–Jacobi equations in §10.1, is that
physically and mathematically correct solutions should arise as the limit of so-
lutions to the regularized system

(2) u𝜀𝑡 + F(u𝜀)𝑥 − 𝜀u𝜀𝑥𝑥 = 0 in ℝ × (0,∞)

as 𝜀 → 0. The idea is to interpret the term “𝜀u𝜀𝑥𝑥” as providing a small viscosity
effect, which will presumably “smear out” sharp shocks. The hope is to study
various aspects of the problem (2) in the limit 𝜀 → 0, and thereby to discover
more general entropy criteria, to augment Lax’s condition (1).

The next subsections discuss aspects of this general program.

11.4.1. Vanishing viscosity, travelingwaves. We begin our investigation of
the parabolic system (2) by first seeking a traveling wave solution, having the
form

(3) u𝜀(𝑥, 𝑡) = v(𝑥 − 𝜎𝑡
𝜀 ) (𝑥 ∈ ℝ, 𝑡 ≥ 0),
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where as usual the speed 𝜎 and profile v must be found. Substituting (3) into
(2), we find v ∶ ℝ → ℝ𝑚, v = v(𝑠), must solve the ODE

(4) v̈ = −𝜎v̇ + 𝐷F(v)v̇ ( ̇ = 𝑑
𝑑𝑠) .

Assume now 𝑢𝑙, 𝑢𝑟 ∈ ℝ𝑚 are given and furthermore
(5) lim

𝑠→−∞
v = 𝑢𝑙, lim

𝑠→+∞
v = 𝑢𝑟, lim

𝑠→±∞
v̇ = 0.

Then from (3) we deduce

(6) lim
𝜀→0

u𝜀(𝑥, 𝑡) = {𝑢𝑙 if 𝑥 < 𝜎𝑡
𝑢𝑟 if 𝑥 > 𝜎𝑡.

Hence the limit as 𝜀 → 0 of our solution to (2) gives us a shock wave connect-
ing the states 𝑢𝑙, 𝑢𝑟. The plan now is to study carefully the form of 𝜎 and v
and thereby glean more detailed information about the structure of the shock
determined by (6).

The first and primary question is whether there in fact exist 𝜎 and v solving
(4), (5). Integrating (4), we deduce
(7) v̇ = F(v) − 𝜎v + 𝑐
for some constant 𝑐 ∈ ℝ𝑚. We conclude from (5) that
(8) F(𝑢𝑙) − 𝜎𝑢𝑙 + 𝑐 = F(𝑢𝑟) − 𝜎𝑢𝑟 + 𝑐.
Hence
(9) F(𝑢𝑙) − F(𝑢𝑟) = 𝜎(𝑢𝑙 − 𝑢𝑟).
In view of (5), (8) and (9), our ODE (7) becomes
(10) v̇ = F(v) − F(𝑢𝑙) − 𝜎(v − 𝑢𝑙).

Now think of the left state 𝑢𝑙 as being given, and suppose we are trying to
build a traveling wave connecting 𝑢𝑙 to a nearby state 𝑢𝑟. From (9) we see that
necessarily 𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙) for some 𝑘 ∈ {1, . . . , 𝑚} and
(11) 𝜎 = 𝜎(𝑢𝑟, 𝑢𝑙).

We refine this observation as follows:

THEOREM 1 (Existence of traveling waves for genuinely nonlinear systems).
Assume the pair (𝜆𝑘, r𝑘) is genuinely nonlinear for 𝑘 = 1, . . . , 𝑚. Let 𝑢𝑟 be se-
lected sufficiently close to 𝑢𝑙. Then there exists a traveling wave solution of (2)
connecting 𝑢𝑙 to 𝑢𝑟 if and only if
(12) 𝑢𝑟 ∈ 𝑆−𝑘 (𝑢𝑙)
for some 𝑘 ∈ {1, . . . , 𝑚}.
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Proof.
1. Assume first 𝜎 and v solve (4), (5). Then, as noted above, necessarily

𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙) for some 𝑘 ∈ {1, . . . , 𝑚}, 𝜎 = 𝜎(𝑢𝑟, 𝑢𝑙). Now set

(13) G(𝑧) ≔ F(𝑧) − F(𝑢𝑙) − 𝜎(𝑧 − 𝑢𝑙).
Our ODE (10) then reads

(14) v̇ = G(v),
and we have

(15) G(𝑢𝑙) = G(𝑢𝑟) = 0,
according to (9). We compute

𝐷G(𝑢𝑙) = 𝐷F(𝑢𝑙) − 𝜎𝐼;
and so the eigenvalues of𝐷G at 𝑢𝑙 are {𝜆𝑘(𝑢𝑙)−𝜎}𝑚𝑘=1, with corresponding right
and left eigenvectors {r𝑘, l𝑘}𝑚𝑘=1, r𝑘 = r𝑘(𝑢𝑙), l𝑘 = l𝑘(𝑢𝑙).

2. Now since 𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙) and |𝑢𝑟 − 𝑢𝑙| is small, we know from Theo-
rem 2(iii) in §11.2.3 that

𝜎 = 𝜆𝑘(𝑢𝑟) + 𝜆𝑘(𝑢𝑙)
2 + 𝑜(|𝑢𝑟 − 𝑢𝑙|).

Thus
𝜆𝑘(𝑢𝑙) − 𝜎 = 𝜆𝑘(𝑢𝑙) − 𝜆𝑘(𝑢𝑟)

2 + 𝑜(|𝑢𝑟 − 𝑢𝑙|).
In order that there be an orbit of the ODE (14) connecting 𝑢𝑙 at 𝑠 = −∞ to
𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙) at 𝑠 = +∞, it must be that 𝜆𝑘(𝑢𝑙) − 𝜎 > 0, for otherwise the
trajectory would not converge to 𝑢𝑙 as 𝑠 → −∞. Thus if |𝑢𝑟 − 𝑢𝑙| is small
enough, 𝜆𝑘(𝑢𝑟) < 𝜆𝑘(𝑢𝑙), which is to say 𝑢𝑟 ∈ 𝑆−𝑘 (𝑢𝑙).

3. We omit proof of the sufficiency of condition (12): see Majda–Pego (J.
Diff. Eq. 56 (1985), 229–262). □

The preceding result employs the genuine nonlinearity assumption, but
the assertion holds in general, provided we introduce an appropriate variant
of Lax’s entropy condition (1). So let us suppose now 𝑢𝑟 ∈ 𝑆𝑘(𝑢𝑙) for some
𝑘 ∈ {1, . . . , 𝑚} and furthermore

(16) {𝜎(𝑧, 𝑢𝑙) > 𝜎(𝑢𝑟, 𝑢𝑙) for each 𝑧 lying
on the curve 𝑆𝑘(𝑢𝑙) between 𝑢𝑟 and 𝑢𝑙.

Condition (16) is Liu’s entropy criterion. (Observe that this condition is auto-
matic provided (𝜆𝑘, r𝑘) is genuinely nonlinear, 𝑢𝑟 ∈ 𝑆−𝑘 (𝑢𝑙), and 𝑢𝑟 is suffi-
ciently close to 𝑢𝑙.)
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We can motivate (16) by again seeking traveling wave solutions of system
(2). So assume 𝑢𝑙 is given. Then provided |𝑢𝑟−𝑢𝑙| is small enough, it turns out
that there exists a traveling wave solution u𝜀(𝑥, 𝑡) = v(𝑥−𝜍𝑡𝜀 ), v solving (4), (5),
if and only if the entropy condition (16) is satisfied. See Conlon (Adv. in Math.
35 (1980), 1–18) for a proof.

To make this all a bit clearer, we next present in detail a specific application.

Example (Traveling waves for the 𝑝-system). Let us consider again the 𝑝-
system

(17) {
𝑢1𝑡 − 𝑢2𝑥 = 0 (compatibility condition)

𝑢2𝑡 − 𝑝(𝑢1)𝑥 = 0 (Newton’s law),

under the usual strict hyperbolicity condition

(18) 𝑝′ > 0.

We investigate the existence of traveling wave solutions to the regularized
system

(19) {
𝑢𝜀,1𝑡 − 𝑢𝜀,2𝑥 = 0

𝑢𝜀,2𝑡 − 𝑝(𝑢𝜀,1)𝑥 = 𝜀𝑢𝜀,2𝑥𝑥.
Notice we have added the viscosity term only to the second equation. This
makes sense physically, as the first line of (17) is only a mathematical compat-
ibility condition.

Assume now u𝜀 = v(𝑥−𝜍𝑡𝜀 ) is a traveling wave solution of (19), with

(20) lim
𝑠→−∞

v = 𝑢𝑙, lim𝑠→∞
v = 𝑢𝑟, lim

𝑠→±∞
v̇ = 0.

Writing v = (𝑣1, 𝑣2), we compute from (19) that

(21) {
−𝜎 ̇𝑣1 − ̇𝑣2 = 0 ( ̇ = 𝑑

𝑑𝑠)

−𝜎 ̇𝑣2 − 𝑝(𝑣1)⋅ = ̈𝑣2.

An integration using (20) gives

(22) {
𝜎𝑣1 + 𝑣2 = 𝜎𝑣1𝑙 + 𝑣2𝑙 = 𝜎𝑣1𝑟 + 𝑣2𝑟

̇𝑣2 = 𝜎(𝑣2𝑙 − 𝑣2) + 𝑝(𝑣1𝑙 ) − 𝑝(𝑣1) = 𝜎(𝑣2𝑟 − 𝑣2) + 𝑝(𝑣1𝑟) − 𝑝(𝑣1),

for 𝑢𝑙 = (𝑣1𝑙 , 𝑣2𝑙 ), 𝑢𝑟 = (𝑣1𝑟, 𝑣2𝑟). In particular,

{
𝜎𝑣1𝑙 + 𝑣2𝑙 = 𝜎𝑣1𝑟 + 𝑣2𝑟

𝜎𝑣2𝑙 + 𝑝(𝑣1𝑙 ) = 𝜎𝑣2𝑟 + 𝑝(𝑣1𝑟).
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Solving these equations for 𝜎, we obtain

(23) 𝜎2 = 𝑝(𝑣1𝑟) − 𝑝(𝑣1𝑙 )
𝑣1𝑟 − 𝑣1𝑙

.

Suppose hereafter 𝑣1𝑟 > 𝑣1𝑙 . In view of (18) we can take 𝜎 > 0. In this situation
the Liu entropy criterion reads

(24)
𝑝(𝑧1) − 𝑝(𝑣1𝑙 )

𝑧1 − 𝑣1𝑙
> 𝑝(𝑣1𝑟) − 𝑝(𝑣1𝑙 )

𝑣1𝑟 − 𝑣1𝑙
for all 𝑧 on the curve 𝑆𝑘(𝑢𝑙) between 𝑢𝑙 and 𝑢𝑟, 𝑧 = (𝑧1, 𝑧2).

We now claim the system of ODE (22), with asymptotic boundary condi-
tions (20), has a solution if and only if the entropy condition (24) holds. To
confirm this, combine the two equations in (22) to eliminate 𝑣2:

̇𝑣1 = 𝑝(𝑣1) − 𝑝(𝑣1𝑙 )
𝜎 − 𝜎(𝑣1 − 𝑣1𝑙 ) ≕ 𝑔(𝑣1).

Now 𝑔(𝑣1𝑙 ) = 0 and 𝑔(𝑣1𝑟) = 0, according to (23). Thus in order that the ODE
(24) have a solution, with lim𝑠→−∞ 𝑣1 = 𝑣1𝑙 , lim𝑠→∞ 𝑣1 = 𝑣1𝑟, we require

𝑔(𝑧1) > 0 for 𝑣1𝑙 < 𝑧1 < 𝑣1𝑟.
But this is precisely the entropy criterion (24). A similar calculation works if
𝑣1𝑟 < 𝑣1𝑙 .

11.4.2. Entropy/entropy-flux pairs. Both Lax’s and Liu’s entropy criteria
provide restrictions on possible left- and right-hand states joined by a shock
wave (or a traveling wave for the viscous approximation). It is however of con-
siderable interest to widen still further the entropy criteria, so as to apply to
more general integral solutions of our conservation laws.

One idea is to require that an integral solution satisfy certain “entropy-type”
inequalities.

DEFINITION. Two smooth functions Φ, Ψ ∶ ℝ𝑚 → ℝ comprise an entro-
py/entropy-flux pair for the conservation law u𝑡 + F(u)𝑥 = 0 provided
(25) Φ is convex
and
(26) 𝐷Φ(𝑧)𝐷F(𝑧) = 𝐷Ψ(𝑧) (𝑧 ∈ ℝ𝑚).

To motivate condition (26), suppose for the moment u is a smooth solution
of the system of PDE u𝑡 + F(u)𝑥 = 0. We then compute

(27)
Φ(u)𝑡 + Ψ(u)𝑥 = 𝐷Φ(u) ⋅ u𝑡 + 𝐷Ψ(u) ⋅ u𝑥

= (−𝐷Φ(u)𝐷F(u) + 𝐷Ψ(u)) ⋅ u𝑥 = 0
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by (26). This computation says the quantityΦ(u) satisfies a scalar conservation
law, with flux Ψ(u).

Now in general integral solutions of (1) will not be smooth enough, owing
to shocks and other irregularities, to justify the foregoing computation. The
new idea is instead to replace (27) with an inequality:

(28) Φ(u)𝑡 + Ψ(u)𝑥 ≤ 0 in ℝ × (0,∞).
In applications Φ(u) will sometimes be the negative of physical entropy and
Ψ(u) the entropy flux. The inequality (28) therefore asserts that entropy evolves
according to its flux but may also undergo sharp increases, for instance along
shocks.

Let us hereafter rigorously understand (28) to mean

(29) {∫
∞
0 ∫∞

−∞Φ(u)𝑣𝑡 + Ψ(u)𝑣𝑥 𝑑𝑥𝑑𝑡 ≥ 0
for each 𝑣 ∈ 𝐶∞

𝑐 (ℝ × (0,∞)), 𝑣 ≥ 0.
We consider once more the initial-value problem

(30) {
u𝑡 + F(u)𝑥 = 0 in ℝ × (0,∞)

u = g on ℝ × {𝑡 = 0}.

DEFINITION. We call u an entropy solution of (30) provided u is an integral
solution and u satisfies the inequalities (29) for each entropy/entropy-flux pair
(Φ,Ψ).

Let us now attempt to build for general initial data g an entropy solution.
As in §11.4.1 we expect such a “physically correct” solution u to be a limit of
solutions u𝜀 of approximating viscous problems

(31) {
u𝜀𝑡 + F(u𝜀)𝑥 − 𝜀u𝜀𝑥𝑥 = 0 in ℝ × (0,∞)

u𝜀 = g on ℝ × {𝑡 = 0}.
We assume u𝜀 is a smooth solution of (31), converging to 0 as |𝑥| → ∞
sufficiently rapidly to justify the calculations below. Let us further suppose
{u𝜀}0<𝜀≤1 is uniformly bounded in 𝐿∞ and furthermore

(32) u𝜀 → u a.e. as 𝜀 → 0
for some limit function u. (In practice it is extremely difficult to verify this a.e.
convergence.)

THEOREM 2 (Entropy and vanishing viscosity). The function u is an entropy
solution of the conservation law (30).
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Proof.

1. Choose any smooth entropy/entropy-flux pair (Φ,Ψ). Left multiplying
(30) by 𝐷Φ(u𝜀) and recalling (26), we compute

(33)
Φ(u𝜀)𝑡 + Ψ(u𝜀)𝑥 = 𝜀𝐷Φ(u𝜀)u𝜀𝑥𝑥

= 𝜀Φ(u𝜀)𝑥𝑥 − 𝜀(𝐷2Φ(u𝜀)u𝜀𝑥) ⋅ u𝜀𝑥.

As Φ is convex,

(34) (𝐷2Φ(u𝜀)u𝜀𝑥) ⋅ u𝜀𝑥 ≥ 0.

2. Multiply (33) by 𝑣 ∈ 𝐶∞
𝑐 (ℝ × (0,∞)), 𝑣 ≥ 0. We integrate by parts and

discover that

∫
∞

0
∫

∞

−∞
Φ(u𝜀)𝑣𝑡 + Ψ(u𝜀)𝑣𝑥 𝑑𝑥𝑑𝑡

= ∫
∞

0
∫

∞

−∞
𝜀(𝐷2Φ(u𝜀)u𝜀𝑥) ⋅ u𝜀𝑥𝑣 − 𝜀Φ(u𝜀)𝑣𝑥𝑥 𝑑𝑥𝑑𝑡

≥ −∫
∞

0
∫

∞

−∞
𝜀Φ(u𝜀)𝑣𝑥𝑥 𝑑𝑥𝑑𝑡,

the last inequality holding in view of (34) and the nonnegativity of 𝑣.
Now let 𝜀 → 0. Recalling (32) and the Dominated Convergence Theorem,

we obtain

∫
∞

0
∫

∞

−∞
Φ(u)𝑣𝑡 + Ψ(u)𝑣𝑥 𝑑𝑥𝑑𝑡 ≥ 0.

Thus u verifies the entropy/entropy-flux inequalities (29). If Φ and Ψ are not
smooth, we obtain the same conclusion after an approximation.

3. Finally fix v ∈ 𝐶∞
𝑐 (ℝ × [0,∞); ℝ𝑚) and take the dot product of the PDE

in (31) with v. After integrating by parts, we obtain

∫
∞

0
∫

∞

−∞
u𝜀 ⋅ v𝑡 + F(u𝜀)v𝑥 + 𝜀u𝜀 ⋅ v𝑥𝑥 𝑑𝑥𝑑𝑡 +∫

∞

−∞
g ⋅ v𝑑𝑥|𝑡=0 = 0.

We send 𝜀 → 0, to deduce u is an integral solution of (30). □

Example 1. In the case of a scalar conservation law (i.e.𝑚 = 1), for any convex
Φ we can find a corresponding flux function Ψ, namely

Ψ(𝑧) ≔ ∫
𝑧

𝑧0
Φ′(𝑤)𝐹′(𝑤) 𝑑𝑤 (𝑧 ∈ ℝ).

See §11.4.3 following for an application.
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Example 2. For the 𝑝-system we have𝑚 = 2. To verify (25), (26) we must find
Φ, Ψ, with Φ convex and

(Φ𝑧1 , Φ𝑧2) (
0 −1

−𝑝′(𝑧1) 0 ) = (Ψ𝑧1
Ψ𝑧2

) .

A solution is

Φ(𝑧) = 𝑧22
2 + 𝑃(𝑧1), Ψ(𝑧) = −𝑝(𝑧1)𝑧2 (𝑧 ∈ ℝ2),

where 𝑃′ = 𝑝. Note Φ is convex, since 𝑝′ > 0.

See the exercises for further examples.

11.4.3. Uniqueness for scalar conservation laws. As a further illustration
of the ideas in §11.4.2, let us now consider again the initial-value problem for
a scalar conservation law

(35) {
𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0}.
Hence the unknown𝑢 = 𝑢(𝑥, 𝑡) is real-valued and𝐹 ∶ ℝ → ℝ is a given smooth
flux function.

In §3.4 we carefully studied the problem (35), making use of the primary
assumption that 𝐹 be strictly convex, to derive the Lax–Oleinik formula (see
§3.4.2). Let us now drop the assumption that 𝐹 be convex and devise an appro-
priate notion of weak solution. As above, we introduce entropies:

DEFINITION. Two smooth functions Φ, Ψ ∶ ℝ → ℝ comprise an entro-
py/entropy-flux pair for the conservation law 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 provided

(36) Φ is convex

and

(37) Φ′(𝑧)𝐹 ′(𝑧) = Ψ′(𝑧) (𝑧 ∈ ℝ).

As noted in Example 1 above, for each convex Φ there exists a correspond-
ing flux Ψ.

The entropy condition for 𝑢 reads

Φ(𝑢)𝑡 + Ψ(𝑢)𝑥 ≤ 0 on ℝ × (0,∞)
for each entropy/entropy-flux pair Φ, Ψ. This means

(38) {∫
∞
0 ∫∞

−∞Φ(𝑢)𝑣𝑡 + Ψ(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 ≥ 0
for each 𝑣 ∈ 𝐶∞

𝑐 (ℝ × (0,∞)), 𝑣 ≥ 0.
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DEFINITION. We call 𝑢 ∈ 𝐶([0,∞), 𝐿1(ℝ)) ∩ 𝐿∞(ℝ× (0,∞)) an entropy solu-
tion of (35) provided 𝑢 satisfies the inequalities (38) for each entropy/entropy-
flux pair (Φ,Ψ) and 𝑢(⋅, 𝑡) → 𝑔 in 𝐿1 as 𝑡 → 0.

Remarks.
(i) This definition supersedes our earlier definition of “entropy solution”

in §3.4.3.
(ii) Taking Φ(𝑧) = ±𝑧, Ψ(𝑧) = ±𝐹(𝑧) in (38), we deduce

∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 = 0

for all 𝑣 ≥ 0 and thus for all 𝑣 ∈ 𝐶1
𝑐 (ℝ × (0,∞)). It is an exercise to prove then

that

∫
∞

0
∫

∞

−∞
𝑢𝑣𝑡 + 𝐹(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 +∫

∞

−∞
𝑔𝑣 𝑑𝑥|𝑡=0 = 0

for all 𝑣 ∈ 𝐶1
𝑐 (ℝ × [0,∞)), since 𝑢(⋅, 𝑡) → 𝑔 in 𝐿1. Thus an entropy solution is

an integral solution.

We discussed in §11.4.2 the construction of an entropy solution, and we
now prove uniqueness.

THEOREM3 (Uniqueness of entropy solutions for a single conservation law).
There exists—up to a set of measure zero—at most one entropy solution of (35).

As in the proof of Theorem 1 in §10.2, the basic idea will be to “double the
variables” in the problem.

Proof∗.
1. Let 𝑢 be an entropy solution of (35). Then

(39) ∫
∞

0
∫

∞

−∞
Φ(𝑢)𝑣𝑡 + Ψ(𝑢)𝑣𝑥 𝑑𝑥𝑑𝑡 ≥ 0

for all 𝑣 ∈ 𝐶∞
𝑐 (ℝ × (0,∞)), 𝑣 ≥ 0, where Φ is smooth, convex and

Ψ(𝑧) = ∫
𝑧

𝑧0
Φ′(𝑤)𝐹′(𝑤) 𝑑𝑤

for any 𝑧0. Fix 𝛼 ∈ ℝ and take

(40) Φ𝑘(𝑧) ≔ 𝛽𝑘(𝑧 − 𝛼) (𝑧 ∈ ℝ),

∗Omit on first reading.
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where for each 𝑘 = 1, . . . , the function 𝛽𝑘 ∶ ℝ → ℝ is smooth, convex and

{𝛽𝑘(𝑧) → |𝑧| uniformly
𝛽′𝑘(𝑧) → sgn(𝑧) boundedly, a.e.

Thus Φ𝑘(𝑧) → |𝑧 − 𝛼| uniformly for 𝑧 ∈ ℝ. A flux corresponding to (40) is

Ψ𝑘(𝑧) = ∫
𝑧

𝛼
𝛽′𝑘(𝑤 − 𝛼)𝐹′(𝑤) 𝑑𝑤.

Consequently for each 𝑧

Ψ𝑘(𝑧) → ∫
𝑧

𝛼
sgn(𝑤 − 𝛼)𝐹′(𝑤) 𝑑𝑤 = sgn(𝑧 − 𝛼)(𝐹(𝑧) − 𝐹(𝛼)).

Putting Φ𝑘, Ψ𝑘 into (39) and sending 𝑘 → ∞, we deduce

(41) ∫
∞

0
∫

∞

−∞
|𝑢 − 𝛼|𝑣𝑡 + sgn(𝑢 − 𝛼)(𝐹(𝑢) − 𝐹(𝛼))𝑣𝑥 𝑑𝑥𝑑𝑡 ≥ 0

for each 𝛼 ∈ ℝ and 𝑣 as above.
2. Next let 𝑢̃ be another entropy solution. Then

(42) ∫
∞

0
∫

∞

−∞
|𝑢̃ − 𝛼̃| ̃𝑣𝑠 + sgn(𝑢̃ − 𝛼̃)(𝐹(𝑢̃) − 𝐹(𝛼̃)) ̃𝑣𝑦 𝑑𝑦𝑑𝑠 ≥ 0

where 𝛼̃ ∈ ℝ and ̃𝑣 ∈ 𝐶∞
𝑐 (ℝ × (0,∞)), ̃𝑣 ≥ 0.

Now let 𝑤 ∈ 𝐶∞
𝑐 (ℝ × ℝ × (0,∞) × (0,∞)), 𝑤 ≥ 0, 𝑤 = 𝑤(𝑥, 𝑦, 𝑡, 𝑠). Fixing

(𝑦, 𝑠) ∈ ℝ×(0,∞), we take 𝛼 = 𝑢̃(𝑦, 𝑠), 𝑣(𝑥, 𝑡) = 𝑤(𝑥, 𝑦, 𝑡, 𝑠) in (41). Integrating
with respect to 𝑦, 𝑠, we produce the inequality

(43)
∫

∞

0
∫

∞

0
∫

∞

−∞
∫

∞

−∞
|𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠)|𝑤𝑡

+ sgn(𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠))(𝐹(𝑢(𝑥, 𝑡)) − 𝐹(𝑢̃(𝑦, 𝑠)))𝑤𝑥 𝑑𝑥𝑑𝑦𝑑𝑡𝑑𝑠 ≥ 0.
Likewise, for each fixed (𝑥, 𝑡) ∈ ℝ × (0,∞) we take 𝛼̃ = 𝑢(𝑥, 𝑡), ̃𝑣(𝑦, 𝑠) =
𝑤(𝑥, 𝑦, 𝑡, 𝑠) in (42). Integrating with respect to 𝑥, 𝑡 gives

(44)
∫

∞

0
∫

∞

0
∫

∞

−∞
∫

∞

−∞
|𝑢̃(𝑦, 𝑠) − 𝑢(𝑥, 𝑡)|𝑤𝑠

+ sgn(𝑢̃(𝑦, 𝑠) − 𝑢(𝑥, 𝑡)) (𝐹(𝑢̃(𝑦, 𝑠)) − 𝐹(𝑢(𝑥, 𝑡)))𝑤𝑦 𝑑𝑥𝑑𝑦𝑑𝑡𝑑𝑠 ≥ 0.
Add (43), (44):

(45)
∫

∞

0
∫

∞

0
∫

∞

−∞
∫

∞

−∞
|𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠)|(𝑤𝑡 + 𝑤𝑠)

+ sgn(𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠)) (𝐹(𝑢(𝑥, 𝑡)) − 𝐹(𝑢̃(𝑦, 𝑠)))
(𝑤𝑥 + 𝑤𝑦) 𝑑𝑥𝑑𝑦𝑑𝑡𝑑𝑠 ≥ 0.
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3. We design as follows a clever choice for 𝑤 in (45). Select 𝜂 to be a stan-
dard mollifier as in §C.4 (with 𝑛 = 1) and, as usual, write 𝜂𝜀(𝑥) = 1

𝜀𝜂 (
𝑥
𝜀 ). Take

𝑤(𝑥, 𝑦, 𝑡, 𝑠) ≔ 𝜂𝜀(
𝑥 − 𝑦
2 ) 𝜂𝜀(

𝑡 − 𝑠
2 ) 𝜙(𝑥 + 𝑦

2 , 𝑡 + 𝑠
2 ) ,

where 𝜙 ∈ 𝐶∞
𝑐 (ℝ × (0,∞)), 𝜙 ≥ 0. We insert this choice of 𝑤 into (45) and

thereby obtain

(46)

∫
∞

0
∫

∞

0
∫

∞

−∞
∫

∞

−∞
{|𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠)|𝜙𝑡(

𝑥 + 𝑦
2 , 𝑡 + 𝑠

2 )

+ sgn(𝑢(𝑥, 𝑡) − 𝑢̃(𝑦, 𝑠)) (𝐹(𝑢(𝑥, 𝑡)) − 𝐹(𝑢̃(𝑦, 𝑠)))𝜙𝑥(
𝑥 + 𝑦
2 , 𝑡 + 𝑠

2 )}

𝜂𝜀(
𝑥 − 𝑦
2 ) 𝜂𝜀(

𝑡 − 𝑠
2 ) 𝑑𝑥𝑑𝑦𝑑𝑡𝑑𝑠 ≥ 0.

Change variables by writing

{ ̄𝑥 = 𝑥+𝑦
2 , ̄𝑡 = 𝑡+𝑠

2
̄𝑦 = 𝑥−𝑦

2 , ̄𝑠 = 𝑡−𝑠
2 .

Then (46) implies

(47) ∫
∞

−∞
∫

∞

−∞
𝐺( ̄𝑦, ̄𝑠)𝜂𝜀( ̄𝑦)𝜂𝜀( ̄𝑠) 𝑑 ̄𝑦𝑑 ̄𝑠 ≥ 0,

where

(48)
𝐺( ̄𝑦, ̄𝑠) ≔ ∫

∞

0
∫

∞

−∞
|𝑢( ̄𝑥 + ̄𝑦, ̄𝑡 + ̄𝑠) − 𝑢̃( ̄𝑥 − ̄𝑦, ̄𝑡 − ̄𝑠)|𝜙𝑡( ̄𝑥, ̄𝑡)

+ sgn(𝑢( ̄𝑥 + ̄𝑦, ̄𝑡 + ̄𝑠) − 𝑢̃( ̄𝑥 − ̄𝑦, ̄𝑡 − ̄𝑠))
(𝐹(𝑢( ̄𝑥 + ̄𝑦, ̄𝑡 + ̄𝑠)) − 𝐹(𝑢̃( ̄𝑥 − ̄𝑦, ̄𝑡 − ̄𝑠)))𝜙𝑥( ̄𝑥, ̄𝑡) 𝑑 ̄𝑥𝑑 ̄𝑡.

Now 𝑢( ̄𝑥 + ̄𝑦, ̄𝑡 + ̄𝑠) → 𝑢( ̄𝑥, ̄𝑡), 𝑢̃( ̄𝑥 − ̄𝑦, ̄𝑡 − ̄𝑠) → 𝑢̃( ̄𝑥, ̄𝑡) in 𝐿1loc as ̄𝑦, ̄𝑠 → 0. Since
the mappings (𝑎, 𝑏) ↦ |𝑎−𝑏|, sgn(𝑎−𝑏)(𝐹(𝑎)−𝐹(𝑏)) are Lipschitz continuous,
we deduce upon letting 𝜀 → 0 in (47) that

∫
∞

0
∫

∞

−∞
|𝑢( ̄𝑥, ̄𝑡) − 𝑢̃( ̄𝑥, ̄𝑡)| 𝜙𝑡( ̄𝑥, ̄𝑡)

+ sgn(𝑢( ̄𝑥, ̄𝑡) − 𝑢̃( ̄𝑥, ̄𝑡)) (𝐹(𝑢( ̄𝑥, ̄𝑡)) − 𝐹(𝑢̃( ̄𝑥, ̄𝑡))) 𝜙𝑥( ̄𝑥, ̄𝑡) 𝑑 ̄𝑥𝑑 ̄𝑡 ≥ 0.
Rewriting 𝑥 = ̄𝑥, 𝑡 = ̄𝑡, we have therefore

(49) ∫
∞

0
∫

∞

−∞
𝑎(𝑥, 𝑡)𝜙𝑡(𝑥, 𝑡) + 𝑏(𝑥, 𝑡)𝜙𝑥(𝑥, 𝑡) 𝑑𝑥𝑑𝑡 ≥ 0,

for

{𝑎(𝑥, 𝑡) ≔ |𝑢(𝑥, 𝑡) − 𝑢̃(𝑥, 𝑡)|
𝑏(𝑥, 𝑡) ≔ sgn(𝑢(𝑥, 𝑡) − 𝑢̃(𝑥, 𝑡))(𝐹(𝑢(𝑥, 𝑡)) − 𝐹(𝑢̃(𝑥, 𝑡))).
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4. We now employ the inequality (49) to establish the 𝐿1-contraction in-
equalities

(50) {∫
∞
−∞ |𝑢(𝑥, 𝑡) − 𝑢̃(𝑥, 𝑡)| 𝑑𝑥 ≤ ∫∞

−∞ |𝑢(𝑥, 𝑠) − 𝑢̃(𝑥, 𝑠)| 𝑑𝑥
for a.e. 0 ≤ 𝑠 ≤ 𝑡.

To prove this assertion, we take 0 < 𝑠 < 𝑡, 𝑟 > 0 and let 𝜙(𝑥, 𝑡) = 𝛼(𝑥)𝛽(𝑡) in
(49), where

⎧
⎨
⎩

𝛼 ∶ ℝ → ℝ is smooth,
𝛼(𝑥) = 1 if |𝑥| ≤ 𝑟, 𝛼(𝑥) = 0 if |𝑥| ≥ 𝑟 + 1,
|𝛼′(𝑥)| ≤ 2

and

⎧
⎪
⎨
⎪
⎩

𝛽 ∶ ℝ → ℝ is Lipschitz,
𝛽(𝜏) = 0 if 0 ≤ 𝜏 ≤ 𝑠 or 𝜏 ≥ 𝑡 + 𝛿,
𝛽(𝜏) = 1 if 𝑠 + 𝛿 ≤ 𝜏 ≤ 𝑡,
𝛽 is linear on [𝑠, 𝑠 + 𝛿] and [𝑡, 𝑡 + 𝛿],

for 0 < 𝛿 < 𝑡 − 𝑠. We deduce

1
𝛿 ∫

𝑠+𝛿

𝑠
∫

∞

−∞
𝑎(𝑥, 𝜏)𝛼(𝑥) 𝑑𝑥𝑑𝜏 ≥ 1

𝛿 ∫
𝑡+𝛿

𝑡
∫

∞

−∞
𝑎(𝑥, 𝜏)𝛼(𝑥) 𝑑𝑥𝑑𝜏

−∫
𝑡+𝛿

𝑠
∫
{𝑟≤|𝑥|≤𝑟+1}

𝑏(𝑥, 𝜏)𝛼′(𝑥)𝛽(𝜏) 𝑑𝑥𝑑𝜏.

Let 𝑟 → ∞:

1
𝛿 ∫

𝑡+𝛿

𝑡
∫

∞

−∞
𝑎(𝑥, 𝜏) 𝑑𝑥𝑑𝜏 ≤ 1

𝛿 ∫
𝑠+𝛿

𝑠
∫

∞

−∞
𝑎(𝑥, 𝜏) 𝑑𝑥𝑑𝜏.

Next let 𝛿 → 0 to deduce (50) for a.e. 0 ≤ 𝑠 ≤ 𝑡.
5. In light of (50) and the fact that 𝑢(⋅, 𝑡), 𝑢̃(⋅, 𝑡) → 𝑔 in 𝐿1 as 𝑡 → 0, we at

last conclude 𝑢 = 𝑢̃ a.e. □
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11.5. PROBLEMS

1. Show that this generalization of the 𝑝-system is a strictly hyperbolic system
if 𝑝′, 𝑞′ > 0:

{
𝑢1𝑡 − 𝑞(𝑢2)𝑥 = 0

𝑢2𝑡 − 𝑝(𝑢1)𝑥 = 0.
2. (a) Verify that the shallow water equations (Example 3 in §11.1) form a

strictly hyperbolic system, provided ℎ > 0.
(b) Show that for a smooth solution (ℎ, 𝑞) = (ℎ, 𝑣ℎ), with ℎ > 0, the

shallow water equations can be recast into this alternate conservation
law form:

(∗) {
ℎ𝑡 + (𝑣ℎ)𝑥 = 0

𝑣𝑡 + (𝑣
2

2 + ℎ)
𝑥
= 0.

Check that this is a strictly hyperbolic system.
3. Define for 𝑧 ∈ ℝ, 𝑧 ≠ 0, the matrix function

B(𝑧) ≔ 𝑒−
1
𝑧2 (

cos( 2𝑧) sin( 2𝑧)

sin( 2𝑧) − cos( 2𝑧)
) ,

and set B(0) = 0. Show that B is 𝐶∞ and has real eigenvalues, but we
cannot find unit-length right eigenvectors {r1(𝑧), r2(𝑧)} depending contin-
uously on 𝑧 near 0. What happens to the eigenspaces as 𝑧 → 0?

4. (Rarefaction curves) Show that for the shallow water wave equations in the
form (∗) from Problem 2 the rarefaction curves 𝑅1, 𝑅2 in the (ℎ, 𝑣)-plane
are given by the formulas

2√ℎ ± 𝑣 = 𝑐,
where 𝑐 is a constant.

5. (Shock curves) For the shallow water wave equations in the variables (ℎ, 𝑞),
find a formula describing the shock set 𝑆(𝑧0) in the (ℎ, 𝑞)-plane, where
𝑧0 = (ℎ0, 𝑞0) and ℎ0 > 0. For the particular case that 𝑞0 = 0, show that the
shock set is given by the expression

𝑞 = ±(ℎ − ℎ0)ℎ
√2

( 1ℎ + 1
ℎ0
)
1
2
.
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6. (Continuation) Construct an entropy solution u = (ℎ, 𝑞) of the shallow
water equations, corresponding to the Riemann initial data 𝑢𝑙 = (ℎ𝑙, 0) for
𝑥 < 0 and 𝑢𝑟 = (ℎ𝑟, 0) for 𝑥 > 0, where ℎ𝑙 > ℎ𝑟 > 0.

Your answer should consist of a rarefaction wave connecting 𝑢𝑙 to an
intermediate state 𝑢𝑖 = (ℎ𝑖, 𝑞𝑖) = (ℎ𝑖, 𝑣𝑖ℎ𝑖) and a shock wave connecting 𝑢𝑖
to 𝑢𝑟. To do this, transfer the formula from Problem 5 to the (ℎ, 𝑣)-plane,
and show that there exists a point of intersection (ℎ𝑖, 𝑣𝑖) of a rarefaction
curve through (ℎ𝑙, 0) and a shock curve through (ℎ𝑟, 0).

7. Confirm that the functions𝑤1, 𝑤2 computed for the barotropic gas dynam-
ics in §11.3.1 are indeed Riemann invariants.

8. Suppose that Φ is an entropy for the shallow water equations in the form
(∗) from Problem 2. Prove

𝜕2Φ
𝜕𝑣2 = ℎ𝜕

2Φ
𝜕ℎ2 .

9. Show thatΦ = 𝜌𝑣2/2+𝑃(𝜌) is an entropy for the barotropic Euler equations
(from §11.3.1), provided 𝑃″(𝜌) = 𝑝′(𝜌)/𝜌, 𝜌 > 0. Confirm that Φ is convex
in the proper variables. What is the corresponding entropy flux Ψ?

10. (Gradient flux function) Suppose that F = 𝐷𝜙, where 𝜙 ∶ ℝ𝑚 → ℝ. Show
that

Φ ≔ 1
2|𝑧|

2, Ψ ≔ 𝑧 ⋅ 𝐷𝜙(𝑧) − 𝜙(𝑧)
form an entropy/entropy-flux pair for the system of conservation laws u𝑡+
F(u)𝑥 = 0.

11. (Antigradient flux function)
(a) Assume that 𝑚 = 2 and F has the “antigradient” form F = (𝜙𝑧2 , 𝜙𝑧1)

for a convex function 𝜙 ∶ ℝ2 → ℝ. Confirm that

Φ ≔ 𝜙, Ψ ≔ 𝜙𝑧1𝜙𝑧2
are an entropy/entropy-flux pair for the system u𝑡 + F(u)𝑥 = 0.

(b) Find an entropy/entropy-flux pair for the generalization of the 𝑝-
system given in Problem 1.

12. Formulate what it means for Φ, 𝚿 to be an entropy/entropy-flux pair for
the general system of conservation laws

u𝑡 + divF(u) = 0 in ℝ𝑛 × (0,∞).
13. Maxwell’s equations for nonlinear dielectrics read in part

{D𝑡 = curlH
B𝑡 = −curlE
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in ℝ3 × (0,∞), where E denotes the electric field; H the magnetic field; D
the electric displacement; and B the magnetic induction. (We suppose the
current J vanishes.) We introduce the constitutive relations

H = 𝐷𝐵𝜂(B,D), E = 𝐷𝐷𝜂(B,D),

determined by a given convex electromagnetic field energy 𝜂 = 𝜂(𝐵, 𝐷).
Show that

Φ ≔ 𝜂, 𝚿 ≔ 𝐷𝐷𝜂 × 𝐷𝐵𝜂
are an entropy/entropy-flux pair.

14. (Nonconvex flux function) Assume that 𝑢 is an entropy solution of the
scalar conservation law 𝑢𝑡 + 𝐹(𝑢)𝑥 = 0 and that, as in §3.4.1, 𝑢 is smooth
on either side of a curve {𝑥 = 𝑠(𝑡)}.
(a) Prove that along this curve the left- and right-hand limits of 𝑢 satisfy

𝐹(𝜆𝑢𝑙 + (1 − 𝜆)𝑢𝑟) ≥ 𝜆𝐹(𝑢𝑙) + (1 − 𝜆)𝐹(𝑢𝑟) if 𝑢𝑙 ≤ 𝑢𝑟
and

𝐹(𝜆𝑢𝑙 + (1 − 𝜆)𝑢𝑟) ≤ 𝜆𝐹(𝑢𝑙) + (1 − 𝜆)𝐹(𝑢𝑟) if 𝑢𝑟 ≤ 𝑢𝑙
for each 0 ≤ 𝜆 ≤ 1. These inequalities are called condition E. Draw
pictures illustrating the geometric meaning of these inequalities.
(Compare with Problem 7 in Chapter 10.)

(b) What does condition 𝐸 imply if 𝐹 is uniformly convex?
15. (Explicit solutions for nonconvex flux) Compute the unique entropy solu-

tion of the Riemann problem

(∗) {
𝑢𝑡 + (𝑢3 − 𝑢)𝑥 = 0 in ℝ × (0,∞)

𝑢 = 𝑔 on ℝ × {𝑡 = 0},
for

𝑔(𝑥) = {−1 if 𝑥 < 0
1 if 𝑥 > 0.

(Hint: The solution involves a rarefaction wave with a shock along its left
edge. Make sure your solution verifies condition 𝐸, introduced in the pre-
vious problem.)

16. (Continuation) Discuss the structure of the entropy solution of the conser-
vation law (∗) from Problem 15, for

𝑔(𝑥) =
⎧
⎨
⎩

−1 + 𝜆 if 𝑥 < −1
−1 − 𝜆𝑥 if −1 < 𝑥 < 0
1 if 𝑥 > 0,
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when 𝜆 > 0 is small. How does this perturbation affect the behavior of the
shock in the solution found in the previous problem?

17. Assume 𝑢 is a smooth solution with compact support in space of the scalar
conservation law in several variables

{
𝑢𝑡 + divF(𝑢) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔 on ℝ𝑛 × {𝑡 = 0},
where F = (𝐹1, . . . , 𝐹𝑛). Show that if 𝑢̂ is another smooth solution with
initial data ̂𝑔, we have the 𝐿1-contraction estimate

‖𝑢(⋅, 𝑡) − 𝑢̂(⋅, 𝑡)‖𝐿1(ℝ𝑛) ≤ ‖𝑔 − ̂𝑔‖𝐿1(ℝ𝑛)

for each time 𝑡 ≥ 0.
(Hints: Show that 𝑤 ≔ 𝑢 − 𝑢̂ satisfies 𝑤𝑡 + div(b𝑤) = 0 for an appro-

priate vector field b = b(𝑥, 𝑡). Let 𝑇 > 0 and introduce the solution 𝑣 of the
adjoint problem 𝑣𝑡 + b ⋅ 𝐷𝑣 = 0 in ℝ𝑛 × [0, 𝑇], with the terminal condition
𝑣(⋅, 𝑇) = sgn(𝑤(⋅, 𝑇)).)
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Chapter 12

Nonlinear Wave
Equations

12.1. INTRODUCTION

This final chapter studies the existence (or sometimes nonexistence) of solu-
tions to the initial-value problem for the semilinear wave equation

(1) 𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0.
The linear case that 𝑓(𝑢) = 𝑚2𝑢 is the Klein–Gordon equation. We will also
discuss certain mildly quasilinear wave equations having the form

(2) 𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0,
where as usual we write 𝐷𝑢 = 𝐷𝑥𝑢 for the gradient in the 𝑥-variables.

We follow the custom of putting the nonlinearity on the left of the equals
sign in (1) and (2): this simplifies some later formulas a bit. More compli-
cated quasilinear wave equations, in which the coefficients of the second-order
derivatives depend on 𝐷𝑢, 𝑢𝑡, 𝑢, are beyond the scope of this book.

12.1.1. Conservation of energy. Considering first the semilinear PDE (1),
we hereafter set

𝐹(𝑧) ≔ ∫
𝑧

0
𝑓(𝑤) 𝑑𝑤 (𝑧 ∈ ℝ).

Then 𝐹(0) = 0 and 𝐹′ = 𝑓. We recall from §8.6.2 that the energy of a solution 𝑢
of (1) at time 𝑡 ≥ 0 is

𝐸(𝑡) ≔ ∫
ℝ𝑛

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑥

617
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and that this energy is conserved:

THEOREM 1 (Conservation of energy). Assume that 𝑢 is a smooth solution of
the semilinear wave equation (1) and that 𝑢(⋅, 𝑡) has compact support in space
for each time 𝑡. Then

𝑡 ↦ 𝐸(𝑡) is constant.

Proof. We calculate
̇𝐸(𝑡) = ∫

ℝ𝑛
𝑢𝑡𝑢𝑡𝑡 + 𝐷𝑢 ⋅ 𝐷𝑢𝑡 + 𝑓(𝑢)𝑢𝑡 𝑑𝑥 = ∫

ℝ𝑛
𝑢𝑡(𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢)) 𝑑𝑥 = 0,

where ⋅ = 𝑑
𝑑𝑡 . □

The integration by parts in this proof is valid, since 𝑢 has compact support
in space for each time. In many subsequent proofs we will similarly integrate
by parts, implicitly relying upon our solution’s vanishing for large |𝑥| to justify
the computation.

12.1.2. Finite propagation speed. Recalling the domain of dependence cal-
culation for the linear wave equation in §2.4.3, we reintroduce the backwards
wave cone:

DEFINITION. Fix 𝑥0 ∈ ℝ𝑛, 𝑡0 > 0 and define the backwards wave cone with
apex (𝑥0, 𝑡0):

𝐾(𝑥0, 𝑡0) ≔ { (𝑥, 𝑡) ∣ 0 ≤ 𝑡 ≤ 𝑡0, |𝑥 − 𝑥0| ≤ 𝑡0 − 𝑡 }.
The curved part of the boundary of 𝐾(𝑥0, 𝑡0) is

Γ(𝑥0, 𝑡0) ≔ { (𝑥, 𝑡) ∣ 0 ≤ 𝑡 ≤ 𝑡0, |𝑥 − 𝑥0| = 𝑡0 − 𝑡 }.

THEOREM 2 (Flux estimate for semilinear wave equation). Assume that 𝑢 is
a smooth solution of the semilinear wave equation (1).

(i) For each point (𝑥0, 𝑡0) ∈ ℝ𝑛 × (0,∞) we have the identity

(3) 1
√2

∫
Γ(𝑥0,𝑡0)

1
2 |𝑢𝑡𝜈 − 𝐷𝑢|2 + 𝐹(𝑢) 𝑑𝑆 = 𝑒(0),

where 𝜈 ≔ 𝑥−𝑥0
|𝑥−𝑥0|

and

𝑒(𝑡) ≔ ∫
𝐵(𝑥0,𝑡0−𝑡)

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑡0).

(ii) If
𝐹 ≥ 0

and
𝑢(⋅, 0), 𝑢𝑡(⋅, 0) ≡ 0 within 𝐵(𝑥0, 𝑡0),

then 𝑢 ≡ 0 within the cone 𝐾(𝑥0, 𝑡0).
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The expression on the left-hand side of (3) is the energy flux through the
curved surface Γ(𝑥0, 𝑡0).

Proof.

1. We compute that

(4)

̇𝑒(𝑡) = ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡𝑢𝑡𝑡 + 𝐷𝑢 ⋅ 𝐷𝑢𝑡 + 𝑓(𝑢)𝑢𝑡 𝑑𝑥

−∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑆

= ∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

𝜕𝑢
𝜕𝜈𝑢𝑡 −

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) − 𝐹(𝑢) 𝑑𝑆

= −∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

1
2 |𝑢𝑡𝜈 − 𝐷𝑢|2 + 𝐹(𝑢) 𝑑𝑆,

since
|𝑢𝑡𝜈 − 𝐷𝑢|2 = 𝑢2𝑡 − 2𝑢𝑡

𝜕𝑢
𝜕𝜈 + |𝐷𝑢|2.

Now integrate in time between 0 and 𝑡0 to derive (3). Notice that the factor 1
√2

appears when we switch to integration over Γ(𝑥0, 𝑡0), since this surface is tilted
at constant angle 𝜋

4 above 𝐵(𝑥0, 𝑡0) × {𝑡 = 0}.
2. If 𝑢(⋅, 0), 𝑢𝑡(⋅, 0) ≡ 0 on 𝐵(𝑥0, 𝑡0), then 𝑒(0) = 0 since 𝐹(0) = 0. As 𝐹 ≥ 0,

it follows from (4) that 𝑒 ≡ 0. We deduce that 𝑢𝑡, 𝐷𝑢 ≡ 0, and therefore 𝑢 ≡ 0,
within the cone 𝐾(𝑥0, 𝑡0). □

Although the mildly quasilinear wave equation (2) does not in general have
a conserved energy, we can nevertheless adapt the previous proof to show finite
propagation speed.

THEOREM 3 (Domain of dependence). Assume that

𝑓(0, 0, 0) = 0

and that 𝑢 is a smooth solution of the quasilinear wave equation (2). If

𝑢(⋅, 0), 𝑢𝑡(⋅, 0) ≡ 0 within 𝐵(𝑥0, 𝑡0),

then 𝑢 ≡ 0 within the cone 𝐾(𝑥0, 𝑡0).

So any disturbance originating outside 𝐵(𝑥0, 𝑡0) does not affect the solution
within 𝐾(𝑥0, 𝑡0). Consequently the effects of nonzero initial data propagate
with speed at most one.
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Proof. Define

𝑒(𝑡) ≔ 1
2 ∫𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢2 𝑑𝑥 (0 ≤ 𝑡 ≤ 𝑡0).

Then

̇𝑒(𝑡) = ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡𝑢𝑡𝑡 + 𝐷𝑢 ⋅ 𝐷𝑢𝑡 + 𝑢𝑢𝑡 𝑑𝑥

− 1
2 ∫𝜕𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢2 𝑑𝑆

= ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡(𝑢𝑡𝑡 − Δ𝑢 + 𝑢) 𝑑𝑥

+∫
𝜕𝐵(𝑥0,𝑡0−𝑡)

𝜕𝑢
𝜕𝜈𝑢𝑡 𝑑𝑆 −

1
2 ∫𝜕𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢2 𝑑𝑆

≤ ∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢𝑡(−𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) + 𝑢) 𝑑𝑥.

Since 𝑓(0, 0, 0) = 0 and 𝑢 is smooth,

|𝑓(𝐷𝑢, 𝑢𝑡, 𝑢)| ≤ 𝐶(|𝐷𝑢| + |𝑢𝑡| + |𝑢|)
for some constant 𝐶 depending upon ‖𝐷𝑢, 𝑢𝑡, 𝑢‖𝐿∞ . We conclude that

̇𝑒(𝑡) ≤ 𝐶∫
𝐵(𝑥0,𝑡0−𝑡)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢2 𝑑𝑥 = 𝐶𝑒(𝑡).

As 𝑒(0) = 0, Gronwall’s inequality (§B.2) implies 𝑒 ≡ 0. Therefore 𝑢 ≡ 0within
the cone 𝐾(𝑥0, 𝑡0). □

12.2. EXISTENCE OF SOLUTIONS

We devote this section to proving existence theorems for solutions of the mildly
quasilinear initial-value problem

(1) {𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0 in ℝ𝑛 × (0, 𝑇]
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

Similarly to §7.2, we say that a function u ∈ 𝐿2(0, 𝑇;𝐻1
loc(ℝ𝑛)), with

u′ ∈ 𝐿2(0, 𝑇; 𝐿2loc(ℝ𝑛))
and u″ ∈ 𝐿2(0, 𝑇;𝐻−1

loc (ℝ𝑛)), is a weak solution of the initial-value problem (1)
provided u(0) = 𝑔,u′(0) = ℎ,

f ≔ −𝑓(𝐷u,u′,u) ∈ 𝐿2(0, 𝑇; 𝐿2loc(ℝ𝑛)),



12.2. Existence of Solutions 621

and
⟨u″, 𝑣⟩ + 𝐵[u, 𝑣] = (f, 𝑣)

for each 𝑣 ∈ 𝐻1(ℝ𝑛) with compact support and a.e. time 0 ≤ 𝑡 ≤ 𝑇. Here
𝐵[𝑢, 𝑣] ≔ ∫ℝ𝑛 𝐷𝑢 ⋅ 𝐷𝑣 𝑑𝑥.

We always assume
𝑓(0, 0, 0) = 0.

12.2.1. Lipschitz nonlinearities. We start with a strong assumption on the
nonlinearity, namely that

(2) 𝑓 ∶ ℝ𝑛 × ℝ × ℝ → ℝ is Lipschitz continuous.

THEOREM 1 (Existence and uniqueness).
(i) Assume 𝑔 ∈ 𝐻1

loc(ℝ𝑛), ℎ ∈ 𝐿2loc(ℝ𝑛). Then for each 𝑇 > 0 there exists a
unique weak solution u of the initial-value problem (1).

(ii) If in addition 𝑔 ∈ 𝐻2
loc(ℝ𝑛), ℎ ∈ 𝐻1

loc(ℝ𝑛), then

⎧
⎨
⎩

u ∈ 𝐿∞((0, 𝑇); 𝐻2
loc(ℝ𝑛)),

u′ ∈ 𝐿∞((0, 𝑇); 𝐻1
loc(ℝ𝑛)),

u″ ∈ 𝐿∞((0, 𝑇); 𝐿2loc(ℝ𝑛)).

Proof.
1. We will first suppose that 𝑇 > 0 is sufficiently small, as determined

below. Given 𝑅 >> 1, let us consider first the initial/boundary-value problem

(3)
⎧
⎨
⎩

𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0 in 𝐵(0, 𝑅) × (0, 𝑇]
𝑢 = 0 on 𝜕𝐵(0, 𝑅) × [0, 𝑇]

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝐵(0, 𝑅) × {𝑡 = 0}.
We temporarily also assume 𝑔 ∈ 𝐻1

0(𝐵(0, 𝑅)).
Introduce the space of functions

𝑋 ≔ {u ∈ 𝐿∞(0, 𝑇;𝐻1
0(𝐵(0, 𝑅))) ∣ u′ ∈ 𝐿∞(0, 𝑇; 𝐿2(𝐵(0, 𝑅))) },

with the norm

‖u‖ ≔ ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻1
0(𝐵(0,𝑅)) + ‖u′(𝑡)‖𝐿2(𝐵(0,𝑅))).

Given v ∈ 𝑋 , we hereafter write u = 𝐴[v] to mean that u ∈ 𝑋 is the unique
weak solution of the linear problem

(4)
⎧
⎨
⎩

𝑢𝑡𝑡 − Δ𝑢 = −𝑓(𝐷𝑣, 𝑣𝑡, 𝑣) in 𝐵(0, 𝑅) × (0, 𝑇)
𝑢 = 0 on 𝜕𝐵(0, 𝑅) × (0, 𝑇)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on 𝐵(0, 𝑅) × {𝑡 = 0}.
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This weak solution exists according to Theorems 3–5 in §7.2.
Suppose that we are given also v̂ ∈ 𝑋 , and likewise write û = 𝐴[v̂]. Put

w ≔ u − û. Then w is the unique weak solution of

⎧
⎨
⎩

𝑤𝑡𝑡 − Δ𝑤 = 𝑓(𝐷 ̂𝑣, ̂𝑣𝑡, ̂𝑣) − 𝑓(𝐷𝑣, 𝑣𝑡, 𝑣) in 𝐵(0, 𝑅) × (0, 𝑇)
𝑤 = 0 on 𝜕𝐵(0, 𝑅) × (0, 𝑇)

𝑤 = 0, 𝑤𝑡 = 0 on 𝐵(0, 𝑅) × {𝑡 = 0}.

Consequently estimate (50) from §7.2 provides us with the bound

‖w‖ ≤ 𝐶‖𝑓(𝐷v̂, v̂′, v̂) − 𝑓(𝐷v, v′, v)‖𝐿2(0,𝑇;𝐿2(𝐵(0,𝑅))).

In view of the Lipschitz continuity of 𝑓, it follows that

‖w‖2 ≤ 𝐶∫
𝑇

0
∫
𝐵(0,𝑅)

|𝐷v − 𝐷v̂|2 + |v′ − v̂′|2 + |v − v̂|2 𝑑𝑥𝑑𝑡 ≤ 𝐶𝑇‖v − v̂‖2.

Since w = u − û = 𝐴[v] − 𝐴[v̂], we deduce that

‖𝐴[v] − 𝐴[v̂]‖ ≤ 1
2‖v − v̂‖

provided 𝑇 > 0 is small enough, depending only upon the Lipschitz constant
of 𝑓. Banach’s Theorem (§9.2.1) now implies the existence of a unique fixed
point u ∈ 𝑋 , which is the unique weak solution of (3).

2. In particular we may assume that 𝑇 < 1. Let 𝑆 = 𝑅 − 1. Then the fi-
nite propagation speed (Theorem 3 in §12.1) implies that the solution within
the cylinder 𝐵(0, 𝑆) × [0, 𝑇] depends only upon the initial data 𝑔, ℎ restricted
to 𝐵(0, 𝑆 + 𝑇) ⊂⊂ 𝐵(0, 𝑅). Consequently our temporary assumption that
𝑔 ∈ 𝐻1

0(𝐵(0, 𝑅)) does not matter, since we can multiply 𝑔 by a cutoff function
vanishing near 𝜕𝐵(0, 𝑅) without affecting the solution within 𝐵(0, 𝑆) × [0, 𝑇].

Suppose now that we repeat the above construction for another large radius
𝑅̂ > 𝑅 > 1, to build a weak solution û of (3) (with 𝑅̂ replacing 𝑅). Then owing
to uniqueness and finite propagation speed, we have

û ≡ u on 𝐵(0, 𝑅 − 𝑇) × [0, 𝑇].

Consequently, we can construct solutions u𝑘 for a sequence of radii 𝑅𝑘 → ∞,
and these solutions will exist and agree on any compact subset ofℝ𝑛×[0, 𝑇], for
sufficiently large𝑘. The common value of these solutions for large𝑘determines
our unique weak solution u of (1) for times 0 ≤ 𝑡 ≤ 𝑇.

We have therefore built a unique solution of (1) on ℝ𝑛 × [0, 𝑇] provided
𝑇 > 0 is sufficiently small. We then extend the solution to the time intervals
[𝑇, 2𝑇], [2𝑇, 3𝑇], etc., to construct a unique weak solution existing for all time.
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3. Select 𝑘 ∈ {1, . . . , 𝑛} and let ũ ≔ 𝐷ℎ
𝑘u denote a corresponding difference

quotient of u (§5.8.2). Then ũ is the weak solution of

{
𝑢̃𝑡𝑡 − Δ𝑢̃ + b ⋅ 𝐷𝑢̃ + 𝑐𝑢̃ + 𝑑𝑢𝑡 = 0 in ℝ𝑛 × (0, 𝑇)

𝑢̃ = ̃𝑔, 𝑢̃𝑡 = ̃ℎ on ℝ𝑛 × {𝑡 = 0},
where ̃𝑔 = 𝐷ℎ

𝑘𝑔, ̃ℎ = 𝐷ℎ
𝑘ℎ and

⎧
⎪⎪
⎨
⎪⎪
⎩

𝑏𝑗 = ∫
1

0
𝑓𝑝𝑗 (𝑠𝐷𝑢(𝑥 + ℎ𝑒𝑘, 𝑡) + (1 − 𝑠)𝐷𝑢(𝑥, 𝑡), 𝑠𝑢𝑡(𝑥 + ℎ𝑒𝑘, 𝑡)

+ (1 − 𝑠)𝑢𝑡(𝑥, 𝑡), 𝑠𝑢(𝑥 + ℎ𝑒𝑘, 𝑡) + (1 − 𝑠)𝑢(𝑥, 𝑡)) 𝑑𝑠,

𝑐 ≔ ∫
1

0
𝑓𝑧(⋯) 𝑑𝑠, 𝑑 ≔ ∫

1

0
𝑓𝑝𝑛+1(⋯) 𝑑𝑠.

As above, we can estimate for large 𝑅 > 0 that
‖ũ‖ = ess sup

0≤𝑡≤𝑇
(‖ũ(𝑡)‖𝐻1(𝐵(0,𝑅)) + ‖ũ′(𝑡)‖𝐿2(𝐵(0,𝑅))) ≤ 𝐶,

the constant 𝐶 depending only on ‖ ̃𝑔‖𝐻1(𝐵(0,2𝑅)) ≤ 𝐶‖𝑔‖𝐻2(𝐵(0,3𝑅)) and
‖ ̃ℎ‖𝐿2(𝐵(0,2𝑅)) ≤ 𝐶‖ℎ‖𝐻1((0,3𝑅)). The above estimates for 𝑘 = 1, . . . , 𝑛 show
that u∈𝐿∞((0, 𝑇); 𝐻2

loc(ℝ𝑛)) and u′ ∈𝐿∞((0, 𝑇); 𝐻1
loc(ℝ𝑛)). Finally, we use the

PDE 𝑢𝑡𝑡 −Δ𝑢+𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0 to estimate ∫𝐵(0,𝑅) 𝑢2𝑡𝑡 𝑑𝑥 and so conclude that
u″ ∈ 𝐿∞((0, 𝑇); 𝐿2loc(ℝ𝑛)). □

12.2.2. Short time existence. Consider again the problem

(5) {𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0 in ℝ𝑛 × (0, 𝑇]
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

We hereafter drop the restrictive assumption (2) that the nonlinearity 𝑓 be Lip-
schitz continuous and instead just suppose that 𝑓 is a given smooth function.
Our goal is proving there is a unique solution, existing for at least some short
time interval [0, 𝑇]. We will need more smoothness on the initial data, requir-
ing 𝑔 ∈ 𝐻𝑘(ℝ𝑛), ℎ ∈ 𝐻𝑘−1(ℝ𝑛) for a possibly large integer 𝑘 (depending on
𝑛).

We first introduce some new estimates for the Sobolev space 𝐻𝑘(ℝ𝑛):

THEOREM 2 (Sobolev inequalities for 𝐻𝑘). Suppose that the functions 𝑢1, . . . ,
𝑢𝑚 belong to𝐻𝑘(ℝ𝑛), where 𝑘 > 𝑛

2 .
(i) If |𝛽1| +⋯ + |𝛽𝑚| ≤ 𝑘, then

(6) ‖𝐷𝛽1𝑢1⋯𝐷𝛽𝑚𝑢𝑚‖𝐿2(ℝ𝑛) ≤ 𝐶
𝑚
∏
𝑗=1

‖𝑢𝑗‖𝐻𝑘(ℝ𝑛)

for a constant 𝐶 = 𝐶(𝑛,𝑚, 𝑘).
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(ii) Let 𝑓 ∶ ℝ𝑚 → ℝ be a smooth function satisfying 𝑓(0) = 0. Then
𝑓(𝑢1, . . . , 𝑢𝑚)∈ 𝐻𝑘(ℝ𝑛) and

(7) ‖𝑓(𝑢1, . . . , 𝑢𝑚)‖𝐻𝑘(ℝ𝑛) ≤ Φ(‖𝑢1‖𝐻𝑘(ℝ𝑛), . . . , ‖𝑢𝑚‖𝐻𝑘(ℝ𝑛)),
whereΦ is a continuous function, nondecreasing in each argument and
depending only upon 𝑓, 𝑘, 𝑛,𝑚.

Proof.
1. We leave the proof of (6) to the reader: see Problem 12.
2. Let 0 < |𝛼| ≤ 𝑘. Then 𝐷𝛼𝑓(𝑢1, . . . , 𝑢𝑚) can be written as a finite sum of

terms of the form
𝐴𝐷𝛽1𝑢𝑗1 ⋯𝐷𝛽𝑙𝑢𝑗𝑙 ,

where 𝐴 depends on the partial derivatives of 𝑓 of order at most 𝑘 evaluated at
(𝑢1, . . . , 𝑢𝑚), 𝑙 ≤ 𝑘, 0 ≤ |𝛽𝑗| ≤ |𝛼|, and 𝛽1 +⋯+ 𝛽𝑙 = 𝛼.

Recall from Theorem 6 in §5.6.3 that 𝑘 > 𝑛
2 implies the estimate

‖𝑢‖𝐿∞(ℝ𝑛) ≤ 𝐶‖𝑢‖𝐻𝑘(ℝ𝑛).
Therefore ‖𝐴‖𝐿∞ is bounded by a term depending only upon 𝑓 and ‖𝑢𝑗‖𝐻𝑘 (𝑗 =
1, . . . , 𝑚). According then to estimate (6),

‖𝐴𝐷𝛽1𝑢𝑗1 ⋯𝐷𝛽𝑙𝑢𝑗𝑙‖𝐿2
is bounded by an expression involving only ‖𝑢𝑗‖𝐻𝑘 , for 𝑗 = 1, . . . , 𝑚. Since
𝑓(0) = 0, we can similarly estimate ‖𝑓(𝑢1, . . . , 𝑢𝑚)‖𝐿2 . This establishes (7). □

We next demonstrate that if we select the time 𝑇 > 0 sufficiently small,
depending upon the initial data 𝑔, ℎ, we can find a solution existing on ℝ𝑛 ×
(0, 𝑇]:

THEOREM 3 (Short time existence). Assume 𝑓 ∶ ℝ𝑛 × ℝ × ℝ → ℝ is smooth,
𝑓(0, 0, 0) = 0. Suppose also 𝑔 ∈ 𝐻𝑘(ℝ𝑛), ℎ ∈ 𝐻𝑘−1(ℝ𝑛) for 𝑘 > 𝑛

2 + 1.
There exists a time 𝑇 > 0 such that the initial-value problem

(8) {
𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝐷𝑢, 𝑢𝑡, 𝑢) = 0 in ℝ𝑛 × (0, 𝑇]

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}
has a unique weak solution u, with

u ∈ 𝐿∞(0, 𝑇;𝐻𝑘(ℝ𝑛)), u′ ∈ 𝐿∞(0, 𝑇;𝐻𝑘−1(ℝ𝑛)).

The time𝑇 of existence provided by the proof depends in a complicated way
upon both 𝑓 and ‖𝑔‖𝐻𝑘(ℝ𝑛), ‖ℎ‖𝐻𝑘−1(ℝ𝑛) and can be very short if ‖𝑔‖𝐻𝑘(ℝ𝑛) and
‖ℎ‖𝐻𝑘−1(ℝ𝑛) are large. We will see in §12.5 that solutions of even the simpler
semilinear wave equation need not exist for all time.
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Proof.

1. Let

𝑋 ≔ {u ∈ 𝐿∞(0, 𝑇;𝐻1(ℝ𝑛)) ∣ u′ ∈ 𝐿∞(0, 𝑇; 𝐿2(ℝ𝑛)) }

with the norm

‖u‖ ≔ ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻1(ℝ𝑛) + ‖u′(𝑡)‖𝐿2(ℝ𝑛)).

We introduce also the stronger norm

⦀u⦀ ≔ ess sup
0≤𝑡≤𝑇

(‖u(𝑡)‖𝐻𝑘(ℝ𝑛) + ‖u′(𝑡)‖𝐻𝑘−1(ℝ𝑛)).

For 𝜆 > 0 define

𝑋𝜆 ≔ {u ∈ 𝑋 ∣ ⦀u⦀ ≤ 𝜆,u(0) = 𝑔,u′(0) = ℎ }.

If v ∈ 𝑋𝜆, we write u = 𝐴[v] to mean that u solves the linear initial-value
problem

(9) {
𝑢𝑡𝑡 − Δ𝑢 = −𝑓(𝐷𝑣, 𝑣𝑡, 𝑣) in ℝ𝑛 × (0, 𝑇]
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

Define

𝐸𝑘(𝑡) ≔ ‖u(𝑡)‖2𝐻𝑘(ℝ𝑛) + ‖u′(𝑡)‖2𝐻𝑘−1(ℝ𝑛)

and

𝐹𝑘(𝑡) ≔ ‖v(𝑡)‖2𝐻𝑘(ℝ𝑛) + ‖v′(𝑡)‖2𝐻𝑘−1(ℝ𝑛).
2. We claim now that we have the estimate

(10) 𝐸𝑘(𝑡) ≤ 𝐸𝑘(0) + 𝐶∫
𝑡

0
Ψ(𝐹𝑘(𝑠)) 𝑑𝑠 (0 ≤ 𝑡 ≤ 𝑇)

for some continuous and monotone function Ψ depending only upon 𝑛, 𝑘 and
𝑓.

To prove (10), let |𝛼| ≤ 𝑘−1 and apply𝐷𝛼 = 𝐷𝛼
𝑥 to the PDE (9), to discover

𝑤𝑡𝑡 − Δ𝑤 = −𝐷𝛼(𝑓(𝐷𝑣, 𝑣𝑡, 𝑣))
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for 𝑤 ≔ 𝐷𝛼𝑢. Therefore we can use estimate (7), with 𝑘 − 1 in place of 𝑘 and
with 𝑚 = 𝑛 + 2, to compute

𝑑
𝑑𝑡 ∫ℝ𝑛

(𝑤2
𝑡 + |𝐷𝑤|2) 𝑑𝑥

= 2∫
ℝ𝑛
𝑤𝑡𝑤𝑡𝑡 + 𝐷𝑤 ⋅ 𝐷𝑤𝑡 𝑑𝑥

= 2∫
ℝ𝑛
𝑤𝑡(𝑤𝑡𝑡 − Δ𝑤) 𝑑𝑥

= −2∫
ℝ𝑛
𝑤𝑡𝐷𝛼𝑓(𝐷𝑣, 𝑣𝑡, 𝑣) 𝑑𝑥

≤ ∫
ℝ𝑛
𝑤2
𝑡 + |𝐷𝛼𝑓(𝐷𝑣, 𝑣𝑡, 𝑣)|2 𝑑𝑥

≤ ∫
ℝ𝑛
𝑤2
𝑡 𝑑𝑥 + 𝐶Φ2(‖𝑣𝑥1‖𝐻𝑘−1(ℝ𝑛), . . . , ‖𝑣𝑥𝑛‖𝐻𝑘−1(ℝ𝑛), ‖𝑣𝑡‖𝐻𝑘−1(ℝ𝑛), ‖𝑣‖𝐻𝑘−1(ℝ𝑛))

≤ ∫
ℝ𝑛
𝑤2
𝑡 𝑑𝑥 + Ψ(𝐹𝑘(𝑡)),

for some appropriate function Ψ. Apply Gronwall’s inequality and then sum
the above over all |𝛼| ≤ 𝑘 − 1 to deduce (10).

3. We assert next that if 𝜆 > 0 is large enough and 𝑇 > 0 is small enough,
then

𝐴 ∶ 𝑋𝜆 → 𝑋𝜆.

To see this, observe that (10) implies

(11) ⦀u⦀2 ≤ ‖𝑔‖2𝐻𝑘(ℝ𝑛) + ‖ℎ‖2𝐻𝑘−1(ℝ𝑛) + 𝐶𝑇Ψ(⦀v⦀2)

for some function Ψ. Let

𝜆2 ≔ 2(‖𝑔‖2𝐻𝑘(ℝ𝑛) + ‖ℎ‖2𝐻𝑘−1(ℝ𝑛))

and then fix 𝑇 > 0 so small that

𝐶𝑇Ψ(𝜆2) ≤ 𝜆2
2 .

Then (11) forces ⦀𝐴[v]⦀2 ≤ 𝜆2, and consequently 𝐴[v] = u ∈ 𝑋𝜆.
4. Next we claim that if 𝜆 is large enough and 𝑇 is small enough, then

(12) ‖𝐴[v] − 𝐴[v̂]‖ ≤ 1
2‖v − v̂‖

for all v, v̂ ∈ 𝑋𝜆.
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To confirm this, let us write u = 𝐴[v], û = 𝐴[v̂]. Put w ≔ u − û. Then

𝑑
𝑑𝑡 ∫ℝ𝑛

|𝐷𝑤|2 + 𝑤2
𝑡 + 𝑤2 𝑑𝑥

= 2∫
ℝ𝑛
𝑤𝑡(𝑓(𝐷 ̂𝑣, ̂𝑣𝑡, ̂𝑣) − 𝑓(𝐷𝑣, 𝑣𝑡, 𝑣) + 𝑤) 𝑑𝑥

≤ ∫
ℝ𝑛
𝑤2
𝑡 + 𝑤2 𝑑𝑥 + 𝐶∫

ℝ𝑛
|𝐷 ̂𝑣 − 𝐷𝑣|2 + | ̂𝑣𝑡 − 𝑣𝑡|2 + | ̂𝑣 − 𝑣|2 𝑑𝑥,

the constant 𝐶 depending on ‖𝐷 ̂𝑣, ̂𝑣𝑡, ̂𝑣, 𝐷𝑣, 𝑣𝑡, 𝑣‖𝐿∞ . This quantity is bound-
ed since the functions v, v̂ belong to 𝑋𝜆 and 𝑘 > 𝑛

2 + 1. Invoking Gronwall’s
inequality, we deduce that

max
0≤𝑡≤𝑇

∫|𝐷𝑤|2 + |𝑤𝑡|2 + 𝑤2 𝑑𝑥

≤ 𝐶∫
𝑇

0
∫
ℝ𝑛
|𝐷𝑣 − 𝐷 ̂𝑣|2 + |𝑣𝑡 − ̂𝑣𝑡|2 + |𝑣 − ̂𝑣|2 𝑑𝑥𝑑𝑡

≤ 𝐶𝑇‖𝑣 − ̂𝑣‖2.

We can now select 𝑇 small enough to ensure (12).
5. Select any u0 ∈ 𝑋𝜆. According to the proof of Banach’s Theorem from

§9.2.1, if we inductively define u𝑘+1 ≔ 𝐴[u𝑘] for 𝑘 = 0, . . . , then u𝑘 → u in 𝑋
and

𝐴[u] = u.
Furthermore, since ⦀u𝑘⦀ ≤ 𝜆, we have u ∈ 𝑋𝜆. Uniqueness follows from
(12). □

Note carefully the strategy of this proof. We showed that for small 𝑇 > 0
the operator𝐴 is a strict contraction in the weaker norm ‖⋅‖ and also preserves
certain estimates in the stronger norm⦀⋅⦀. Consequently the iteration scheme
from Banach’s Theorem provides a sequence that converges in 𝑋 , to a fixed
point that actually lies in the better space 𝑋𝜆. We did not have to show that 𝐴
is a strict contraction in the stronger norm.

12.3. SEMILINEARWAVE EQUATIONS

This section and the next section discuss the initial-value problem for semilin-
ear wave equations:

(1) {
𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.
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We will prove much stronger existence theorems than those in §12.2 not only
because the nonlinear term 𝑓(𝑢) is simpler than 𝑓(𝑢, 𝐷𝑢, 𝑢𝑡) but also because
we have for (1) the conserved energy functional

𝐸(𝑡) ≔ ∫
ℝ𝑛

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑥,

unavailable for the general quasilinear wave equations. Our main goal is dis-
covering when solutions exist for all times 𝑡 ≥ 0.

12.3.1. Sign conditions. Our first existence theorem holds for nonlinearities
such that 𝑓(𝑧) and 𝑧 have the same sign.

THEOREM 1 (Sign condition on 𝑓). Suppose 𝑓 is smooth and
(2) 𝑧𝑓(𝑧) ≥ 0 (𝑧 ∈ ℝ).
Assume 𝑔 ∈ 𝐻1(ℝ𝑛), ℎ ∈ 𝐿2(ℝ𝑛), 𝐹(𝑔) ∈ 𝐿1(ℝ𝑛).

Then the initial-value problem (1) has a global weak solution u existing for
all times, with

{u ∈ 𝐿2loc((0,∞); 𝐿2(ℝ𝑛)) ∩ 𝐿∞((0,∞);𝐻1(ℝ𝑛))
u′ ∈ 𝐿∞((0,∞); 𝐿2(ℝ𝑛)), 𝐹(u) ∈ 𝐿∞((0,∞); 𝐿1(ℝ𝑛)).

Furthermore, we have the energy inequality
(3) 𝐸(𝑡) ≤ 𝐸(0) for all times 𝑡 ≥ 0.

Note that we do not assert equality in (3): our solution is not known to be
smooth enough for us to calculate rigorously that ̇𝐸 ≡ 0.

Change of notation. Starting with the following proof, we transition away
from boldface notation, indicating a mapping of time 𝑡 into a space of functions
of 𝑥, and will instead hereafter regard our solution as a function 𝑢 = 𝑢(𝑥, 𝑡) of
both variables 𝑥 and 𝑡 together.

Proof.
1. According to the sign condition (2), 𝐹(𝑧) = ∫𝑧

0 𝑓(𝑤) 𝑑𝑤 is nondecreasing
for 𝑧 ≥ 0 and is nonincreasing for 𝑧 ≤ 0. Select a sequence of smooth functions
𝐹𝑘 ∶ ℝ → ℝ so that

𝐹𝑘 ≥ 0, 𝐹𝑘 → 𝐹 pointwise, 𝐹𝑘 ≤ 𝐹, 𝐹𝑘 ≡ 𝐹 on [−𝑘, 𝑘]
and 𝑓𝑘 ≔ 𝐹′𝑘 is Lipschitz continuous, with 𝑧𝑓𝑘(𝑧) ≥ 0 for all 𝑧 ∈ ℝ.

We solve the problems

(4) {
𝑢𝑘𝑡𝑡 − Δ𝑢𝑘 + 𝑓𝑘(𝑢𝑘) = 0 in ℝ𝑛 × (0,∞)

𝑢𝑘 = 𝑔, 𝑢𝑘𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.
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Since 𝑓𝑘 is Lipschitz continuous, there exists according to Theorem 1 in §12.2
a solution 𝑢𝑘 satisfying

{𝑢
𝑘, 𝐷𝑢𝑘, 𝑢𝑘𝑡 ∈ 𝐶([0,∞); 𝐿2(ℝ𝑛)),
𝐷2
𝑥𝑢𝑘, 𝐷𝑥𝑢𝑘𝑡 , 𝑢𝑘𝑡𝑡 ∈ 𝐿∞loc((0,∞); 𝐿2(ℝ𝑛)).

2. This is enough regularity to allow us to calculate for almost every time
𝑡 that

̇𝐸𝑘(𝑡) =
𝑑
𝑑𝑡 ∫ℝ𝑛

1
2((𝑢

𝑘
𝑡 )2 + |𝐷𝑢𝑘|2) + 𝐹𝑘(𝑢𝑘) 𝑑𝑥 = 0.

Therefore

(5) 𝐸𝑘(𝑡) = 𝐸𝑘(0) = ∫
ℝ𝑛

1
2(ℎ

2 + |𝐷𝑔|2) + 𝐹𝑘(𝑔) 𝑑𝑥.

Now 𝐹𝑘(𝑔) → 𝐹(𝑔) pointwise as 𝑘 → ∞, and 0 ≤ 𝐹𝑘(𝑔) ≤ 𝐹(𝑔). Since 𝐹(𝑔) ∈
𝐿1, we can apply the Dominated Convergence Theorem to deduce

𝐸𝑘(0) → ∫
ℝ𝑛

1
2(|𝐷𝑔|

2 + |ℎ|2) + 𝐹(𝑔) 𝑑𝑥 = 𝐸(0).

Since 𝐹𝑘 ≥ 0, we also have the bound

(6) max
0≤𝑡≤𝑇

‖𝑢𝑘𝑡 , 𝐷𝑢𝑘‖𝐿2(ℝ𝑛) ≤ 𝐶

and consequently for each time 𝑇 > 0

(7) max
0≤𝑡≤𝑇

‖𝑢𝑘‖𝐿2(ℝ𝑛) ≤ 𝐶.

We extract a subsequence (which we reindex and still denote “𝑢𝑘”) such that

{𝑢
𝑘 → 𝑢 strongly in 𝐿2loc(ℝ𝑛 × (0,∞)) and a.e.,
𝐷𝑢𝑘, 𝑢𝑘𝑡 ⇀ 𝐷𝑢, 𝑢𝑡 weakly in 𝐿2loc(ℝ𝑛 × (0,∞)).

3. Next, multiply the PDE (4) by 𝑢𝑘 and integrate over ℝ𝑛 × (0, 𝑇):

∫
𝑇

0
∫
ℝ𝑛
|𝐷𝑢𝑘|2 − (𝑢𝑘𝑡 )2 + 𝑢𝑘𝑓𝑘(𝑢𝑘) 𝑑𝑥𝑑𝑡 = ∫

ℝ𝑛
𝑢𝑘𝑡 𝑢𝑘 𝑑𝑥

|||

𝑡=𝑇

𝑡=0
.

Since 𝑢𝑘𝑓𝑘(𝑢𝑘) ≥ 0, (6) and (7) imply the estimate

(8) ∫
𝑇

0
∫
ℝ𝑛
|𝑢𝑘𝑓𝑘(𝑢𝑘)| 𝑑𝑥𝑑𝑡 ≤ 𝐶.

4. We next assert that the functions {𝑔𝑘 ≔ 𝑓𝑘(𝑢𝑘)}∞𝑘=1 are uniformly inte-
grable. This means that for each 𝜀 > 0, there exists 𝛿 > 0 such that if 𝐸 is a
measurable subset of ℝ𝑛 × (0, 𝑇) and |𝐸| ≤ 𝛿, then ∬𝐸 |𝑔𝑘| 𝑑𝑥𝑑𝑡 ≤ 𝜀 for all 𝑘.
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To confirm this, we calculate using (8) that

∬
𝐸
|𝑔𝑘| 𝑑𝑥𝑑𝑡 =∬

𝐸∩{|ᵆ𝑘|≥𝜆}
|𝑓𝑘(𝑢𝑘)| 𝑑𝑥𝑑𝑡 +∬

𝐸∩{|ᵆ𝑘|≤𝜆}
|𝑓𝑘(𝑢𝑘)| 𝑑𝑥𝑑𝑡

≤ 1
𝜆∬𝐸

|𝑢𝑘𝑓𝑘(𝑢𝑘)| 𝑑𝑥𝑑𝑡 + |𝐸|max
|𝑦|≤𝜆

|𝑓𝑘(𝑦)|

≤ 1
𝜆𝐶(𝑇) + |𝐸|max

|𝑦|≤𝜆
|𝑓𝑘(𝑦)|.

Take 𝜆 so large that 𝐶(𝑇)
𝜆 ≤ 𝜀

2 . Then for all but finitely many 𝑘

∬
𝐸
|𝑔𝑘| 𝑑𝑥𝑑𝑡 ≤ 𝜀

2 + |𝐸|max
|𝑦|≤𝜆

|𝑓(𝑦)| ≤ 𝜀,

provided |𝐸| ≤ 𝛿 for 𝛿 > 0 sufficiently small.
5. We claim now that

(9) 𝑓𝑘(𝑢𝑘) → 𝑓(𝑢) in 𝐿1loc(ℝ𝑛).
To see this, again write 𝑔𝑘 ≔ 𝑓𝑘(𝑢𝑘), put 𝑔 ≔ 𝑓(𝑢), and fix 𝑅 > 0, 𝜀 > 0. In
view of the uniform integrability proved in step 4, we can select 𝛿 > 0 so that
|𝐸| ≤ 𝛿 implies ∫𝐸 |𝑔𝑘| 𝑑𝑥 ≤ 𝜀 for 𝑘 = 1, . . . . According to Egoroff’s Theorem
(§E.2), there exists a measurable set 𝐸 so that |𝐸| ≤ 𝛿 and 𝑔𝑘 → 𝑔 uniformly on
𝐵(0, 𝑅) − 𝐸. Therefore

lim sup
𝑘,𝑙→∞

∫
𝐵(0,𝑅)

|𝑔𝑘 − 𝑔𝑙| 𝑑𝑥 ≤ lim sup
𝑘,𝑙→∞

∫
𝐸
|𝑔𝑘 − 𝑔𝑙| 𝑑𝑥 ≤ 2𝜀.

This is true for each 𝜀 > 0. Consequently {𝑔𝑘}∞𝑘=1 is a Cauchy sequence in
𝐿1(𝐵(0, 𝑅)) and so converges to some ̂𝑔 ∈ 𝐿1(𝐵(0, 𝑅)). Since 𝑔𝑘 → 𝑔 a.e., we
deduce 𝑔 = ̂𝑔.

6. Because

𝑢𝑘𝑡𝑡 − Δ𝑢𝑘 + 𝑓𝑘(𝑢𝑘) = 0 in ℝ𝑛 × (0,∞),
we deduce upon multiplying by a smooth test function and passing to limits
that

(10) 𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0 in ℝ𝑛 × (0,∞).
Furthermore

∫
ℝ𝑛
𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑥 ≤ lim inf

𝑘→∞
∫
ℝ𝑛
(𝑢𝑘𝑡 )2 + |𝐷𝑢𝑘|2 𝑑𝑥;

and according to Fatou’s Lemma (§E.3),

∫
ℝ𝑛
𝐹(𝑢) 𝑑𝑥 ≤ lim inf

𝑘→∞
∫
ℝ𝑛
𝐹𝑘(𝑢𝑘) 𝑑𝑥.
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These last two inequalities together imply 𝐸(𝑡) ≤ 𝐸(0). □

12.3.2. Three space dimensions. Nonlinear wave equations in three space
dimensions are physically the most important and turn out to admit useful 𝐿∞
estimates owing to the special form of the solution to the linear nonhomoge-
nous problem provided by the retarded potential formula (44) from §2.4.2.

So let us now look at the initial-value problem

(11) {
𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0 in ℝ3 × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0}.

We henceforth always assume that 𝑓 ∶ ℝ → ℝ is smooth, with 𝑓(0) = 0, and
that 𝑔, ℎ ∈ 𝐶∞

𝑐 (ℝ3).

THEOREM 2 (Short time existence and blow-up in 𝐿∞).
(i) There exists a time 𝑇 > 0 and a unique smooth solution 𝑢 of the initial-

value problem (11) on ℝ3 × (0, 𝑇).
(ii) If the maximal time 𝑇∗ of existence of this smooth solution is finite, then

(12) lim
𝑡→𝑇∗

‖𝑢(⋅, 𝑡)‖𝐿∞(ℝ3) = ∞.

Assertion (12) is important since (unlike Theorem 3 in §12.2.2) it provides
a simple criterion for the failure of the solution to exist beyond time 𝑇∗. We
will see in Theorem 3 below and also in §12.4 that we can sometimes bound
the 𝐿∞ norm of solutions and so ensure existence for all time.

Proof.
1. We will look for a solution 𝑢 having the form

𝑢 = 𝑣 + 𝑤,

where 𝑣 solves the homogeneous wave equation

(13) { 𝑣𝑡𝑡 − Δ𝑣 = 0 in ℝ3 × (0,∞)
𝑣 = 𝑔, 𝑣𝑡 = ℎ on ℝ3 × {𝑡 = 0}

and 𝑤 solves

{
𝑤𝑡𝑡 − Δ𝑤 = −𝑓(𝑢) in ℝ3 × (0,∞)
𝑤 = 𝑤𝑡 = 0 on ℝ3 × {𝑡 = 0}.

Formula (44) from §2.4.2 lets us write

𝑤(𝑥, 𝑡) = − 1
4𝜋 ∫

𝐵(𝑥,𝑡)

𝑓(𝑢(𝑦, 𝑡 − |𝑦 − 𝑥|))
|𝑦 − 𝑥| 𝑑𝑦.
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Hence our desired solution 𝑢 must solve the nonlinear integral identity

(14) 𝑢(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) − 1
4𝜋 ∫

𝐵(𝑥,𝑡)

𝑓(𝑢∗)
|𝑥 − 𝑦| 𝑑𝑦 (𝑥 ∈ ℝ3, 𝑡 > 0),

where for each fixed (𝑥, 𝑡) we write
(15) 𝑢∗(𝑦) ≔ 𝑢(𝑦, 𝑡 − |𝑦 − 𝑥|) (𝑦 ∈ 𝐵(𝑥, 𝑡)).

2. Introduce the collection of functions
𝑋 ≔ { 𝑢 ∈ 𝐶([0, 𝑇] × ℝ3) ∣ 𝑢(⋅, 0) = 𝑔, ‖𝑢 − 𝑣‖𝐿∞ ≤ 1 },

where 𝑣 solves the linear, homogeneous problem (13). Since 𝑔, ℎ are smooth,
so is 𝑣. Thus there exists a constant 𝐶1 such that
(16) ‖𝑢‖𝐿∞((0,𝑇)×ℝ3) ≤ 𝐶1
for all 𝑢 ∈ 𝑋 .

We define the nonlinear mapping 𝐴 ∶ 𝑋 → 𝐶([0, 𝑇] × ℝ3) by

𝐴[𝑢](𝑥, 𝑡) ≔ 𝑣(𝑥, 𝑡) − 1
4𝜋 ∫

𝐵(𝑥,𝑡)

𝑓(𝑢∗)
|𝑥 − 𝑦| 𝑑𝑦.

Then if 𝑢, 𝑢̂ ∈ 𝑋 ,

‖𝐴[𝑢] − 𝐴[𝑢̂]‖𝐿∞((0,𝑇)×ℝ3) ≤ sup
𝑥∈ℝ3,0≤𝑡≤𝑇

( 1
4𝜋 ∫

𝐵(𝑥,𝑡)

|𝑓(𝑢∗) − 𝑓(𝑢̂∗)|
|𝑥 − 𝑦| 𝑑𝑦)

≤ 𝐶 sup
𝑥∈ℝ3,0≤𝑡≤𝑇

∫
𝐵(𝑥,𝑡)

|𝑢∗ − 𝑢̂∗|
|𝑥 − 𝑦| 𝑑𝑦

≤ 𝐶‖𝑢 − 𝑢̂‖𝐿∞((0,𝑇)×ℝ3) sup
𝑥∈ℝ3,0≤𝑡≤𝑇

∫
𝐵(𝑥,𝑡)

𝑑𝑦
|𝑥 − 𝑦|

≤ 𝐶𝑇2‖𝑢 − 𝑢̂‖𝐿∞((0,𝑇)×ℝ3),
the constant 𝐶 in the second line depending upon max|𝑤|≤𝐶1 |𝑓′(𝑤)|. For the
last inequality in this calculation we noted that ∫𝐵(0,𝑟)

𝑑𝑦
|𝑦| = 𝐶𝑟2.

Fix 𝑇 so small that𝐴 is a strict contraction. Observing also that 𝐴 ∶ 𝑋 → 𝑋
if 𝑇 is small, we see from Banach’s Theorem (§9.2.1) that 𝐴 has a unique fixed
point 𝑢, which consequently solves the integral identities (14).

3. We can apply the same method to estimate the first and even higher
derivatives of 𝑢. To see this, write 𝑢̃ ≔ 𝐷ℎ

𝑘𝑢 for a difference quotient, 𝑘 = 1, 2,
3 (§5.8.2). Then

{
𝑢̃𝑡𝑡 − Δ𝑢̃ + 𝑐𝑢̃ = 0 in ℝ3 × (0, 𝑇]

𝑢̃ = ̃𝑔, 𝑢̃𝑡 = ̃ℎ on ℝ3 × {𝑡 = 0}.

where ̃𝑔 ≔ 𝐷ℎ
𝑘𝑔, ̃ℎ ≔ 𝐷ℎ

𝑘ℎ and 𝑐 ≔ ∫1
0 𝑓′(𝑠𝑢(𝑥 + ℎ𝑒𝑘, 𝑡) + (1 − 𝑠)𝑢(𝑥, 𝑡)) 𝑑𝑠. The

function 𝑐 is bounded, since 𝑢 is bounded.
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As above,

(17) 𝑢̃(𝑥, 𝑡) = ̃𝑣(𝑥, 𝑡) − 1
4𝜋 ∫

𝐵(𝑥,𝑡)

𝑐∗𝑢̃∗
|𝑥 − 𝑦| 𝑑𝑦,

where

{
̃𝑣𝑡𝑡 − Δ ̃𝑣 = 0 in ℝ3 × (0,∞)
̃𝑣 = ̃𝑔, ̃𝑣𝑡 = ̃ℎ on ℝ3 × {𝑡 = 0}.

In particular, ̃𝑣 is smooth, and consequently (17) implies

‖𝑢̃(⋅, 𝑡)‖𝐿∞ ≤ 𝐶 + 𝐶∫
𝑡

0
‖𝑢̃(⋅, 𝑠)‖𝐿∞ 𝑑𝑠 (0 ≤ 𝑡 ≤ 𝑇).

We invoke Gronwall’s inequality (§E.2) next to estimate the 𝐿∞-norms of 𝐷𝑢.
We can similarly bound 𝑢𝑡. Writing 𝑢̃ = 𝑢𝑥𝑘 or 𝑢𝑡, we see that 𝑢̃ is a weak
solution of

𝑢̃𝑡𝑡 − Δ𝑢̃ + 𝑓′(𝑢)𝑢̃ = 0.
We can now apply our difference quotient argument to this PDE to derive 𝐿∞
bounds on 𝐷2𝑢. By induction we can similarly estimate all the partial deriva-
tives of 𝑢 in terms of the 𝐿∞-norm of 𝑢.

4. Now let 𝑇∗ denote the maximal time of existence of a smooth solution.
If 𝑇∗ < ∞, but (12) fails, we can as above estimate all the derivatives of 𝑢 on
ℝ3 × [0, 𝑇∗) and therefore extend the solution beyond this time. □

12.3.3. Subcritical power nonlinearities. We now turn our attention to the
nonlinear wave equation in three dimensions with a power-type nonlinearity:

(18) {
𝑢𝑡𝑡 − Δ𝑢 + |𝑢|𝑝−1𝑢 = 0 in ℝ3 × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0},

the energy for which is

𝐸(𝑡) ≔ ∫
ℝ3

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + |𝑢|𝑝+1

𝑝 + 1 𝑑𝑦.

We assume 𝑔, ℎ ∈ 𝐶∞
𝑐 (ℝ3).

Our goal now is building a global solution for 1 ≤ 𝑝 < 5 .

THEOREM 3 (Subcritical existence theorem). If 1 < 𝑝 < 5, then there exists a
unique global smooth solution of (18).

Section 12.4 will introduce more sophisticated techniques to handle the
critical case 𝑝 = 5.
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Proof.
1. In view of Theorem 2, we may assume we have a smooth solution 𝑢

existing on ℝ3 × (0, 𝑇) for some 𝑇 > 0. We need to show that
‖𝑢‖𝐿∞(ℝ3×(0,𝑇)) ≤ 𝐶

for some constant 𝐶 = 𝐶(𝑇).
Let

{
𝑣𝑡𝑡 − Δ𝑣 = 0 in ℝ3 × (0,∞)
𝑣 = 𝑔, 𝑣𝑡 = ℎ on ℝ3 × {𝑡 = 0},

so that as in the previous proof

𝑢(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) − 1
4𝜋 ∫

𝐵(𝑥,𝑡)

|𝑢∗|𝑝−1𝑢∗
|𝑥 − 𝑦| 𝑑𝑦.

Recall from (15) our notation that 𝑢∗(𝑦) ≔ 𝑢(𝑦, 𝑡−|𝑦−𝑥|) for 𝑦 ∈ 𝐵(𝑥, 𝑡). Since
𝑔, ℎ are smooth, 𝑣 is bounded on ℝ3 × [0, 𝑇]. Therefore
(19) |𝑢(𝑥, 𝑡)| ≤ 𝐶 + 𝐼(𝑥, 𝑡) (𝑥 ∈ ℝ3, 0 ≤ 𝑡 ≤ 𝑇)
for

𝐼(𝑥, 𝑡) ≔ ∫
𝐵(𝑥,𝑡)

|𝑢∗|𝑝
|𝑥 − 𝑦| 𝑑𝑦.

2. Then

(20) 𝐼(𝑥, 𝑡) ≤ (∫
𝐵(𝑥,𝑡)

|𝑢∗|2
|𝑥 − 𝑦|2 𝑑𝑦)

1/2

(∫
𝐵(𝑥,𝑡)

|𝑢∗|2(𝑝−1) 𝑑𝑦)
1/2

.

Hardy’s inequality (Theorem 7 in §5.8.4) implies

(21) ∫
𝐵(𝑥,𝑡)

|𝑢∗|2
|𝑦 − 𝑥|2 𝑑𝑦 ≤ 𝐶∫

𝐵(𝑥,𝑡)
|𝐷𝑢∗|2 + (𝑢∗)2

𝑡2 𝑑𝑦.

Now
𝐷𝑢∗ = 𝐷𝑢 − 𝜈𝑢𝑡,

for 𝜈 = 𝑦−𝑥
|𝑦−𝑥| . Consequently the energy flux identity (3) in §12.1.2 implies

(22) ∫
𝐵(𝑥,𝑡)

|𝐷𝑢∗|2 𝑑𝑦 = 1
√2

∫
Γ(𝑥,𝑡)

|𝑢𝑡𝜈 − 𝐷𝑢|2 𝑑𝑆 ≤ 𝐸(0).

Recalling next Poincare’s inequality (7) in §5.8.1, we see that

∫
𝐵(𝑥,𝑡)

|𝑢∗ − (𝑢∗)𝑥,𝑡|2 𝑑𝑦 ≤ 𝐶𝑡2∫
𝐵(𝑥,𝑡)

|𝐷𝑢∗|2 𝑑𝑦,

for the average (𝑢∗)𝑥,𝑡 ≔ ⨍𝐵(𝑥,𝑡) 𝑢∗ 𝑑𝑦. Hence

(23) 1
𝑡2 ∫𝐵(𝑥,𝑡)

(𝑢∗)2 𝑑𝑦 ≤ 𝐶∫
𝐵(𝑥,𝑡)

|𝐷𝑢∗|2 𝑑𝑦 + 𝐶𝑡|(𝑢∗)𝑥,𝑡|2.
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We now compute that

(24)

|(𝑢∗)𝑥,𝑡| ≤
𝐶
𝑡3 ∫Γ(𝑥,𝑡)

|𝑢| 𝑑𝑆 ≤ 𝐶
𝑡3 (∫𝐾(𝑥,𝑡)

|𝑢𝑡| 𝑑𝑦𝑑𝑠 +∫
𝐵(𝑥,𝑡)

|𝑔| 𝑑𝑦)

≤ 𝐶
𝑡3 (∫𝐾(𝑥,𝑡)

|𝑢𝑡|2 𝑑𝑦𝑑𝑠)
1
2

|𝐾(𝑥, 𝑡)|
1
2 + 𝐶‖𝑔‖𝐿∞

≤ 𝐶
𝑡
1
2
𝐸(0)

1
2 + 𝐶‖𝑔‖𝐿∞ .

This estimate, combined with (20)-(23), gives

(25) 𝐼(𝑥, 𝑡) ≤ 𝐶 (∫
𝐵(𝑥,𝑡)

|𝑢∗|2(𝑝−1)𝑑𝑦)
1/2

.

3. Suppose now that 1 < 𝑝 ≤ 4. Then 2(𝑝 − 1) ≤ 6 = 2∗, and therefore the
Sobolev inequalities (§5.6.3) imply

‖𝑢∗𝑝−1‖𝐿2(𝐵(𝑥,𝑡)) ≤ 𝐶‖𝑢∗‖𝑝−1𝐻1(𝐵(𝑥,𝑡)) ≤ 𝐶.

Consequently (19) and (25) yield

|𝑢(𝑥, 𝑡)| ≤ 𝐶,

and we have derived the required estimate on ‖𝑢‖𝐿∞(ℝ3×(0,𝑇)).
The next case is 4 < 𝑝 < 5. Then 2(𝑝 − 1) = 2(𝑝 − 4) + 6 = 2(𝑝 − 4) + 2∗,

and the foregoing calculations show that

𝐼(𝑥, 𝑡) ≤ 𝐶 (∫
𝐵(0,𝑡)

|𝑢∗|2(𝑝−1)𝑑𝑦)
1/2

≤ 𝐶‖𝑢‖𝑝−4𝐿∞ .

Therefore (19) implies

|𝑢(𝑥, 𝑡)| ≤ 𝐶 + 𝐶‖𝑢‖𝑝−4𝐿∞ ≤ 𝐶 + 1
2‖𝑢‖𝐿∞ ,

the last inequality valid since 0 < 𝑝 − 4 < 1. This again provides a bound on
‖𝑢‖𝐿∞(ℝ3×(0,𝑇)). □

We will see in Problem 15 that the proof can be modified to show for the
critical power 𝑝 = 5 that there exists a global smooth solution provided the
energy 𝐸(0) is small enough. The next section introduces more advanced tech-
niques, to construct a solution even for large energy when 𝑝 = 5.
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12.4. CRITICAL POWER NONLINEARITY

We consider now the initial-value problem

(1) {𝑢𝑡𝑡 − Δ𝑢 + 𝑢5 = 0 in ℝ3 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0},

with corresponding energy

(2) 𝐸(𝑡) ≔ ∫
ℝ3

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝑢6

6 𝑑𝑦.

We continue to suppose 𝑔, ℎ ∈ 𝐶∞
𝑐 (ℝ3). Our task is showing that there is a

smooth solution, even for this critical power 𝑝 = 5 case for which the methods
of the previous section fail.

We will first need more detailed information about the linear wave equa-
tion:

THEOREM 1 (Estimates for wave equation in three dimensions). Let 𝑣 solve
the linear initial-value problem

(3) { 𝑣𝑡𝑡 − Δ𝑣 = 𝑓 in ℝ3 × (0,∞)
𝑣 = 𝑔, 𝑣𝑡 = ℎ on ℝ3 × {𝑡 = 0}.

For each 𝑇 > 0 we have the estimate

(4)
sup
0≤𝑡≤𝑇

‖𝑣(⋅, 𝑡)‖𝐿6(ℝ3) + ‖𝑣‖𝐿4(0,𝑇;𝐿12(ℝ3))

≤ 𝐶(‖𝐷𝑔‖𝐿2(ℝ3) + ‖ℎ‖𝐿2(ℝ3) + ‖𝑓‖𝐿1(0,𝑇;𝐿2(ℝ3)))
for a constant 𝐶 = 𝐶(𝑇).

Proof.
1. Approximating 𝑓, 𝑔, ℎ by smooth functions if necessary, we may assume

𝑣 is smooth. We then compute for

𝑎(𝑡) ≔ (∫
ℝ3
𝑣2𝑡 + |𝐷𝑣|2 𝑑𝑥)

1
2

that
2 ̇𝑎(𝑡)𝑎(𝑡) = 2∫

ℝ3
(𝑣𝑡𝑡 − Δ𝑣)𝑣𝑡 𝑑𝑥

= 2∫
ℝ3
𝑓𝑣𝑡 𝑑𝑥 ≤ 2𝑎(𝑡)‖𝑓(⋅, 𝑡)‖𝐿2 .

Therefore

sup
0≤𝑡≤𝑇

‖𝐷𝑣(⋅, 𝑡)‖𝐿2 ≤ 𝐶(‖𝐷𝑔‖𝐿2 + ‖ℎ‖𝐿2 + ‖𝑓‖𝐿1(0,𝑇;𝐿2)).
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Since for 𝑛 = 3 dimensions, 2∗ = 6, the Sobolev inequalities (§5.6.3) provide
the stated estimate for sup0≤𝑡≤𝑇 ‖𝑣‖𝐿6 .

2. The proof of the 𝐿4(0, 𝑇; 𝐿12) bound for 𝑣 is beyond the scope of this text-
book. See Sogge [So] for details and also Shatah–Struwe [S-S]. □

Recalling the energy flux calculation appearing §12.1, we introduce the fol-
lowing

NOTATION. Given (𝑥0, 𝑇) ∈ ℝ3 × (0,∞) and 0 < 𝑠 < 𝑇, write

𝜙(𝑠) = 𝜙(𝑠, 𝑥0, 𝑇) ≔
1
√2

∫
Γ(𝑥0,𝑡0)∩{𝑠≤𝑡<𝑇}

1
2|𝑢𝑡𝜈 − 𝐷𝑢|2 + 𝑢6

6 𝑑𝑆

for the energy flux through the curved surface Γ(𝑥0, 𝑇) for times between 𝑠 and
𝑇.

THEOREM 2 (𝐿6-energy flux estimate). If 𝑢 is a smooth solution of 𝑢𝑡𝑡 −Δ𝑢+
𝑢5 = 0 in ℝ3 × [0, 𝑇), we have the estimate

(5) ∫
𝐵(𝑥0,𝑇−𝑠)

𝑢6 𝑑𝑥 ≤ 𝐶𝜙(𝑠)
1
3

for each point 𝑥0 ∈ ℝ3 and each time 0 ≤ 𝑠 < 𝑇.

Theorem 2 is important since it implies, as we will later see, that the full
energy density 1

2 (𝑢
2
𝑡+|𝐷𝑢|2)+ 1

6𝑢
6 cannot “concentrate” near (𝑥0, 𝑇). The proof

depends upon a nonlinear variant of the scaling invariance identity introduced
for the linear wave equation in §8.6.

Proof.
1. We may assume 𝑥0 = 0 and suppose for the time being that 𝑠 = 0. In-

spired by Example 4 of §8.6, we multiply the PDE□𝑢+𝑢5 = 0 by the multiplier

𝑚 ≔ (𝑡 − 𝑇)𝑢𝑡 + 𝑥 ⋅ 𝐷𝑢 + 𝑢.
After some rewriting, we derive the Morawetz-type identity

(6) 𝑝𝑡 − divq = −𝑢
6

3 ,

for

(7) 𝑝 ≔ (𝑡 − 𝑇) (𝑢
2
𝑡 + |𝐷𝑢|2

2 + 𝑢6
6 ) + 𝑥 ⋅ 𝐷𝑢𝑢𝑡 + 𝑢𝑢𝑡

and

(8) q ≔ ((𝑡 − 𝑇)𝑢𝑡 + 𝑥 ⋅ 𝐷𝑢 + 𝑢)𝐷𝑢 + (𝑢
2
𝑡 − |𝐷𝑢|2

2 − 𝑢6
6 ) 𝑥.
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Select a time 0 < 𝜏 < 𝑇. We integrate (6) over the truncated backward wave
cone 𝐾(0, 𝑇) ∩ {0 ≤ 𝑡 ≤ 𝜏}, ending up with three terms corresponding respec-
tively to integrations over the curved side Γ(0, 𝑇) ∩ {0 ≤ 𝑡 ≤ 𝜏}, the bottom
𝐵(0, 𝑇) × {𝑡 = 0} and the top 𝐵(0, 𝑇 − 𝜏) × {𝑡 = 𝜏}. The latter term goes to zero
as 𝜏 → 𝑇. Thus we discover

(9) 𝐴 − 𝐵 = −∫
𝐾(0,𝑇)

𝑢6
3 𝑑𝑥𝑑𝑡 ≤ 0

for

𝐴 ≔ 1
√2

∫
Γ(0,𝑇)

𝑝 − q ⋅ 𝜈 𝑑𝑆, 𝐵 ≔ ∫
𝐵(0,𝑇)

𝑝(⋅, 0) 𝑑𝑥,

where 𝜈 ≔ 𝑥
|𝑥| .

2. We now claim that

(10) 𝐴 = 1
√2

∫
Γ(0,𝑇)

(𝑡 − 𝑇) |||𝑢𝑟 − 𝑢𝑡 +
𝑢
|𝑥|

|||
2
𝑑𝑆 + 1

2 ∫𝜕𝐵(0,𝑇)
𝑢2(⋅, 0) 𝑑𝑆

for 𝑢𝑟 ≔ 𝐷𝑢 ⋅ 𝑥
|𝑥| . To confirm this, we first observe that |𝑥| = 𝑇 − 𝑡 on Γ(0, 𝑇)

and then check after a calculation using (7), (8) that

(11) 𝑝 − q ⋅ 𝜈 = −|𝑥|(𝑢𝑡 − 𝑢𝑟)2 + 𝑢(𝑢𝑡 − 𝑢𝑟) on Γ(0, 𝑇).

We transform the surface integral over the curved surface Γ(0, 𝑇) to an integral
over the ball 𝐵(0, 𝑇), by putting

(12) 𝑢∗(𝑦) ≔ 𝑢(𝑦, 𝑇 − |𝑦|).

Then 𝑢∗𝑟 = 𝑦
|𝑦| ⋅ 𝐷𝑢

∗ = 𝑢𝑟 − 𝑢𝑡, and so (11) implies

(13)
𝐴 = −∫

𝐵(0,𝑇)
|𝑦|(𝑢∗𝑟)2 + 𝑢∗𝑢∗𝑟 𝑑𝑦

= −∫
𝐵(0,𝑇)

|𝑦| (𝑢∗𝑟 +
𝑢∗
|𝑦|)

2
𝑑𝑦 +∫

𝐵(0,𝑇)

(𝑢∗)2
|𝑦| + 𝑢∗𝑢∗𝑟 𝑑𝑦.

Since div( 𝑦
|𝑦|) =

2
|𝑦| in ℝ3, we can compute

∫
𝐵(0,𝑇)

(𝑢∗)2
|𝑦| 𝑑𝑦 = 1

2 ∫𝐵(0,𝑇)
(𝑢∗)2 div( 𝑦|𝑦|) 𝑑𝑦

= −∫
𝐵(0,𝑇)

𝑢∗𝑢∗𝑟 𝑑𝑦 +
1
2 ∫𝜕𝐵(0,𝑇)

(𝑢∗)2 𝑑𝑆.

Plugging this identity into (13) and converting back to the original variables
gives us the formula (10).
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3. Next we assert that

(14) 𝐵 ≤ −𝑇∫
𝐵(0,𝑇)

𝑢6
6 𝑑𝑥 + 1

2 ∫𝜕𝐵(0,𝑇)
𝑢2(⋅, 0) 𝑑𝑆.

To see this, notice first that

𝐵 = ∫
𝐵(0,𝑇)

(−𝑇) (𝑢
2
𝑡 + |𝐷𝑢|2

2 + 𝑢6
6 ) + (𝑥 ⋅ 𝐷𝑢 + 𝑢)𝑢𝑡 𝑑𝑥.

Now if |𝑥| ≤ 𝑇, then

|(𝑥 ⋅ 𝐷𝑢 + 𝑢)𝑢𝑡| ≤
𝑇𝑢2𝑡
2 + |𝑥|2

2𝑇 (𝐷𝑢 ⋅ 𝑥|𝑥| +
𝑢
|𝑥|)

2

≤ 𝑇𝑢2𝑡
2 + 𝑇

2
|||𝐷𝑢 +

𝑥
|𝑥|2𝑢

|||
2
.

Consequently

𝐵 ≤ −𝑇∫
𝐵(0,𝑇)

𝑢6
6 𝑑𝑥 + 𝑇

2 ∫𝐵(0,𝑇)
|||𝐷𝑢 +

𝑥
|𝑥|2𝑢

|||
2
− |𝐷𝑢|2 𝑑𝑥

= −𝑇∫
𝐵(0,𝑇)

𝑢6
6 𝑑𝑥 + 𝑇

2 ∫𝐵(0,𝑇)
𝑢2
|𝑥|2 +

2
|𝑥|𝑢𝑢𝑟 𝑑𝑥.

Since div( 𝑦
|𝑦|2 ) =

1
|𝑦|2 inℝ3, we calculate as in step 2 that the last integral equals

1
2 ∫𝜕𝐵(0,𝑇) 𝑢

2 𝑑𝑆. This proves (14).
4. Combining (9), (10) and (14), we deduce that

(15)

𝑇∫
𝐵(0,𝑡0)

𝑢6 𝑑𝑥 ≤ 𝐶∫
Γ(0,𝑇)

(𝑇 − 𝑡) |||𝑢𝑟 − 𝑢𝑡 +
𝑢
|𝑥|

|||
2
𝑑𝑆

≤ 𝐶𝑇𝜙(0) + 𝐶∫
Γ(0,𝑇)

𝑢2
|𝑥| 𝑑𝑆

≤ 𝐶𝑇𝜙(0) + 𝐶 (∫
Γ(0,𝑇)

𝑢6 𝑑𝑆)
1/3

(∫
Γ(0,𝑇)

|𝑥|−3/2 𝑑𝑆)
2/3

.

Since ∫Γ(0,𝑇) |𝑥|−3/2 𝑑𝑆 = 𝐶𝑇3/2, we deduce finally that

∫
𝐵(0,𝑇)

𝑢6 𝑑𝑥 ≤ 𝐶𝜙(0)1/3.

This is the inequality (5) for 𝑠 = 0, and the general case that 0 ≤ 𝑠 < 𝑇 follows
similarly. □

We present next the major assertion that our critical power wave equation
has a smooth solution existing globally in time:
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THEOREM 3 (Global existence for 𝑢5 nonlinearity). Assume that 𝑓, 𝑔 are
smooth functions with compact support.

Then there is a unique smooth solution of the initial-value problem (1) exist-
ing for all time.

Proof.
1. Assume that 0 < 𝑇 < ∞ and that 𝑢 is a smooth, compactly supported

solution existing on ℝ3 × [0, 𝑇). We will show that
(16) 𝑢 ∈ 𝐿∞(ℝ3 × [0, 𝑇)),
in which case our results from §12.3 imply that 𝑢 can be smoothly extended
beyond time 𝑇.

2. We first assert that if we knew
(17) 𝑢 ∈ 𝐿4(0, 𝑇; 𝐿12(ℝ3)),
then (16) would hold. To see this, differentiate the PDE □𝑢 + 𝑢5 = 0 to find
□𝑣 + 5𝑢4𝑣 = 0, for 𝑣 ≔ 𝑢𝑥𝑘 (𝑘 = 1, 2, 3). The linear estimate (4) provides the
bound

sup
0≤𝑡≤𝜏

‖𝐷𝑢‖𝐿6 ≤ 𝐶 + 𝐶∫
𝜏

0
‖𝑢4𝐷𝑢‖𝐿2 𝑑𝑡

for 0 ≤ 𝜏 ≤ 𝑇.
Now

‖𝑢4𝐷𝑢‖𝐿2 ≤ ‖𝐷𝑢‖𝐿6‖𝑢‖4𝐿12 ;
and consequently

sup
0≤𝑡≤𝜏

‖𝐷𝑢‖𝐿6 ≤ 𝐶 + 𝐶 sup
0≤𝑡≤𝜏

‖𝐷𝑢‖𝐿6 ∫
𝜏

0
‖𝑢‖4𝐿12 𝑑𝑡 ≤ 𝐶 + 1

2 sup
0≤𝑡≤𝜏

‖𝐷𝑢‖𝐿6 ,

provided 𝜏 > 0 is so small that

∫
𝜏

0
‖𝑢‖4𝐿12 𝑑𝑡 ≤ 𝛿 ≔ 1

2𝐶 .

Since 𝑢 ∈ 𝐿4(0, 𝑇; 𝐿12), we can select 𝜏 = 𝑇
𝑚 > 0 such that

∫
(𝑘+1)𝜏

𝑘𝜏
‖𝑢‖4𝐿12 𝑑𝑡 ≤ 𝛿 for 𝑘 = 1, . . . , 𝑚 − 1.

We can then iteratively apply the foregoing argument on the time intervals
[0, 𝜏], [𝜏, 2𝜏], . . . , [(𝑚 − 1)𝜏, 𝑇), eventually to deduce

sup
0≤𝑡<𝑇

‖𝐷𝑢‖𝐿6 ≤ 𝐶.

Since 𝑢 has compact support, this implies ‖𝑢‖𝐿∞((0,𝑇)×ℝ3) ≤ 𝐶 and so (16) is
valid.
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3. Next we show for each point 𝑥0 ∈ ℝ3 that

(18) lim
𝑠→𝑇

∫
𝐵(𝑥0,𝑇−𝑠)

𝑢6 𝑑𝑥 = 0.

Indeed the key estimate (5) provided by Theorem 2 asserts

∫
𝐵(𝑥0,𝑇−𝑠)

𝑢6 𝑑𝑥 ≤ 𝐶𝜙(𝑠)
1
3

for the energy flux 𝜙(𝑠). But according to Theorem 2 in §12.2, 𝜙(𝑠) = 𝑒(𝑠) −
lim𝑟→0 𝑒(𝑟) for

𝑒(𝑡) ≔ ∫
𝐵(𝑥0,𝑇−𝑡)

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝑢6

6 𝑑𝑥.

Since 𝑡 ↦ 𝑒(𝑡) is nonincreasing, it follows that lim𝑠→𝑇 𝜙(𝑠) = 0 and conse-
quently that (18) holds. (Notice in this argument that we do not need to know
that lim𝑟→0 𝑒(𝑟) = 0, although the next step shows this is in fact true.)

4. We assert now that (18) implies

(19) lim
𝑠→𝑇

∫
𝐵(𝑥0,𝑇−𝑠)

𝑢2𝑡 + |𝐷𝑢|2 𝑑𝑥 = 0

for each point 𝑥0. To confirm this, let us first show that (18) implies

(20) 𝑢 ∈ 𝐿4(0, 𝑇; 𝐿12(𝐵(𝑥0, 𝑇 − 𝑡))).
To prove this, we first observe that owing to the linear estimate (4),

(21) ‖𝑢‖𝐿4(𝑠,𝜏,𝐿12(𝐵(𝑥0,𝑇−𝑡))) ≤ 𝐶 + 𝐶∫
𝜏

𝑠
‖𝑢5‖𝐿2(𝐵(𝑥0,𝑇−𝑡)) 𝑑𝑡

for each 𝑠 ≤ 𝜏 < 𝑇. The interpolation inequality ‖𝑢‖𝐿10 ≤ ‖𝑢‖1/5𝐿6 ‖𝑢‖4/5𝐿12 (§B.2)
implies

‖𝑢5‖𝐿2 = ‖𝑢‖5𝐿10 ≤ ‖𝑢‖𝐿6‖𝑢‖4𝐿12 .
Consequently,

∫
𝜏

𝑠
‖𝑢5‖𝐿2(𝐵(𝑥0,𝑇−𝑡)) 𝑑𝑡 ≤ sup

𝑠≤𝑡≤𝑇
‖𝑢‖𝐿6(𝐵(𝑥0,𝑇−𝑡))∫

𝜏

𝑠
‖𝑢‖4𝐿12(𝐵(𝑥0,𝑇−𝑡)) 𝑑𝑡.

It follows then from (18) and (21) that given any 𝜖 > 0 we can select a time
0 < 𝑠 < 𝑇 such that

‖𝑢‖𝐿4(𝑠,𝜏;𝐿12(𝐵(𝑥0,𝑇−𝑡))) ≤ 𝐶 + 𝜖‖𝑢‖4𝐿4(𝑠,𝜏;𝐿12(𝐵(𝑥0,𝑇−𝑡)))
for all 𝑠 ≤ 𝜏 < 𝑇. This expression has the form

𝜙(𝜏) ≤ 𝐶1 + 𝜖𝜙(𝜏)4 (𝑠 ≤ 𝜏 < 𝑇)
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with 𝜙(𝑠) = 0. It follows that
𝜙(𝜏) ≤ 2𝐶1 (𝑠 ≤ 𝜏 < 𝑇)

provided that 𝜖 is sufficiently small. This proves (20).
But then (20) lets us apply the method of step 2 to 𝑣 ≔ 𝑢𝑥𝑘 (𝑘 = 1, 2, 3) and

𝑣 ≔ 𝑢𝑡. This reasoning provides the bound
sup
0≤𝑡<𝑇

‖𝐷𝑢, 𝑢𝑡‖𝐿6(𝐵(𝑥0,𝑇−𝑡)) ≤ 𝐶,

which in turn gives us (19).
5. Next we improve slightly on (20): we claim that for each 𝑥0 ∈ ℝ3 there

exists 𝛿 = 𝛿(𝑥0) > 0 such that
(22) 𝑢 ∈ 𝐿4(0, 𝑇; 𝐿12(𝐵(𝑥0, 𝑇 − 𝑡 + 𝛿))).

To prove this, notice first that (18) and (19) together imply that given any
constant 𝜖 > 0, we can find 0 < 𝑠 < 𝑇 for which

(23) ∫
𝐵(𝑥0,𝑇−𝑠)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢6 𝑑𝑥 ≤ 𝜖.

Then

(24) ∫
𝐵(𝑥0,𝑇−𝑠+𝛿)

𝑢2𝑡 + |𝐷𝑢|2 + 𝑢6 𝑑𝑥 ≤ 2𝜖

for some small 𝛿 > 0. Consequently, a standard energy calculation shows

sup
𝑠≤𝑡<𝑇

∫
𝐵(𝑥0,𝑇−𝑡+𝛿)

𝑢6 𝑑𝑥 ≤ 𝐶𝜖.

The techniques introduced above in step 4 then establish (22).
6. In summary so far: for each point 𝑥0, there exists 𝛿 = 𝛿(𝑥0) > 0 such

that 𝑢 verifies (22). As 𝑢 has compact support, we can find finitely many points
{𝑥𝑘}𝑁𝑘=1 such that spt 𝑢(⋅, 𝑇) ⊂ ⋃𝑁

𝑘=1 𝐵(𝑥𝑘, 𝛿(𝑥𝑘)). It follows that

𝑢 ∈ 𝐿4(0, 𝑇; 𝐿12(ℝ3)).
Then step 2 implies 𝑢 ∈ 𝐿∞(ℝ3 × [0, 𝑇)). As noted in step 1, proving this was
our goal. □

12.5. NONEXISTENCE OF SOLUTIONS

We next identify some circumstances under which the semilinear nonlinear
wave equation□𝑢+𝑓(𝑢) = 0 does not have a solution existing for all time. Our
method will be to introduce appropriate integral quantities depending on the
time variable 𝑡, for which we can then derive differential inequalities, involving
convexity, that lead to contradictions.
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12.5.1. Nonexistence for negative energy. We study first the initial-value
problem

(1) {
𝑢𝑡𝑡 − Δ𝑢 + 𝑓(𝑢) = 0 in ℝ𝑛 × (0,∞)

= 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.
We always assume that 𝑔, ℎ ∈ 𝐶∞

𝑐 (ℝ𝑛) and that 𝑓(0) = 0. Hence a smooth
solution, if it exists, will have compact support in space for each time, according
to Theorem 3 in §12.1.2.

THEOREM 1 (Nonexistence for negative energy). Assume that for some con-
stant 𝜆 > 2 we have the inequality
(2) 𝑧𝑓(𝑧) ≤ 𝜆𝐹(𝑧) (𝑧 ∈ ℝ).
Suppose also that the energy is negative:

(3) 𝐸(0) = ∫
ℝ𝑛

1
2(|𝐷𝑔|

2 + ℎ2) + 𝐹(𝑔) 𝑑𝑥 < 0.

Then there cannot exist for all times 𝑡 ≥ 0 a smooth solution 𝑢 of (1).

Therefore the solution constructed in the proof of Theorem 2 in §12.3.2
cannot in general continue for all time.

Proof.
1. Define

𝐼(𝑡) ≔ 1
2 ∫ℝ𝑛

𝑢2 𝑑𝑥.

Then

(4)
𝐼″ = ∫

ℝ𝑛
𝑢2𝑡 + 𝑢𝑢𝑡𝑡 𝑑𝑥 = ∫

ℝ𝑛
𝑢2𝑡 + 𝑢(Δ𝑢 − 𝑓(𝑢)) 𝑑𝑥

= ∫
ℝ𝑛
𝑢2𝑡 − |𝐷𝑢|2 − 𝑢𝑓(𝑢) 𝑑𝑥.

The integration by parts is justified, since 𝑢 has compact support in space for
each time.

According to the conservation of energy, we have

𝐸(𝑡) = ∫
ℝ𝑛

1
2(𝑢

2
𝑡 + |𝐷𝑢|2) + 𝐹(𝑢) 𝑑𝑥 = 𝐸(0)

for each time 𝑡 > 0. Add and subtract (2 + 4𝛼)𝐸(0) to (4):

𝐼″ = (2 + 2𝛼)∫
ℝ𝑛
𝑢2𝑡 𝑑𝑥 + 2𝛼∫

ℝ𝑛
|𝐷𝑢|2 𝑑𝑥

+∫
ℝ𝑛
(2 + 4𝛼)𝐹(𝑢) − 𝑢𝑓(𝑢) 𝑑𝑥 − (2 + 4𝛼)𝐸(0).
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Select 𝛼 > 0 so that 2+4𝛼 = 𝜆, where 𝜆 is the constant in hypothesis (2). Then
the last integral term is nonnegative, and hence

(5) 𝐼″ ≥ (2 + 2𝛼)∫
ℝ𝑛
𝑢2𝑡 𝑑𝑥 − 𝜆𝐸(0).

Since 𝐼′ = ∫𝑢𝑢𝑡 𝑑𝑥, inequality (5) implies

(6) (1 + 𝛼)(𝐼′)2 ≤ (1 + 𝛼) (∫
ℝ𝑛
𝑢2 𝑑𝑥) (∫

ℝ𝑛
𝑢2𝑡 𝑑𝑥) ≤ 𝐼(𝐼″ − 𝛽),

for 𝛽 ≔ −𝜆𝐸(0) > 0.
2. Put

𝐽 ≔ 𝐼−𝛼.
Then (6) lets us compute

(7) 𝐽″ = 𝛼(𝛼 + 1)𝐼−(𝛼+2)(𝐼′)2 − 𝛼𝐼−(𝛼+1)𝐼″ ≤ −𝛼𝛽𝐼−(𝛼+1) = −𝛼𝛽𝐽1+1/𝛼.
This shows that 𝐽 is a concave function of 𝑡. Suppose now that 𝐽′(𝑡0) < 0 for
some time 𝑡0 > 0. Then the concavity of 𝐽 implies

𝐽(𝑡) ≤ 𝐽(𝑡0) + (𝑡 − 𝑡0)𝐽′(𝑡0) (𝑡 ≥ 0),
and this inequality provides the contradiction that 𝐽(𝑡) < 0 for large times 𝑡.
Assume instead that 𝐽′ ≥ 0 for all 𝑡 ≥ 0. Then from (7) it follows that

𝐽″ ≤ −𝛼𝛽𝐽1+1/𝛼(0) ≕ −𝛾.
We have 𝛾 > 0, since our negative energy hypothesis (3) implies 𝑔 ≢ 0. Thus

𝐽′(𝑡) ≤ 𝐽′(0) − 𝛾𝑡 < 0
for large 𝑡, and we again reach a contradiction. □

12.5.2. Nonexistence for small initial data. Satisfying the negative energy
hypothesis (3) in the previous subsection requires that 𝑔 not be too small. Re-
markably, certain semilinear wave equations do not possess solutions existing
for all times 𝑡 > 0, even for certain arbitrarily small and smooth initial data
𝑔, ℎ.

As an example, consider this initial-value problem in three space dimen-
sions:

(8) {𝑢𝑡𝑡 − Δ𝑢 − |𝑢|𝑝 = 0 in ℝ3 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0}.

Take any smooth initial data with

(9) ∫
ℝ3
𝑔 𝑑𝑥 > 0, ∫

ℝ3
ℎ 𝑑𝑥 > 0
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and spt 𝑔, spt ℎ ⊂ 𝐵(0, 𝑅). We will deduce from these conditions alone that
there is no solution, provided the exponent 𝑝 > 1 is small enough.

THEOREM 2 (Nonexistence for small data). Assume that

1 < 𝑝 < 1 + √2.
Then under the above conditions on 𝑔 and ℎ, the initial-value problem (8) does
not have a smooth solution 𝑢 existing for all times 𝑡 ≥ 0.

This statement should be contrasted with the global existence of smooth
solutions of □𝑢 + |𝑢|𝑝−1𝑢 = 0 in ℝ3 × (0,∞) shown in §12.3 and §12.4 for
1 ≤ 𝑝 ≤ 5.

Proof.
1. We assume to the contrary that 𝑢 is in fact a solution and derive a con-

tradiction. Since the initial data have support within 𝐵(0, 𝑅), Theorem 3 from
§12.1.2 implies that 𝑢(⋅, 𝑡) is supported within the ball 𝐵(0, 𝑅 + 𝑡).

Put
𝐼(𝑡) = ∫

ℝ3
𝑢𝑑𝑥.

Then
𝐼″ = ∫

ℝ3
𝑢𝑡𝑡 𝑑𝑥 = ∫

ℝ3
|𝑢|𝑝 𝑑𝑥.

Since 𝑢(⋅, 𝑡) vanishes outside the ball 𝐵(0, 𝑅 + 𝑡), we have

𝐼 = ∫
𝐵(0,𝑅+𝑡)

𝑢𝑑𝑥 ≤ (∫
ℝ3
|𝑢|𝑝 𝑑𝑥 )

1/𝑝
|𝐵(0, 𝑅 + 𝑡)|1−1/𝑝;

and therefore

(10) 𝐼″ ≥ 𝑐𝐼𝑝(1 + 𝑡)−3(𝑝−1)

for a constant 𝑐 > 0.
2. We next introduce the solution 𝑣 of the linear wave equation

(11) { 𝑣𝑡𝑡 − Δ𝑣 = 0 in ℝ3 × (0,∞)
𝑣 = 𝑔, 𝑣𝑡 = ℎ on ℝ3 × {𝑡 = 0}.

According to the retarded potential formula (44) in §2.4.2, we have

𝑢(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) + 1
4𝜋 ∫

𝐵(𝑥,𝑡)

|𝑢|𝑝(𝑦, 𝑡 − |𝑦 − 𝑥|)
|𝑦 − 𝑥| 𝑑𝑦 ≥ 𝑣(𝑥, 𝑡).

Now (11) and (9) imply

∫
ℝ𝑛
𝑣 𝑑𝑥 = 𝑐1 + 𝑐2𝑡
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for constants 𝑐1, 𝑐2 > 0. Furthermore, since we are working in 𝑛 = 3 space
dimensions, Huygens’ principle tells us that 𝑣 has support within the annular
region 𝐴 ≔ 𝐵(0, 𝑡 + 𝑅) − 𝐵(0, 𝑡 − 𝑅), which has volume |𝐴| ≤ 𝐶(1 + 𝑡)2. Hence

𝑐1 + 𝑐2𝑡 = ∫
𝐴
𝑣 𝑑𝑥 ≤ ∫

𝐴
𝑢𝑑𝑥

≤ 𝐶 (∫
ℝ3
|𝑢|𝑝 𝑑𝑥)

1/𝑝
(1 + 𝑡)2(1−1/𝑝).

It follows that
𝐼″ = ∫

ℝ3
|𝑢|𝑝 𝑑𝑥 ≥ 𝑐(1 + 𝑡)2−𝑝

for some constant 𝑐 > 0. Since 𝐼(0), 𝐼′(0) > 0, we deduce that
(12) 𝐼 ≥ 𝑐(1 + 𝑡)4−𝑝.

3. Let 𝜀 > 0 and as follows combine (10) and (12):
𝐼″ ≥ 𝑐𝐼1+𝜀𝐼𝑝−1−𝜀(1 + 𝑡)−3(𝑝−1)

≥ 𝑐𝐼1+𝜀(1 + 𝑡)(4−𝑝)(𝑝−1−𝜀)(1 + 𝑡)−3(𝑝−1)

= 𝑐𝐼1+𝜀(1 + 𝑡)−𝜇

for 𝜇 ≔ (𝑝 − 1)2 + 𝜀(4 − 𝑝). Since 1 < 𝑝 < 1 + √2, we can fix 𝜀 > 0 so small
that
(13) 0 < 𝜇 < 2.
Since 𝐼′ > 0,

𝐼″𝐼′ ≥ 𝑐𝐼′𝐼1+𝜀(1 + 𝑡)−𝜇;
and thus

((𝐼′)2)′ ≥ 𝑐(𝐼2+𝜀(1 + 𝑡)−𝜇)′ + 𝑐𝜇𝐼2+𝜀(1 + 𝑡)−𝜇+1 ≥ 𝑐(𝐼2+𝜀(1 + 𝑡)−𝜇)′.
Consequently
(14) (𝐼′)2(𝑡) ≥ (𝐼′)2(0) + 𝑐(𝐼2+𝜀(1 + 𝑡)−𝜇 − 𝐼2+𝜀(0)).

Now (12) implies 𝐼2+𝜀(𝑡)(1 + 𝑡)−𝜇 ≥ 2𝐼2+𝜀(0) for large enough times, say,
𝑡 ≥ 𝑡0. Therefore we can deduce from (14) that

(𝐼′)2 ≥ 𝑐𝐼2+𝜀(1 + 𝑡)−𝜇

provided 𝑡 ≥ 𝑡0. Then

(𝐼−𝜀/2)′ = −𝜀2𝐼
− 𝜀

2−1𝐼′ ≤ −𝑐𝜀2 (1 + 𝑡)−𝜇/2.
Integrating, we see that

0 ≤ 𝐼−𝜀/2(𝑡) ≤ 𝐼−𝜀/2(𝑡0) −
𝑐𝜀
2 ∫

𝑡

𝑡0

𝑑𝑠
(1 + 𝑠)𝜇/2 .
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This is a contradiction, since 𝜇 < 2 according to (13) and so the integral on the
right diverges as 𝑡 → ∞. □

12.6. PROBLEMS

The following problem set includes questions on both linear and nonlinear
wave equations, as well as the related nonlinear Schrödinger equation. All
given functions are assumed smooth, unless otherwise stated.

1. Assume 𝑢 has compact support in space and solves the quasilinear wave
equation

𝑢𝑡𝑡 −
𝑛
∑
𝑖=1
(𝐿𝑝𝑖(𝐷𝑢))𝑥𝑖 = 0 in ℝ𝑛 × (0,∞).

Determine the appropriate energy 𝐸(𝑡) and show ̇𝐸 ≡ 0.
2. Let 𝑢 solve the Klein–Gordon equation

(∗) {
𝑢𝑡𝑡 − Δ𝑢 +𝑚2𝑢 = 0 in ℝ𝑛 × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ𝑛 × {𝑡 = 0}.

(a) Show that the energy

𝐸(𝑡) ≔ 1
2 ∫ℝ𝑛

𝑢2𝑡 + |𝐷𝑢|2 +𝑚2𝑢2 𝑑𝑥 (𝑡 ≥ 0)

is constant in time.
(b) Modify the proof in §4.3.1 showing asymptotic equipartition of energy

for the wave equation to prove that

lim
𝑡→∞

∫
ℝ𝑛
|𝐷𝑢|2 +𝑚2𝑢2 𝑑𝑥 = 𝐸(0).

3. Suppose𝑢 solves the initial value problem (∗) from Problem 2 for the Klein–
Gordon equation. Write ̄𝑥 = (𝑥, 𝑥𝑛+1) for 𝑥 ∈ ℝ𝑛 and define

𝑢̄( ̄𝑥, 𝑡) ≔ 𝑢(𝑥, 𝑡) cos(𝑚𝑥𝑛+1).

(a) Show that 𝑢̄ solves the wave equation □𝑢̄ = 0 in ℝ𝑛+1 × (0,∞).
(b) Derive a formula for the solution of the initial-value problem for the

Klein–Gordon equation when 𝑛 = 1. (This is a variant of the method
of descent, introduced in §2.4.1.)
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4. Assume 𝑢 solves
𝑢𝑡𝑡 − Δ𝑢 + 𝑑𝑢𝑡 = 0 in ℝ𝑛 × (0,∞),

which for 𝑑 > 0 is a damped wave equation. Find a simple exponential
term that, when multiplied by 𝑢, gives a solution 𝑣 of

𝑣𝑡𝑡 − Δ𝑣 + 𝑐𝑣 = 0
for a constant 𝑐 < 0. (This is the opposite of the sign for the Klein–Gordon
equation.)

5. Check that for each given 𝑦 ∈ ℝ𝑛, 𝑦 ≠ 0, the function 𝑢 = 𝑒𝑖(𝑥⋅𝑦−𝜍𝑡) solves
the Klein–Gordon equation

𝑢𝑡𝑡 − Δ𝑢 +𝑚2𝑢 = 0

provided 𝜎 = (|𝑦|2+𝑚2)
1
2 . The phase velocity of this plane wave solution is

𝜍
|𝑦| > 1. Why does this not contradict the assertions in §12.1 that the speed
of propagation for solutions is less than or equal to one?

6. Suppose

{𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ3 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0},

where 𝑔, ℎ have compact support. Show there exists a constant 𝐶 such that
|𝑢(𝑥, 𝑡)| ≤ 𝐶/𝑡 (𝑥 ∈ ℝ3, 𝑡 > 0).

(Hint: Use the representation formula for the solution from §2.4.1.)
7. Let 𝑢 solve

{𝑢𝑡𝑡 − Δ𝑢 = 0 in ℝ2 × (0,∞)
𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ2 × {𝑡 = 0},

where 𝑔, ℎ have compact support. Show that

|𝑢(𝑥, 𝑡)| ≤ 𝐶/𝑡
1
2 (𝑥 ∈ ℝ2, 𝑡 > 0)

for some constant 𝐶.
8. Suppose 𝑢𝜀 solves the linear wave equation in 𝑛 = 2 space dimensions,

with the initial conditions 𝑢𝜀𝑡 = ℎ ≡ 0 and

𝑢𝜀 = 𝑔𝜀 ≔ {𝑒
−𝜀 (𝑟−2)2

(𝑟−1)(3−𝑟) if 1 < 𝑟 < 3
0 otherwise,

where 𝑟 = |𝑥|. Show that although |𝑔𝜀| ≤ 1, we have
max

ℝ2×[0,4]
|𝑢𝜀| → ∞ as 𝜀 → 0.

(Hint: Use (26) in §2.4.1 to compute 𝑢𝜀(0, 𝑡) for 𝑡 > 3.)
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9. (Kelvin transform for wave equation) The hyperbolic Kelvin transform
𝒦𝑢 = 𝑢̄ of a function 𝑢 ∶ ℝ𝑛 × ℝ → ℝ is

𝑢̄(𝑥, 𝑡) ≔ 𝑢( ̄𝑥, ̄𝑡) ||| ̄𝑥|2 − ̄𝑡2||
𝑛−1
2 = 𝑢 ( 𝑥

|𝑥|2 − 𝑡2 ,
𝑡

|𝑥|2 − 𝑡2 )
1

||𝑥|2 − 𝑡2|
𝑛−1
2
,

provided |𝑥|2 ≠ 𝑡2, where

̄𝑥 = 𝑥
|𝑥|2 − 𝑡2 , ̄𝑡 = 𝑡

|𝑥|2 − 𝑡2 .

Show that if □𝑢 = 0, then □𝑢̄ = 0.
(Compare with Problem 11 in Chapter 2.)

10. Assume that 𝑢 and 𝑣 solve the system

(∗) {(𝑢 − 𝑣)𝑡 = 2𝑎 sin(ᵆ+𝑣2 )
(𝑢 + 𝑣)𝑥 = 2

𝑎 sin(
ᵆ−𝑣
2 )

where 𝑎 ≠ 0. Show that both 𝑤 ≔ 𝑢 and 𝑤 ≔ 𝑣 solve the sine-Gordon
equation in the form

𝑤𝑥𝑡 = sin𝑤.

Why is this equivalent to the PDE □𝑤 = sin𝑤?
11. (Continuation) Alternatively, given a solution 𝑣 of the sine-Gordon equa-

tion, we can try to solve the system (∗) to build a second solution 𝑢. This
procedure is called a Bäcklund transformation.

Start with the trivial solution 𝑣 ≡ 0, and use the Bäcklund transfor-
mation to compute for each choice of the parameter 𝑎 another solution
𝑢. (Hint: First show 𝑢 must have the form 𝑓(𝑎𝑡 + 𝑥/𝑎). Also show that
(tan(𝑢/4))𝑡 = 𝑎 tan(𝑢/4).)

12. Prove the Sobolev-type inequality (6) in §12.2.2.
(Hints: If 𝑢 ∈ 𝐻𝑘 and 𝛽 is a multiindex with |𝛽| ≤ 𝑘, we have the

estimate ‖𝐷𝛽𝑢‖𝐿𝑝 ≤ 𝐶‖𝑢‖𝐻𝑘 , where 𝑝 satisfies (a) 𝑝 = ∞ if 1
2 −

𝑘
𝑛 +

|𝛽|
𝑛 < 0;

(b) 2 ≤ 𝑝 < ∞ if 1
2 −

𝑘
𝑛 +

|𝛽|
𝑛 = 0; and (c) 1

𝑝 =
1
2 −

𝑘−|𝛽|
𝑛 if 1

2 −
𝑘
𝑛 +

|𝛽|
𝑛 > 0.

Assume that the multiindices |𝛽1|, . . . , |𝛽𝑟| satisfy (a) above, |𝛽𝑟+1|, . . . , |𝛽𝑠|
satisfy (b), and |𝛽𝑠+1|, . . . , |𝛽𝑚| satisfy (c). Estimate ‖𝐷𝛽1𝑢1⋯𝐷𝛽𝑚𝑢𝑚‖2𝐿2 .)

13. A smooth functionu ∶ ℝ𝑛×[0,∞) → ℝ𝑚,u = (𝑢1, . . . , 𝑢𝑚), is called awave
map into the unit sphere 𝑆𝑚−1 = 𝜕𝐵(0, 1) ⊂ ℝ𝑚 provided that everywhere
in ℝ𝑛 × [0,∞), |u| = 1 and u𝑡𝑡 − Δu is perpendicular to 𝑆𝑚−1 at u.

Show that therefore u solves the system of PDE

u𝑡𝑡 − Δu = (|𝐷u|2 − |u𝑡|2)u.
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14. Prove that if u is a wave map into the unit sphere, with compact support in
space, we have conservation of energy:

𝑑
𝑑𝑡 ∫ℝ𝑛

|u𝑡|2 + |𝐷u|2 𝑑𝑥 = 0.

15. (Small energy for 𝑝 = 5) Adapt the proof of Theorem 3 in §12.3.3 to show
the existence of a smooth solution of

{
𝑢𝑡𝑡 − Δ𝑢 + 𝑢5 = 0 in ℝ3 × (0,∞)

𝑢 = 𝑔, 𝑢𝑡 = ℎ on ℝ3 × {𝑡 = 0},

provided the energy 𝐸(0) is sufficiently small.
(Hint: Modify estimate (24) in §12.3.3 by introducing the 𝐿6-norm of 𝑔.)
Many techniques developed for semilinear wave equations have coun-

terparts for nonlinear Schrödinger (NLS) equations, to which we devote
the remaining exercises.

16. Let 𝑢 be a complex-valued solution of the nonlinear Schrödinger equation

(∗) 𝑖𝑢𝑡 + Δ𝑢 = 𝑓(|𝑢|2)𝑢 in ℝ𝑛 × (0,∞).

Here 𝑓 ∶ ℝ → ℝ. Demonstrate that if 𝜉 ∈ ℝ𝑛, then

𝑤(𝑥, 𝑡) ≔ 𝑒
𝑖
4 (2𝜉⋅𝑥−|𝜉|

2𝑡)𝑢(𝑥 − 𝜉𝑡, 𝑡)

also solves the NLS equation. This shows the Galilean invariance of solu-
tions.

17. Assume 𝑢 solves the nonlinear Schrödinger equation (∗) from Problem 16
and decays rapidly, along with its derivatives, as |𝑥| → ∞. Derive these
identities:

𝑑
𝑑𝑡 ∫ℝ𝑛

|𝑢|2 𝑑𝑥 = 0 (conservation of mass),

𝑑
𝑑𝑡 ∫ℝ𝑛

|𝐷𝑢|2 + 𝐹(|𝑢|2) 𝑑𝑥 = 0 (conservation of energy),

where 𝐹′ = 𝑓, and

𝑑
𝑑𝑡 ∫ℝ𝑛

𝑢̄𝐷𝑢 − 𝑢𝐷𝑢̄
2𝑖 𝑑𝑥 = 0 (conservation of momentum).

Remember that |𝑢|2 = 𝑢𝑢̄.
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18. (Continuation)
(a) Under the hypotheses of the previous problem, derive the identity

𝑑2
𝑑𝑡2 ∫ℝ𝑛

|𝑥|2|𝑢|2 𝑑𝑥

= 8∫
ℝ𝑛
|𝐷𝑢|2 𝑑𝑥 + 4𝑛∫

ℝ𝑛
𝑓(|𝑢|2)|𝑢|2 − 𝐹(|𝑢|2) 𝑑𝑥.

(b) Use (a) to show that there does not exist a solution of the cubic-NLS
equation

𝑖𝑢𝑡 + Δ𝑢 + |𝑢|2𝑢 = 0 in ℝ𝑛 × (0,∞)
existing for all times 𝑡 ≥ 0, if

𝐸(0) = ∫
ℝ𝑛
|𝐷𝑢(𝑥, 0)|2 − |𝑢(𝑥, 0)|4

2 𝑑𝑥 < 0

and 𝑛 ≥ 2. (R. Glassey, J. Math. Physics 18 (1977), 1794–1797)
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Appendices

Appendix A. NOTATION

A.1. Notation for matrices.

(i) We write 𝐴 = ((𝑎𝑖𝑗)) to mean 𝐴 is an 𝑚 × 𝑛 matrix with (𝑖, 𝑗)th entry
𝑎𝑖𝑗. (Sometimes, as in §8.1.4, it will be convenient to use superscripts
to denote rows.)

A diagonal matrix is denoted diag(𝑑1, . . . , 𝑑𝑛).
(ii) 𝕄𝑚×𝑛 = space of real 𝑚× 𝑛 matrices.

𝕊𝑛 = space of real, symmetric 𝑛 × 𝑛 matrices.
(iii) tr 𝐴 = trace of the matrix 𝐴.
(iv) det 𝐴 = determinant of the matrix 𝐴.
(v) cof 𝐴 = cofactor matrix of 𝐴 (see §8.1.4).

(vi) 𝐴𝑇 = transpose of the matrix 𝐴.
(vii) If 𝐴 = ((𝑎𝑖𝑗)) and 𝐵 = ((𝑏𝑖𝑗)) are 𝑚× 𝑛 matrices, then

𝐴 ∶ 𝐵 =
𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑏𝑖𝑗,

and

|𝐴| = (𝐴 ∶ 𝐴)
1
2 = (

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑎2𝑖𝑗)

1
2

.

(viii) If 𝐴 ∈ 𝕊𝑛 and, as below, 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛, the corresponding
quadratic form is 𝑥 ⋅ 𝐴𝑥 = ∑𝑛

𝑖,𝑗=1 𝑎𝑖𝑗𝑥𝑖𝑥𝑗.
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(ix) If 𝐴, 𝐵 ∈ 𝕊𝑛, we write
𝐴 ≥ 𝐵

to mean that 𝐴 − 𝐵 is nonnegative definite. In particular, we write

𝐴 ≥ 𝜃𝐼

if 𝑥 ⋅ 𝐴𝑥 ≥ 𝜃|𝑥|2 for all 𝑥 ∈ ℝ𝑛.
(x) We sometimes will write 𝑦𝐴 to mean 𝐴𝑇𝑦, for 𝐴 ∈ 𝕄𝑚×𝑛 and 𝑦 ∈ ℝ𝑚.

A.2. Geometric notation.
(i) ℝ𝑛 = 𝑛-dimensional real Euclidean space, ℝ = ℝ1.

𝑆𝑛−1 = 𝜕𝐵(0, 1) = (𝑛 − 1)-dimensional unit sphere in ℝ𝑛.
(ii) 𝑒𝑖 = (0, . . . , 0, 1, . . . , 0) = 𝑖th standard coordinate vector.

(iii) A typical point in ℝ𝑛 is 𝑥 = (𝑥1, . . . , 𝑥𝑛).
We will also, depending upon the context, regard 𝑥 as a row or as

a column vector.
(iv) ℝ𝑛

+ = { 𝑥 = (𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛 ∣ 𝑥𝑛 > 0 } = open upper half-space.
ℝ+ = { 𝑥 ∈ ℝ ∣ 𝑥 > 0 }.

(v) A point inℝ𝑛+1 will often be denoted as (𝑥, 𝑡) = (𝑥1, . . . , 𝑥𝑛, 𝑡), and we
usually interpret 𝑡 = 𝑥𝑛+1 = time.

A point 𝑥 ∈ ℝ𝑛 will sometimes be written 𝑥 = (𝑥′, 𝑥𝑛) for 𝑥′ =
(𝑥1, . . . , 𝑥𝑛−1) ∈ ℝ𝑛−1.

(vi) 𝑈, 𝑉 , and 𝑊 usually denote open subsets of ℝ𝑛. We write

𝑉 ⊂⊂ 𝑈

if 𝑉 ⊂ ̄𝑉 ⊂ 𝑈 and ̄𝑉 is compact, and say 𝑉 is compactly contained in
𝑈.

(vii) 𝜕𝑈 = boundary of 𝑈, 𝑈̄ = 𝑈 ∪ 𝜕𝑈 = closure of 𝑈.
(viii) 𝑈𝑇 = 𝑈 × (0, 𝑇].

(ix) Γ𝑇 = 𝑈̄𝑇 − 𝑈𝑇 = parabolic boundary of 𝑈𝑇 .
(x) 𝐵(𝑥, 𝑟) = { 𝑦 ∈ ℝ𝑛 ∣ |𝑥 − 𝑦| ≤ 𝑟 } = closed ball in ℝ𝑛 with center 𝑥 and

radius 𝑟 > 0.
(xi) 𝐵0(𝑥, 𝑟) = open ball with center 𝑥, radius 𝑟 > 0.

(xii) 𝐶(𝑥, 𝑡; 𝑟) = { 𝑦 ∈ ℝ𝑛, 𝑠 ∈ ℝ ∣ |𝑥 − 𝑦| ≤ 𝑟, 𝑡 − 𝑟2 ≤ 𝑠 ≤ 𝑡 } = closed
cylinder with top center (𝑥, 𝑡), radius 𝑟 > 0, height 𝑟2.

(xiii) 𝛼(𝑛) = volume of unit ball 𝐵(0, 1) in ℝ𝑛 = 𝜋𝑛/2

Γ( 𝑛2+1)
.

𝑛𝛼(𝑛) = surface area of unit sphere 𝜕𝐵(0, 1) in ℝ𝑛.
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(xiv) If 𝑎 = (𝑎1, . . . , 𝑎𝑛) and 𝑏 = (𝑏1, . . . , 𝑏𝑛) belong to ℝ𝑛,

𝑎 ⋅ 𝑏 =
𝑛
∑
𝑖=1

𝑎𝑖𝑏𝑖, |𝑎| = (
𝑛
∑
𝑖=1

𝑎2𝑖 )

1
2

.

(xv) ℂ𝑛 = 𝑛-dimensional complex space; ℂ = complex plane.
If 𝑧 ∈ ℂ, we write Re(𝑧) for the real part of 𝑧 and Im(𝑧) for the

imaginary part.

A.3. Notation for functions.

(i) If 𝑢 ∶ 𝑈 → ℝ, we write

𝑢(𝑥) = 𝑢(𝑥1, . . . , 𝑥𝑛) (𝑥 ∈ 𝑈).

We say 𝑢 is smooth provided 𝑢 is infinitely differentiable.
(ii) If 𝑢, 𝑣 are two functions, we write

𝑢 ≡ 𝑣

to mean that 𝑢 is identically equal to 𝑣; that is, the functions 𝑢, 𝑣 agree
for all values of their arguments. We use the notation

𝑢 ≔ 𝑣

to define 𝑢 as equaling 𝑣.
The support of a function 𝑢 is denoted

spt 𝑢.

(iii) 𝑢+ = max(𝑢, 0), 𝑢− = −min(𝑢, 0), 𝑢 = 𝑢+ − 𝑢−, |𝑢| = 𝑢+ + 𝑢−.
The sign function is

sgn(𝑥) =
⎧
⎨
⎩

1 if 𝑥 > 0
0 if 𝑥 = 0
−1 if 𝑥 < 0.

(iv) If u ∶ 𝑈 → ℝ𝑚, we write

u(𝑥) = (𝑢1(𝑥), . . . , 𝑢𝑚(𝑥)) (𝑥 ∈ 𝑈).

The function 𝑢𝑘 is the 𝑘th component of u, 𝑘 = 1, . . . , 𝑚.
(v) If Σ is a smooth (𝑛 − 1)-dimensional surface in ℝ𝑛, we write

∫
Σ
𝑓 𝑑𝑆
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for the integral of 𝑓 over Σ, with respect to (𝑛−1)-dimensional surface
measure. If 𝐶 is a curve in ℝ𝑛, we denote by

∫
𝐶
𝑓 𝑑𝑙

the integral of 𝑓 over 𝐶 with respect to arclength.
(vi) Averages:

⨍
𝐵(𝑥,𝑟)

𝑓 𝑑𝑦 ≔ 1
𝛼(𝑛)𝑟𝑛 ∫𝐵(𝑥,𝑟)

𝑓 𝑑𝑦 = average of 𝑓 over the ball 𝐵(𝑥, 𝑟)

and

⨍
𝜕𝐵(𝑥,𝑟)

𝑓 𝑑𝑆 ≔ 1
𝑛𝛼(𝑛)𝑟𝑛−1 ∫𝜕𝐵(𝑥,𝑟)

𝑓 𝑑𝑆

= average of 𝑓 over the sphere 𝜕𝐵(𝑥, 𝑟).

More generally,

⨍
𝐸
𝑓 𝑑𝜇 ≔ 1

𝜇(𝐸) ∫𝐸
𝑓 𝑑𝜇 = average of 𝑓 over set 𝐸,

provided 𝜇(𝐸) > 0.

(vii) 𝜒𝐸(𝑥) = {1 if 𝑥 ∈ 𝐸
0 if 𝑥 ∉ 𝐸;

𝜒𝐸 is the indicator function of 𝐸.

(viii) A function 𝑢 ∶ 𝑈 → ℝ is called Lipschitz continuous if

|𝑢(𝑥) − 𝑢(𝑦)| ≤ 𝐶|𝑥 − 𝑦|

for some constant 𝐶 and all 𝑥, 𝑦 ∈ 𝑈. We write

Lip[𝑢] ≔ sup
𝑥,𝑦∈𝑈
𝑥≠𝑦

|𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦| .

(ix) The convolution of the functions 𝑓, 𝑔 is denoted

𝑓 ∗ 𝑔.
Notation for derivatives. Assume 𝑢 ∶ 𝑈 → ℝ, 𝑥 ∈ 𝑈.

(i) 𝜕ᵆ
𝜕𝑥𝑖

(𝑥) = limℎ→0
ᵆ(𝑥+ℎ𝑒𝑖)−ᵆ(𝑥)

ℎ , provided this limit exists.

(ii) We usually write 𝑢𝑥𝑖 for 𝜕ᵆ
𝜕𝑥𝑖

.

(iii) Similarly, 𝜕2ᵆ
𝜕𝑥𝑖𝜕𝑥𝑗

= 𝑢𝑥𝑖𝑥𝑗 ,
𝜕3ᵆ

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑘
= 𝑢𝑥𝑖𝑥𝑗𝑥𝑘 , etc.
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(iv) Multiindex notation:
(a) A vector of the form 𝛼 = (𝛼1, . . . , 𝛼𝑛), where each component 𝛼𝑖

is a nonnegative integer, is called a multiindex of order
|𝛼| = 𝛼1 +⋯+ 𝛼𝑛.

(b) Given a multiindex 𝛼, define

𝐷𝛼𝑢(𝑥) ≔ 𝜕|𝛼|𝑢(𝑥)
𝜕𝑥𝛼1

1 ⋯𝜕𝑥𝛼𝑛𝑛
= 𝜕𝛼1𝑥1 ⋯𝜕𝛼𝑛𝑥𝑛 𝑢.

(c) If 𝑘 is a nonnegative integer,
𝐷𝑘𝑢(𝑥) ≔ {𝐷𝛼𝑢(𝑥) ∣ |𝛼| = 𝑘 },

the set of all partial derivatives of order 𝑘. Assigning some order-
ing to the various partial derivatives, we can also regard 𝐷𝑘𝑢(𝑥)
as a point in ℝ𝑛𝑘 .

(d)

|𝐷𝑘𝑢| = ( ∑
|𝛼|=𝑘

|𝐷𝛼𝑢|2)
1/2

.

(e) Special Cases: If 𝑘 = 1, we regard the elements of 𝐷𝑢 as being
arranged in a vector:

𝐷𝑢 ≔ (𝑢𝑥1 , . . . , 𝑢𝑥𝑛) = gradient vector.
Therefore 𝐷𝑢 ∈ ℝ𝑛. We will sometimes also write

𝑢𝑟 ≔
𝑥
|𝑥| ⋅ 𝐷𝑢 (𝑥 ≠ 0)

for the radial derivative of 𝑢.
If 𝑘 = 2, we regard the elements of 𝐷2𝑢 as being arranged in a
matrix:

𝐷2𝑢 ≔ (
𝑢𝑥1𝑥1 . . . 𝑢𝑥1𝑥𝑛

⋱
𝑢𝑥𝑛𝑥1 . . . 𝑢𝑥𝑛𝑥𝑛

)
𝑛×𝑛

= Hessian matrix.

Therefore 𝐷2𝑢 ∈ 𝕊𝑛, the space of real symmetric 𝑛 × 𝑛 matrices.
(v) The Laplacian of 𝑢 is

Δ𝑢 =
𝑛
∑
𝑖=1

𝑢𝑥𝑖𝑥𝑖 .

Thus Δ𝑢 = div𝐷𝑢 = tr(𝐷2𝑢).
(vi) We sometimes employ a subscript attached to the symbols 𝐷, 𝐷2, etc.

to denote the variables being differentiated. For example if 𝑢 = 𝑢(𝑥, 𝑦)
(𝑥 ∈ ℝ𝑛, 𝑦 ∈ ℝ𝑚), then 𝐷𝑥𝑢 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛), 𝐷𝑦𝑢 = (𝑢𝑦1 , . . . , 𝑢𝑦𝑚).
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Function spaces.

(i) 𝐶(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 continuous }.
𝐶(𝑈̄)={𝑢∈𝐶(𝑈)|𝑢 is uniformly continuous on boundedsubsets of 𝑈}.
𝐶𝑘(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 is 𝑘-times continuously differentiable }.
𝐶𝑘(𝑈̄) = { 𝑢 ∈ 𝐶𝑘(𝑈) ∣ 𝐷𝛼𝑢 is uniformly continuous on bounded
subsets of 𝑈, for all |𝛼| ≤ 𝑘 }.

Thus if 𝑢 ∈ 𝐶𝑘(𝑈̄), then 𝐷𝛼𝑢 continuously extends to 𝑈̄ for each
multiindex 𝛼, |𝛼| ≤ 𝑘.

(ii) 𝐶∞(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 is infinitely differentiable } = ⋂∞
𝑘=0 𝐶𝑘(𝑈)

𝐶∞(𝑈̄) = ⋂∞
𝑘=0 𝐶𝑘(𝑈̄).

(iii) 𝐶𝑐(𝑈), 𝐶𝑘
𝑐 (𝑈), etc. denote these functions in 𝐶(𝑈), 𝐶𝑘(𝑈), etc. with

compact support.
(iv) 𝐿𝑝(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 is Lebesgue measurable, ‖𝑢‖𝐿𝑝(𝑈) < ∞},

where

‖𝑢‖𝐿𝑝(𝑈) ≔ (∫
𝑈
|𝑢|𝑝 𝑑𝑥)

1
𝑝

(1 ≤ 𝑝 < ∞).

𝐿∞(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 is Lebesgue measurable, ‖𝑢‖𝐿∞(𝑈) <
∞}, where

‖𝑢‖𝐿∞(𝑈) ≔ ess sup
𝑈

|𝑢|.

𝐿𝑝loc(𝑈) = { 𝑢 ∶ 𝑈 → ℝ ∣ 𝑢 ∈ 𝐿𝑝(𝑉) for each 𝑉 ⊂⊂ 𝑈 }.
(See also §D.1.)

(v) ‖𝐷𝑢‖𝐿𝑝(𝑈) = ⦀𝐷𝑢⦀𝐿𝑝(𝑈).
‖𝐷2𝑢‖𝐿𝑝(𝑈) = ⦀𝐷2𝑢⦀𝐿𝑝(𝑈).

(vi) 𝑊 𝑘,𝑝(𝑈), 𝐻𝑘(𝑈), etc. (𝑘 = 0, 1, 2, . . . , 1 ≤ 𝑝 ≤ ∞) denote Sobolev
spaces: see Chapter 5.

(vii) 𝐶𝑘,𝛽(𝑈̄) (𝑘 = 0, . . . , 0 < 𝛽 ≤ 1) denote Hölder spaces: see Chapter 5.
(viii) Functions of 𝑥 and 𝑡. It is occasionally useful to introduce spaces

of functions with differing smoothness in the 𝑥- and 𝑡-variables, al-
though there is no standard notation for such spaces. We will for this
book write

𝐶2
1 (𝑈𝑇) = { 𝑢 ∶ 𝑈𝑇 → ℝ ∣ 𝑢, 𝐷𝑥𝑢,𝐷2

𝑥𝑢, 𝑢𝑡 ∈ 𝐶(𝑈𝑇) }.

In particular, if 𝑢 ∈ 𝐶2
1 (𝑈𝑇), then 𝑢,𝐷𝑥𝑢, etc. are continuous up to the

top 𝑈 × {𝑡 = 𝑇}.
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A.4. Vector-valued functions.

(i) If now 𝑚 > 1 and u ∶ 𝑈 → ℝ𝑚, u = (𝑢1, . . . , 𝑢𝑚), we define

𝐷𝛼u = (𝐷𝛼𝑢1, . . . , 𝐷𝛼𝑢𝑚) for each multiindex 𝛼.

Then
𝐷𝑘u = {𝐷𝛼u ∣ |𝛼| = 𝑘 }

and

|𝐷𝑘u| ≔ ( ∑
|𝛼|=𝑘

|𝐷𝛼u|2)
1/2

,

as before.
(ii) In the special case 𝑘 = 1, we write

𝐷u ≔ (
𝑢1𝑥1 ⋯ 𝑢1𝑥𝑛
⋮ ⋱ ⋮
𝑢𝑚𝑥1 ⋯ 𝑢𝑚𝑥𝑛

)
𝑚×𝑛

= gradient matrix.

(iii) If 𝑚 = 𝑛, we have

divu ≔ tr(𝐷u) =
𝑛
∑
𝑖=1

𝑢𝑖𝑥𝑖 = divergence of u.

(iv) The spaces 𝐶(𝑈;ℝ𝑚), 𝐿𝑝(𝑈;ℝ𝑚), etc. consist of those functions u ∶
𝑈 → ℝ𝑚, u = (𝑢1, . . . , 𝑢𝑚), with 𝑢𝑖 ∈ 𝐶(𝑈), 𝐿𝑝(𝑈), etc. (𝑖 = 1, . . . , 𝑚).

Remark on sub-and superscripts. As illustrated above, we adhere to the
convention of setting in boldface mappings which take values in ℝ𝑚 for 𝑚 > 1
(or else in Banach or Hilbert spaces). The component functions of such map-
pings will be given superscripts. On the other hand, a typical point 𝑥 ∈ ℝ𝑛 is
not boldface and has components with subscripts: 𝑥 = (𝑥1, . . . , 𝑥𝑛).

Matrix-valued mappings will also be set in boldface, and their component
functions written with either superscripts or a mixture of sub- and superscripts,
depending upon the context.

A.5. Notation for estimates.

Constants. We employ the letter 𝐶 to denote any constant that can be explic-
itly computed in terms of known quantities. The exact value denoted by 𝐶 may
therefore change from line to line in a given computation. The big advantage
is that our calculations will be simpler looking, since we continually absorb
extraneous factors into the term 𝐶.
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DEFINITIONS.

(i) (Big-oh notation.) We write

𝑓 = 𝑂(𝑔) as 𝑥 → 𝑥0,

provided there exists a constant 𝐶 such that

|𝑓(𝑥)| ≤ 𝐶|𝑔(𝑥)|

for all 𝑥 sufficiently close to 𝑥0.
(ii) (Little-oh notation.) We write

𝑓 = 𝑜(𝑔) as 𝑥 → 𝑥0,

provided

lim
𝑥→𝑥0

|𝑓(𝑥)|
|𝑔(𝑥)| = 0.

Remark. The expression “𝑂(𝑔)” (or “𝑜(𝑔)”) is not by itself defined. There must
always be an accompanying limit, for example “as𝑥 → 𝑥0” above, although this
limit is often implicit.

A.6. Some comments about notation. The foregoing notation is largely
standard within the PDE literature, with a few significant exceptions:

(i) We employ the symbol “𝐷𝑢”, and not “∇𝑢”, to denote the gradient
of the function 𝑢. The reason is that “𝐷2𝑢” then naturally denotes
the Hessian matrix of 𝑢, whereas “∇2𝑢” would be confused with the
standard notation for the Laplacian in the physical and engineering
liteature. The multiindex notation also looks better with the letter 𝐷.

(ii) Most books and papers on partial differential equations denote by “Ω”
the open subset of ℝ𝑛 within which a given PDE holds.

As indicated above, we will instead mostly use the symbol “𝑈” for such a re-
gion. The advantages are several. First of all, since a typical solution is denoted
𝑢, it makes sense to denote its domain by 𝑈 and not to switch to a Greek letter.
Furthermore, once we call a given open set 𝑈, the letters 𝑉 and 𝑊 are then
available for subregions.

Lastly, it is important to save Ω as the standard symbol for a probability
space. Many important partial differential equations have probabilistic repre-
sentation formulas (see [E2], Freidlin [Fd], etc.); and although such are beyond
the scope of this book, it seems wise to avoid the possibility of future notational
confusion.
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Appendix B. INEQUALITIES

B.1. Convex functions.
DEFINITION. A function 𝑓 ∶ ℝ𝑛 → ℝ is called convex provided
(1) 𝑓(𝜏𝑥 + (1 − 𝜏)𝑦) ≤ 𝜏𝑓(𝑥) + (1 − 𝜏)𝑓(𝑦)
for all 𝑥, 𝑦 ∈ ℝ𝑛 and each 0 ≤ 𝜏 ≤ 1.
THEOREM1 (Supporting hyperplanes). Suppose 𝑓 ∶ ℝ𝑛 → ℝ is convex. Then
for each 𝑥 ∈ ℝ𝑛 there exists 𝑟 ∈ ℝ𝑛 such that the inequality
(2) 𝑓(𝑦) ≥ 𝑓(𝑥) + 𝑟 ⋅ (𝑦 − 𝑥)
holds for all 𝑦 ∈ ℝ𝑛.

The mapping 𝑦 ↦ 𝑓(𝑥)+𝑟⋅(𝑦−𝑥) determines the supporting hyperplane to
𝑓 at 𝑥. Inequality (2) says the graph of 𝑓 lies above each supporting hyperplane.
If 𝑓 is differentiable at 𝑥, 𝑟 = 𝐷𝑓(𝑥).

If 𝑓 is 𝐶2, then 𝑓 is convex if and only if 𝐷2𝑓 ≥ 0. The 𝐶2 function 𝑓 is
uniformly convex if 𝐷2𝑓 ≥ 𝜃𝐼 for some constant 𝜃 > 0: this means

𝑛
∑
𝑖,𝑗=1

𝑓𝑥𝑖𝑥𝑗 (𝑥)𝜉𝑖𝜉𝑗 ≥ 𝜃|𝜉|2 (𝑥, 𝜉 ∈ ℝ𝑛).

THEOREM 2 (Jensen’s inequality). Assume 𝑓 ∶ ℝ𝑚 → ℝ is convex and 𝑈 ⊂
ℝ𝑛 is open, bounded. Let u ∶ 𝑈 → ℝ𝑚 be summable. Then

(3) 𝑓 (⨍
𝑈
u𝑑𝑥) ≤ ⨍

𝑈
𝑓(u) 𝑑𝑥.

Remember from §A.3 the notation ⨍𝑈 u𝑑𝑥 = 1
|𝑈| ∫𝑈 u𝑑𝑥 = average of u

over 𝑈.

Proof. Since 𝑓 is convex, for each 𝑝 ∈ ℝ𝑚 there exists 𝑟 ∈ ℝ𝑚 such that
𝑓(𝑞) ≥ 𝑓(𝑝) + 𝑟 ⋅ (𝑞 − 𝑝) for all 𝑞 ∈ ℝ𝑚.

Let 𝑝 = ⨍𝑈 u𝑑𝑦, 𝑞 = u(𝑥):

𝑓(u(𝑥)) ≥ 𝑓 (⨍
𝑈
u𝑑𝑦) + 𝑟 ⋅ (u(𝑥) −⨍

𝑈
u𝑑𝑦) .

Integrate with respect to 𝑥 over 𝑈. □

We discuss convex functions more fully in §3.3.2 and §9.6.1.

B.2. Useful inequalities. Following is a collection of elementary, but fun-
damental, inequalities. These estimates are continually employed throughout
the text and should be memorized.
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a. Cauchy’s inequality.

(4) 𝑎𝑏 ≤ 𝑎2
2 + 𝑏2

2 (𝑎, 𝑏 ∈ ℝ).

Proof. 0 ≤ (𝑎 − 𝑏)2 = 𝑎2 − 2𝑎𝑏 + 𝑏2. □

b. Cauchy’s inequality with 𝝐.

(5) 𝑎𝑏 ≤ 𝜖𝑎2 + 𝑏2
4𝜖 (𝑎, 𝑏 > 0, 𝜖 > 0).

Proof. Write
𝑎𝑏 = ((2𝜖)1/2𝑎) ( 𝑏

(2𝜖)1/2 )

and apply Cauchy’s inequality. □

c. Young’s inequality. Let 1 < 𝑝, 𝑞 < ∞, 1
𝑝 +

1
𝑞 = 1. Then

(6) 𝑎𝑏 ≤ 𝑎𝑝
𝑝 + 𝑏𝑞

𝑞 (𝑎, 𝑏 > 0).

Proof. The mapping 𝑥 ↦ 𝑒𝑥 is convex, and consequently

𝑎𝑏 = 𝑒log𝑎+log𝑏 = 𝑒
1
𝑝 log𝑎

𝑝+ 1
𝑞 log𝑏

𝑞
≤ 1
𝑝𝑒

log𝑎𝑝 + 1
𝑞𝑒

log𝑏𝑞 = 𝑎𝑝
𝑝 + 𝑏𝑞

𝑞 . □

d. Young’s inequality with 𝝐.
(7) 𝑎𝑏 ≤ 𝜖𝑎𝑝 + 𝐶(𝜖)𝑏𝑞 (𝑎, 𝑏 > 0, 𝜖 > 0)
for 𝐶(𝜖) = (𝜖𝑝)−𝑞/𝑝𝑞−1.

Proof. Write 𝑎𝑏 = ((𝜖𝑝)1/𝑝𝑎) ( 𝑏
(𝜖𝑝)1/𝑝 ) and apply Young’s inequality. □

e. Hölder’s inequality. Assume 1 ≤ 𝑝, 𝑞 ≤ ∞, 1𝑝+
1
𝑞 = 1. Then if 𝑢 ∈ 𝐿𝑝(𝑈),

𝑣 ∈ 𝐿𝑞(𝑈), we have

(8) ∫
𝑈
|𝑢𝑣| 𝑑𝑥 ≤ ‖𝑢‖𝐿𝑝(𝑈)‖𝑣‖𝐿𝑞(𝑈).

Proof. By homogeneity, we may assume ‖𝑢‖𝐿𝑝 = ‖𝑣‖𝐿𝑞 = 1. Then Young’s
inequality implies for 1 < 𝑝, 𝑞 < ∞ that

∫
𝑈
|𝑢𝑣| 𝑑𝑥 ≤ 1

𝑝 ∫𝑈
|𝑢|𝑝 𝑑𝑥 + 1

𝑞 ∫𝑈
|𝑣|𝑞 𝑑𝑥 = 1 = ‖𝑢‖𝐿𝑝‖𝑣‖𝐿𝑞 .

□
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f. Minkowski’s inequality. Assume 1 ≤ 𝑝 ≤ ∞ and 𝑢, 𝑣 ∈ 𝐿𝑝(𝑈). Then

(9) ‖𝑢 + 𝑣‖𝐿𝑝(𝑈) ≤ ‖𝑢‖𝐿𝑝(𝑈) + ‖𝑣‖𝐿𝑝(𝑈).

Proof.

‖𝑢 + 𝑣‖𝑝𝐿𝑝(𝑈) = ∫
𝑈
|𝑢 + 𝑣|𝑝 𝑑𝑥 ≤ ∫

𝑈
|𝑢 + 𝑣|𝑝−1(|𝑢| + |𝑣|) 𝑑𝑥

≤ (∫
𝑈
|𝑢 + 𝑣|𝑝 𝑑𝑥)

𝑝−1
𝑝

((∫
𝑈
|𝑢|𝑝 𝑑𝑥)

1/𝑝
+ (∫

𝑈
|𝑣|𝑝 𝑑𝑥)

1/𝑝
)

= ‖𝑢 + 𝑣‖𝑝−1𝐿𝑝(𝑈)(‖𝑢‖𝐿𝑝(𝑈) + ‖𝑣‖𝐿𝑝(𝑈)). □

Remark. Similar proofs establish the discrete versions of Hölder’s and Min-
kowski’s inequalities:

(10) {
||∑𝑛

𝑘=1 𝑎𝑘𝑏𝑘|| ≤ (∑𝑛
𝑘=1 |𝑎𝑘|𝑝)

1
𝑝 (∑𝑛

𝑘=1 |𝑏𝑘|𝑞)
1
𝑞 ,

(∑𝑛
𝑘=1 |𝑎𝑘 + 𝑏𝑘|𝑝)

1
𝑝 ≤ (∑𝑛

𝑘=1 |𝑎𝑘|𝑝)
1
𝑝 + (∑𝑛

𝑘=1 |𝑏𝑘|𝑝)
1
𝑝 ,

for 𝑎 = (𝑎1, . . . , 𝑎𝑛), 𝑏 = (𝑏1, . . . , 𝑏𝑛) ∈ ℝ𝑛 and 1 ≤ 𝑝 < ∞, 1
𝑝 +

1
𝑞 = 1.

g. General Hölder inequality. Let 1 ≤ 𝑝1, . . . , 𝑝𝑚 ≤ ∞, with 1
𝑝1
+ 1

𝑝2
+⋯+

1
𝑝𝑚

= 1, and assume 𝑢𝑘 ∈ 𝐿𝑝𝑘(𝑈) for 𝑘 = 1, . . . , 𝑚. Then

(11) ∫
𝑈
|𝑢1⋯𝑢𝑚| 𝑑𝑥 ≤

𝑚
∏
𝑘=1

‖𝑢𝑘‖𝐿𝑝𝑘 (𝑈).

Proof. Induction, using Hölder’s inequality. □

h. Interpolation inequality for Lp-norms. Assume 1 ≤ 𝑠 ≤ 𝑟 ≤ 𝑡 ≤ ∞ and
1
𝑟 =

𝜃
𝑠 +

(1 − 𝜃)
𝑡 .

Suppose also 𝑢 ∈ 𝐿𝑠(𝑈) ∩ 𝐿𝑡(𝑈). Then 𝑢 ∈ 𝐿𝑟(𝑈), and

(12) ‖𝑢‖𝐿𝑟(𝑈) ≤ ‖𝑢‖𝜃𝐿𝑠(𝑈)‖𝑢‖1−𝜃𝐿𝑡(𝑈).

Proof. We compute

∫
𝑈
|𝑢|𝑟 𝑑𝑥 = ∫

𝑈
|𝑢|𝜃𝑟|𝑢|(1−𝜃)𝑟 𝑑𝑥

≤ (∫
𝑈
|𝑢|𝜃𝑟

𝑠
𝜃𝑟 𝑑𝑥)

𝜃𝑟
𝑠

(∫
𝑈
|𝑢|(1−𝜃)𝑟

𝑡
(1−𝜃)𝑟 𝑑𝑥)

(1−𝜃)𝑟
𝑡

.

We have invoked Hölder’s inequality, which applies since 𝜃𝑟
𝑠 + (1−𝜃)𝑟

𝑡 = 1. □
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i. Cauchy–Schwarz inequality.

(13) |𝑥 ⋅ 𝑦| ≤ |𝑥||𝑦| (𝑥, 𝑦 ∈ ℝ𝑛).

Proof. Let 𝜖 > 0 and note

0 ≤ |𝑥 ± 𝜖𝑦|2 = |𝑥|2 ± 2𝜖𝑥 ⋅ 𝑦 + 𝜖2|𝑦|2.

Consequently

±𝑥 ⋅ 𝑦 ≤ 1
2𝜖|𝑥|

2 + 𝜖
2|𝑦|

2.

Minimize the right-hand side by setting 𝜖 = |𝑥|
|𝑦| , provided 𝑦 ≠ 0. □

Remark. Likewise, if 𝐴 is a symmetric, nonnegative definite 𝑛 × 𝑛 matrix,

(14)
||||

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑥𝑖𝑦𝑗
||||
≤ (

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑥𝑖𝑥𝑗)
1/2

(
𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑦𝑖𝑦𝑗)
1/2

(𝑥, 𝑦 ∈ ℝ𝑛).

j. Gronwall’s inequality (differential form). (i) Let 𝜂(⋅) be a nonnegative,
absolutely continuous function on [0, 𝑇], which satisfies for a.e. 𝑡 the differen-
tial inequality

(15) 𝜂′(𝑡) ≤ 𝜙(𝑡)𝜂(𝑡) + 𝜓(𝑡),

where 𝜙(𝑡) and 𝜓(𝑡) are nonnegative, summable functions on [0, 𝑇]. Then

(16) 𝜂(𝑡) ≤ 𝑒∫𝑡0 𝜙(𝑠) 𝑑𝑠 [𝜂(0) +∫
𝑡

0
𝜓(𝑠) 𝑑𝑠]

for all 0 ≤ 𝑡 ≤ 𝑇.
(ii) In particular, if

𝜂′ ≤ 𝜙𝜂 on [0, 𝑇] and 𝜂(0) = 0,

then
𝜂 ≡ 0 on [0, 𝑇].

Proof. From (15) we see
𝑑
𝑑𝑠 (𝜂(𝑠)𝑒

−∫𝑠0 𝜙(𝑟) 𝑑𝑟) = 𝑒−∫𝑠0 𝜙(𝑟) 𝑑𝑟(𝜂′(𝑠) − 𝜙(𝑠)𝜂(𝑠)) ≤ 𝑒−∫𝑠0 𝜙(𝑟) 𝑑𝑟𝜓(𝑠)

for a.e. 0 ≤ 𝑠 ≤ 𝑇. Consequently for each 0 ≤ 𝑡 ≤ 𝑇, we have

𝜂(𝑡)𝑒−∫𝑡0 𝜙(𝑟) 𝑑𝑟 ≤ 𝜂(0) +∫
𝑡

0
𝑒−∫𝑠0 𝜙(𝑟) 𝑑𝑟𝜓(𝑠) 𝑑𝑠 ≤ 𝜂(0) +∫

𝑡

0
𝜓(𝑠) 𝑑𝑠.

This implies inequality (16). □
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k. Gronwall’s inequality (integral form). (i) Let 𝜉(𝑡) be a nonnegative,
summable function on [0, 𝑇] which satisfies for a.e. 𝑡 the integral inequality

(17) 𝜉(𝑡) ≤ 𝐶1∫
𝑡

0
𝜉(𝑠) 𝑑𝑠 + 𝐶2

for constants 𝐶1, 𝐶2 ≥ 0. Then

(18) 𝜉(𝑡) ≤ 𝐶2(1 + 𝐶1𝑡𝑒𝐶1𝑡)

for a.e. 0 ≤ 𝑡 ≤ 𝑇.
(ii) In particular, if

𝜉(𝑡) ≤ 𝐶1∫
𝑡

0
𝜉(𝑠) 𝑑𝑠

for a.e. 0 ≤ 𝑡 ≤ 𝑇, then
𝜉(𝑡) = 0 a.e.

Proof. Let 𝜂(𝑡) ≔ ∫𝑡
0 𝜉(𝑠) 𝑑𝑠; then 𝜂′ ≤ 𝐶1𝜂+𝐶2 a.e. in [0, 𝑇]. According to the

differential form of Gronwall’s inequality above

𝜂(𝑡) ≤ 𝑒𝐶1𝑡(𝜂(0) + 𝐶2𝑡) = 𝐶2𝑡𝑒𝐶1𝑡.

Then (17) implies

𝜉(𝑡) ≤ 𝐶1𝜂(𝑡) + 𝐶2 ≤ 𝐶2(1 + 𝐶1𝑡𝑒𝐶1𝑡). □

Appendix C. CALCULUS

C.1. Boundaries. Let 𝑈 ⊂ ℝ𝑛 be open and bounded, 𝑘 ∈ {1, 2, . . . }.

DEFINITION. We say the boundary 𝜕𝑈 is 𝐶𝑘 if for each point 𝑥0 ∈ 𝜕𝑈 there
exist 𝑟 > 0 and a 𝐶𝑘 function 𝛾 ∶ ℝ𝑛−1 → ℝ such that—upon relabeling and
reorienting the coordinates axes if necessary—we have

𝑈 ∩ 𝐵(𝑥0, 𝑟) = { 𝑥 ∈ 𝐵(𝑥0, 𝑟) ∣ 𝑥𝑛 > 𝛾(𝑥1, . . . , 𝑥𝑛−1) }.

Likewise, 𝜕𝑈 is𝐶∞ if 𝜕𝑈 is𝐶𝑘 for 𝑘 = 1, 2, . . . , and 𝜕𝑈 is analytic if the mapping
𝛾 is analytic.

DEFINITIONS.
(i) If 𝜕𝑈 is 𝐶1, then along 𝜕𝑈 is defined the outward pointing unit normal

vector field
𝝂 = (𝜈1, . . . , 𝜈𝑛).

The unit normal at any point 𝑥0 ∈ 𝜕𝑈 is 𝝂(𝑥0) = 𝜈 = (𝜈1, . . . , 𝜈𝑛).
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The boundary of U

(ii) Let 𝑢 ∈ 𝐶1(𝑈̄). We call

𝜕𝑢
𝜕𝜈 ≔ 𝝂 ⋅ 𝐷𝑢

the (outward) normal derivative of 𝑢.

Straightening the boundary. We will frequently need to change coordinates
near a point of 𝜕𝑈 so as to “flatten out” the boundary. To be more specific, fix
𝑥0 ∈ 𝜕𝑈, and choose 𝑟, 𝛾, etc. as above. Define then

{𝑦𝑖 = 𝑥𝑖 ≕ Φ𝑖(𝑥) (𝑖 = 1, . . . , 𝑛 − 1)
𝑦𝑛 = 𝑥𝑛 − 𝛾(𝑥1, . . . , 𝑥𝑛−1) ≕ Φ𝑛(𝑥),

and write
𝑦 = 𝚽(𝑥).

Similarly, we set

{𝑥𝑖 = 𝑦𝑖 ≕ Ψ𝑖(𝑦) (𝑖 = 1, . . . , 𝑛 − 1)
𝑥𝑛 = 𝑦𝑛 + 𝛾(𝑦1, . . . , 𝑦𝑛−1) ≕ Ψ𝑛(𝑦),

and write
𝑥 = 𝚿(𝑦).

Then 𝚽 = 𝚿−1, and the mapping 𝑥 ↦ 𝚽(𝑥) = 𝑦 “straightens out 𝜕𝑈” near 𝑥0.
Observe also that det𝐷𝚽 = det𝐷𝚿 = 1.
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Straightening out the boundary

C.2. Gauss–Green Theorem. In this section we assume 𝑈 is a bounded,
open subset of ℝ𝑛 and 𝜕𝑈 is 𝐶1.

THEOREM 1 (Gauss–Green Theorem).
(i) Suppose 𝑢 ∈ 𝐶1(𝑈̄). Then

(1) ∫
𝑈
𝑢𝑥𝑖 𝑑𝑥 = ∫

𝜕𝑈
𝑢𝜈𝑖 𝑑𝑆 (𝑖 = 1, . . . , 𝑛).

(ii) We have

(2) ∫
𝑈
divu𝑑𝑥 = ∫

𝜕𝑈
u ⋅ 𝜈 𝑑𝑆

for each vector field u ∈ 𝐶1(𝑈̄; ℝ𝑛).

Assertion (ii), also called the Divergence Theorem, follows from (i) applied
to each component of u = (𝑢1, . . . , 𝑢𝑛).

THEOREM 2 (Integration by parts formula). Let 𝑢, 𝑣 ∈ 𝐶1(𝑈̄). Then

(3) ∫
𝑈
𝑢𝑥𝑖𝑣 𝑑𝑥 = −∫

𝑈
𝑢𝑣𝑥𝑖 𝑑𝑥 +∫

𝜕𝑈
𝑢𝑣𝜈𝑖 𝑑𝑆 (𝑖 = 1, . . . , 𝑛).

Proof. Apply Theorem 1(i) to 𝑢𝑣. □

THEOREM 3 (Green’s formulas). Let 𝑢, 𝑣 ∈ 𝐶2(𝑈̄). Then
(i) ∫𝑈 Δ𝑢𝑑𝑥 = ∫𝜕𝑈

𝜕ᵆ
𝜕𝜈 𝑑𝑆,

(ii) ∫𝑈 𝐷𝑣 ⋅ 𝐷𝑢𝑑𝑥 = −∫𝑈 𝑢Δ𝑣 𝑑𝑥 + ∫𝜕𝑈
𝜕𝑣
𝜕𝜈𝑢𝑑𝑆,

(iii) ∫𝑈 𝑢Δ𝑣 − 𝑣Δ𝑢𝑑𝑥 = ∫𝜕𝑈 𝑢𝜕𝑣𝜕𝜈 − 𝑣𝜕ᵆ𝜕𝜈 𝑑𝑆.

Proof. Using (3), with 𝑢𝑥𝑖 in place of 𝑢 and 𝑣 ≡ 1, we see

∫
𝑈
𝑢𝑥𝑖𝑥𝑖 𝑑𝑥 = ∫

𝜕𝑈
𝑢𝑥𝑖𝜈𝑖 𝑑𝑆.
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Sum 𝑖 = 1, . . . , 𝑛 to establish (i).
To derive (ii), we employ (3) with 𝑣𝑥𝑖 replacing 𝑣. Write (ii) with 𝑢 and 𝑣

interchanged and then subtract, to obtain (iii). □

C.3. Polar coordinates, coarea formula. Next we convert 𝑛-dimensional
integrals into integrals over spheres.

THEOREM 4 (Polar coordinates).
(i) Let 𝑓 ∶ ℝ𝑛 → ℝ be continuous and summable. Then

∫
ℝ𝑛
𝑓 𝑑𝑥 = ∫

∞

0
(∫

𝜕𝐵(𝑥0,𝑟)
𝑓 𝑑𝑆) 𝑑𝑟

for each point 𝑥0 ∈ ℝ𝑛.
(ii) In particular

𝑑
𝑑𝑟 (∫𝐵(𝑥0,𝑟)

𝑓 𝑑𝑥) = ∫
𝜕𝐵(𝑥0,𝑟)

𝑓 𝑑𝑆

for each 𝑟 > 0.

Theorem 4 is a special case of the following theorem.

THEOREM 5 (Coarea formula). Let 𝑢 ∶ ℝ𝑛 → ℝ be Lipschitz continuous and
assume that for a.e. 𝑟 ∈ ℝ the level set

{ 𝑥 ∈ ℝ𝑛 ∣ 𝑢(𝑥) = 𝑟 }
is a smooth, (𝑛 − 1)-dimensional hypersurface in ℝ𝑛. Suppose also 𝑓 ∶ ℝ𝑛 → ℝ
is continuous and summable. Then

∫
ℝ𝑛
𝑓|𝐷𝑢| 𝑑𝑥 = ∫

∞

−∞
(∫

{ᵆ=𝑟}
𝑓 𝑑𝑆) 𝑑𝑟.

Theorem 4 follows from Theorem 5 if we take𝑢(𝑥) = |𝑥−𝑥0|. Consult [E-G,
Chapter 3] for more on the coarea formula. The word “coarea” is pronounced,
and sometimes spelled, “co-area”.

C.4. Moving regions. Consider a family of smooth, bounded regions 𝑈(𝜏) ⊂
ℝ𝑛 that depend smoothly upon the parameter 𝜏 ∈ ℝ. Write v for the velocity
of the moving boundary 𝜕𝑈(𝜏) and 𝜈 for the outward pointing unit normal.

THEOREM 6 (Differentiation formula for moving regions). If 𝑓 = 𝑓(𝑥, 𝜏) is a
smooth function, then

𝑑
𝑑𝜏 ∫𝑈(𝜏)

𝑓 𝑑𝑥 = ∫
𝜕𝑈(𝜏)

𝑓 v ⋅ 𝜈 𝑑𝑆 +∫
𝑈(𝜏)

𝑓𝜏 𝑑𝑥.

See Chorin–Marsden [C-M] for a proof.
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C.5. Convolution and smoothing. We next introduce tools that will allow
us to build smooth approximations to given functions.

NOTATION. If 𝑈 ⊂ ℝ𝑛 is open and 𝜖 > 0, we write
𝑈𝜖 ≔ {𝑥 ∈ 𝑈 ∣ dist(𝑥, 𝜕𝑈) > 𝜖 }.

DEFINITIONS.
(i) Define 𝜂 ∈ 𝐶∞(ℝ𝑛) by

𝜂(𝑥) ≔ {
𝐶 exp( 1

|𝑥|2−1) if |𝑥| < 1
0 if |𝑥| ≥ 1,

the constant 𝐶 > 0 selected so that ∫ℝ𝑛 𝜂 𝑑𝑥 = 1.
(ii) For each 𝜖 > 0, set

𝜂𝜖(𝑥) ≔
1
𝜖𝑛 𝜂 (

𝑥
𝜖 ) .

We call 𝜂 the standard mollifier. The functions 𝜂𝜖 are 𝐶∞ and satisfy

∫
ℝ𝑛
𝜂𝜖 𝑑𝑥 = 1, spt(𝜂𝜖) ⊂ 𝐵(0, 𝜖).

DEFINITION. If 𝑓 ∶ 𝑈 → ℝ is locally integrable, define its mollification
𝑓𝜖 ≔ 𝜂𝜖 ∗ 𝑓 in 𝑈𝜖.

That is,

𝑓𝜖(𝑥) = ∫
𝑈
𝜂𝜖(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 = ∫

𝐵(0,𝜖)
𝜂𝜖(𝑦)𝑓(𝑥 − 𝑦) 𝑑𝑦

for 𝑥 ∈ 𝑈𝜖.
THEOREM 7 (Properties of mollifiers).

(i) 𝑓𝜖 ∈ 𝐶∞(𝑈𝜖).
(ii) 𝑓𝜖 → 𝑓 a.e. as 𝜖 → 0.
(iii) If 𝑓 ∈ 𝐶(𝑈), then 𝑓𝜖 → 𝑓 uniformly on compact subsets of 𝑈.
(iv) If 1 ≤ 𝑝 < ∞ and 𝑓 ∈ 𝐿𝑝loc(𝑈), then 𝑓𝜖 → 𝑓 in 𝐿𝑝loc(𝑈).

Proof.
1. Fix 𝑥 ∈ 𝑈𝜖, 𝑖 ∈ {1, . . . , 𝑛}, and ℎ so small that 𝑥 + ℎ𝑒𝑖 ∈ 𝑈𝜖. Then
𝑓𝜖(𝑥 + ℎ𝑒𝑖) − 𝑓𝜖(𝑥)

ℎ = 1
𝜖𝑛 ∫𝑈

1
ℎ [𝜂 (

𝑥 + ℎ𝑒𝑖 − 𝑦
𝜖 ) − 𝜂 (𝑥 − 𝑦

𝜖 )] 𝑓(𝑦) 𝑑𝑦

= 1
𝜖𝑛 ∫𝑉

1
ℎ [𝜂 (

𝑥 + ℎ𝑒𝑖 − 𝑦
𝜖 ) − 𝜂 (𝑥 − 𝑦

𝜖 )] 𝑓(𝑦) 𝑑𝑦
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for some open set 𝑉 ⊂⊂ 𝑈. As

1
ℎ [𝜂 (

𝑥 + ℎ𝑒𝑖 − 𝑦
𝜖 ) − 𝜂 (𝑥 − 𝑦

𝜖 )] → 1
𝜖𝜂𝑥𝑖 (

𝑥 − 𝑦
𝜖 )

uniformly on 𝑉 , the partial derivative 𝑓𝜖𝑥𝑖(𝑥) exists and equals

∫
𝑈
𝜂𝜖,𝑥𝑖(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦.

A similar argument shows that 𝐷𝛼𝑓𝜖(𝑥) exists, and

𝐷𝛼𝑓𝜖(𝑥) = ∫
𝑈
𝐷𝛼𝜂𝜖(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦 (𝑥 ∈ 𝑈𝜖),

for each multiindex 𝛼. This proves (i).
2. According to Lebesgue’s Differentiation Theorem (§E.4),

(4) lim
𝑟→0

⨍
𝐵(𝑥,𝑟)

|𝑓(𝑦) − 𝑓(𝑥)| 𝑑𝑦 = 0

for a.e. 𝑥 ∈ 𝑈. Fix such a point 𝑥. Then

|𝑓𝜖(𝑥) − 𝑓(𝑥)| =
|
|
|
∫
𝐵(𝑥,𝜖)

𝜂𝜖(𝑥 − 𝑦)[𝑓(𝑦) − 𝑓(𝑥)] 𝑑𝑦
|
|
|

≤ 1
𝜖𝑛 ∫𝐵(𝑥,𝜖)

𝜂 (𝑥 − 𝑦
𝜖 ) |𝑓(𝑦) − 𝑓(𝑥)| 𝑑𝑦

≤ 𝐶⨍
𝐵(𝑥,𝜖)

|𝑓(𝑦) − 𝑓(𝑥)| 𝑑𝑦 → 0 as 𝜖 → 0,

by (4). Assertion (ii) follows.
3. Assume now 𝑓 ∈ 𝐶(𝑈). Given 𝑉 ⊂⊂ 𝑈, we choose 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈 and

note that 𝑓 is uniformly continuous on 𝑊 . Thus the limit (4) holds uniformly
for 𝑥 ∈ 𝑉 . Consequently the calculation above implies 𝑓𝜖 → 𝑓 uniformly on
𝑉 .

4. Next, assume 1 ≤ 𝑝 < ∞ and 𝑓 ∈ 𝐿𝑝loc(𝑈). Choose an open set 𝑉 ⊂⊂
𝑈 and, as above, an open set 𝑊 so that 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈. We claim that for
sufficiently small 𝜖 > 0

(5) ‖𝑓𝜖‖𝐿𝑝(𝑉) ≤ ‖𝑓‖𝐿𝑝(𝑊).
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To see this, we note that if 1 ≤ 𝑝 < ∞ and 𝑥 ∈ 𝑉 ,

|𝑓𝜖(𝑥)| =
|
|
|
∫
𝐵(𝑥,𝜖)

𝜂𝜖(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦
|
|
|

≤ ∫
𝐵(𝑥,𝜖)

𝜂1−1/𝑝𝜖 (𝑥 − 𝑦)𝜂1/𝑝𝜖 (𝑥 − 𝑦)|𝑓(𝑦)| 𝑑𝑦

≤ (∫
𝐵(𝑥,𝜖)

𝜂𝜖(𝑥 − 𝑦) 𝑑𝑦)
1−1/𝑝

(∫
𝐵(𝑥,𝜖)

𝜂𝜖(𝑥 − 𝑦)|𝑓(𝑦)|𝑝𝑑𝑦)
1/𝑝

.

Since ∫𝐵(𝑥,𝜖) 𝜂𝜖(𝑥 − 𝑦) 𝑑𝑦 = 1, this inequality implies

∫
𝑉
|𝑓𝜖(𝑥)|𝑝 𝑑𝑥 ≤ ∫

𝑉
(∫

𝐵(𝑥,𝜖)
𝜂𝜖(𝑥 − 𝑦)|𝑓(𝑦)|𝑝 𝑑𝑦) 𝑑𝑥

≤ ∫
𝑊
|𝑓(𝑦)|𝑝 (∫

𝐵(𝑦,𝜖)
𝜂𝜖(𝑥 − 𝑦) 𝑑𝑥) 𝑑𝑦 = ∫

𝑊
|𝑓(𝑦)|𝑝 𝑑𝑦,

provided 𝜖 > 0 is sufficiently small. This is (5).
5. Now fix 𝑉 ⊂⊂ 𝑊 ⊂⊂ 𝑈, 𝛿 > 0, and choose 𝑔 ∈ 𝐶(𝑊) so that

‖𝑓 − 𝑔‖𝐿𝑝(𝑊) < 𝛿.
Then

‖𝑓𝜖 − 𝑓‖𝐿𝑝(𝑉) ≤ ‖𝑓𝜖 − 𝑔𝜖‖𝐿𝑝(𝑉) + ‖𝑔𝜖 − 𝑔‖𝐿𝑝(𝑉) + ‖𝑔 − 𝑓‖𝐿𝑝(𝑉)
≤ 2‖𝑓 − 𝑔‖𝐿𝑝(𝑊) + ‖𝑔𝜖 − 𝑔‖𝐿𝑝(𝑉) by (5)
≤ 2𝛿 + ‖𝑔𝜖 − 𝑔‖𝐿𝑝(𝑉).

Since 𝑔𝜖 → 𝑔 uniformly on 𝑉 , we have lim sup𝜖→0 ‖𝑓𝜖 − 𝑓‖𝐿𝑝(𝑉) ≤ 2𝛿. □

C.6. Inverse Function Theorem. Let 𝑈 ⊂ ℝ𝑛 be an open set and suppose
f ∶ 𝑈 → ℝ𝑛 is 𝐶1, f = (𝑓1, . . . , 𝑓𝑛). Assume 𝑥0 ∈ 𝑈, 𝑧0 = f(𝑥0).

Remember from §A.4 that we write

𝐷f = (
𝑓1𝑥1 . . . 𝑓1𝑥𝑛

⋱
𝑓𝑛𝑥1 . . . 𝑓𝑛𝑥𝑛

)
𝑛×𝑛

= gradient matrix of f.

DEFINITION.

𝐽f = Jacobian of f = | det 𝐷f| = |||
𝜕(𝑓1, . . . , 𝑓𝑛)
𝜕(𝑥1, . . . , 𝑥𝑛)

||| .

THEOREM 8 (Inverse Function Theorem). Assume f ∈ 𝐶1(𝑈;ℝ𝑛) and
𝐽f(𝑥0) ≠ 0.
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Then there exist an open set 𝑉 ⊂ 𝑈, with 𝑥0 ∈ 𝑉 , and an open set𝑊 ⊂ ℝ𝑛, with
𝑧0 ∈ 𝑊 , such that

(i) the mapping
f ∶ 𝑉 → 𝑊

is one-to-one and onto and
(ii) the inverse function

f−1 ∶ 𝑊 → 𝑉
is 𝐶1.

(iii) If f ∈ 𝐶𝑘, then f−1 ∈ 𝐶𝑘 (𝑘 = 2, . . . ).

C.7. Implicit Function Theorem. Let 𝑛, 𝑚 be positive integers. We write a
typical point in ℝ𝑛+𝑚 as

(𝑥, 𝑦) = (𝑥1, . . . , 𝑥𝑛, 𝑦1, . . . , 𝑦𝑚)
for 𝑥 ∈ ℝ𝑛, 𝑦 ∈ ℝ𝑚.
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Let 𝑈 ⊂ ℝ𝑛+𝑚 be an open set and suppose f ∶ 𝑈 → ℝ𝑚 is 𝐶1, f =
(𝑓1, . . . , 𝑓𝑚). Assume (𝑥0, 𝑦0) ∈ 𝑈, 𝑧0 = f(𝑥0, 𝑦0).

NOTATION.

𝐷f = (
𝑓1𝑥1 . . . 𝑓1𝑥𝑛 𝑓1𝑦1 . . . 𝑓1𝑦𝑚

⋱ ⋱
𝑓𝑚𝑥1 . . . 𝑓𝑚𝑥𝑛 𝑓𝑚𝑦1 . . . 𝑓𝑚𝑦𝑚

)
𝑚×(𝑛+𝑚)

= (𝐷𝑥f, 𝐷𝑦f) = gradient matrix of f.

DEFINITION.
𝐽𝑦f = | det 𝐷𝑦f| =

|||
𝜕(𝑓1, . . . , 𝑓𝑚)
𝜕(𝑦1, . . . , 𝑦𝑚)

||| .

THEOREM 9 (Implicit Function Theorem). Assume f ∈ 𝐶1(𝑈;ℝ𝑚) and
𝐽𝑦f(𝑥0, 𝑦0) ≠ 0.

Then there exists an open set 𝑉 ⊂ 𝑈, with (𝑥0, 𝑦0) ∈ 𝑉 , an open set 𝑊 ⊂ ℝ𝑛,
with 𝑥0 ∈ 𝑊 , and a 𝐶1 mapping g ∶ 𝑊 → ℝ𝑚 such that

(i) g(𝑥0) = 𝑦0,
(ii) f(𝑥, g(𝑥)) = 𝑧0 (𝑥 ∈ 𝑊), and

(iii) if (𝑥, 𝑦) ∈ 𝑉 and f(𝑥, 𝑦) = 𝑧0, then 𝑦 = g(𝑥).
(iv) If f ∈ 𝐶𝑘, then g ∈ 𝐶𝑘 (𝑘 = 2, . . . ).

The function g is implicitly defined near 𝑥0 by the equation f(𝑥, 𝑦) = 𝑧0.

C.8. Uniform convergence. We record here the Arzela–Ascoli compactness
criterion for uniform convergence:

Suppose that {𝑓𝑘}∞𝑘=1 is a sequence of real-valued functions defined on ℝ𝑛,
such that

|𝑓𝑘(𝑥)| ≤ 𝑀 (𝑘 = 1, . . . , 𝑥 ∈ ℝ𝑛)
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for some constant 𝑀 and that the functions {𝑓𝑘}∞𝑘=1 are uniformly equicontin-
uous, meaning that for each 𝜀 > 0, there exists 𝛿 > 0 such that |𝑥 − 𝑦| < 𝛿
implies |𝑓𝑘(𝑥) − 𝑓𝑘(𝑦)| < 𝜀, for 𝑥, 𝑦 ∈ ℝ𝑛, 𝑘 = 1, . . . .

Then there exists a subsequence {𝑓𝑘𝑗 }∞𝑗=1 ⊆ {𝑓𝑘}∞𝑘=1 and a continuous func-
tion 𝑓, such that

𝑓𝑘𝑗 → 𝑓 uniformly on compact subsets of ℝ𝑛.

Appendix D. FUNCTIONAL ANALYSIS

D.1. Banach spaces. Let 𝑋 denote a real linear space.

DEFINITION. A mapping ‖ ‖ ∶ 𝑋 → [0,∞) is called a norm if

(i) ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖ for all 𝑢, 𝑣 ∈ 𝑋 ,
(ii) ‖𝜆𝑢‖ = |𝜆|‖𝑢‖ for all 𝑢 ∈ 𝑋 , 𝜆 ∈ ℝ,

(iii) ‖𝑢‖ = 0 if and only if 𝑢 = 0.

Inequality (i) is the triangle inequality.
Hereafter we assume 𝑋 is a normed linear space.

DEFINITION. We say a sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝑋 converges to 𝑢 ∈ 𝑋 , written

𝑢𝑘 → 𝑢,
if

lim
𝑘→∞

‖𝑢𝑘 − 𝑢‖ = 0.

DEFINITIONS.
(i) A sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝑋 is called a Cauchy sequence provided for each

𝜖 > 0 there exists 𝑁 > 0 such that

‖𝑢𝑘 − 𝑢𝑙‖ < 𝜖 for all 𝑘, 𝑙 ≥ 𝑁.
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(ii) 𝑋 is complete if each Cauchy sequence in𝑋 converges; that is, whenever
{𝑢𝑘}∞𝑘=1 is a Cauchy sequence, there exists 𝑢 ∈ 𝑋 such that {𝑢𝑘}∞𝑘=1 converges
to 𝑢.

(iii) A Banach space 𝑋 is a complete, normed linear space.

DEFINITION. We say 𝑋 is separable if 𝑋 contains a countable dense subset.

Examples.

(i) 𝐿𝑝 spaces. Assume 𝑈 is an open subset of ℝ𝑛 and 1 ≤ 𝑝 ≤ ∞. If
𝑓 ∶ 𝑈 → ℝ is measurable, we define

‖𝑓‖𝐿𝑝(𝑈) ≔ {(∫𝑈 |𝑓|𝑝 𝑑𝑥)1/𝑝 if 1 ≤ 𝑝 < ∞
ess sup𝑈 |𝑓| if 𝑝 = ∞.

We define 𝐿𝑝(𝑈) to be the linear space of all measurable functions 𝑓 ∶ 𝑈 → ℝ
for which ‖𝑓‖𝐿𝑝(𝑈) < ∞. Then 𝐿𝑝(𝑈) is a Banach space, provided we identify
two functions which agree a.e.

(ii) Hölder spaces. See §5.1.
(iii) Sobolev spaces. See §5.2.

D.2. Hilbert spaces. Let 𝐻 be a real linear space.

DEFINITION. A mapping ( , ) ∶ 𝐻 × 𝐻 → ℝ is called an inner product if

(i) (𝑢, 𝑣) = (𝑣, 𝑢) for all 𝑢, 𝑣 ∈ 𝐻,
(ii) the mapping 𝑢 ↦ (𝑢, 𝑣) is linear for each 𝑣 ∈ 𝐻,

(iii) (𝑢, 𝑢) ≥ 0 for all 𝑢 ∈ 𝐻,
(iv) (𝑢, 𝑢) = 0 if and only if 𝑢 = 0.

DEFINITION. If ( , ) is an inner product, the associated norm is

(1) ‖𝑢‖ ≔ (𝑢, 𝑢)1/2 (𝑢 ∈ 𝐻).

The Cauchy–Schwarz inequality states

(2) |(𝑢, 𝑣)| ≤ ‖𝑢‖‖𝑣‖ (𝑢, 𝑣 ∈ 𝐻).

This inequality is proved as in §B.2. Using (2), we easily verify (1) defines a
norm on 𝐻.

DEFINITION. A Hilbert space 𝐻 is a Banach space endowed with an inner
product which generates the norm.
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Examples.
a. The space 𝐿2(𝑈) is a Hilbert space, with

(𝑓, 𝑔) = ∫
𝑈
𝑓𝑔 𝑑𝑥.

b. The Sobolev space 𝐻1(𝑈) is a Hilbert space, with

(𝑓, 𝑔) = ∫
𝑈
𝑓𝑔 + 𝐷𝑓 ⋅ 𝐷𝑔 𝑑𝑥.

DEFINITIONS.
(i) Two elements 𝑢, 𝑣 ∈ 𝐻 are orthogonal if (𝑢, 𝑣) = 0.
(ii) A countable basis {𝑤𝑘}∞𝑘=1 ⊂ 𝐻 is called orthonormal if

{
(𝑤𝑘, 𝑤𝑙) = 0 (𝑘, 𝑙 = 1, . . . ; 𝑘 ≠ 𝑙)
‖𝑤𝑘‖ = 1 (𝑘 = 1, . . . ).

If 𝑢 ∈ 𝐻 and {𝑤𝑘}∞𝑘=1 ⊂ 𝐻 is an orthonormal basis, we can write

𝑢 =
∞
∑
𝑘=1

(𝑢, 𝑤𝑘)𝑤𝑘,

the series converging in 𝐻. In addition

‖𝑢‖2 =
∞
∑
𝑘=1

(𝑢, 𝑤𝑘)2.

DEFINITION. If 𝑆 is a subspace of 𝐻, 𝑆⊥ = { 𝑢 ∈ 𝐻 ∣ (𝑢, 𝑣) = 0 for all 𝑣 ∈ 𝑆 }
is the subspace orthogonal to 𝑆.

D.3. Bounded linear operators.
a. Linear operators on Banach spaces. Let 𝑋 and 𝑌 be real Banach spaces.

DEFINITIONS.
(i) A mapping 𝐴 ∶ 𝑋 → 𝑌 is a linear operator provided

𝐴[𝜆𝑢 + 𝜇𝑣] = 𝜆𝐴𝑢 + 𝜇𝐴𝑣
for all 𝑢, 𝑣 ∈ 𝑋 , 𝜆, 𝜇 ∈ ℝ.

(ii) The range of 𝐴 is 𝑅(𝐴) ≔ { 𝑣 ∈ 𝑌 ∣ 𝑣 = 𝐴𝑢 for some 𝑢 ∈ 𝑋 } and the
null space of 𝐴 is 𝑁(𝐴) ≔ { 𝑢 ∈ 𝑋 ∣ 𝐴𝑢 = 0 }.

DEFINITION. A linear operator 𝐴 ∶ 𝑋 → 𝑌 is bounded if
‖𝐴‖ ≔ sup{ ‖𝐴𝑢‖𝑌 ∣ ‖𝑢‖𝑋 ≤ 1 } < ∞.

It is easy to check that a bounded linear operator𝐴 ∶ 𝑋 → 𝑌 is continuous.
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DEFINITION. A linear operator 𝐴 ∶ 𝑋 → 𝑌 is called closed if whenever
𝑢𝑘 → 𝑢 in 𝑋 and 𝐴𝑢𝑘 → 𝑣 in 𝑌 , then

𝐴𝑢 = 𝑣.

THEOREM 1 (Closed Graph Theorem). Let 𝐴 ∶ 𝑋 → 𝑌 be a closed, linear
operator. Then 𝐴 is bounded.
DEFINITIONS. Let 𝐴 ∶ 𝑋 → 𝑋 be a bounded linear operator.

(i) The resolvent set of 𝐴 is
𝜌(𝐴) = { 𝜂 ∈ ℝ ∣ (𝐴 − 𝜂𝐼) is one-to-one and onto }.

(ii) The spectrum of 𝐴 is
𝜎(𝐴) = ℝ − 𝜌(𝐴).

If 𝜂 ∈ 𝜌(𝐴), the Closed Graph Theorem then implies that the inverse (𝐴 −
𝜂𝐼)−1 ∶ 𝑋 → 𝑋 is a bounded linear operator.

DEFINITIONS.
(i) We say 𝜂 ∈ 𝜎(𝐴) is an eigenvalue of 𝐴 provided

𝑁(𝐴 − 𝜂𝐼) ≠ {0}.
We write 𝜎𝑝(𝐴) to denote the collection of eigenvalues of 𝐴; 𝜎𝑝(𝐴) is the point
spectrum.

(ii) If 𝜂 is an eigenvalue and 𝑤 ≠ 0 satisfies
𝐴𝑤 = 𝜂𝑤,

we say 𝑤 is an associated eigenvector.

DEFINITIONS.
(i) A bounded linear operator 𝑢∗ ∶ 𝑋 → ℝ is called a bounded linear func-

tional on 𝑋 .
(ii) We write 𝑋∗ to denote the collection of all bounded linear functionals

on 𝑋 ; 𝑋∗ is the dual space of 𝑋 .

DEFINITIONS.
(i) If 𝑢 ∈ 𝑋 , 𝑢∗ ∈ 𝑋∗ we write

⟨𝑢∗, 𝑢⟩
to denote the real number 𝑢∗(𝑢). The symbol ⟨ , ⟩ denotes the pairing of 𝑋∗ and
𝑋 .

(ii) We define
‖𝑢∗‖ ≔ sup{ ⟨𝑢∗, 𝑢⟩ ∣ ‖𝑢‖ ≤ 1 }.
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(iii) A Banach space is reflexive if (𝑋∗)∗ = 𝑋 . More precisely, this means
that for each 𝑢∗∗ ∈ (𝑋∗)∗, there exists 𝑢 ∈ 𝑋 such that

⟨𝑢∗∗, 𝑢∗⟩ = ⟨𝑢∗, 𝑢⟩ for all 𝑢∗ ∈ 𝑋∗.

b. Linear operators on Hilbert spaces. Now let 𝐻 be a real Hilbert space,
with inner product ( , ).
THEOREM 2 (Riesz Representation Theorem). 𝐻∗ can be canonically identi-
fied with𝐻; more precisely, for each 𝑢∗ ∈ 𝐻∗ there exists a unique element 𝑢 ∈ 𝐻
such that

⟨𝑢∗, 𝑣⟩ = (𝑢, 𝑣) for all 𝑣 ∈ 𝐻.
The mapping 𝑢∗ ↦ 𝑢 is a linear isomorphism of𝐻∗ onto𝐻.
DEFINITIONS.

(i) If 𝐴 ∶ 𝐻 → 𝐻 is a bounded, linear operator, its adjoint 𝐴∗ ∶ 𝐻 → 𝐻
satisfies

(𝐴𝑢, 𝑣) = (𝑢, 𝐴∗𝑣)
for all 𝑢, 𝑣 ∈ 𝐻.

(ii) 𝐴 is symmetric if 𝐴∗ = 𝐴.

D.4. Weak convergence. Let 𝑋 denote a real Banach space.

DEFINITION. We say a sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝑋 converges weakly to 𝑢 ∈ 𝑋 ,
written

𝑢𝑘 ⇀ 𝑢,
if

⟨𝑢∗, 𝑢𝑘⟩ → ⟨𝑢∗, 𝑢⟩
for each bounded linear functional 𝑢∗ ∈ 𝑋∗.

It is easy to check that if 𝑢𝑘 → 𝑢, then 𝑢𝑘 ⇀ 𝑢. It is also true that any
weakly convergent sequence is bounded. In addition, if 𝑢𝑘 ⇀ 𝑢, then

‖𝑢‖ ≤ lim inf
𝑘→∞

‖𝑢𝑘‖.

THEOREM 3 (Weak compactness). Let 𝑋 be a reflexive Banach space and sup-
pose the sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝑋 is bounded. Then there exists a subsequence
{𝑢𝑘𝑗 }∞𝑗=1 ⊂ {𝑢𝑘}∞𝑘=1 and 𝑢 ∈ 𝑋 such that

𝑢𝑘𝑗 ⇀ 𝑢.

In other words, bounded sequences in a reflexive Banach space are weakly
precompact. In particular, a bounded sequence in a Hilbert space contains a
weakly convergent subsequence.

Mazur’s Theorem asserts that a convex, closed subset of 𝑋 is weakly closed.
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Important Example. We will most often employ weak convergence ideas in
the following context. Take 𝑈 ⊂ ℝ𝑛 to be open, and assume 1 ≤ 𝑝 < ∞. Then

the dual space of 𝑋 = 𝐿𝑝(𝑈) is 𝑋∗ = 𝐿𝑞(𝑈),
where 1

𝑝 +
1
𝑞 = 1, 1 < 𝑞 ≤ ∞. More precisely, each bounded linear functional

on 𝐿𝑝(𝑈) can be represented as 𝑓 ↦ ∫𝑈 𝑔𝑓 𝑑𝑥 for some 𝑔 ∈ 𝐿𝑞(𝑈). Therefore
𝑓𝑘 ⇀ 𝑓 weakly in 𝐿𝑝(𝑈)

means

(3) ∫
𝑈
𝑔𝑓𝑘 𝑑𝑥 → ∫

𝑈
𝑔𝑓 𝑑𝑥 as 𝑘 → ∞, for all 𝑔 ∈ 𝐿𝑞(𝑈).

Now the identification of 𝐿𝑞(𝑈) as the dual of 𝐿𝑝(𝑈) shows that
𝐿𝑝(𝑈) is reflexive if 1 < 𝑝 < ∞.

In particular Theorem 3 then assures us that from a bounded sequence in
𝐿𝑝(𝑈) (1 < 𝑝 < ∞) we can extract a weakly convergent subsequence, that
is, a sequence satisfying (3). This is an important compactness assertion, but
note very carefully: the convergence (3) does not imply that 𝑓𝑘 → 𝑓 pointwise or
almost everywhere. It may very well be, for example, that the functions {𝑓𝑘}∞𝑘=1
oscillate more and more rapidly as 𝑘 → ∞. (See Problem 1 in Chapter 8 and
also Problem 2 in Chapter 9.)

D.5. Compact operators, Fredholm theory. Let 𝑋 and 𝑌 be real Banach
spaces.

DEFINITION. A bounded linear operator
𝐾 ∶ 𝑋 → 𝑌

is called compact provided for each bounded sequence {𝑢𝑘}∞𝑘=1 ⊂ 𝑋 , the se-
quence {𝐾𝑢𝑘}∞𝑘=1 is precompact in𝑌 ; that is, there exists a subsequence {𝑢𝑘𝑗 }∞𝑗=1
such that {𝐾𝑢𝑘𝑗 }∞𝑗=1 converges in 𝑌 .

Now let 𝐻 denote a real Hilbert space, with inner product ( , ). It is easy
to see that if a linear operator 𝐾 ∶ 𝐻 → 𝐻 is compact and 𝑢𝑘 ⇀ 𝑢, then
𝐾𝑢𝑘 → 𝐾𝑢.

THEOREM 4 (Compactness of adjoints). If 𝐾 ∶ 𝐻 → 𝐻 is compact, so is
𝐾∗ ∶ 𝐻 → 𝐻.

Proof. Let {𝑢𝑘}∞𝑘=1 be a bounded sequence in 𝐻 and extract a weakly conver-
gent subsequence 𝑢𝑘𝑗 ⇀ 𝑢 in 𝐻. We will prove 𝐾∗𝑢𝑘𝑗 → 𝐾∗𝑢. Indeed,

‖𝐾∗𝑢𝑘𝑗 − 𝐾∗𝑢‖2 = (𝐾∗𝑢𝑘𝑗 − 𝐾∗𝑢, 𝐾∗[𝑢𝑘𝑗 − 𝑢])
= (𝐾𝐾∗𝑢𝑘𝑗 − 𝐾𝐾∗𝑢, 𝑢𝑘𝑗 − 𝑢).
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Now since 𝐾∗ is linear, 𝐾∗𝑢𝑘𝑗 ⇀ 𝐾∗𝑢, and so 𝐾𝐾∗𝑢𝑘𝑗 → 𝐾𝐾∗𝑢. Thus 𝐾∗𝑢𝑘𝑗 →
𝐾∗𝑢. □

THEOREM 5 (Fredholm alternative). Let 𝐾 ∶ 𝐻 → 𝐻 be a compact linear
operator. Then

(i) 𝑁(𝐼 − 𝐾) is finite dimensional,
(ii) 𝑅(𝐼 − 𝐾) is closed,

(iii) 𝑅(𝐼 − 𝐾) = 𝑁(𝐼 − 𝐾∗)⊥,
(iv) 𝑁(𝐼 − 𝐾) = {0} if and only if 𝑅(𝐼 − 𝐾) = 𝐻, and
(v) dim𝑁(𝐼 − 𝐾) = dim𝑁(𝐼 − 𝐾∗).

Proof.
1. If dim𝑁(𝐼−𝐾) = +∞, we can find an infinite orthonormal set {𝑢𝑘}∞𝑘=1 ⊂

𝑁(𝐼 − 𝐾). Then
𝐾𝑢𝑘 = 𝑢𝑘 (𝑘 = 1, . . . ).

Now ‖𝑢𝑘−𝑢𝑙‖2 = ‖𝑢𝑘‖2−2(𝑢𝑘, 𝑢𝑙)+‖𝑢𝑙‖2 = 2 if 𝑘 ≠ 𝑙, and so ‖𝐾𝑢𝑘−𝐾𝑢𝑙‖ = √2
for 𝑘 ≠ 𝑙. This however contradicts the compactness of 𝐾, as {𝐾𝑢𝑘}∞𝑘=1 would
then contain no convergent subsequence. Assertion (i) is proved.

2. We next claim there exists a constant 𝛾 > 0 such that

(4) ‖𝑢 − 𝐾𝑢‖ ≥ 𝛾‖𝑢‖ for all 𝑢 ∈ 𝑁(𝐼 − 𝐾)⊥.
Indeed, if not, there would exist for 𝑘 = 1, . . . elements 𝑢𝑘 ∈ 𝑁(𝐼 − 𝐾)⊥ with
‖𝑢𝑘‖ = 1 and ‖𝑢𝑘 − 𝐾𝑢𝑘‖ < 1

𝑘 . Consequently

(5) 𝑢𝑘 − 𝐾𝑢𝑘 → 0.
But since {𝑢𝑘}∞𝑘=1 is bounded, there exists a weakly convergent subsequence
𝑢𝑘𝑗 ⇀ 𝑢. By compactness 𝐾𝑢𝑘𝑗 → 𝐾𝑢, and then (5) implies 𝑢𝑘𝑗 → 𝐾𝑢 = 𝑢.
We therefore have 𝑢 ∈ 𝑁(𝐼 − 𝐾) and so

(𝑢𝑘𝑗 , 𝑢) = 0 (𝑗 = 1, . . . ).
Let 𝑘𝑗 →∞ to derive a contradiction.

3. Next let {𝑣𝑘}∞𝑘=1 ⊂ 𝑅(𝐼−𝐾), 𝑣𝑘 → 𝑣. We can find 𝑢𝑘 ∈ 𝑁(𝐼−𝐾)⊥ solving
𝑢𝑘 − 𝐾𝑢𝑘 = 𝑣𝑘. Using (4), we deduce

‖𝑣𝑘 − 𝑣𝑙‖ ≥ 𝛾‖𝑢𝑘 − 𝑢𝑙‖.
Thus 𝑢𝑘 → 𝑢 and 𝑢 − 𝐾𝑢 = 𝑣. This proves (ii).

4. Assertion (iii) is now a consequence of (ii) and the general fact that

𝑅(𝐴) = 𝑁(𝐴∗)⊥ for each bounded linear operator 𝐴 ∶ 𝐻 → 𝐻.
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5. To verify (iv), let us suppose, to start with, that 𝑁(𝐼 −𝐾) = {0}, but 𝐻1 =
(𝐼 − 𝐾)(𝐻) ⊊ 𝐻. According to (ii), 𝐻1 is a closed subspace of 𝐻. Furthermore
𝐻2 ≡ (𝐼 − 𝐾)(𝐻1) ⊊ 𝐻1, since 𝐼 − 𝐾 is one-to-one. Similarly if we write 𝐻𝑘 ≡
(𝐼 − 𝐾)𝑘(𝐻) (𝑘 = 1, . . . ), we see that 𝐻𝑘 is a closed subspace of 𝐻, 𝐻𝑘+1 ⊊ 𝐻𝑘
(𝑘 = 1, . . . ).

Choose 𝑢𝑘 ∈ 𝐻𝑘 with ‖𝑢𝑘‖ = 1, 𝑢𝑘 ∈ 𝐻⊥
𝑘+1. Then 𝐾𝑢𝑘 − 𝐾𝑢𝑙 = −(𝑢𝑘 −

𝐾𝑢𝑘) + (𝑢𝑙 − 𝐾𝑢𝑙) + (𝑢𝑘 − 𝑢𝑙). Now if 𝑘 > 𝑙, 𝐻𝑘+1 ⊊ 𝐻𝑘 ⊆ 𝐻𝑙+1 ⊊ 𝐻𝑙.
Thus 𝑢𝑘 − 𝐾𝑢𝑘, 𝑢𝑙 − 𝐾𝑢𝑙, 𝑢𝑘 ∈ 𝐻𝑙+1. Since 𝑢𝑙 ∈ 𝐻⊥

𝑙+1, ‖𝑢𝑙‖ = 1, we deduce
‖𝐾𝑢𝑘 − 𝐾𝑢𝑙‖ ≥ 1 (𝑘, 𝑙 = 1, . . . ). But this is impossible since 𝐾 is compact.

6. Now conversely assume 𝑅(𝐼 − 𝐾) = 𝐻. Then owing to (iii), we see that
𝑁(𝐼 − 𝐾∗) = {0}. Since 𝐾∗ is compact, we may utilize step 5 to conclude 𝑅(𝐼 −
𝐾∗) = 𝐻. But then 𝑁(𝐼 − 𝐾) = 𝑅(𝐼 − 𝐾∗)⊥ = {0}. This conclusion and step 5
complete the proof of assertion (iv).

7. Next we assert

dim𝑁(𝐼 − 𝐾) ≥ dim𝑅(𝐼 − 𝐾)⊥.

To prove this, suppose instead dim𝑁(𝐼−𝐾) < dim𝑅(𝐼−𝐾)⊥. Then there exists
a bounded linear mapping 𝐴 ∶ 𝑁(𝐼 −𝐾) → 𝑅(𝐼 −𝐾)⊥ which is one-to-one, but
not onto. Extend 𝐴 to a linear mapping 𝐴 ∶ 𝐻 → 𝑅(𝐼 − 𝐾)⊥ by setting 𝐴𝑢 = 0
for 𝑢 ∈ 𝑁(𝐼 − 𝐾)⊥. Now 𝐴 has a finite-dimensional range and so 𝐴 and thus
𝐾+𝐴 are compact. Furthermore𝑁(𝐼 −(𝐾 +𝐴)) = {0}. Indeed, if 𝐾𝑢+𝐴𝑢 = 𝑢,
then 𝑢 − 𝐾𝑢 = 𝐴𝑢 ∈ 𝑅(𝐼 − 𝐾)⊥. Hence 𝑢 − 𝐾𝑢 = 𝐴𝑢 = 0. Thus 𝑢 ∈ 𝑁(𝐼 − 𝐾)
and so in fact 𝑢 = 0, since 𝐴 is one-to-one on 𝑁(𝐼 − 𝐾). Now apply assertion
(iv) to ̃𝐾 = 𝐾 + 𝐴. We conclude 𝑅(𝐼 − (𝐾 + 𝐴)) = 𝐻. But this is impossible: if
𝑣 ∈ 𝑅(𝐼 − 𝐾)⊥, but 𝑣 ∉ 𝑅(𝐴), the equation

𝑢 − (𝐾𝑢 + 𝐴𝑢) = 𝑣

has no solution.
8. Since 𝑅(𝐼 − 𝐾∗)⊥ = 𝑁(𝐼 − 𝐾), we deduce from step 7 that

dim𝑁(𝐼 − 𝐾∗) ≥ dim𝑅(𝐼 − 𝐾∗)⊥

= dim𝑁(𝐼 − 𝐾).

The opposite inequality comes from interchanging the roles of 𝐾 and 𝐾∗. This
establishes (v). □

Remark. Theorem 5 asserts in particular either

(𝛼) {for each 𝑓 ∈ 𝐻, the equation 𝑢 − 𝐾𝑢 = 𝑓
has a unique solution
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or else

(𝛽) {the homogeneous equation 𝑢 − 𝐾𝑢 = 0
has solutions 𝑢 ≠ 0.

This dichotomy is the Fredholm alternative. In addition, should (𝛽) obtain, the
space of solutions of the homogeneous problem is finite dimensional, and the
nonhomogeneous equation

(𝛾) 𝑢 − 𝐾𝑢 = 𝑓

has a solution if and only if 𝑓 ∈ 𝑁(𝐼 − 𝐾∗)⊥.

Now we investigate the spectrum of a compact linear operator.

THEOREM 6 (Spectrum of a compact operator). Assume dim𝐻 = ∞ and
𝐾 ∶ 𝐻 → 𝐻 is compact. Then

(i) 0 ∈ 𝜎(𝐾),
(ii) 𝜎(𝐾) − {0} = 𝜎𝑝(𝐾) − {0}, and

(iii) {𝜎(𝐾) − {0} is finite, or else
𝜎(𝐾) − {0} is a sequence tending to 0.

Proof.

1. Assume 0 ∉ 𝜎(𝐾). Then 𝐾 ∶ 𝐻 → 𝐻 is bijective and so 𝐼 = 𝐾 ∘ 𝐾−1,
being the composition of a compact and a bounded linear operator, is compact.
This is impossible, since dim𝐻 = ∞.

2. Assume 𝜂 ∈ 𝜎(𝐾), 𝜂 ≠ 0. Then if 𝑁(𝐾 − 𝜂𝐼) = {0}, the Fredholm
alternative would imply 𝑅(𝐾 − 𝜂𝐼) = 𝐻. But then 𝜂 ∈ 𝜌(𝐾), a contradiction.

3. Suppose now {𝜂𝑘}∞𝑘=1 is a sequence of distinct elements of 𝜎(𝐾)−{0} and
𝜂𝑘 → 𝜂. We will show 𝜂 = 0.

Indeed, since 𝜂𝑘 ∈ 𝜎𝑝(𝐾), there exists 𝑤𝑘 ≠ 0 such that 𝐾𝑤𝑘 = 𝜂𝑘𝑤𝑘. Let
𝐻𝑘 denote the subspace of 𝐻 spanned by {𝑤1, . . . , 𝑤𝑘}. Then 𝐻𝑘 ⊊ 𝐻𝑘+1 for
each 𝑘 = 1, 2, . . . , since the {𝑤𝑘}∞𝑘=1 are linearly independent.

Observe also (𝐾 − 𝜂𝑘𝐼)𝐻𝑘 ⊆ 𝐻𝑘−1 (𝑘 = 2, . . . ). Choose now for 𝑘 = 1, . . .
an element 𝑢𝑘 ∈ 𝐻𝑘, with 𝑢𝑘 ∈ 𝐻⊥

𝑘−1 and ‖𝑢𝑘‖ = 1. Now if 𝑘 > 𝑙, 𝐻𝑙−1 ⊊ 𝐻𝑙 ⊆
𝐻𝑘−1 ⊊ 𝐻𝑘. Thus

‖
‖‖
𝐾𝑢𝑘
𝜂𝑘

− 𝐾𝑢𝑙
𝜂𝑙

‖
‖‖ =

‖
‖‖
(𝐾𝑢𝑘 − 𝜂𝑘𝑢𝑘)

𝜂𝑘
− (𝐾𝑢𝑙 − 𝜂𝑙𝑢𝑙)

𝜂𝑙
+ 𝑢𝑘 − 𝑢𝑙

‖
‖‖ ≥ 1,

since 𝐾𝑢𝑘 −𝜂𝑘𝑢𝑘, 𝐾𝑢𝑙 −𝜂𝑙𝑢𝑙, 𝑢𝑙 ∈ 𝐻𝑘−1. If 𝜂𝑘 → 𝜂 ≠ 0, we obtain a contradic-
tion to the compactness of 𝐾. □



Appendix D. Functional Analysis 683

D.6. Symmetric operators. Now let 𝑆 ∶ 𝐻 → 𝐻 be linear, bounded, sym-
metric, and write

𝑚 ≔ inf
ᵆ∈𝐻
‖ᵆ‖=1

(𝑆𝑢, 𝑢), 𝑀 ≔ sup
ᵆ∈𝐻
‖ᵆ‖=1

(𝑆𝑢, 𝑢).

LEMMA (Bounds on spectrum). We have

(i) 𝜎(𝑆) ⊂ [𝑚,𝑀], and
(ii) 𝑚,𝑀 ∈ 𝜎(𝑆).

Proof.

1. Let 𝜂 > 𝑀. Then

(𝜂𝑢 − 𝑆𝑢, 𝑢) ≥ (𝜂 − 𝑀)‖𝑢‖2 (𝑢 ∈ 𝐻).

Hence the Lax–Milgram Theorem (§6.2.1) asserts 𝜂𝐼−𝑆 is one-to-one and onto,
and thus 𝜂 ∈ 𝜌(𝑆). Similarly 𝜂 ∈ 𝜌(𝑆) if 𝜂 < 𝑚. This proves (i).

2. We will prove 𝑀 ∈ 𝜎(𝑆). Since the pairing [𝑢, 𝑣] ≔ (𝑀𝑢−𝑆𝑢, 𝑣) is sym-
metric, with [𝑢, 𝑢] ≥ 0 for all 𝑢 ∈ 𝐻, the Cauchy–Schwarz inequality implies

|(𝑀𝑢 − 𝑆𝑢, 𝑣)| ≤ (𝑀𝑢 − 𝑆𝑢, 𝑢)1/2(𝑀𝑣 − 𝑆𝑣, 𝑣)1/2

for all 𝑢, 𝑣 ∈ 𝐻. In particular

(6) ‖𝑀𝑢 − 𝑆𝑢‖ ≤ 𝐶(𝑀𝑢 − 𝑆𝑢, 𝑢)1/2 (𝑢 ∈ 𝐻)

for some constant 𝐶.
Now let {𝑢𝑘}∞𝑘=1 ⊂ 𝐻 satisfy ‖𝑢𝑘‖ = 1 (𝑘 = 1, . . . ) and (𝑆𝑢𝑘, 𝑢𝑘) → 𝑀.

Then (6) implies ‖𝑀𝑢𝑘 − 𝑆𝑢𝑘‖ → 0. Now if 𝑀 ∈ 𝜌(𝑆), then

𝑢𝑘 = (𝑀𝐼 − 𝑆)−1(𝑀𝑢𝑘 − 𝑆𝑢𝑘) → 0,

a contradiction. Thus 𝑀 ∈ 𝜎(𝑆), and likewise 𝑚 ∈ 𝜎(𝑆). □

THEOREM 7 (Eigenvectors of a compact, symmetric operator). Let 𝐻 be a
separable Hilbert space, and suppose 𝑆 ∶ 𝐻 → 𝐻 is a compact and symmet-
ric operator. Then there exists a countable orthonormal basis of 𝐻 consisting of
eigenvectors of 𝑆.

Proof.

1. Let {𝜂𝑘} comprise the sequence of distinct eigenvalues of 𝑆, excepting 0.
Set 𝜂0 = 0. Write𝐻0 = 𝑁(𝑆),𝐻𝑘 = 𝑁(𝑆−𝜂𝑘𝐼) (𝑘 = 1, . . . ). Then 0 ≤ dim𝐻0 ≤
∞, and 0 < dim𝐻𝑘 < ∞, according to the Fredholm alternative.
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2. Let 𝑢 ∈ 𝐻𝑘, 𝑣 ∈ 𝐻𝑙 for 𝑘 ≠ 𝑙. Then 𝑆𝑢 = 𝜂𝑘𝑢, 𝑆𝑣 = 𝜂𝑙𝑣 and so
𝜂𝑘(𝑢, 𝑣) = (𝑆𝑢, 𝑣) = (𝑢, 𝑆𝑣) = 𝜂𝑙(𝑢, 𝑣).

As 𝜂𝑘 ≠ 𝜂𝑙, we deduce (𝑢, 𝑣) = 0. Consequently we see the subspaces 𝐻𝑘 and
𝐻𝑙 are orthogonal.

3. Now let 𝐻̃ be the smallest subspace of 𝐻 containing 𝐻0, 𝐻1, . . . . Thus
𝐻̃ = {∑𝑚

𝑘=0 𝑎𝑘𝑢𝑘 ∣ 𝑚 ∈ {0, . . . }, 𝑢𝑘 ∈ 𝐻𝑘, 𝑎𝑘 ∈ ℝ }. We next demonstrate 𝐻̃ is
dense in 𝐻. Clearly 𝑆(𝐻̃) ⊆ 𝐻̃. Furthermore 𝑆(𝐻̃⊥) ⊆ 𝐻̃⊥: indeed if 𝑢 ∈ 𝐻̃⊥

and 𝑣 ∈ 𝐻̃, then (𝑆𝑢, 𝑣) = (𝑢, 𝑆𝑣) = 0.
Now the operator ̃𝑆 ≡ 𝑆|𝐻̃⊥ is compact and symmetric. In addition 𝜎( ̃𝑆) =

{0}, since any nonzero eigenvalue of ̃𝑆 would be an eigenvalue of 𝑆 as well.
According to the lemma then, ( ̃𝑆𝑢, 𝑢) = 0 for all 𝑢 ∈ 𝐻̃⊥. But if 𝑢, 𝑣 ∈ 𝐻̃⊥,

2( ̃𝑆𝑢, 𝑣) = ( ̃𝑆(𝑢 + 𝑣), 𝑢 + 𝑣) − ( ̃𝑆𝑢, 𝑢) − ( ̃𝑆𝑣, 𝑣) = 0.
Hence ̃𝑆 = 0. Consequently 𝐻̃⊥ ⊂ 𝑁(𝑆) ⊂ 𝐻̃, and so 𝐻̃⊥ = {0}. Thus 𝐻̃ is
dense in 𝐻.

4. Choose an orthonormal basis for each subspace 𝐻𝑘 (𝑘 = 0, . . . ), noting
that since 𝐻 is separable, 𝐻0 has a countable orthonormal basis. We obtain
thereby an orthonormal basis of eigenvectors. □

Most of these proofs are from Brezis [Br1]. See also Gilbarg–Trudinger [G-
T, Chapter 5], Lax [Lx2], Reed–Simon [R-S1] and Yosida [Y].

Appendix E. MEASURE THEORY

This appendix provides a quick outline of some fundamentals of measure the-
ory.

E.1. Lebesguemeasure. Lebesgue measure provides a way of describing the
“size” or “volume” of certain subsets of ℝ𝑛.

DEFINITION. A collection ℳ of subsets of ℝ𝑛 is called a 𝜎-algebra if
(i) ∅, ℝ𝑛 ∈ ℳ,

(ii) 𝐴 ∈ ℳ implies ℝ𝑛 − 𝐴 ∈ ℳ, and
(iii) if {𝐴𝑘}∞𝑘=1 ⊂ ℳ, then ⋃∞

𝑘=1 𝐴𝑘, ⋂∞
𝑘=1 𝐴𝑘 ∈ ℳ.

THEOREM1 (Existence of Lebesgue measure and Lebesgue measurable sets).
There exist a 𝜎-algebraℳ of subsets of ℝ𝑛 and a mapping

| | ∶ ℳ → [0,+∞]
with the following properties:

(i) Every open subset ofℝ𝑛 and thus every closed subset ofℝ𝑛 belong toℳ.
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(ii) If 𝐵 is a ball in ℝ𝑛, then |𝐵| equals the 𝑛-dimensional volume of 𝐵.
(iii) If {𝐴𝑘}∞𝑘=1 ⊂ ℳ and the sets {𝐴𝑘}∞𝑘=1 are pairwise disjoint, then

(1)
||||

∞

⋃
𝑘=1

𝐴𝑘
||||
=

∞
∑
𝑘=1

|𝐴𝑘| (countable additivity).

(iv) If 𝐴 ⊆ 𝐵, where 𝐵 ∈ ℳ and |𝐵| = 0, then 𝐴 ∈ ℳ and |𝐴| = 0.

The sets in ℳ are called Lebesgue measurable sets and | ⋅ | is 𝑛-dimensional
Lebesgue measure.

Remarks.
(i) From (ii) and (iii), we see that |𝐴| equals the volume of any set 𝐴 with

piecewise smooth boundary.
(ii) We deduce from (1) that

(2) |∅| = 0
and

(3)
||||

∞

⋃
𝑘=1

𝐴𝑘
||||
≤

∞
∑
𝑘=1

|𝐴𝑘| (countable subadditivity)

for any countable collection of measurable sets {𝐴𝑘}∞𝑘=1.

NOTATION. If some property holds everywhere on ℝ𝑛, except for a measur-
able set with Lebesgue measure zero, we say the property holds almost every-
where, abbreviated “a.e.”.

E.2. Measurable functions and integration.

DEFINITION. Let 𝑓 ∶ ℝ𝑛 → ℝ. We say 𝑓 is a measurable function if
𝑓−1(𝑈) ∈ ℳ

for each open subset 𝑈 ⊂ ℝ.

Note in particular that if 𝑓 is continuous, then 𝑓 is measurable. The sum
and product of two measurable functions are measurable. In addition if {𝑓𝑘}∞𝑘=0
are measurable functions, then so are lim sup 𝑓𝑘 and lim inf 𝑓𝑘.

THEOREM2 (Egoroff’s Theorem). Let {𝑓𝑘}∞𝑘=1, 𝑓 bemeasurable functions, and
assume

𝑓𝑘 → 𝑓 a.e. on 𝐴,
where 𝐴 ⊂ ℝ𝑛 is measurable, |𝐴| < ∞. Then for each 𝜀 > 0 there exists a
measurable subset 𝐸 ⊂ 𝐴 such that

(i) |𝐴 − 𝐸| ≤ 𝜀, and
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(ii) 𝑓𝑘 → 𝑓 uniformly on 𝐸.

Now if 𝑓 is a nonnegative, measurable function, it is possible, by an approx-
imation of 𝑓 with simple functions, to define the Lebesgue integral

∫
ℝ𝑛
𝑓 𝑑𝑥.

Cf. §E.5 below. This agrees with the usual integral if 𝑓 is continuous or Rie-
mann integrable. If𝑓 is measurable, but not necessarily nonnegative, we define

∫
ℝ𝑛
𝑓 𝑑𝑥 = ∫

ℝ𝑛
𝑓+ 𝑑𝑥 −∫

ℝ𝑛
𝑓− 𝑑𝑥,

provided at least one of the terms on the right-hand side is finite. In this case
we say 𝑓 is integrable.

DEFINITION. A measurable function 𝑓 is summable if

∫
ℝ𝑛
|𝑓| 𝑑𝑥 < ∞.

Note carefully our terminology: a measurable function is integrable if it has
an integral (which may equal +∞ or −∞) and is summable if this integral is
finite.

DEFINITION. If the real-valued function 𝑓 is measurable, we define the es-
sential supremum of 𝑓 to be

ess sup 𝑓 ≔ inf{ 𝜇 ∈ ℝ ∣ |{𝑓 > 𝜇}| = 0 }.

E.3. Convergence theorems for integrals. The Lebesgue theory of integra-
tion is especially useful since it provides the following powerful convergence
theorems.

THEOREM 3 (Fatou’s Lemma). Assume the functions {𝑓𝑘}∞𝑘=1 are nonnegative
and measurable. Then

∫
ℝ𝑛
lim inf
𝑘→∞

𝑓𝑘 𝑑𝑥 ≤ lim inf
𝑘→∞

∫
ℝ𝑛
𝑓𝑘 𝑑𝑥.

THEOREM 4 (Monotone Convergence Theorem). Assume the functions
{𝑓𝑘}∞𝑘=1 are measurable, with

0 ≤ 𝑓1 ≤ 𝑓2 ≤ . . . ≤ 𝑓𝑘 ≤ 𝑓𝑘+1 ≤ ⋯ .
Then

∫
ℝ𝑛

lim
𝑘→∞

𝑓𝑘 𝑑𝑥 = lim
𝑘→∞

∫
ℝ𝑛
𝑓𝑘 𝑑𝑥.
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THEOREM 5 (Dominated Convergence Theorem). Assume the functions
{𝑓𝑘}∞𝑘=1 are integrable and

𝑓𝑘 → 𝑓 a.e.
Suppose also

|𝑓𝑘| ≤ 𝑔 a.e.,
for some summable function 𝑔. Then

∫
ℝ𝑛
𝑓𝑘 𝑑𝑥 → ∫

ℝ𝑛
𝑓 𝑑𝑥.

E.4. Differentiation. An important fact is that a summable function is “ap-
proximately continuous” at almost every point.

THEOREM 6 (Lebesgue’s Differentiation Theorem). Let 𝑓 ∶ ℝ𝑛 → ℝ be lo-
cally summable.

(i) Then for a.e. point 𝑥0 ∈ ℝ𝑛,

⨍
𝐵(𝑥0,𝑟)

𝑓 𝑑𝑥 → 𝑓(𝑥0) as 𝑟 → 0.

(ii) In fact, for a.e. point 𝑥0 ∈ ℝ𝑛,

(4) ⨍
𝐵(𝑥0,𝑟)

|𝑓(𝑥) − 𝑓(𝑥0)| 𝑑𝑥 → 0 as 𝑟 → 0.

A point 𝑥0 at which (4) holds is called a Lebesgue point of 𝑓.

Remark. More generally, if 𝑓 ∈ 𝐿𝑝𝑙𝑜𝑐(ℝ𝑛) for some 1 ≤ 𝑝 < ∞, then for a.e.
point 𝑥0 ∈ ℝ𝑛 we have

⨍
𝐵(𝑥0,𝑟)

|𝑓(𝑥) − 𝑓(𝑥0)|𝑝 𝑑𝑥 → 0 as 𝑟 → 0.

E.5. Banach space-valued functions. We extend the notions of measurabil-
ity, integrability, etc. to mappings

f ∶ [0, 𝑇] → 𝑋
where 𝑇 > 0 and 𝑋 is a real Banach space, with norm ‖ ‖.

DEFINITIONS.
(i) A function s ∶ [0, 𝑇] → 𝑋 is called simple if it has the form

(5) s(𝑡) =
𝑚
∑
𝑖=1

𝜒𝐸𝑖(𝑡)𝑢𝑖 (0 ≤ 𝑡 ≤ 𝑇),

where each 𝐸𝑖 is a Lebesgue measurable subset of [0, 𝑇] and 𝑢𝑖 ∈ 𝑋 (𝑖 = 1, . . . ,
𝑚).
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(ii) A function f ∶ [0, 𝑇] → 𝑋 is strongly measurable if there exist simple
functions s𝑘 ∶ [0, 𝑇] → 𝑋 such that

s𝑘(𝑡) → f(𝑡) for a.e.0 ≤ 𝑡 ≤ 𝑇.
(iii) A function f ∶ [0, 𝑇] → 𝑋 is weakly measurable if for each 𝑢∗ ∈ 𝑋∗,

the mapping 𝑡 ↦ ⟨𝑢∗, f(𝑡)⟩ is Lebesgue measurable.

DEFINITION. We say f ∶ [0, 𝑇] → 𝑋 is almost separably valued if there exists
a subset 𝑁 ⊂ [0, 𝑇], with |𝑁| = 0, such that the set { f(𝑡) ∣ 𝑡 ∈ [0, 𝑇] − 𝑁 } is
separable.

THEOREM 7 (Strong and weak measurability). The mapping f ∶ [0, 𝑇] → 𝑋
is strongly measurable if and only if f is weakly measurable and almost separably
valued.

DEFINITIONS.
(i) If s(𝑡) = ∑𝑚

𝑖=1 𝜒𝐸𝑖(𝑡)𝑢𝑖 is simple, we define

(6) ∫
𝑇

0
s(𝑡) 𝑑𝑡 ≔

𝑚
∑
𝑖=1

|𝐸𝑖|𝑢𝑖.

(ii) We say the strongly measurable function f ∶ [0, 𝑇] → 𝑋 is summable if
there exists a sequence {s𝑘}∞𝑘=1 of simple functions such that

(7) ∫
𝑇

0
‖s𝑘(𝑡) − f(𝑡)‖ 𝑑𝑡 → 0 as 𝑘 → ∞.

(iii) If 𝑓 is summable, we define

(8) ∫
𝑇

0
f(𝑡) 𝑑𝑡 = lim

𝑘→∞
∫

𝑇

0
s𝑘(𝑡) 𝑑𝑡.

THEOREM 8 (Summable functions). A strongly measurable function f ∶
[0, 𝑇] → 𝑋 is summable if and only if 𝑡 ↦ ‖f(𝑡)‖ is summable. In this case

‖
‖‖‖
∫

𝑇

0
f(𝑡) 𝑑𝑡

‖
‖‖‖
≤ ∫

𝑇

0
‖f(𝑡)‖ 𝑑𝑡,

and

⟨𝑢∗,∫
𝑇

0
f(𝑡) 𝑑𝑡⟩ = ∫

𝑇

0
⟨𝑢∗, f(𝑡)⟩ 𝑑𝑡

for each 𝑢∗ ∈ 𝑋∗.

Good books for measure theory are Folland [F2] and DiBenedetto [DB2].
See Yosida [Y, Chapter V, Sections 4–5] for proofs of Theorems 7, 8.
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Gȧrding and A. N. Milgram; With a preface by A. S. Householder;
Reprint of the 1964 original. MR598466

[Bs] Alberto Bressan, Hyperbolic systems of conservation laws, Oxford Lec-
ture Series in Mathematics and its Applications, vol. 20, Oxford Uni-
versity Press, Oxford, 2000. The one-dimensional Cauchy problem.
MR1816648

[Br1] Haim Brezis, Functional analysis, Sobolev spaces and partial differen-
tial equations, Universitext, Springer, New York, 2011. MR2759829

[Br2] H. Brézis,Opérateursmaximauxmonotones et semi-groupes de contrac-
tions dans les espaces deHilbert (French), North-Holland Mathematics
Studies, No. 5, North-Holland Publishing Co., Amsterdam-London;
American Elsevier Publishing Co., Inc., New York, 1973. MR0348562

[C-C] Luis A. Caffarelli and Xavier Cabré, Fully nonlinear elliptic equa-
tions, American Mathematical Society Colloquium Publications,
vol. 43, American Mathematical Society, Providence, RI, 1995, DOI
10.1090/coll/043. MR1351007

[C] C. Carathéodory, Calculus of variations and partial differential equa-
tions of the first order., Chelsea, 1982. MR0192372, MR0232264

[Ch] Clive R. Chester, Techniques in partial differential equations, McGraw-
Hill Book Co., New York-Düsseldorf-London, 1971. MR0269961

[C-M] Alexandre J. Chorin and Jerrold E. Marsden, A mathematical intro-
duction to fluid mechanics, 3rd ed., Texts in Applied Mathematics,
vol. 4, Springer-Verlag, New York, 1993, DOI 10.1007/978-1-4612-
0883-9. MR1218879

[Cl] David Colton, Partial differential equations, Dover Publications, Inc.,
Mineola, NY, 2004. An introduction; Corrected reprint of the 1988
original. MR2108130

[C-F] R. Courant and K. O. Friedrichs, Supersonic flow and shock waves,
Applied Mathematical Sciences, Vol. 21, Springer-Verlag, New York-
Heidelberg, 1976. Reprinting of the 1948 original. MR0421279

https://www.ams.org/mathscinet-getitem?mr=0442431
https://www.ams.org/mathscinet-getitem?mr=0037440
https://www.ams.org/mathscinet-getitem?mr=598466
https://www.ams.org/mathscinet-getitem?mr=1816648
https://www.ams.org/mathscinet-getitem?mr=2759829
https://www.ams.org/mathscinet-getitem?mr=0348562
https://www.ams.org/mathscinet-getitem?mr=1351007
https://www.ams.org/mathscinet-getitem?mr=0192372
https://www.ams.org/mathscinet-getitem?mr=0232264
https://www.ams.org/mathscinet-getitem?mr=0269961
https://www.ams.org/mathscinet-getitem?mr=1218879
https://www.ams.org/mathscinet-getitem?mr=2108130
https://www.ams.org/mathscinet-getitem?mr=0421279


Bibliography 691

[C-H] R. Courant and D. Hilbert, Methods of mathematical physics. Vol. II:
Partial differential equations, Interscience Publishers (a division of
John Wiley & Sons), New York-London, 1962. (Vol. II by R. Courant.)
MR0140802

[Cr] Walter Craig,A course on partial differential equations, Graduate Stud-
ies in Mathematics, vol. 197, American Mathematical Society, Provi-
dence, RI, 2018, DOI 10.1090/gsm/197. MR3839330

[D-M] Bernard Dacorogna and Paolo Marcellini, Implicit partial differential
equations, Progress in Nonlinear Differential Equations and their Ap-
plications, vol. 37, Birkhäuser Boston, Inc., Boston, MA, 1999, DOI
10.1007/978-1-4612-1562-2. MR1702252

[D] Constantine M. Dafermos, Hyperbolic conservation laws in con-
tinuum physics, 2nd ed., Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences],
vol. 325, Springer-Verlag, Berlin, 2005, DOI 10.1007/3-540-29089-3.
MR2169977

[Da] E. B. Davies, Heat kernels and spectral theory, Cambridge Tracts in
Mathematics, vol. 92, Cambridge University Press, Cambridge, 1989,
DOI 10.1017/CBO9780511566158. MR990239

[Db] Lokenath Debnath, Nonlinear partial differential equations for scien-
tists and engineers, 3rd ed., Birkhäuser/Springer, New York, 2012, DOI
10.1007/978-0-8176-8265-1. MR2858125

[DB1] Emmanuele DiBenedetto, Partial differential equations, Birkhäuser
Boston, Inc., Boston, MA, 1995, DOI 10.1007/978-1-4899-2840-5.
MR1306729

[DB2] Emmanuele DiBenedetto, Real analysis, Birkhäuser Advanced Texts:
Basler Lehrbücher. [Birkhäuser Advanced Texts: Basel Textbooks],
Birkhäuser Boston, Inc., Boston, MA, 2002, DOI 10.1007/978-1-4612-
0117-5. MR1897317

[Dr] P. G. Drazin, Solitons, London Mathematical Society Lecture Note
Series, vol. 85, Cambridge University Press, Cambridge, 1983, DOI
10.1017/CBO9780511662843. MR716135

[D-Z] P. Duchateau and D. W. Zachman, Partial Differential Equations,
Schaum’s Outline Series in Math., McGraw-Hill, 1986.

https://www.ams.org/mathscinet-getitem?mr=0140802
https://www.ams.org/mathscinet-getitem?mr=3839330
https://www.ams.org/mathscinet-getitem?mr=1702252
https://www.ams.org/mathscinet-getitem?mr=2169977
https://www.ams.org/mathscinet-getitem?mr=990239
https://www.ams.org/mathscinet-getitem?mr=2858125
https://www.ams.org/mathscinet-getitem?mr=1306729
https://www.ams.org/mathscinet-getitem?mr=1897317
https://www.ams.org/mathscinet-getitem?mr=716135


692 Bibliography

[E-T] Ivar Ekeland and Roger Temam,Convex analysis and variational prob-
lems, Studies in Mathematics and its Applications, Vol. 1, North-
Holland Publishing Co., Amsterdam-Oxford; American Elsevier Pub-
lishing Co., Inc., New York, 1976. Translated from the French.
MR0463994

[E1] Lawrence C. Evans, Weak convergence methods for nonlinear partial
differential equations, CBMS Regional Conference Series in Mathe-
matics, vol. 74, Published for the Conference Board of the Mathemati-
cal Sciences, Washington, DC; by the American Mathematical Society,
Providence, RI, 1990, DOI 10.1090/cbms/074. MR1034481

[E2] Lawrence C. Evans, An introduction to stochastic differential equa-
tions, American Mathematical Society, Providence, RI, 2013, DOI
10.1090/mbk/082. MR3154922

[E-G] Lawrence C. Evans and Ronald F. Gariepy, Measure theory and fine
properties of functions, Revised edition, Textbooks in Mathematics,
CRC Press, Boca Raton, FL, 2015. MR3409135

[F-L-S] Richard P. Feynman, Robert B. Leighton, and Matthew Sands, The
Feynman lectures on physics. Vol. 2: Mainly electromagnetism andmat-
ter, Addison-Wesley Publishing Co., Inc., Reading, Mass.-London,
1964. MR0213078

[F-S] Wendell H. Fleming and H. Mete Soner, Controlled Markov processes
and viscosity solutions, Applications of Mathematics (New York),
vol. 25, Springer-Verlag, New York, 1993. MR1199811

[F1] Gerald B. Folland, Introduction to partial differential equations, Math-
ematical Notes, Princeton University Press, Princeton, N.J., 1976. Pre-
liminary informal notes of university courses and seminars in mathe-
matics. MR0599578

[F2] Gerald B. Folland, Real analysis, Pure and Applied Mathematics (New
York), John Wiley & Sons, Inc., New York, 1984. Modern techniques
and their applications; A Wiley-Interscience Publication. MR767633

[Fd] Mark Freidlin, Functional integration and partial differential equa-
tions, Annals of Mathematics Studies, vol. 109, Princeton University
Press, Princeton, NJ, 1985, DOI 10.1515/9781400881598. MR833742

[Fr1] Avner Friedman, Partial differential equations of parabolic type,
Prentice-Hall, Inc., Englewood Cliffs, N.J., 1964. MR0181836

[Fr2] Avner Friedman, Partial differential equations, Holt, Rinehart and
Winston, Inc., New York-Montreal, Que.-London, 1969. MR0445088

https://www.ams.org/mathscinet-getitem?mr=0463994
https://www.ams.org/mathscinet-getitem?mr=1034481
https://www.ams.org/mathscinet-getitem?mr=3154922
https://www.ams.org/mathscinet-getitem?mr=3409135
https://www.ams.org/mathscinet-getitem?mr=0213078
https://www.ams.org/mathscinet-getitem?mr=1199811
https://www.ams.org/mathscinet-getitem?mr=0599578
https://www.ams.org/mathscinet-getitem?mr=767633
https://www.ams.org/mathscinet-getitem?mr=833742
https://www.ams.org/mathscinet-getitem?mr=0181836
https://www.ams.org/mathscinet-getitem?mr=0445088


Bibliography 693

[Fr3] Avner Friedman, Variational principles and free-boundary problems,
A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York,
1982. MR679313

[Ga] F. R. Gantmacher,The theory ofmatrices. Vols. 1, 2, Chelsea Publishing
Co., New York, 1959. Translated by K. A. Hirsch. MR0107649

[G] P. R. Garabedian, Partial differential equations, John Wiley & Sons,
Inc., New York-London-Sydney, 1964. MR0162045

[Gi] Mariano Giaquinta, Multiple integrals in the calculus of variations and
nonlinear elliptic systems, Annals of Mathematics Studies, vol. 105,
Princeton University Press, Princeton, NJ, 1983. MR717034

[G-H] Mariano Giaquinta and Stefan Hildebrandt, Calculus of variations.
I–II, Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences], vol. 310, Springer-Verlag,
Berlin, 1996. MR1368401, MR1385926

[Gh] Nassif Ghoussoub, Self-dual partial differential systems and their vari-
ational principles, Springer Monographs in Mathematics, Springer,
New York, 2009. MR2458698

[G-T] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equa-
tions of second order, 2nd ed., Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 224, Springer-Verlag, Berlin, 1983, DOI 10.1007/978-3-642-61798-
0. MR737190

[Gr] Peter Grindrod, Patterns and waves, Oxford Applied Mathematics
and Computing Science Series, The Clarendon Press, Oxford Univer-
sity Press, New York, 1991. The theory and applications of reaction-
diffusion equations. MR1136256

[Hl] Frédéric Hélein, Harmonic maps, conservation laws and moving
frames, 2nd ed., Cambridge Tracts in Mathematics, vol. 150, Cam-
bridge University Press, Cambridge, 2002. Translated from the
1996 French original; With a foreword by James Eells, DOI
10.1017/CBO9780511543036. MR1913803

[Hg] Sigurdur Helgason, The Radon transform, Progress in Mathematics,
vol. 5, Birkhäuser, Boston, Mass., 1980. MR573446

[He] Daniel Henry,Geometric theory of semilinear parabolic equations, Lec-
ture Notes in Mathematics, vol. 840, Springer-Verlag, Berlin-New
York, 1981. MR610244

https://www.ams.org/mathscinet-getitem?mr=679313
https://www.ams.org/mathscinet-getitem?mr=0107649
https://www.ams.org/mathscinet-getitem?mr=0162045
https://www.ams.org/mathscinet-getitem?mr=717034
https://www.ams.org/mathscinet-getitem?mr=1368401
https://www.ams.org/mathscinet-getitem?mr=1385926
https://www.ams.org/mathscinet-getitem?mr=2458698
https://www.ams.org/mathscinet-getitem?mr=737190
https://www.ams.org/mathscinet-getitem?mr=1136256
https://www.ams.org/mathscinet-getitem?mr=1913803
https://www.ams.org/mathscinet-getitem?mr=573446
https://www.ams.org/mathscinet-getitem?mr=610244


694 Bibliography

[H-R] Helge Holden and Nils Henrik Risebro, Front tracking for hyperbolic
conservation laws, Applied Mathematical Sciences, vol. 152, Springer-
Verlag, New York, 2002, DOI 10.1007/978-3-642-56139-9. MR1912206

[H] Lars Hörmander, The analysis of linear partial differential operators.
II, Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences], vol. 257, Springer-Verlag,
Berlin, 1983. Differential operators with constant coefficients, DOI
10.1007/978-3-642-96750-4. MR705278

[Ik] Mitsuru Ikawa,Hyperbolic partial differential equations andwave phe-
nomena, Translations of Mathematical Monographs, vol. 189, Ameri-
can Mathematical Society, Providence, RI, 2000. Translated from the
1997 Japanese original by Bohdan I. Kurpita; Iwanami Series in Mod-
ern Mathematics, DOI 10.1090/mmono/189. MR1756774

[I] Victor Isakov, Inverse problems for partial differential equations, Ap-
plied Mathematical Sciences, vol. 127, Springer-Verlag, New York,
1998, DOI 10.1007/978-1-4899-0030-2. MR1482521

[J1] Fritz John, Plane waves and spherical means applied to partial dif-
ferential equations, Interscience Publishers, New York-London, 1955.
MR0075429

[J2] F. John, Partial differential equations, 4th ed., Springer-Verlag, 1995.
[J3] Fritz John, Nonlinear wave equations, formation of singularities,

University Lecture Series, vol. 2, American Mathematical Society,
Providence, RI, 1990. Seventh Annual Pitcher Lectures delivered
at Lehigh University, Bethlehem, Pennsylvania, April 1989, DOI
10.1090/ulect/002. MR1066694

[Jo] Jürgen Jost, Partial differential equations, 2nd ed., Graduate Texts in
Mathematics, vol. 214, Springer, New York, 2007, DOI 10.1007/978-0-
387-49319-0. MR2302683

[K] T. Kato, Perturbation Theory for Linear Operators, 2nd ed., Springer,
1980.

[K-S] David Kinderlehrer and Guido Stampacchia,An introduction to varia-
tional inequalities and their applications, Pure and Applied Mathemat-
ics, vol. 88, Academic Press, Inc. [Harcourt Brace Jovanovich, Publish-
ers], New York-London, 1980. MR567696

[Kl] S. Klainerman, Partial Differential Equations, in The Princeton Com-
panion to Mathematics (T. Gowers, ed.), Princeton, 2008.

[Kr1] N. V. Krylov, Lectures on elliptic and parabolic equations in
Hölder spaces, Graduate Studies in Mathematics, vol. 12, American

https://www.ams.org/mathscinet-getitem?mr=1912206
https://www.ams.org/mathscinet-getitem?mr=705278
https://www.ams.org/mathscinet-getitem?mr=1756774
https://www.ams.org/mathscinet-getitem?mr=1482521
https://www.ams.org/mathscinet-getitem?mr=0075429
https://www.ams.org/mathscinet-getitem?mr=1066694
https://www.ams.org/mathscinet-getitem?mr=2302683
https://www.ams.org/mathscinet-getitem?mr=567696


Bibliography 695

Mathematical Society, Providence, RI, 1996, DOI 10.1090/gsm/012.
MR1406091

[Kr2] N. V. Krylov, Lectures on elliptic and parabolic equations in
Sobolev spaces, Graduate Studies in Mathematics, vol. 96, American
Mathematical Society, Providence, RI, 2008, DOI 10.1090/gsm/096.
MR2435520

[L] O. A. Ladyzhenskaya, The boundary value problems of mathematical
physics, Applied Mathematical Sciences, vol. 49, Springer-Verlag, New
York, 1985. Translated from the Russian by Jack Lohwater [Arthur J.
Lohwater], DOI 10.1007/978-1-4757-4317-3. MR793735

[L-S-U] O. A. Ladyženskaja, V. A. Solonnikov, and N. N. Ural′ceva, Linear
and quasilinear equations of parabolic type (Russian), Translations
of Mathematical Monographs, Vol. 23, American Mathematical Soci-
ety, Providence, R.I., 1968. Translated from the Russian by S. Smith.
MR0241822

[L-U] Olga A. Ladyzhenskaya and Nina N. Ural’tseva, Linear and quasilin-
ear elliptic equations, Academic Press, New York-London, 1968. Trans-
lated from the Russian by Scripta Technica, Inc; Translation editor:
Leon Ehrenpreis. MR0244627

[Lx1] Peter D. Lax, Hyperbolic systems of conservation laws and the math-
ematical theory of shock waves, Conference Board of the Mathemati-
cal Sciences Regional Conference Series in Applied Mathematics, No.
11, Society for Industrial and Applied Mathematics, Philadelphia, Pa.,
1973. MR0350216

[Lx2] Peter D. Lax, Functional analysis, Pure and Applied Mathematics
(New York), Wiley-Interscience [John Wiley & Sons], New York, 2002.
MR1892228

[Lx3] Peter D. Lax,Hyperbolic partial differential equations, Courant Lecture
Notes in Mathematics, vol. 14, New York University, Courant Institute
of Mathematical Sciences, New York; American Mathematical Soci-
ety, Providence, RI, 2006. With an appendix by Cathleen S. Morawetz,
DOI 10.1090/cln/014. MR2273657

[Lx-P] Peter D. Lax and Ralph S. Phillips, Scattering theory, Pure and Ap-
plied Mathematics, Vol. 26, Academic Press, New York-London, 1967.
MR0217440

[LV] Randall J. LeVeque,Numerical methods for conservation laws, 2nd ed.,
Lectures in Mathematics ETH Zürich, Birkhäuser Verlag, Basel, 1992,
DOI 10.1007/978-3-0348-8629-1. MR1153252

https://www.ams.org/mathscinet-getitem?mr=1406091
https://www.ams.org/mathscinet-getitem?mr=2435520
https://www.ams.org/mathscinet-getitem?mr=793735
https://www.ams.org/mathscinet-getitem?mr=0241822
https://www.ams.org/mathscinet-getitem?mr=0244627
https://www.ams.org/mathscinet-getitem?mr=0350216
https://www.ams.org/mathscinet-getitem?mr=1892228
https://www.ams.org/mathscinet-getitem?mr=2273657
https://www.ams.org/mathscinet-getitem?mr=0217440
https://www.ams.org/mathscinet-getitem?mr=1153252


696 Bibliography

[L-S] Rachel Levy and Michael Shearer, Partial differential equations,
Princeton University Press, Princeton, NJ, 2015. An introduction to
theory and applications. MR3330429

[L-L] Elliott H. Lieb and Michael Loss,Analysis, Graduate Studies in Mathe-
matics, vol. 14, American Mathematical Society, Providence, RI, 1997,
DOI 10.2307/3621022. MR1415616

[Lb] Gary M. Lieberman, Second order parabolic differential equations,
World Scientific Publishing Co., Inc., River Edge, NJ, 1996, DOI
10.1142/3302. MR1465184

[L-W] Fanghua Lin and Changyou Wang,The analysis of harmonicmaps and
their heat flows, World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2008, DOI 10.1142/9789812779533. MR2431658

[L-P] Felipe Linares and Gustavo Ponce, Introduction to nonlinear dispersive
equations, Universitext, Springer, New York, 2009. MR2492151

[L1] J.-L. Lions, Équations différentielles opérationnelles et problèmes
aux limites (French), Die Grundlehren der mathematischen
Wissenschaften, Band 111, Springer-Verlag, Berlin-Göttingen-
Heidelberg, 1961. MR0153974

[L2] J.-L. Lions, Quelques méthodes de résolution des problèmes aux lim-
ites non linéaires (French), Dunod; Gauthier-Villars, Paris, 1969.
MR0259693

[L-M] J.-L. Lions and E. Magenes, Non-homogeneous boundary value prob-
lems and applications. Vol. II, Die Grundlehren der mathematischen
Wissenschaften, Band 182, Springer-Verlag, New York-Heidelberg,
1972. Translated from the French by P. Kenneth. MR0350178

[Li] Pierre-Louis Lions, Generalized solutions of Hamilton-Jacobi equa-
tions, Research Notes in Mathematics, vol. 69, Pitman (Advanced Pub-
lishing Program), Boston, Mass.-London, 1982. MR667669

[Lu] Tai-Ping Liu, Shock waves, Graduate Studies in Mathematics, vol. 215,
American Mathematical Society, Providence, RI, [2021] ©2021, DOI
10.1090/gsm/215. MR4328924

[Lo] J. David Logan, Applied mathematics, 3rd ed., Wiley-Interscience
[John Wiley & Sons], Hoboken, NJ, 2006. MR2216049

[Mj] A. Majda, Compressible fluid flow and systems of conservation laws
in several space variables, Applied Mathematical Sciences, vol. 53,
Springer-Verlag, New York, 1984, DOI 10.1007/978-1-4612-1116-7.
MR748308

https://www.ams.org/mathscinet-getitem?mr=3330429
https://www.ams.org/mathscinet-getitem?mr=1415616
https://www.ams.org/mathscinet-getitem?mr=1465184
https://www.ams.org/mathscinet-getitem?mr=2431658
https://www.ams.org/mathscinet-getitem?mr=2492151
https://www.ams.org/mathscinet-getitem?mr=0153974
https://www.ams.org/mathscinet-getitem?mr=0259693
https://www.ams.org/mathscinet-getitem?mr=0350178
https://www.ams.org/mathscinet-getitem?mr=667669
https://www.ams.org/mathscinet-getitem?mr=4328924
https://www.ams.org/mathscinet-getitem?mr=2216049
https://www.ams.org/mathscinet-getitem?mr=748308


Bibliography 697

[Mr] Peter A. Markowich,Applied partial differential equations: a visual ap-
proach, Springer, Berlin, 2007. With 1 CD-ROM (Windows, Macintosh
and UNIX). MR2309862

[MO] R. McOwen, Partial Differential Equations: Methods and Applications,
Prentice Hall, 1996.

[M] V. P. Mikhaı̆lov, Partial differential equations, “Mir”, Moscow; dis-
tributed by Imported Publications, Inc., Chicago, Ill., 1978. Translated
from the Russian by P. C. Sinha. MR601389

[Mi] Frederic H. Miller, Partial Differential Equations, Wiley, 1947.
[Mo] Charles B. Morrey Jr., Multiple integrals in the calculus of variations,

Die Grundlehren der mathematischen Wissenschaften, Band 130,
Springer-Verlag New York, Inc., New York, 1966. MR0202511

[Ne1] John C. Neu, Trainingmanual on transport and fluids, Graduate Stud-
ies in Mathematics, vol. 109, American Mathematical Society, Provi-
dence, RI, 2010, DOI 10.1090/gsm/109. MR2569143

[Ne2] John C. Neu, Singular perturbation in the physical sciences, Gradu-
ate Studies in Mathematics, vol. 167, American Mathematical Society,
Providence, RI, 2015, DOI 10.1090/gsm/167. MR3410360

[N] Yasumasa Nishiura, Far-from-equilibrium dynamics, Translations of
Mathematical Monographs, vol. 209, American Mathematical Society,
Providence, RI, 2002. Translated from the 1999 Japanese original by
Kunimochi Sakamoto; Iwanami Series in Modern Mathematics, DOI
10.1090/mmono/209. MR1903642

[O1] Peter J. Olver,Applications of Lie groups to differential equations, Grad-
uate Texts in Mathematics, vol. 107, Springer-Verlag, New York, 1986,
DOI 10.1007/978-1-4684-0274-2. MR836734

[O2] Peter J. Olver, Introduction to partial differential equations, Un-
dergraduate Texts in Mathematics, Springer, Cham, 2014, DOI
10.1007/978-3-319-02099-0. MR3136142

[Pa] L. E. Payne, Improperly posed problems in partial differential equa-
tions, Regional Conference Series in Applied Mathematics, No. 22, So-
ciety for Industrial and Applied Mathematics, Philadelphia, Pa., 1975.
MR0463736

[Py] I. G. Petrovsky, Lectures on partial differential equations, Interscience
Publishers, New York-London, 1954. Translated by A. Shenitzer.
MR0065760

[P] Mark A. Pinsky, Partial differential equations and boundary value
problems with applications, 2nd ed., International Series in Pure and

https://www.ams.org/mathscinet-getitem?mr=2309862
https://www.ams.org/mathscinet-getitem?mr=601389
https://www.ams.org/mathscinet-getitem?mr=0202511
https://www.ams.org/mathscinet-getitem?mr=2569143
https://www.ams.org/mathscinet-getitem?mr=3410360
https://www.ams.org/mathscinet-getitem?mr=1903642
https://www.ams.org/mathscinet-getitem?mr=836734
https://www.ams.org/mathscinet-getitem?mr=3136142
https://www.ams.org/mathscinet-getitem?mr=0463736
https://www.ams.org/mathscinet-getitem?mr=0065760


698 Bibliography

Applied Mathematics, McGraw-Hill, Inc., New York, 1991. With an
appendix by Alfred Gray. MR1233559

[P-W] Murray H. Protter and Hans F. Weinberger, Maximum principles in
differential equations, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1967.
MR0219861

[P-S] Patrizia Pucci and James Serrin, The maximum principle, Progress
in Nonlinear Differential Equations and their Applications, vol. 73,
Birkhäuser Verlag, Basel, 2007. MR2356201

[Ra] Paul H. Rabinowitz, Minimax methods in critical point theory with ap-
plications to differential equations, CBMS Regional Conference Series
in Mathematics, vol. 65, Published for the Conference Board of the
Mathematical Sciences, Washington, DC; by the American Mathemat-
ical Society, Providence, RI, 1986, DOI 10.1090/cbms/065. MR845785

[R1] Jeffrey Rauch, Partial differential equations, Graduate Texts in Math-
ematics, vol. 128, Springer-Verlag, New York, 1991, DOI 10.1007/978-
1-4612-0953-9. MR1223093

[R2] Jeffrey Rauch, Hyperbolic partial differential equations and geomet-
ric optics, Graduate Studies in Mathematics, vol. 133, American
Mathematical Society, Providence, RI, 2012, DOI 10.1090/gsm/133.
MR2918544

[R-S1] Michael Reed and Barry Simon, Methods of modern mathematical
physics. I, 2nd ed., Academic Press, Inc. [Harcourt Brace Jovanovich,
Publishers], New York, 1980. Functional analysis. MR751959

[R-S2] Michael Reed and Barry Simon, Methods of modern mathematical
physics. III, Academic Press [Harcourt Brace Jovanovich, Publishers],
New York-London, 1979. Scattering theory. MR529429

[R-R] M. Renardy and R. Rogers, A First Graduate Course in Partial Differ-
ential Equations, Springer, 1993.

[Rd] Walter Rudin, Principles of mathematical analysis, 3rd ed., Interna-
tional Series in Pure and Applied Mathematics, McGraw-Hill Book
Co., New York-Auckland-Düsseldorf, 1976. MR0385023

[Ru] Hanno Rund, The Hamilton-Jacobi theory in the calculus of varia-
tions. Its role in mathematics and physics, Robert E. Krieger Publish-
ing Co., Huntington, N.Y., 1973. Reprinted edition, with corrections.
MR0344972

[S-S] Jalal Shatah and Michael Struwe, Geometric wave equations, Courant
Lecture Notes in Mathematics, vol. 2, New York University, Courant

https://www.ams.org/mathscinet-getitem?mr=1233559
https://www.ams.org/mathscinet-getitem?mr=0219861
https://www.ams.org/mathscinet-getitem?mr=2356201
https://www.ams.org/mathscinet-getitem?mr=845785
https://www.ams.org/mathscinet-getitem?mr=1223093
https://www.ams.org/mathscinet-getitem?mr=2918544
https://www.ams.org/mathscinet-getitem?mr=751959
https://www.ams.org/mathscinet-getitem?mr=529429
https://www.ams.org/mathscinet-getitem?mr=0385023
https://www.ams.org/mathscinet-getitem?mr=0344972


Bibliography 699

Institute of Mathematical Sciences, New York; American Mathemati-
cal Society, Providence, RI, 1998. MR1674843

[Sh] R. E. Showalter, Hilbert space methods for partial differential equa-
tions, Monographs and Studies in Mathematics, Vol. 1, Pitman,
London-San Francisco, Calif.-Melbourne, 1977. Reprinted in 2010 by
Dover. MR0477394

[Sm] V. I. Smirnov, A course of higher mathematics. Vol. IV [Integral equa-
tions and partial differential equations], Pergamon Press, Oxford-New
York; Addison-Wesley Publishing Co., Inc., Reading, Mass.-London,
1964. Translated by D. E. Brown; translation edited by I. N. Sneddon.
MR0177069

[S] Joel Smoller, Shock waves and reaction-diffusion equations,
Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences], vol. 258, Springer-Verlag,
New York-Berlin, 1983. MR688146

[Sn] Ian N. Sneddon, Elements of partial differential equations, McGraw-
Hill Book Company, Inc., New York-Toronto-London, 1957.
MR0082600

[So] Christopher D. Sogge, Lectures on non-linear wave equations, 2nd ed.,
International Press, Boston, MA, 2008. MR2455195

[Se] Elias M. Stein, Harmonic analysis: real-variable methods, orthogonal-
ity, and oscillatory integrals, Princeton Mathematical Series, vol. 43,
Princeton University Press, Princeton, NJ, 1993. With the assis-
tance of Timothy S. Murphy; Monographs in Harmonic Analysis, III.
MR1232192

[S-W] Elias M. Stein and Guido Weiss, Introduction to Fourier analysis on
Euclidean spaces, Princeton Mathematical Series, No. 32, Princeton
University Press, Princeton, N.J., 1971. MR0304972

[St1] Walter A. Strauss, Nonlinear wave equations, CBMS Regional Con-
ference Series in Mathematics, vol. 73, Published for the Conference
Board of the Mathematical Sciences, Washington, DC; by the Ameri-
can Mathematical Society, Providence, RI, 1989. MR1032250

[St2] Walter A. Strauss, Partial differential equations, 2nd ed., John Wiley &
Sons, Ltd., Chichester, 2008. An introduction. MR2398759

[Str] Michael Struwe, Variational methods, 4th ed., Ergebnisse der Mathe-
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics], vol. 34, Springer-Verlag,

https://www.ams.org/mathscinet-getitem?mr=1674843
https://www.ams.org/mathscinet-getitem?mr=0477394
https://www.ams.org/mathscinet-getitem?mr=0177069
https://www.ams.org/mathscinet-getitem?mr=688146
https://www.ams.org/mathscinet-getitem?mr=0082600
https://www.ams.org/mathscinet-getitem?mr=2455195
https://www.ams.org/mathscinet-getitem?mr=1232192
https://www.ams.org/mathscinet-getitem?mr=0304972
https://www.ams.org/mathscinet-getitem?mr=1032250
https://www.ams.org/mathscinet-getitem?mr=2398759


700 Bibliography

Berlin, 2008. Applications to nonlinear partial differential equations
and Hamiltonian systems. MR2431434

[To] Terence Tao, Nonlinear dispersive equations, CBMS Regional Confer-
ence Series in Mathematics, vol. 106, Published for the Conference
Board of the Mathematical Sciences, Washington, DC; by the Amer-
ican Mathematical Society, Providence, RI, 2006. Local and global
analysis, DOI 10.1090/cbms/106. MR2233925

[Tr] Luc Tartar, An introduction to Sobolev spaces and interpolation spaces,
Lecture Notes of the Unione Matematica Italiana, vol. 3, Springer,
Berlin; UMI, Bologna, 2007. MR2328004

[Ta] Michael E. Taylor, Partial differential equations. I–III, Applied Math-
ematical Sciences, vol. 115–117, Springer-Verlag, New York, 1997.
MR1395148, MR1395149], MR1477408

[Te] Roger Temam, Navier-Stokes equations. Theory and numerical analy-
sis, Studies in Mathematics and its Applications, Vol. 2, North-Holland
Publishing Co., Amsterdam-New York-Oxford, 1977. MR0609732

[T-Z] Dale W. Thoe and E. C. Zachmanoglou, Introduction to partial differ-
ential equations with applications, 2nd ed., Dover Publications, Inc.,
New York, 1986. MR880021

[Tn] Hung Vinh Tran, Hamilton-Jacobi equations—theory and applica-
tions, Graduate Studies in Mathematics, vol. 213, American Mathe-
matical Society, Providence, RI, [2021] ©2021, DOI 10.1090/gsm/213.
MR4328923

[T] François Trèves, Basic linear partial differential equations, Pure and
Applied Mathematics, Vol. 62, Academic Press [A subsidiary of
Harcourt Brace Jovanovich, Publishers], New York-London, 1975.
MR0447753

[Vy] András Vasy, Partial differential equations: An accessible route
through theory and applications, Graduate Studies in Mathematics,
vol. 169, American Mathematical Society, Providence, RI, 2015, DOI
10.1090/gsm/169. MR3410751

[V] Juan Luis Vázquez, The porous medium equation, Oxford Mathemat-
ical Monographs, The Clarendon Press, Oxford University Press, Ox-
ford, 2007. Mathematical theory. MR2286292

[Wb] Arthur Gordon Webster, Partial differential equations of mathematical
physics, Dover Publications, Inc., New York, 1955. Edited by Samuel J.
Plimpton; 2d ed. MR0073814

https://www.ams.org/mathscinet-getitem?mr=2431434
https://www.ams.org/mathscinet-getitem?mr=2233925
https://www.ams.org/mathscinet-getitem?mr=2328004
https://www.ams.org/mathscinet-getitem?mr=1395148
https://www.ams.org/mathscinet-getitem?mr=1395149]
https://www.ams.org/mathscinet-getitem?mr=1477408
https://www.ams.org/mathscinet-getitem?mr=0609732
https://www.ams.org/mathscinet-getitem?mr=880021
https://www.ams.org/mathscinet-getitem?mr=4328923
https://www.ams.org/mathscinet-getitem?mr=0447753
https://www.ams.org/mathscinet-getitem?mr=3410751
https://www.ams.org/mathscinet-getitem?mr=2286292
https://www.ams.org/mathscinet-getitem?mr=0073814


Bibliography 701

[We] H. F. Weinberger, A first course in partial differential equations with
complex variables and transform methods, Blaisdell Publishing Co.
Ginn and Co. New York-Toronto-London, 1965. MR0180739

[Wh] G. B. Whitham, Linear and nonlinear waves, Pure and Applied Math-
ematics, Wiley-Interscience [John Wiley & Sons], New York-London-
Sydney, 1974. MR0483954

[Wl] J. Wloka, Partial differential equations, Cambridge University Press,
Cambridge, 1987. Translated from the German by C. B. Thomas and
M. J. Thomas, DOI 10.1017/CBO9781139171755. MR895589

[X-Z] Tung Chang and Ling Hsiao, The Riemann problem and interaction
of waves in gas dynamics, Pitman Monographs and Surveys in Pure
and Applied Mathematics, vol. 41, Longman Scientific & Technical,
Harlow; copublished in the United States with John Wiley & Sons,
Inc., New York, 1989. MR994414

[Y] Kôsaku Yosida, Functional analysis, 6th ed., Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathemat-
ical Sciences], vol. 123, Springer-Verlag, Berlin-New York, 1980.
MR617913

[Za] Erich Zauderer, Partial differential equations of applied mathematics,
A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York,
1983. MR700557

[Zd] Eberhard Zeidler, Nonlinear functional analysis and its applications.
I–IV, Springer-Verlag, New York, 1986. MR816732, MR1033497,
MR1033498, MR0768749, MR0932255

[Zh] Yuxi Zheng, Systems of conservation laws, Progress in Nonlinear Dif-
ferential Equations and their Applications, vol. 38, Birkhäuser Boston,
Inc., Boston, MA, 2001. Two-dimensional Riemann problems, DOI
10.1007/978-1-4612-0141-0. MR1839813

[Z] William P. Ziemer, Weakly differentiable functions, Graduate Texts
in Mathematics, vol. 120, Springer-Verlag, New York, 1989. Sobolev
spaces and functions of bounded variation, DOI 10.1007/978-1-4612-
1015-3. MR1014685

[Zw] Daniel Zwillinger, Handbook of differential equations, 3rd ed., Aca-
demic Press, Inc., Boston, MA, 1997.

[Zi] Maciej Zworski, Semiclassical analysis, Graduate Studies in Math-
ematics, vol. 138, American Mathematical Society, Providence, RI,
2012, DOI 10.1090/gsm/138. MR2952218

https://www.ams.org/mathscinet-getitem?mr=0180739
https://www.ams.org/mathscinet-getitem?mr=0483954
https://www.ams.org/mathscinet-getitem?mr=895589
https://www.ams.org/mathscinet-getitem?mr=994414
https://www.ams.org/mathscinet-getitem?mr=617913
https://www.ams.org/mathscinet-getitem?mr=700557
https://www.ams.org/mathscinet-getitem?mr=816732
https://www.ams.org/mathscinet-getitem?mr=1033497
https://www.ams.org/mathscinet-getitem?mr=1033498
https://www.ams.org/mathscinet-getitem?mr=0768749
https://www.ams.org/mathscinet-getitem?mr=0932255
https://www.ams.org/mathscinet-getitem?mr=1839813
https://www.ams.org/mathscinet-getitem?mr=1014685
https://www.ams.org/mathscinet-getitem?mr=2952218




Index

a priori estimates, 507
action, 111, 156, 485
activator, 166
adjoint, 421, 678

bilinear form, 301
of elliptic operator, 301

admissible states, 592
Airy’s equation, 4, 168
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almost separably valued function, 688
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power series, 228–231

antigradient flux function, 614
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Bäcklund transformation, 649
backwards uniqueness
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solution, 177
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boundary, 665
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boundary data
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nonlinear boundary conditions, 491
nonlinear eigenvalue problem, 460
nonlinear Poisson equation, 511, 522
Poisson’s equation, 27, 40
quasilinear elliptic equation, 495, 508
second-order elliptic equation, 293, 296
semilinear elliptic equation, 476, 518

Browder–Minty method, 500, 544
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vanishing viscosity, 205
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Cauchy data, 220
Cauchy problem
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for heat equation, 45
for Laplace’s equation, 232
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crossing, 108
derivation, 94
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Closed Graph Theorem, 413, 677
coarea formula, 392, 668
coercivity, 438, 447
cofactor matrix, 407, 435
Cole–Hopf transformation, 196
compact

embedding, 270
linear operator, 679
mapping, 507

complete
integral, 90, 154
linear space, 241, 675

condition E, 615
conformal

energy, 487
transformation, 83

conservation law, 5, 7, 9, 130–154, 156,
571–616

characteristics for, 108, 136
decay in sup-norm, 149
decay to 𝑁-wave, 151
derivation, 571
implicit solution, 109
initial-value problem, 130
integral solution, 131, 141
Lax–Oleinik formula, 140
Rankine–Hugoniot condition, 133
systems, 6, 11, 571–608
uniqueness, 143–147, 609–612
viscous, 233

conservation of
energy, 484, 573, 618, 628, 643, 647, 650
mass, 573, 650
momentum, 493, 573, 650

constitutive relation, 573, 581, 597
constraints

incompressibility, 467
integral, 458
one-sided, 462
pointwise, 465

contraction, 502, 504, 532, 612, 616
semigroup, 410

control theory, 554
controls

admissible, 554
optimal, 11, 563

converting nonlinear into linear equations,
195–200, 233

convex function, 156, 496, 526, 661
domain, 526
subdifferential of, 156, 527
supporting hyperplane, 661

convexity, 441
uniform, 125, 137, 138, 661

corrector problem
for Green’s function, 33
for homogenization, 220, 235

cost
functional, 555
running, 555
terminal, 555

Courant minimax principle, 346
Crandall, M.–Lions, P.-L., 569
critical

exponent, 232, 481, 518, 539, 636–642,
650

point, 113, 428, 471–476
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value, 472
curvature, 202

mean, 431, 491
principal curvatures, 216

cutoff function, 309

d’Alembert’s formula, 65, 66, 74, 78, 85
Deformation Theorem, 472, 476
DeGiorgi–Moser–Nash estimates, 458
degree, 490
Derrick–Pohozaev identity, 521, 540
difference quotients, 275–277, 309, 316,

445, 455, 623, 632
and weak derivatives, 275
definition of, 275

differential equations
in Banach spaces, 409
in Hilbert spaces, 474, 531

diffusion, 201, 295
and transport, 200–205
equation, 3, 42

DiPerna, R., 158
Dirac measure, 24, 34, 46, 201, 202
Dirichlet’s

boundary condition, 294
energy functional, 40, 491, 492
principle, 40, 429

generalized, 429
dispersion, 168
dissipation, 167
divergence form PDE, 294, 350, 495
domain of dependence

generalized wave equation, 392
nonlinear wave equation, 618–620
wave equation, 80

domain variations, 347, 481–487, 668
Dominated Convergence Theorem, 128,

146, 211, 408, 446, 513, 607, 629, 686
doubling variables, 551, 609
Douglis, A., 158
dual space, 677

of 𝐻1
0, 282

dual variational principle, 235, 491
duality of Hamiltonian and Lagrangian,

116
Duhamel’s principle, 47, 77
dynamic programming, 11, 554, 556, 568

Egoroff’s Theorem, 440, 685
eigenfunction, 160, 305

basis, 334
eigenvalue, 10, 160, 305, 333, 577, 579, 677

nonsymmetric elliptic operator, 339–343
principal, 10, 335–343, 421, 514, 539
symmetric elliptic operator, 333–339

eigenvector, 333, 579, 677
left, 577
right, 577

eikonal equation, 4, 91, 567
generalized, 391

elasticity
linear, 5, 85
nonlinear, 451, 470

elliptic operator
fully nonlinear, 569
linear, 294

divergence form, 293, 295, 308, 333,
343

nondivergence form, 293, 324, 339
quasilinear, 454, 508

elliptic regularization, 489
ellipticity, 294
Emden–Fowler transformation, 232
energy decay

wave equation, 487–489
energy estimates

quasilinear elliptic equation, 498
second-order elliptic equation, 299
second-order hyperbolic equation, 378
second-order parabolic equation, 353
symmetric hyperbolic system, 401

energy flux, 619, 634, 637
energy methods

heat equation, 60–63
Laplace’s equation, 40–42
wave equation, 79–81

entropy condition, 11, 137, 142, 591, 601
condition E, 615
Lax’s, 592
Liu’s, 603

entropy solution
single conservation law, 143, 157, 158,

615
system, 606, 609

entropy/entropy-flux pair, 605, 608, 614,
615

envelopes, 92, 154
construction of solutions using, 92

equipartition of energy, 86, 184–185, 647
essential supremum (ess sup), 686
Euler equations, 572, 581

barotropic, 597, 614
incompressible, 6, 197
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Euler’s formula for Jacobians, 155, 471
Euler–Lagrange equation, 429, 444, 481,

482
harmonic maps, 466
one-dimensional, 112, 156
systems, 433, 448

Euler–Poisson–Darboux equation, 67, 72
exponential solutions, 167
extensions, 253–256

factoring PDE, 64, 395
Fatou’s Lemma, 534, 630, 686
feedback control, 556
Fick’s law, 20
first-order equation, 9, 89–158

complete integral, 90
notation for, 89

first-order hyperbolic system, 10, 190,
396–408

fixed point methods, 11, 501–510
fixed point theorem

Banach’s, 502, 503, 505, 539, 622, 627,
632

Brouwer’s, 436, 497
Schaefer’s, 507, 510
Schauder’s, 505

Fokker–Planck equation, 4
Fourier transform, 9, 177–186, 281–282,

292, 404
and Radon transform, 187–189
and Sobolev spaces, 281
applications, 180–186
definition of, 177, 179
inversion formula, 179
properties, 177, 179

Fourier’s law, 20
Fredholm alternative, 219, 680, 682
free boundary problem, 465
frequency function, 493
Fujita, H., 541
fully nonlinear PDE, 2

elliptic, 568, 569
function spaces

Banach space-valued, 284–289
BMO, 275
𝐶𝑘, 658
𝐶𝑘,𝛾, 240
𝐶2
1 , 658

𝐻𝑘, 244
𝐻𝑠, 282
𝐻−1, 282
𝐻𝑘
0 , 245

𝐿𝑝, 658, 675
𝑊 𝑘,𝑝, 244
𝑊𝑘,𝑝

0 , 245
function variations, 481–487
fundamental solution

heat equation, 44, 84, 175, 182
Laplace’s equation, 22, 24
Schrödinger’s equation, 182

Galerkin’s method, 161, 352, 377, 421, 496
Gauss–Bonnet Theorem, 490
Gauss–Green Theorem, 20, 290, 453, 667
general integral, 93
generator of semigroup, 410–414
genuine nonlinearity, 584, 591, 596
geometric optics, 207–217, 391
Gidas, B.–Ni, W.–Nirenberg, L., 542
gradient flow, 532, 541
Green’s

formulas, 32, 33, 667
function, 32–39

derivation of, 32–34
for ball, 38
for half-space, 35
symmetry of, 34

Grillakis, M., 651
group velocity, 169

Hadamard’s
example, 232
variational formula, 347

Hamilton’s differential equations, 110, 111,
114

Hamilton–Jacobi equation, 5, 9, 11, 91, 93,
110–130, 163, 391, 543

characteristics for, 109, 111, 118
Hopf–Lax formula, 119
semiconcavity condition, 124
solution a.e., 122
uniqueness, 126
weak solution, 126

Hamilton–Jacobi–Bellman equation, 560
and optimal controls, 563

Hamiltonian, 114, 560
duality with Lagrangian, 116

harmonic
function, 20
mapping, 465, 492

heat ball, 50
heat equation, 3, 9, 42–63, 167

backwards uniqueness, 61
derivation, 42
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energy methods, 60–63
fundamental solution, 44
infinite propagation speed, 47
initial-value problem, 45
maximum principle, 55
mean-value formula, 50
nonhomogeneous problem, 42, 47
nonlinear, 232–234, 514, 540, 541
regularity, 57, 59
strong maximum principle, 52
uniqueness, 54, 56

Helmholtz’s equation, 3, 305
Hilbert space, 675
Hille–Yosida Theorem, 414, 417, 419
hodograph transform, 198
Hölder spaces, 240–241
homogeneous PDE, 2
homogenization, 217–220, 235
Hopf’s Lemma, 327, 329, 340, 341, 343, 522
Hopf–Lax formula, 9, 115–130, 157, 543,

563–566
horizon

finite, 555
infinite, 568

Huygens’ principle, 77, 192
hyperbolic system

constant coefficients, 190–192, 404–408
nonlinear, 577, 613
symmetric, 398–404

hyperbolicity, 394, 396, 397
for symmetric system, 397
strict, 397, 577, 581, 597
uniform, 399

hyperelastic materials, 451

Implicit Function Theorem, 101, 212, 216,
461, 521, 579, 580, 587, 673

incompressibility, 467–471
inequality

Cauchy’s, 662
with 𝜖, 662

Cauchy–Schwarz, 41, 81, 392, 420, 664,
675, 683

Gagliardo–Nirenberg–Sobolev, 10,
260–264

general Sobolev-type, 268
Gronwall’s, 354, 357, 358, 361, 380, 384,

387, 393, 402, 404, 505, 558, 620, 626,
627, 633
differential form, 664
integral form, 665

Hardy’s, 280–281, 291, 634

Harnack’s, 31, 82, 330, 368
Hölder’s, 662
interpolation, 289, 290, 641
Jensen’s, 661
Minkowski’s, 248, 663
Morrey’s, 10, 265–268
Poincaré’s, 264, 273–275, 442, 498
Young’s, 662

with 𝜖, 662
inhibitor, 166
initial-value problem

Burgers’ equation, 134
conservation law, 130, 138, 143, 572,

606, 608
Hamilton–Jacobi equation, 110, 119,

124, 129, 543, 546, 550, 554, 563
heat equation, 45, 182, 192
nonlinear wave equation, 621, 624, 628,

631, 633, 639, 643, 645
quasilinear parabolic equation, 195, 544
Schrödinger’s equation, 182
telegraph equation, 185
transport equation, 18, 81
viscous Burgers’ equation, 196
wave equation, 64, 183, 190, 193, 208

initial/boundary-value problem
beam equation, 422
heat equation, 55, 84, 159
parabolic equation, 514
quasilinear parabolic equation, 537
reaction-diffusion system, 163, 503
second-order hyperbolic equation, 375
second-order parabolic equation, 349
wave equation, 66, 79, 487

inner product, 675
integral solution, 131, 141, 574, 609
integration by parts formula, 667
interior ball condition, 327, 522
invariance, 481–489

Galilean, 650
in time, 484
scaling, 43, 175, 232, 483, 485, 637
translation, 483, 493

Inverse Function Theorem, 102, 198, 199,
593, 594, 671

inversion
hyperbolic, 486
through sphere, 37

irreversibility, 183, 540
irrotational fluid equations, 198

Jörgens, K., 651
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𝑘-contact discontinuity, 591
𝑘-rarefaction wave, 585
𝑘-shock wave, 592
𝑘-simple wave, 583
Kelvin transform

Laplace’s equation, 83
wave equation, 486, 487, 649

Kirchhoff’s formula, 69
Klein–Gordon equation, 4, 168, 617, 647,

648
Kolmogorov’s equation, 4
Korteweg–deVries (KdV) equation, 5, 169,

234
Kovalevskaya’s example, 236
Kruz̆kov, S., 616

Lagrange multiplier
as eigenvalue, 460
as function, 466
integral constraints, 460
pressure as, 467

Lagrangian, 111, 428, 432
duality with Hamiltonian, 116
null, 434, 436, 489, 490

Lambertian surface, 567
Laplace transform, 192–195, 413

applications, 192–195
definition of, 192

Laplace’s equation, 3, 9, 19–42, 294
analyticity, 30
derivation, 20
Green’s function, 32–39
Harnack’s inequality, 31
Liouville’s Theorem, 29
mean-value formulas, 25
regularity, 27, 28

Laplace’s method, 205
Lax pairs, 234
Lax–Milgram Theorem, 297, 299, 300, 344,

477, 683
Lax–Oleinik formula, 9, 138–154, 206
Lebesgue

integral, 686
measure, 684
point, 687

Lebesgue’s Differentiation Theorem, 279,
670, 687

Legendre transform, 116, 117, 156, 157, 564
classical, 199

Leibniz’s formula, 12, 246
linear degeneracy, 584, 589
linear operator, 676

bounded, 676
closed, 677
symmetric, 334, 678

linear PDE
definition of, 2

Liouville’s
equations, 3, 233
Theorem, 29

Lipschitz continuity, 656
and differentiability a.e., 277
and weak partial derivatives, 277

lower semicontinuity, 526
weak, 439, 440, 528

majorants, 226, 229
maximum principle, 10

Cauchy problem for heat equation, 55
heat equation, 52, 84
Laplace’s equation, 26, 82
strong, 338, 340

heat equation, 52
Laplace’s equation, 26
second-order elliptic equation,

327–330
second-order parabolic equation,

372–375
weak

second-order elliptic equation,
324–326

second-order parabolic equation,
366–368

Maxwell’s equations, 5, 85
nonlinear, 614

Mazur’s Theorem, 443, 528, 678
mean-value formulas

heat equation, 50
Laplace’s equation, 25, 26, 82

measurable
function, 685

strongly, 688
weakly, 688

sets, 685
method of descent, 71, 75, 647
minimal surface equation, 4, 199, 431
minimax methods, 346, 347, 475–481
minimizer, 428, 433

existence of, 437–443, 447, 450
local, 451–454
regularity, 454–458
uniqueness of, 443

mixed boundary conditions, 345
mollifier, 249, 669
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momentum, generalized, 114
Monge–Ampère equation, 4
Monotone Convergence Theorem, 441, 686
monotonicity, 11, 495–501, 527

strict, 500
monotonicity formula

Almgren’s, 493
Laplace’s equation, 493
𝑝-Laplacian, 484

Morawetz identity, 487, 637
Morse Lemma, 212
Mountain Pass Theorem, 475, 480
moving plane method, 524–526
multiindices, 12, 657
Multinomial Theorem, 12, 225
multipliers, 481–487
multivalued equation, 491, 531, 532

𝑁-wave, 151
Navier–Stokes equations, 6
Neumann boundary conditions, 344
Newton’s law, 63, 113, 572
Noether’s Theorem, 481–489
noncharacteristic

boundary data, 100, 101, 156
surface, 222–224

nonconvex flux function, 615–616
nondivergence form PDE, 294, 350
nonexistence of solutions, 514–521,

599–601, 642–647, 651
nonhomogeneous problem

heat equation, 47, 49
transport equation, 19
wave equation, 77

nonlinear eigenvalue problem, 460
nonlinear Schrödinger (NLS) equation,

650
norm, 241, 674, 675
normal

derivative, 666
to surface, 665

notation
for estimates, 659
for functions, 655–659
for matrices, 653–654
geometric, 654–655

null Lagrangian, 434, 436, 489, 490

𝑂, 𝑜 notation, 660
obstacle problem, 462
Ohm’s law, 20
Oleinik, O., 158

optimality conditions, 556
orthogonality, 676

𝑝-Laplacian, 4, 483
monotonicity formula, 484

𝑝-system, 572, 608
generalization of, 613
traveling waves for, 604

Palais–Smale condition, 472, 473, 475, 479
parabolic

approximation, 204
boundary, 49
cylinder, 49

parabolicity, 350
partial derivatives, 12, 656–658

count of, 12
partial differential equation

definition of, 1
partition of unity, 251, 252, 255, 258, 289
pattern formation, 166
penalty method, 539
periodic solution, 217–220, 539
Perron–Frobenius Theorem, 333
phase, 207

plane, 171
velocity, 169, 648

Plancherel’s Theorem, 177
plane wave, 167, 169, 186, 397
Poisson’s

equation, 19, 22, 294, 421
nonlinear, 4, 430

formula
ball, 39, 82, 83
half-space, 36, 83
wave equation, 71, 76

kernel
ball, 39
half-space, 36

polar coordinates, 668
polyconvexity, 450
porous medium equation, 5, 161, 175

Barenblatt–Kompaneetz–Zeldovich
solution of, 177

variant of, 232
potentials, 197, 199
projected characteristics, 95
propagation speed, 177, 192

finite, 74, 80, 85, 157, 390–393, 618–620
infinite, 47, 373

proper function, 526

quasilinear PDE, 2
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Rademacher’s Theorem, 122, 280
radial solution, 21, 22, 232
radiation condition

Sommerfeld, 348
Radon transform, 186–192

and Fourier transform, 187–189
applications, 190–192
definition of, 186
inversion formula, 188
properties, 186–188
vanishing of, 187, 189

Rankine–Hugoniot condition, 133–135,
138, 576

rarefaction
curve, 583
wave, 135, 585, 613, 614

Rauch, J., 651
Rayleigh’s formula, 336
reaction-diffusion equation, 514

bistable, 170
scalar, 5
system, 6, 163, 502

reflection, 66, 83, 254, 524
reflexive space, 678
regularity, 7

heat equation, 57, 59
Laplace’s equation, 27, 28
minimizers, 454–458
second-order elliptic equation, 307–323
second-order hyperbolic equation,

384–390
second-order parabolic equation,

357–366
Rellich–Kondrachov Compactness

Theorem, 270, 303
resolvent, 193

identity, 413
nonlinear, 529
set, 412, 677

response of system to controls, 555
retarded potential, 79, 631
Riemann invariants, 595–601, 614

blow-up, 599
Riemann’s problem, 11, 147–149, 582–595

local solution of, 593
Riesz Representation Theorem, 283,

297–299
Robin boundary conditions, 344

sandpiles, 540
scalar conservation law, 130–154, 574,

608–612

several variables, 616
Schauder estimates, 458
Schrödinger’s equation, 3, 168, 233

nonlinear, 5, 650–651
second-order elliptic equation, 10, 293–348

bilinear form for, 296
boundedness of inverse, 305
eigenvalues and eigenfunctions,

333–343
existence theorems, 300–305
Harnack’s inequality, 330
maximum principles, 323–330
regularity, 307–323

boundary, 315–323
interior, 308–314

second-order hyperbolic equation, 10,
375–396, 398

as semigroup, 419
finite propagation speed, 390–393
in two variables, 393–396

canonical forms, 395
regularity, 384–390
weak solution of, 377–384

second-order parabolic equation, 10,
349–375

as semigroup, 417
Harnack’s inequality, 368–372
maximum principles, 366–375
regularity, 357–366
weak solution of, 350–357

Segal, I., 651
semiconcavity, 124, 125
semigroup, 193

linear, 10, 409–420, 423
nonlinear, 11, 526, 531–538, 540, 541

semilinear PDE, 2
separable space, 675
separation of variables, 159–164, 231
shallow water equations, 573, 613, 614
shape from shading, 568
shock set, 586, 613
shock wave, 7, 134, 137, 576, 586, 592, 601,

602, 606, 613, 614
nonphysical, 134, 591

short time existence, 623–627
signature of matrix, 210
similarity solutions, 43, 167–177
simple

function, 687
waves, 582

sine-Gordon equation, 649
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singular
integral, 92
perturbation, 200

Sobolev inequalities, 260–270, 623
Sobolev space, 9, 241

approximation, 249–253
compactness, 270–273
completeness of, 248
convergence in, 244
definition of, 244
differentiability a.e., 279
extensions, 253–256
fractional, 282
norm, 244
traces, 256–260

soliton, 170
solution

classical, 7
entropy, 143, 157, 158, 606, 609, 615
integral, 131, 574
viscosity, 544, 568
weak, 7, 511, 546

Sommerfeld radiation condition, 347
sound speed, 582, 598
spectrum, 304, 677

compact operator, 682
compact, symmetric operator, 683
complex, 339
point, 677

spherical means, 64, 67
star-shaped

level sets, 521
set, 487, 518, 519

state
of system, 555
space, 572

stationary phase, 169, 208–217
Stokes’

problem, 468
rule, 85

strain, stress, 581
strict hyperbolicity, 577, 613
subdifferential, 527
subharmonic function, 82
subscripts, superscripts, 433, 659
subsolution, 324, 346, 511, 539

heat equation, 84
Laplace’s equation, 82

summable function, 686
supersolution, 324, 511, 539
system, 2

analytic PDE, 226
conservation laws, 571–608
constant coefficient, hyperbolic, 190,

190–192, 404–408
Euler’s equations, 197
Euler–Lagrange, 432–436, 447–451
irrotational flow, 198
ODE, 172
reaction-diffusion, 163, 502
semilinear hyperbolic, 576

Taylor’s formula, 12, 30, 31, 225
telegraph equation, 4, 86, 185, 422
terminal-value problem

adjoint equations, 421, 616
Hamilton–Jacobi equation, 560
heat equation, 61
transport equation, 144

test function, 241
traces, 256–260, 290
transport equation, 3, 9, 17–19, 64
traveling wave, 167, 169, 171, 232, 233

conservation law, 576, 577, 601, 602, 604
Turing instability, 163–166

uniform integrability, 629
uniqueness

backwards in time, 61
Cauchy problem for heat equation, 56
conservation law, 143–147, 609–612
Hamilton–Jacobi equation, 126–129
heat equation, 60
in calculus of variations, 443
Poisson’s equation, 27
quasilinear elliptic equation, 500
viscosity solution, 551

value function, 556, 568
vanishing viscosity method, 205, 544, 547,

606
variation

first, 428–431, 433
second, 431–432, 490

variational formulation
of elliptic equation, 296

variational inequality, 463–465, 492, 538
velocity

group, 169
phase, 169, 648

version of a function, 267
viscosity solution, 543–569

definition of, 546
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existence, 554
of elliptic equations, 568–569
uniqueness, 550, 551

wave
𝑁-, 151
plane, 167, 397
rarefaction, 135, 585
shock, 137, 576, 586, 592, 601, 602, 606
simple, 582
traveling, 167, 169, 171, 232, 233, 576,

577, 601, 602, 604
wave cone, 80, 618
wave equation, 4, 9, 63–81, 168, 190

d’Alembert’s formula, 65
derivation, 63
dimension

even, 75–77
odd, 71–75, 190
one, 19, 64–67, 72, 85, 86, 233
three, 68–69, 85, 636, 648
two, 70–71, 648

energy decay, 487
equipartition of energy, 86, 184–185, 647
generalized, 4
Kirchhoff’s formula, 69
method of descent, 71, 75
nonhomogeneous, 63
nonlinear, 5, 11, 233, 485, 581, 617–651
Poisson’s formula, 71
quasilinear, 572, 617, 620–627, 647
semilinear, 617, 627–642

wave map, 649, 650
wave speeds, 167, 397
weak continuity of determinants, 448
weak convergence, 421, 439, 489, 499, 538,

544, 678
weak partial derivative, 241–253

definition, 242
examples, 242–246
properties, 246–248
uniqueness, 242

weak solution
conservation law, 143–147, 574, 608
Euler–Lagrange equation, 444
first-order hyperbolic system, 399
Hamilton–Jacobi equation, 124–130
second-order elliptic equation, 295–307
second-order hyperbolic equation,

375–384
second-order parabolic equation,

350–357

transport equation, 18
well-posed problem, 6, 232
Weyl’s Law, 335

yacht race, 568
Yamabe’s equation, 539
Yosida approximation, 529, 532
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